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1 Learning Objectives

To learn the language of sets and tuples:

e You will be able to define sets with braces, ({}), tuples with parentheses, (()), sets of tuples with
Cartesian product, (x), and sets of strings with concatenation.

e You will be able to name common sets (including the natural numbers (N), integers (Z), and the
empty set (§ = {})), and use notation for testing element inclusion in a set (€), and its negation
(¢), and for testing whether a set is a subset of another, (C).

e You will be able to count elements in sets using the sum and product rules

e You will meet several extensions (to lists, sequences, vectors, matrices, strings, and languages)
that are common abstractions in computer science. These are just sets and tuples with special
operations. (In fact, even tuples can be reduced to sets -Extension 3.14 in the text.)

2 Lecture Notes
2.1 Sets

( Definition 1

—

L A set is an unordered collection of objects. [Flel3]

Example 1
The following are sets:
e {1,2,3}
e “all multiples of 7”

e {apples, 7, True}

Example 2

Sets inherently don’t have an order.
What this means is {1,2,3} = {3,2,1}

Definition 2

A set is a finite set if it has a finite number of elements. Any set that is not finite is an infinite
set.[DL85]




( Definition 3 W

|

Let A be a finite set. The number of different elements in A is called its cardinality. The
cardinality of a finite set is denoted |A|.[DL85]

Example 3

{1,2,3} is a finite set. Its cardinality is 3.

Example 4

“all multiples of 7” is an infinite set. Cardinality here is a little more complicated... We will get
back to that!

Definition 4

a € A means a is an element of A.

Definition 5

a ¢ A means a is not an element of A.

Example 5

Let A = {“apples”, “bananas”, “oranges” }
“apples” € A
“blueberries” ¢ A

Definition 6

[a,b] is the set of whole numbers > a and < b.

Definition 7

(a,b) is the set of whole numbers > a and < b.

Example 6

[1,5] ={1,2,3,4,5}

Example 7

(1,5) ={2,3,4}

Example 8

[1,5) = {1,2,3,4}



Sets are commonly expressed using set notation.
Within braces, we can write a rule consisting of a function, a vertical bar, and a set to which the
function is applied [Sno21].

“such that”

The function that The inputs to my
describes my set function

Example 9

We can express the set {3, 1,1} as {1|n € {2,4,8}}.

“such that”

The function that The inputs to my
describes my set function

{ % |n€{2,4,8}}

2.1.1 Subsets

( Definition 8

Let A and B be sets. We say that A is a subset of B if and only if every element of A is an
element of B. We write A C B to denote the fact that A is a subset of B.[DL85]

Example 10

Let A={1,3,5} and B ={1,2,3,4,5}. Ais a subset of B, A C B.

Example 11

Let A={1,2,3} and B={3,2,1}. AC B and B C A.

[ Definition 9 1

Let A and B be sets. We say that A is equal to B (notation A = B) if and only if every element
of A is an element of B and conversely every element of B is an element of A; that is, A C B and
B C A.[DL85]

Example 12

Let A=1{1,2,3} and B=1{3,2,1}. ACBand BC A,so A=B

2.2 Common Sets

There are some standard symbols that represent specific sets you will see:



: the natural numbers
the integers
: the rational numbers

: the real numbers

[ )
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: the complex numbers

Definition 10

The set of Natural Numbers, denoted N, is the set of all whole numbers > 0, {0,1,2,3,4,...}.%

%There is some debate whether or not the natural numbers should include 0. However, most common program-
ming languages include 0 as the lowest natural number, so we are including it.

Definition 11

The set of Integers, denoted Z, is the set of all whole numbers, {...,—3,-2,-1,0,1,2,3,...}.

Definition 12

The set of Rational Numbers, denoted Q, are numbers that can be represented as a quotient
of whole numbers, {§ | p,q € Z}

Definition 13

The set of Real Numbers, denoted R, is all real numbers. (Note that this does NOT include
imaginary/complex numbers.)

Definition 14

The set of Complex Numbers, denoted C, includes imaginary numbers, {a + bi | a,b € R}.

2.3 Tuples

[ Definition 15 1

L A k-tuple is an ordered sequence of k elements, which we write down in parentheses, (a1, as, .. ., ak).JSHOQH
Example 13
The most common tuple seen in math is the coordinate pair (z,y) on a graph. A 2-tuple is
commonly called an ordered pair.

( Definition 16 1
Two tuples are equal if and only if all of their corresponding elements are equal. (ai,as,...,ax)
iff for all ¢ € [1,..., k] we have a; = b;.

The basic operation to create tuples is the Cartesian Product of two sets.



( Definition 17 W

l

The cartesian product of A and B, A x B = {(a,b)| for all a € A and for all b € B} J

Example 14
Let L = {a,b,c} and let D = {0,1}
a,1), (b,0), (b,1), (¢, 0), (¢, 1)}
o Dx L={(0,a),(0,b),(0,c),(1,a),(1,b),(1c)}
o LxL=L%={(aa),(ab),(ac), (b a),(bd),(be), (ca),(cb)(c,c)}

o Lx D ={(a,0),(

The cartesian product is associative: D x (L x D) = (D x L) x D.
The cartesian product is not necessarily commutative: D x L # L x D.

2.4 Sequences, Strings, and Series

Some other structures we may use:

e list: tuples that may have arbitrary finite length,
e sequence: lists that may be infinite

e vectors: tuples with additional operations (e.g. addition, scalar multiplication, rotation, and
calculating lengths)

e matrices, arrays, and tables: tuples, displayed with a two-dimensional layout, and perhaps given
extra operations.

( Definition 18 W

l

Concatenation is used to join two strings or lists by putting all elements of the second string
behind all elements of the first.

Example 15

The concatenation of “hello” and “world” is “helloworld”.

( Definition 19 W

A series is a sum of a sequence of numbers, replacing commas by plus signs. Any finite sequence,
such as (x1,x2,...,%,), has a series 1 + x2 + ... + , with a well-defined value. This can also

be written with summation notation: Eie[l n] Ti-

2.5 Counting Elements in Sets

[

Definition 20 1

|

The Sum rule states: Suppose that each element of a set has an assigned type. Then the total
number of elements is the sum of the numbers of elements of each type.[Sno21]




( Definition 21 W

The Product rule states: Suppose that elements of a set have features that can be chosen
independently. Then the number of elements is the product of the numbers of choices.[Sno21]

The best way to demonstrate what this means is by example...

Example 16

You have a set of six different math books, five different philosophy books, and three different
religion books. How many books do you have?
The sum rule says, “Add them up. 6 +5+ 3 = 14.”

Now you want a set of three books, one of each type; how many sets of three are possible?

You want to count all tuples of the form (m,p,r), where m is a math book, p is a philosophy
book, and r is a religion book. You choose one of six math books, one of five philosophy books,
and one of three religion books, so the product rule says, “6-5-3 = 90 sets of three are possible.”

Bringing this back to sets, you can think of M as the set of math books, P as the set of
philosophy books, and R as the set of religion books. You can get all possible sets of three using
the cartesian product, and the cardinality of that is the number of possible sets, |M x P x R)|.

Note that m = |M|,p = |P|,r = |R|.

From this, we can see that |[M| - |P|-|R| =|M x P x R).

This actually what the product rule is saying!

( Definition 22 W

L The permutations of n distinct items are the set of all n-tuples that never repeat any item.

Example 17

Let A = {Bob, Alice, Chris}
All permutations of A: { {Bob, Alice, Chris}, {Bob, Chris, Alice}, {Alice, Chris, Bob}, {Alice,
Bob, Chris}, {Chris, Bob, Alice}, {Chris, Alice, Bob} }

The number of permutations of n items is n!.
As areminder,n!=n-(n—1)-(n—2)-...- 1.

Example 18

Let A = {Bob, Alice, Chris}
The number of possible permutations of A is 3! = 3-2-1 = 6. You can see this holds by
looking at the previous example.

Example 19

Let’s go back to our previous example.

You have a set of six different math books, five different philosophy books, and three different
religion books.

We want to know the number of ways to arrange three of the 14 books on the shelf and get
one of each type.

Let’s break this down.

Let’s say you just want three books, one of each type, from the shelf. How many possible
combinations are there?

Our product rule tells us there are 6 - 5 - 3 possible combinations.

Let’s say you just want to know how many times you can arrange a set of 3 books, regardless



of type. This is the same as counting how many permutations there are of a set of size 3, so the
answer is 3.
Now we can combine these two answers: 3!-6-5 -3

Example 20

Now let’s say you want to know how many different ways you can arrange your 14 books. That’s
pretty straightforward. You have 14! possible permutations of your set of books.

Say you just wanted to know how many ways you can order any three of those fourteen books.
We just stop our factorial early. 14 - 13 - 12.

There’s actually a way we can mathematically express this. It can be written as ﬁ.

Definition 23

If you want to stop n factorial after k terms (you can call this a k-permutation), you can express
this as (n%'k),

Definition 24

A k-combination is a set with k elements chosen from a set of n possible items with no repeats.
(Since these are sets, order does not matter!)

Example 21

Compute all 2-combinations of {a, b, c}.

{a,b},{a,c}, {b,c}

Definition 25 W

The number of k-combinations of a set of size n is (2), read as “n choose k”. J

Other ways you may see “n choose k” written:
e C(n,k)

o ,.Ci

e COMB(n,k)

Definition 26 1

(%) = o J

Some reasoning behind this by example...
Example 22

Compute the number of 2-permutations of {a, b, c}.
We're going to do this the long way. Let’s consider all possible sets of size 2 we can make
from {a, b, c}.
All sets of size 2 of {a,b,c}: {a,b},{a,c},{b,c}.
Now for permutations, order matters, so we have to consider all orderings of these new sets.
All permutations of {a,b}: (a,b), (b,a).
All permutations of {a, c}: (a,c), (¢, a).



All permutations of {b, c}: (b, c), (¢, b).

So, the number of k-permutations is the number of all sets of size k times the number of
possible permutations for one of those sets of size k.

Notice the number of all sets of size k is the same thing as the number of k-combinations.

And we know that the number of possible permutations for one of those sets of size k is k!.

So, the number of k-permutations is equal to the number of k-combinations times k!.

Equivalently, we can say that the number of k-combinations is equal to the number of k-
permutations divided by k!. '

n:

The number of k£ permutations = et The number of k permutations = 2

(n—k)!

o[
|

=)

3 Assignments

TBD
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