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Abstract

In typical applications, genetic algorithms (GAS) process populations of potential problem
solutions to evolve a single population member that specifies an “optimized” solution. The
majority of GA analysis has focused on these optimization applications. 1n other applications
(notably learning classifier systemsand certain connectionist learning systems), a GA searches
for a population of cooperative structures that jointly perform a computational task. This
paper presents an analysis of this type of GA problem. The analysis considers a simplified
genetics-based machine learning system: a model of an immune system. In this model, a
GA must discover a set of pattern-matching antibodies that effectively match a set of antigen
patterns. Analysisshowshow aGA can automatically evolveand sustain adiverse, cooperative
population. The cooperation emerges as a natural part of the antigen-antibody matching
procedure. Thisemergent effect is shown to be similar to fitness sharing, an explicit technique
for multi-modal GA optimization. Further analysis shows how the GA population can adapt
to express various degrees of generalization. The results show how GAs can automatically
and simultaneously discover effective groups of cooperative computational structures.



1 Introduction

Maintaining diversity of individuals within a population is necessary for the long term success
of any evolutionary system. Genetic diversity helps a population adapt quickly to changes in
the environment, and it allows the population to continue searching for productive niches, thus
avoiding becoming trapped at local optima. In genetic algorithms (GAS), it is difficult to maintain
diversity because the algorithm assigns exponentially increasing numbers of trials to the observed
best parts of the search space (cf. Schema Theorem (Holland, 1975)). Asaresult, the standard GA
has strong convergence properties. For optimization problems, convergence can be an advantage,
but in other environments it can be detrimental. Further, even in optimization, strong convergence
can be problematic if it prematurely restricts the search space.

In many settings, convergence by the GA on aglobal optimum isnot appropriate. For example,
in aclassifier system (Holland, Holyoak, Nisbett, & Thagard, 1986) genetic operators are a natural
way to search for a useful set of rulesthat collectively performs well in atask environment, each
rule playing a unique and complementary role. Thus, the system needs to evolve a set of rules
that are specialized to various tasks (or niches) rather than producing a homogeneous (converged)
population of similar rules. As a second example, consider a computational model of the immune
system in which a population of antibodies is evolving to cover a set of antigens (Forrest &
Perelson, 1991). If the antibody population is sufficiently large, it clearly makes sense to evolve
antibodies that are specialized to recognize different classes of antigens instead of evolving one
generalist antibody that weakly matches all antigens. For these more ecological environments,
genetic operators are clearly relevant for evolving a good solution, if inappropriate convergence
can be avoided.

Related to the diversity problem is the issue of generalization. In ecological settings, where
a coadapted set of individuals is desired, the question of generalization arises when there are not
enough individuals in the population to assign one individual (or subpopulation) to each task,
niche, or fitness peak. In cases such as these, a reasonable response isfor the population to evolve
individuals that can cover more than one peak by becoming “generalists.” Note, that in traditional
GA optimization, the generalist usually does not arise, since the population tends to pick one
fitness peak and specialize in optimizing it. However, for settings in which coverage of solutions
is important (e.g., set cover problems, recognition problems, and amost any classifier system),
it is imperative to have the capacity of evolving generalists. ldeally, the degree of generality
of discovered solutions should be an emergent property of the system that depends on certain
characteristics of the environment and parameters of the learning system.



To date, most GA analysis has focused on problems in which each population member’s
fitnessisindependent of other popul ation members, thus excluding coevolutionary systems such as
classifier systems and immune system models. Inthis paper, weintroduce asimple model in which
each individual’sfitnessis functionally dependent on the rest of the population, thus capturing one
important aspect of the ecological problemsin which weareinterested. The functional dependence
isintroduced through the use of asimplified bidding mechanism similar to that of classifier systems.
We show mathematically that the use of the simple bidding procedure combined with atraditional
GA is sufficient for the population to discover and maintain independent subpopulations. Further,
our analysis shows that the model implements a form of implicit fitness sharing which we relate
to previous (explicit) models of fitness sharing. Finaly, we show how certain parameters of the
model can be varied to induceit to evolve more or less general solutions to the immune recognition
problem. The theoretical results presented in this paper have been confirmed by experiments
reported in Forrest, et a. (in preparation).

The remainder of this paper is divided into eight sections. Sections 2 - 4 provide background
material on related work, amathematical model of selectioninthe GA, and explicit fitness sharing.
Section 5 introduces the immune system model that motivated the work reported in this paper.
Section 6 analyzes our model mathematically and shows that it maintains stable subpopulations.
Section 7 shows how the generality of solutions can be controlled in the model, and Sections 8 and
9 discuss the implications of our results.

2 Redated Work

In optimization, when the GA fails to find the global optimum, the problem is often attributed to
premature convergence, which means that the sampling process converged on a local rather than
the global optimum. Several methods have been proposed to combat premature convergence in
conventional GAs (Booker, 1982; Deb, 1989a; DelJong, 1975; Goldberg, 1989). These include
restricting the selection procedure (crowding models), restricting the mating procedure (assortative
mating, local mating, etc.), explicitly dividing the population into subpopulations (common in
parallel GAs), and modifying the way fithesses are assigned (fitness sharing).

Crowding induces niches by forcing new individuals to replace those that are similar geno-
typically (DeJong, 1975). Thisis accomplished by using a*“ steady-state” GA which creates new
individuals one at atime, inserting them into the population by replacement of existing individuals.
In the crowding algorithm, anindividual is selected for replacement (to “die”) by choosing asubset
of the population randomly and then selecting the member of that subset that resembles the new
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individual most closely. The various restricted mating schemes (assortative, explicit subpopu-
lations, local, etc.) have a similar goal as crowding, but here the population is prevented from
becoming too homogeneous by limiting the hybridization effects of crossover. Assortative mating
algorithms, introduced by Booker (1982; 1985), restrict crossovers to occur between functionally
similar individuals. They were invented in the context of classifier systems, where the notion of
“functionally similar” has anatural interpretation asthe set of classifiersthat simultaneously match
the message list. Thismethod hasworked well for classifier systems, but isunproven in the context
of pure genetic algorithms.

Several parallel GAshave been studied in which the populationisexplicitly dividedinto smaller
subpopulations (Cohoon, Hedge, & Martin, 1987; Gorges-Schleuter, 1989; Grosso, 1985; Pettey,
Leuze, & Grefenstette, 1987; Tanese, 1989a; Tanese, 1989b; Whitley & Starkweather, 1990) . Each
subpopulation isisolated from the othersin the sense that it evolves independently with occasional
migrations of individuals from one subpopulation to another. Based on concepts from population
genetics, theideahereisthat random genetic drift will cause each subpopul ation to exploredifferent
regions of the search space and that migration will communicate important discoveries among the
subpopulations. This method can make the algorithm more efficient at discovering global optima,
but even avery small amount of migration results in the subpopul ations eventually converging on
one solution, so in the end diversity islost (Grosso, 1985).

Local mating algorithms (Collins & Jefferson, 1991; Davidor, 1991, Hillis, 1990; Muhlenbein,
1989; Spiessens & Manderick, 1991) attempt to move away from explicitly subdividing the
population (explicit subdivision implies some prior knowledge about how many niches are in the
environment, and their relative size). In local mating, the population is arranged geometrically
(e.g., in atwo-dimensional plane) and crossovers occur only between individuals that are “near”
one another geographicaly. Once again, the idea is that random genetic variation will lead to
subgroups of individuals, each exploring different regions of the search space. These methods
can slow down convergence time dramatically, but by themselves cannot maintain stable separate
subpopulations (Mclnerney, 1992).

Another method for maintaining diversity in a classifier system is called the “Pitt” approach
(DeJong, 1988). First used by Smith (1980), this method concatenates a population of classifiers
to form a single individual for the genetic algorithm to manipulate. Thus, the genetic algorithm
is acting on populations of rule sets. Although diversity can be maintained within arule set using
this method, there is an inherent inefficiency that results from maintaining popul ations of rule sets
rather than populatins of rules. Interestingly, something resembling the Pitt approach existsin the
genetic encoding of real immune systems (?)



Finally, fitness sharing (Deb & Goldberg, 1989a; Deb, 1989a; Goldberg & Richardson, 1987)
(discussed in detail in Section 4) induces subpopul ations by penalizing individuals for the presence
of other smilar individuals in the population, thereby encouraging individuals to find productive
uncrowded niches. While the methods discussed in the previous paragraphs (except the Pitt
approach) focus on the mechanics of selection and recombination in the GA, fithess sharing leaves
the standard GA unchanged and simply modifies the way in which fitness values are computed.
Fitness sharing works well, but has several important limitations:

e It requires a comparison of every population member to every other population member in
each generation (/V? comparisons where N isthe size of the population).

e Setting the critical parameter o, requires knowledge about the number peaks in the space
(Deb, 1989b).

e Setting o, is aso dependent on a uniform distribution of peaks in the search space. Al-
though Deb (1989b) shows experiments where sharing succeeds on a problem with mildly
non-uniform peak separation, it islikely fitness sharing would overlook peaksthat were dis-
tributed with less uniformity (K. Deb, personal communication, 1991). Goldberg (personal
communication, 1992) has suggested that a*“ skewing factor” coupled with fitness scaling (?)
could help sharing to maintain multiple, non-uniformly distributed peaks. However, these
techniques have yet to be fully investigated.

In spite of these limitations, fitness sharing is important because it induces stable niches (rather
than simply slowing down the time to convergence), and it incorporates the concept of limited
resources into the GA model.

3 Preiminaries. The Effects of GA Selection on Population
Composition

Consider apopulation evolving intime under the GA. Thereproduction and survival of anindividual
into the next generation depends on theindividual’ sfitness. The exact details of how fitness affects
reproduction varies among different implementations of the GA (Goldberg & Deb, 1990). Herewe
illustrate the effects of fitness-proportionate selection among a set of 2 individualsin a selection-
only GA.! Theindividuals can be thought of as completely specified GA population members (bit

LFitness-proportionate selection was adopted for several reasons: (1) it is the simplest and most widely known
method of selection, (2) it is easily related to the Schema Theorem and has the important property of increasing good

5



strings of length ¢), or as competing schemata of order ¢. Let P! be the proportion of individual i
in the population at time ¢ (Efil P! = 1), and let f; be the expected fitness of individual 4, or in
the case of Schema ¢, the observed fitness. Assume (asistypical in GA optimization applications)
that f; does not depend on the population proportions. Under fitness-proportionate selection, the
valueof P, attimet + 1lisgiven by

Pt+1 . Pitfi
7 - £ 9
Z?:l P]tf]

where the denominator in Eq. (1) isthe mean fitness of individuals in the population at time ¢. It

(1)

is easy to see that iteration of this equation assigns an increasing number of copies to individuals
that have fitness higher than the mean. However, as the proportion of individuals with high fitness
increases, the mean fitness will aso increase. As a consequence, ultimately only those individuals
with the highest fitness (i.e., with fitness f*, where f* > f; for all :) will increase. Let the set
of individuals with fithess f* be called S*. Then, the iteration of Eg. (1) will converge to a
state in which the entire population is composed of individuals from S*. At steady state, where
Pt =Pl = pforali,

s P
b ijil Pfsfj .
By the previous argument, P?* # 0 only for those individualsin S*. Thus, the sum of proportions
of individualsin S* must equal one. Inserting these conditions into the equation above gives

(R

Yies Profr o f
which shows that any distribution of proportions of individuals in S* is a valid steady state. In
practice, genetic drift tendsto drive a GA population to a population comprised entirely of onetype
of individual from §*. This effect has been discussed extensively in population genetics and in the
GA literature (Goldberg & Segrest, 1987). For example, consider a population composed of two
types of individuals, 1 and 0, each present at 50 copies and having equal fitness. If a sample of the
population is chosen for reproduction and replacement of their parents so that the population sizeis
maintained constant, then after one generation the population may be skewed randomly to say 52
1sand 48 0s. Inthe next round, 1sare morelikely to be chosen for reproduction than Os dueto their
greater representation in the population, and further skewing can occur. Thus even in the absence
of fitness differences between two or more individual s, the slightest nonuniformities of distribution

can be amplified by the reproduction scheme. Mutation and crossover can aso randomly change

schemas exponentially, and (3) many other selection methods are derived from fitness-proportionate selection.

6



the population composition and can contribute to drift. Therefore, by random drift a population
comprised of only one type of individual inevitably occurs.

In the above derivation we assumed that the fitness values were not afunction of the proportion
values. If fithessvalues are afunction of population proportions, then convergenceto asingletype
of individual can beavoided. In the next section we review atechnique called fitness-sharing (Deb,
1989b; Deb & Goldberg, 1989b; Goldberg & Richardson, 1987) that explicitly relatesfitnessvalues
to proportions to overcome the convergence associated with fithess-proportionate GA selection in
multi-modal problems.

4 Fitness Sharing

Fitness sharing (Deb & Goldberg, 1989a; Deb, 1989a; Goldberg & Richardson, 1987) induces
diversity in a population by penalizing individuas for the presence of similar individuals in the
population. In ecological theory such strategies are called negative frequency-dependent selection
(Levin, 1981). Fitness sharing is based on the idea of environmental niches with finite resources
available for each niche. Asthe number of individualsin agiven niche increases, the availability
of resources in the niche decreases, resulting in an effective decrease in the viability of individuals
in the niche, and the subsequent decrease in their numbers. To maintain a viable population in a
niche, the population size must come into equilibrium with the availability of resources.

To illustrate the effects of sharing resources, consider the effect of replacing an individual’s
fithness by ashared fitness f! = f;/P!. Thisshared fitnessis the value used in fitness-proportionate
selection. Thus, equation (1) becomes

o I .
Xi— P S
or
pit = Ez{i - 3)
i=1Ji

Under such a scheme, selection assigns each individual a population proportion equal to its fitness
relative to the sum of all fithess values in one step, and from then on, the proportions are stable.

In a multi-modal search problem, it would be desirable for the population to cluster around
several peaks, rather than simply distributing itself based on relative fitness, as in the previous
calculation, or converging to a single peak, as would a typical GA with fitness-proportionate
selection. The mechanisms of fitness sharing used in previous studies (Deb, 1989b; Deb &
Goldberg, 1989b; Goldberg & Richardson, 1987) cause population members to cluster around



sh(d )

Figure 1: The sharing function Sh(d;;) for various values of «.. Note that the function is zero for
d;; greater than o,.

peaks in a search space by reducing a population member’s fitness to account for the proximity of
other individuals in the population (under some distance metric). Specificaly, they calculate the

shared fitness as 5
fi= Y7oy Shid) “
where d;; is the distance between : and j under a given metric, Sh(d;;) is the sharing function,
given by
1 ifd;; =0
Shidi;) = § 1= (22)" ifdy < ou; (5)
0 otherwise

N is the number of individuals in the population, and o, and « are parameters®. Figure 1 depicts
various sharing functions. Note that since the distance between any individual and itself, d;; = 0O,
at least one term in the denominator of Eq. (4) isequal to one. Since each individual contributes
one term to the sum, having many individuals close together leads to a large denominator, and
hence a small fitness.

The critical parameter in the fitness sharing technique is o, which dictates a cutoff distance,
beyond which no sharing will occur. Deb considers the case in which there are ¢ peaks that one

2The condition Sh(d;;) = 1 for d;; = Oisonly implied in previous fitness sharing studies. It isincluded here to
clarify the limiting case where o, = 0.



wishes the GA to find and maintain, and these peaks are equidistant (in terms of the given distance
metric) from one another in the search space (Deb, 1989b). He also shows how to set o, such that
q hyperspheres of radius o, fill the search space. Then, under Deb’s assumptions, one and only one
peak liesin each hypersphere of radius .

To understand the effects of fitness sharing, consider a problem where Deb's assumptions
hold, and o, is set appropriately. Imagine a GA population that begins with an equal number of
representatives of each point in the search space (a flat population). In the first iteration of Eq.
(2), where [’ is the shared fitness given by Eq. (4), each individual’s fitness f; is divided by the
same number, since each individual has the same distribution of “neighbors” inits o, hypersphere.
Thus, the relative values of fitness are not changed by sharing in this step, and we can expect that
individuals at the ¢ peaks will increase in their numbers. In the next iteration, individuals at the ¢
peaks have increased numbers relative to the rest of the population, therefore their shared fitness
valuesarelowered. Note, however, that individuals at any given peak are affected by the proportion
of individuals at or near that peak only, due to the setting of o, and individuals at different peaks
are assured not to affect one another’s shared fithess values. Now consider an individual that is not
on but isnear, i.e. within o, of one or more of the ¢ peaks. In the second application of selection,
such individuals have fitness values that are decreased by the strong proportions of individuals at
one or more peaks. Thus, the relative character of the fitness landscape (with peaks remaining
effectively higher than non-peaks) is maintained, and the GA will move towards a population
clustered at the ¢ peaks. After al individuals are at these peaks, their shared fitness values must all
be equal to maintain equilibrium under fithess proportionate selection. Thus, one can expect that
the proportion of individuals at each peak will be directly related to that peak’s relative height.

The previous arguments point out the importance of ¢,’s value, and the assumptions used in
setting thisvalue. If o, istoo large, and two peaks are within o, of one another, individuals at these
peaks will affect one another’s shared fitnesses, and one can expect that the GA will converge to
a population that contains one or the other of these peaks, but not both. The limiting case of this
behavior iswhere o, equal s the maximum possibl e distance between two individual s (the radius of
the search space). In this case, each individual’ sfitnessis divided by the same value, the effects of
sharing are eliminated, and one can expect the GA to convergetowards onetype of individual inthe
usual fashion. If o, istoo small, one can expect that individuals near apeak may not be sufficiently
affected by other nearby individuals, and that complete convergence to this peak may not occur
(nearby individuals may remainin thefinal population). Thelimiting case of thisbehavior iswhere
os = 0, in which case each individual’ sfitnessis only divided by its own proportion. Equation (3)
shows that this can be expected to allot proportions to each individual based on fitness relative to



the sum of all fitnessesin one step, without a search for peaks.

Fitness sharing is an effective method for encouraging the population to maintain diverse
subpopulations in all the high-fitness regions of the search space. However, as we mentioned
earlier, it has several important limitations: (1) to set o, the number of peaks must be known, (2)
the peaks must be equidistant (or nearly so), and (3) the method requires N2 comparisons on every
generation. These limitations arise from the fact that fitness sharing is defined explicitly—what
we would like is amethod that avoids the explicit N2 calculations and can discover for itself how
many peaks are in the search space and can allocate trials appropriately. In the next section we
introduce an algorithm for fitness sharing that does not require explicit construction of the sharing
function. The method thus avoids the difficulty of appropriately choosing o. Further, the method
can solve problems in which the peaks are not equally spaced. Because the method arose in the
context of studying how the immune system can maintain the diversity needed for it to detect
multiple antigens, we briefly summarize the relevant biology before introducing the algorithm.

5 GA Simulations of the Immune System

Our immune system protects us from awide variety of different viruses, bacteria, toxins, and other
pathogenic organisms. Although there are many different host defense mechanisms employed,
the first step in any of these mechanisms is the recognition of the foreign cell or molecule, which
we call antigen. Recognition in the immune system occurs by a chemical interaction between
antigen and a specific host defense molecule such as antibody. Thus, the problem that the immune
system faces is the generation of arepertoire of antibodies with sufficient diversity to recognize
any antigen.

Forrest, et al. (in preparation) study an abstract version of this problem in which antigens
and antibodies are represented by bit strings of a fixed length ¢. Recognition is assessed via a
string matching procedure. The antigens are considered fixed, and a population of N antibodies
is evolved to recognize the antigens using a GA. For any set of antigens, the goal isto obtain an
antibody cover, defined to be a set of antibodies such that each antigen is recognized by at least
one antibody in the population. Maintaining antibody diversity is crucia to obtaining a cover.

Theinitial model makes the important simplification that a bit string represents both the genes
that codefor areceptor and the phenotypic expression of the receptor molecule. Themodel includes
only recognition of our idealized antigens by receptors and does not consider how the immune
system neutralizes an antigen once it is recognized.

The model isbased on auniverse in which both antigens and receptorson B cellsand T cellsare
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Antigens
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SISO E
1101010101000111 Antibodies Antibodies
0000111100010001 1010001110000111 0101110100011011
0111000100010001 1100100100010010 1111001001001001
1100001010100110 0000112100011000 1001010101000110
GA
0111110011100101 00110010010100 1100110010010100
M(01111100111001Q%,

Figure 2: A schematic illustration of the immune model. The match score, M, of an antigen-
antibody pair isthe number of bits that are complementary.

represented by binary strings (Farmer, Packard, & Perelson, 1986). Thisiscertainly asimplification
from thereal biology inwhich genesare specified by afour-letter alphabet and recognition between
receptors and antigens is based on their three-dimensional shapes and physical properties. Further,
the model does not distinguish between receptors on B cells and the soluble, secreted form of the
receptor, which is antibody. However, the universe of binary strings is rich enough to allow one
to study how arelatively small number of recognizers (the antibodies) can evolve to recognize a
much larger number of different patterns (the antigens).

A receptor, or “antibody,” is said to match an antigen if their bit strings are complementary
(maximally different). Since each antibody may have to match against several different antigens
simultaneously, we do not require perfect bit-wise matching. There are many possible match rules
that are plausible physiologically (Perelson, 1989). The degree of match is quantified by a match
score function M : Antigen x Antibody — R. This function identifies contiguous regions of
complementary bitwise matches within the string, computes the lengths (/;) of the regions, and
combines them such that long regions are rewarded more than short ones. Using this basic idea,
many different specific functions can be defined that are linear or nonlinear in /;. We have studied
the behavior of the model under several different functions (Forrest et al., in preparation).

Using the bit string representation for antibodies, we construct one population of antigens and
one of antibodies. Antibodies are matched against antigens, scored according to afithess function
M, and replicated using a genetic algorithm. Figure 2 illustrates the basic immune model.

>From this basic model, many variations can be created by changing the details of how
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antibodies are chosen to be matched against antigens. For example, we have used the basic model
to study antigen populations that cannot be matched by a single antibody type. Suppose the the
population of antigensis.

50% - 000. .. 000
50%-111...111.

In order for an antibody population to match these antigens perfectly, there would need to be
some antibodies that are all 1s and others that are all Os. Thus, a solution to this problem would
require the GA to maintain two different solutions ssimultaneously. This is a ssmple example of
a multiple-peak problem in which there are only two peaks and they are maximally different. A
solution requires a population of antibodies that contains strings that are all 1sand al 0s. The
hybrids formed by crossover are not useful. Maximally different peaks are used for illustration.
When we have varied the Hamming distance between peaks experimentally, there is little if any
effect on the performance of the model (Forrest et al., in preparation).

With afixed set of antigens, the antibodies areinitialized either to be completely random (to see
if the GA can learn the correct antibodies) or initially given the answer by setting the population
to include the correct antibodies (000...000 and 111...111 in the example). By giving the answer
initially, the stability of the answer can be tested. Fitness scoring is asfollows:

1. A single antigen is randomly selected from the antigen population.

2. From the population of NV antibodies arandomly selected sample of size o is taken without
replacement.

3. For each antibody in the sample, match it against the selected antigen, determine the number
of bits that match, and assign it a match score?.

4. The antibody in the sample population with the highest match score is determined. Ties are
broken at random.

5. The match score of the winning antibody is added to its fitness.
6. Thisprocessisrepeated for C' cycles.

In this scheme, the fitness values of antibodies are interdependent, since an antibody’s proportion
isonly increased if it is the best matching antibody in the sample. Numerical experiments reported

3For the purposes of this discussion, details of the matching and scoring procedures are unimportant.
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e [
1100100100010010|—

S 0000110100011000
1100110010010100|—

Max (1 (0000000000000000, 1010001110000111), -
M (0000000000000000, 1100100100010010),
M (0000000000000000, 1100110010010100))

Figure 3: A schematicillustration of the two-peak problem. Each antigen corresponds to one peak.
An antigen and a subset of the antibody population are each selected randomly; the antibody (from
the subset) that matches the antigen best (Max) has its fitness incremented.

in Forrest et al. (in preparation) have shown that this scheme can maintain a diverse population of
antibodies that cover a set of antigens, that the antibodies will occur with frequency proportional
to the sampling rate for each antigen, and that the system performance seemsrelatively insensitive
to the Hamming distance between these antigens. We will show that this procedure implicitly
embodies fitness sharing. The process is iterated so that each antigen in the antigen population
has a chance of being selected and each antibody in the antibody population will receive a fair
evaluation of itsfitness. Figure 3 illustrates the model.

Thismodel corresponds quite closely to certain features of learning classifier systems. In effect,
each antibody in our model isahighly ssimplified classifier rule with only a condition part (defined
over the aphabet 0, 1 rather than the more traditional 1, 0,#). The message-processing cycle is
similar to classifier systems in that it uses a bidding mechanism. In our model, the bidding is
deterministic (the closest match always wins), whereas many different bidding schemes are often
used with classifier systems. Since we only allow one winner, this is analogous to a classifier
system with a message list of size 1. Obvioudly, there are many aspects of classifier systems that
our model does not incorporate (e.g., posting messages, bucket brigade learning, etc.), but evenin
this simplified form we can study the interaction between the genetic algorithm and bidding.
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6 Emergent Fitness Sharingin the Immune System M odel

To understand the mechanisms of maintaining population diversity in the immune system model,
we first calculate an antibody’s expected fitness. Some new notation is required. Let the distance
between an antibody : and an antigen ; be called d;;. The following discussion assumes that d;; is
the number of bits of antibody : that do not match (i.e. are not complementary to) those in antigen
7, athough other distance metrics can be used in the following developments. Under this distance
metric, antibody : and antigen ; are said to perfectly match if d;; = 0. The maximum distance
possible between an antibody and an antigen is ¢, the bit string length. Let s(d;;) be the match
score assigned to antibody ¢ when it is matched against antigen j. Let N;(m) be the number of
antibodiesin the population that are at distance m from antigen 5. Also let «; be the probability of
selecting antigen ; for matching. Finaly, let f; be the expected fitness of antibodly :.

Consider a given antigen j. Assume that the population is of size V, and that it contains
N;(m) antibodies at distance m from antigen j. The probability that w antibodies at exactly
distance m from antigen j are in a sample of size o taken without replacement from this pop-
ulation, p(w; o, N, N;(m)), is given by the hypergeometric distribution (Freund, 1962; Hines &

( N;(m) ) ( N — Nj(m) )
o)

Since the hypergeometric distribution will play an important role in subsequent calculations,

Montgomery, 1980)

w=0,1...,0. (6)

it is important to understand how it arises. Think of the N;(m) antibodies at distance m as
“successes’ and theremaining N — N;(m ) antibodies as “failures.” We choose a sample of size o
without replacement and are interested in the probability of picking w success elements and hence

necessarily o — w faillure elements. There are (ng) possible ways of picking a sample of size o.
Nj(m)

w

The number of ways of picking w successes from atotal of N;(m) elementsis ( ) whereas
the number of ways of picking o — w failuresfrom N — N;(m) elementsis (N‘U]fﬂlgm)) . Thus, the
fraction of times a sample is drawn with w success elements and o — w faillure elementsis given
by Eg. (6).
It will be useful for later discussions to note two special cases. If the sample size o = 1, then
the probability that the sample contains an antibody at distance m is
p(151, N, N(m)) = 0
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and the probability that it does not contain such an antibody is

pOLN, Ny(m)) =

If the samplesizeo = N, then

1 ifw= N;(m)

p(w; N, N, N;(m)) = _
plw i(m)) {O otherwise.

6.1 Expected fitness of an antibody when perfect matching isrequired

To introduce the method of calculating the expected fitness of an antibody, we first consider the
case in which an antibody receives a non-zero score only if it perfectly matches the antigen. Thus,
the match score s(d;;) # Oif and only if d;; = 0. Let the score received for a perfect match be
s,. For antibody : that perfectly matches antigen ; to receive a score s,, at time ¢, the following
conditions must be met:

(i) Antigen 5 must be the antigen selected for matching against. This occurs with probability
Oé]'.

(i1) Antibody : must be in the sample of size o.

(iii) If w antibodies in the sample perfectly match the antigen, antibody : must be chosen to be
the tie breaker. This occurs with probability 1/w.

Note from Eq. (6) that the probability that « antibodiesin a sample of size o are at distance O
from antigen j is p(w; o, N, N;(0)). Given that w perfect matches against antigen j appear in the
sample, the probability that this sample contains one particular antibody : that perfectly matches j
isp(L;w, N;(0),1) = w/N;(0). Sinceevents (i), (ii) and (iii) are independent, the probability that
antibody : receives anon-zero scoreis

0 2 gy N N5(0) = a7 (1= (0 N, N (0)

Hence, the expected fitness of antibody : after one cycleis

fi= #(8)(1 — (00, N, N;(0))) .

Note that the expected fitness for C' cycles would simply be C' f;. Since C' will be a common
factor for all expected fitness values, it will not have a bearing on the expected behavior of fithess-
proportionate selection, and, therefore, it is not considered in the subsequent discussion. Also, this
equation assumes that all the antigens are distinct which for bit strings of reasonable length is a
reasonabl e assumption.
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In terms of our previous discussions on fitness sharing, the term s,a; roughly corresponds
to the height of the fitness function at point ; in the sequence space, i.e., in the /-dimensional
hypercube. The expected fitness calculation indicates that this value is divided by the proportion
of individuals at that point, /V;(0). This corresponds to explicit fitness sharing with o, = 0, where
an individual’sfitness is divided by the proportion of identical individuals in the population. The
final hypergeometric term in the calculation is due to the sampling scheme. Itsrole in the analogy
to fitness sharing is not immediately obvious, but it will be clarified in the following discussion.

6.2 Expected fitness of an antibody when partial matching is allowed

We now consider the general case in which an antibody receives a score for a partial match
with an antigen at distance d;; = m, where m ranges from m = 0 (perfect match) to m = ¢
(perfect mismatch). As before, in each cycle of the algorithm an antigen is picked at random, with
replacement. Assume that each antigen ; is selected with probability «;. Let S;(m) be the set of
all antigens ; at distance m from antibody ¢ (d;; = m). For antibody : to receive the match score
in acyclewhen antigen 5 at distance m is selected, we require

(i) No antibody at distance less than m from antigen j occurs in the sample. Recall that only
the closest antibody in the sample receives the match score.

(it) If w antibodiesin the sample are all at distance m:, antibody : must be in the sample and be
chosen as the tie breaker. Thislatter event occurs with probability 1/w.

Events (i) and (ii) are not independent. Thus to compute the probability that events (i) and (ii)
are both true, we use the well known formula (Freund, 1962):

P(E1N Ep) = P(ELE1)P(EY), (7)

where E; denotes event (i).
To compute P(E7), the probability of event (i), we again use the hypergeometric distribution.
Recall that N;(k) isthe number of antibodies at distance & from antigen ;. Thusthere are atotal of

Vilm) = % Nj(k) (8)

antibodies at distance less than m from antigen j. The probability that none of these is in the
sample of size o isp(0; o, N, V;(m)). For later reference we define V(0) = 0, i.e., there are no
antibodies closer than distance O.

To compute P( E,|E1), note that given that none of the V;(m ) antibodies appears in the match
sample, the probability that w of the V;(m) antibodies at distance m from antigen j appear in the
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match sampleisp(w; o, N — V;(m), N;(m)). Not all antibodies at distance m from antigen j need
be copies of antibody :. If w antibodies at distance m are in the sample, then the probability that
antibody ¢ is one of the w iS p(1; w, N;(m), 1) = w/N;(m). The probability antibody : is chosen
asthetie breaker is 1/w. Since any value of w between 1 and o is possible, we find

P(k|Ey) = Xi)lp(w; o, N —=V;j(m), N;j(m))/N;(m) = (1—p(0;0, N — Vi(m), N;j(m))/N;(m) .
) (9)
Finally, combining the terms discussed above yields:

Fm S S DO N ) pGoN = N (39

where the first summation, 3-* _,, considers all possible distances  from antibody i, and the
second summation, 3- ¢, (), considers all antigens that are at distance m from antibody ¢. Asin
the previous simplified example, the terms s(d;;)«; are related to the fitness available to a given
antibody ¢, but in this case, the antibody can share in the finite fitness resources available at many
distant antigens. However, like in fitness sharing, each of these resources is divided amongst the
individuals that share it, asis indicated by the divisor N;(m).

Thus far the correspondence to fitness sharing is relatively straight-forward. However, the

meaning of the bracketed hypergeometric terms,
[p(O’ g, Na ‘/J(m))(l - p(O’ g, N — ‘/J(m)v N](m)))] ) (11)

should be explained. The first term represents the probability that no antibody within distance
m — 1 of antigen 5 will be selected in the sample. The second term represents the probability that,
given the previous condition, at least one copy of an antibody at distance m from antigen 5 will be
in the sample.

6.3 Relation to Explicit Fithess Sharing

To clarify the role of the hypergeometric terms in fitness sharing, we examine two special cases.
Consider sample size o = 1. In this case, the hypergeometric term (11) becomes

(N - vj<m>) (1_ (N = Vi(m) - Nj<m>) _ Nim)

N N — V](m) N
Thus, foroc =1
¢ s(d;: )
fz — Z (Zif) J
m=0je8;(m)



In this special case, there is no fitness sharing, and the fitness values are independent. Essentially,
the relative, expected fithess values are equivalent to those one would expect under a standard
genetic algorithm. Under these conditions one would expect fitness-proportionate selection to
converge to asingle type of antibody. Note that this corresponds to fitness sharing with o, set to a
value that spans the entire search space.

As a second specia case, consider o = N. If one assumes that a perfectly matching antibody
exists for every available antigen in the population, the expected fitness reduces to

SpQ;

T =N

In this case, each antibody is only divided by its own effective proportion in the population. Like
fitness sharing with o, = 0, one would expect fitness-proportionate selection to distribute the
popul ation based on relative fitness in one step, without a search for peak antibodies (see Section
4).

These specia cases show that the limiting behavior of ¢ is similar to the limiting behavior of
os. Toinvestigate the effects of other values of o, consider the term

R = [p(0;0, N, Vi(m))(1=p(0;0, N = Vj(m),1))] , (12)

inwhich V;(m) is set to one. This simulates the situation where one antibody at distance r» from
the selected antigen is competing with V;(m ) closer antibodies for fitness resources available from
that antigen.

Figure 4 shows R plotted versus V;(m) for N = 30 and various values of o.* Note that R
is zero for V;(m) > (N — o), and that R is near zero for arange of values of V;(m) lower than
N — 0. Compare these curvesto thosein Figure 1 for o < 1.

Thisgraph and previous argumentsimply that the hypergeometric terms correspond to asharing
function, and that o plays a role in the immune system algorithm that is similar to that of o, in
fitness sharing. Itsvalue essentially impliesa cutoff beyond which no sharing can occur. However,
there is an important distinction to be drawn between fitness sharing and the implicit sharing in
the immune system simulations. In fitness sharing, o, isa strict cutoff based on d;;, which Deb
(Deb, 1989b) recommends setting based on the volume of a hypersphere around a given peak.
In the immune system algorithm, o dictates a cutoff based on V;(m), which is the proportion of
the population within a hypersphere of radius m — 1 around a given antigen. As the proportion
of antibodies close to an antigen increases, the likelihood of more distant antibodies winning the

4Since only relative values of fitness terms are significant, curvesin thisfigure are linearly scaled between zero and
one.
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Figure 4: The hypergeometric term R, given by Eq. (12), versus V; for various sample sizes o.
Note the similarity to Sk(d;;) for o < 1 and various values of o (see Figure 1).

match competition decreases. Thus, effective antibodies block sharing by |ess effective antibodies.
The sample size o is a control on this effect. Under this scheme, the boundaries of sharing are a
function of the proportion of antibodies clustered around given antigens. These emergent sharing
boundaries explain much of the resilience shown by the GA in the immune system experiments.

7 Emergent Generalization

The previous section clarifies the correspondence between fitness sharing and the immune system
experiments. In this section we use expected fitness calculations to explore various properties of
the model, most importantly its capacity to generalize. We study the effects of the dependence of
sharing boundaries on population proportions, the effects of various settings of &, and finally, the
guestion of generalization. Generalization is animportant issue for resource-limited settingswhere
either the population size islimited (and therefore oneindividual cannot be assigned to every task,
niche, or fitness peak), or the resources under one peak are not sufficient to support one individual.

Consider three-bit antigens and antibodies. Note that these three bits can also be thought of as
aportion of longer antibodies (schemata). Given s(d;;) and «; for the antigens and antibodies, the
expected proportion growth equation, Eq. (1), and the expected fithess equation, Eg. (10), we can
compute the expected effects of fitness-proportionate sel ection.
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Assumethat s(d;; ) issimply the number of complementary bits between antibody : and antigen
j. As anillustration, consider a simulation in which the antigens 000, 011, and 110 are all
equiprobable and none of the remaining five possible antigens occur (agp = a1 = @110 = %).
Note that these antigens are equally distant from one another (each is at a distance of two from
the others). Starting with equal proportions of each possible antibody, and a population size® of
N = 100, Figure 5 shows the results of iterating the expected proportion equation, Eg. (1), with
fi: given by Eq. (10), for o = 10, 0 = 2, and 0 = 3. For ¢ = 10, the population converges
to a condition in which the three antibodies that perfectly match the three antigens have equal
proportions of % each. Similar results occur for larger sample sizes. However, interesting results
are obtained when the sample size is lowered to ¢ = 2. Surprisingly, the population converges
to asingle antibody that would perfectly match antigen 010, an antigen which never occurs. The
reason for this result isthat all of the sampled antigens are within a hypersphere of radius one from
this antibody. Thus, this antibody effectively generalizes from the given distribution of antigens.
In a population that cannot maintain several peaks (due to the sharing limitations imposed by small
o) this antibody is the most effective. Given the previous results, it is interesting to ask whether
the population can maintain both this generalist antibody and the three more specific antibodies at
steady state. The answer isyes, given o = 3.

Thetendency for o to act asacontrol on antibody generalization isfurther illustrated by amore
complex example. Consider the situation in which each of the eight possible antigens occurs, but
with different frequencies. Specifically, consider the following (randomly selected) probabilities
of occurrence:

a0 = 0.0510
apr = 0.0110
app = 0.1581
apn = 0.1582
a0 = 0.2177
aim = 0.0893
a0 = 0.1210
a1n = 0.1936

Other parameters are the same as in previous examples. Table 1 shows the steady-state results of

5In these computations, the binomial approximation to the hypergeometric distribution was used when factorials
greater than 32! were needed.
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Figure 5. Changes in the antibody population predicted by iterating Eq. (1), with f; given by
Eg. (10). The population consists of the eight possible three-bit antibodies, which are matched
against the equidistant antigens 000, 011, and 110. Initialy all antibodies were present in equal
proportion. Thesymbds used ae— = Pyoo, - - = Poor, - - - = Poroy — - — = Porr, - - = Pigo,
+ = Pio1, * = P10, and x = Py31, Where P, represents the proportion of antibodies that perfectly
match antigen . All eight proportions are plotted versus generation. In the upper left-hand plot,
o = 10, in the upper right-hand plot, c = 2, and in the lower plot, 0 = 3. Inthe ¢ = 10
case, three antibodies that perfectly match the three antigens 000, 011, and 110 all ultimately
attain population proportions of 1/3. The graphs of three antibodies are all coincident, as are the
graphs of many of the antibodies that go extinct. In the o = 2 case, a single antibody, which
perfectly matches antigen 010, takes over the entire population. Inthe o = 3 case, all four of
these antibodies are maintained, those which perfectly match antigens000, 011, and 110 at equal
population proportions of ~ 0.27 (coincident lines), and that which perfectly matches antigen 010
at population proportion of ~ 0.2.
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o # of Antibodies Ordered List of
Retained (with P > 0) Perfectly Matched Antigens

100 8 100, 111, 011, 010, 110, 101, 000, 001
50 7 100, 111, 011, 010, 110, 101, 000
10 6 100, 111, 010, 011, 110, 101

5 5 100, 111, 011, 010, 110

2 2 110, 111

1 1 110

Table 1: Steady-state conditions obtained by iterating Eq.(1), with f; given by Eq. (10). The
population consists of 100 three-bit antibodies. The eight possible antibodies are initially present
at equal proportions. The antibodies are matched against a nonuniform distribution of eight
antigens. The number of antibodies retained at non-zero steady-state proportions is indicated in
Column 2. The antigens that are perfectly matched by these antibodies are listed (from highest to
lowest proportion of matching antibodies) in column 3.

iteratively solving the proportion growth equations for various values of o.

The o = 100 case results are like those one would expect from total sharing. The system jumps
to apopulation that is distributed across all possible antibodiesin one step. The proportion of each
antibody is directly related to the relative frequency of occurrence of its perfectly-matched antigen.

As o islowered, the population can not maintain as many antibodies at steady state. Results
withe = 5,0 = 2and o = 1areshowninFigure6. At o = 5the number of antibodies maintained
drops to five. Antibodies that perfectly match the three least-frequent antigens (000, 001, and
101) are eliminated. The other five antibodies remain present, with the order of their proportions
related to the frequency of occurrence of their respective perfectly-matched antigens.

Aninteresting shift in behavior occursat o = 2. For this parameter value, only two antibodies
can be maintained. These two antibodies are those which match antigens 110 and 111 perfectly.
Neither of theseisaperfect match for antigen 100, which hasthe highest probability of occurrence.
Moreover, antigen 110 perfectly matches the antigen with the lowest occurrence probability of
those retained with o = 5. Ye, it has the highest steady-state proportion for o = 2. Upon careful
examination of occurrence probabilities and antigen structure, one can see the reason for these
changes. Theantigenswithinahypersphere of radiusoneof 110 occur with probability 0.6904, and
that antigens within a hypersphere of radius one of 111 occur with probability 0.5621. Moreover,
antigens within the union of these two hyperspheres occur with probability 0.9375. Therefore,
these two antibodies are excellent generalizations over the given distribution of antigens. 1n effect,
the fitness landscape perceived by the GA has shifted substantially as afunction of the sasmple size
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Figure 6: Iteration of the proportion equations, Egs. (1) and (10), with o = 5 (upper left), o = 2
(upper right), and & = 1 (lower), for eight three-bit antibodies matched against a nonuniform
distribution of eight antigens. Symbols are as in the previous figure.
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o. When the population can only sustain a limited number of antibodies, selective pressures shift
towards generalization.

For o = 1 (where we know that the GA can only maintain a single peak) the antibody that
perfectly matchesantigen 110 takesover theentire population. Sinceantigenswithin ahypersphere
of radius one of 110 occur with probability 0.6904 (the highest value for all possible anitbodies),
this antibody is an effective generalization, given the constraint that only a single individual can
be maintained.

8 Discussion

The study of biological systems can provide insightsthat are useful in the development of machine
learning and pattern recognition algorithms. Conversely, studying biological systems with the
perspective of trying to identify the algorithms that they use can provide new understanding of the
operation of biological systems. Here we have shown how one can exploit insights that we have
gained from studying the operation of the immune system for the development of anew algorithm
for maintaining diversity in genetic algorithm search procedures. We have applied the result to a
multipeak optimization problem of importance in immunol ogy.

The immune system must be able to recognize an almost limitless population of foreign cells
and molecules, i.e., antigens, with finite resources. We have formulated an abstract recognition
problem of the type the immune system must solve in the form of recognizing a population of
bitstrings that represent antigens. The immune system succeeds in its recognition task using both
specidlists (i.e. antibodies that recognize only one or very few antigens but recognize them with
great accuracy) and generdlists (i.e. antibodies that recognize many antigens but with limited
specificity). Interestingly, the model that we have developed also discovers both specialists and
generaists.

In this paper, we have developed a mathematical model to explain the behavior of the genetic
algorithm simulations reported in (Forrest et al., in preparation), and used the model to make
certain predictions about the ability of the simulation to develop general solutions. Based on
these predictions, we then ran additional simulations and confirmed that the simulation does in
fact develop generalizations when the sample size o is smaler than the number of fithess peaks
(antigens) (Forrest et al., in preparation) . This confirms the mathematical analysis presented here
and demonstrates an important property of our immune model—the flexibility to develop either
specific or very general solutions.
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9 Conclusions

Maintaining diversity in apopulation isimportant in many computational models. For example, in
classifier systemsitisimportant to maintain adiverse set of rulesthat collectively perform complex
tasksin varying situations. One mechanism for maintaining diversity in genetic algorithmsisfitness
sharing (Deb, 1989b; Deb & Goldberg, 1989b; Goldberg & Richardson, 1987). However, previous
algorithms have been limited by the fact that the number of peaks or high fitness areas had to
be known to correctly set o, the peaks had to be (nearly) equidistant (Deb, 1989b), and N?
comparisons are required. Here we have shown that an algorithm developed by Forrest et a. (in
preparation) to study pattern recognition in the immune system has emergent properties that are
similar to those of explicit fitness sharing. However, the fitness sharing in thisalgorithmisimplicit,
the number of peaksis determined dynamically by the algorithm and there is no specific limitation
on the distance between peaks.

In order to help understand this algorithm we have calculated how the average fitness of an
individual changes from generation to generation. Using these calculations we can predict what
will happen when the environment requires the immune system model to generalize. In particular,
our calculations show that the sample size o plays the role of o, in fitness sharing, and controls
the number of distinct individuals a population can maintain. Simulations show that ¢ isa control
of generalization in the antibody population. As o is reduced, selective pressures are altered such
that a population of more general antibodies emerges.

Thefitness sharing effectsin theimmune system algorithm are aresult of the sample-and-match
procedures empl oyed which resembl e the bi dding mechanism commonly used in classifier systems.
We believethat our analysis may provide auseful tool for understanding classifier system behavior.
The fact that our model has the ability to generalize (even without using the # symbol explicitly)
may prove relevant to the classifier system domain. Animportant area of further investigationisto
extend our model to include more classifier-system like features. Theimmune system domainisan
excellent testbed for classifier-system like models, since it provides a complex pattern recognition
task.

Whether similar effects can be obtained as an alternative to explicit fitness sharing in multi-
modal optimization problems is unclear. However, in other ecological problems the analysis
performed here may have a straight forward application. For instance, in learning classifier
systems, where ideas like “partial matching,” “best match,” and “generalization” have natural
interpretations, techniques like those used here may prove useful.

In the context of classifier systems, some of the results presented here can be thought of as an
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analytical confirmation of arguments presented by Wilson (?). Booker (1982) employs a similar
technique. Wilson'sexperimentsand approximate analyses suggest that division of reward between
like-acting classifiers can lead to stable subpopulations of different classifier “concepts’. Booker
(1982) employs a similar technique. Although the mechanisms are different, the emergent effects
in these systems are similar to those in the immune system simulations.

The techniques may also prove useful in other systems that form computational networks via
genetic learning. A particular instance is in the development of polynomial networks for system
modeling (Kargupta& Smith, 1991), where explicit fitness sharing was previously required.

Whether or not the techniques used in the immune system simulations can be explicitly trans-
ferred to more prescriptive applications, analysis of the type used in this paper can aid in under-
standing GA behavior in settings that require diversity. Improved understanding in this area is
necessary if GAsareto be actively employed in systems that require cooperating sets of interacting
individuals.
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