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Abstract

This paper gives a test of overidentifying restrictions that is robust to many instruments and
heteroskedasticity. It is based on a jackknife version of the Sargan test statistic, having a numerator
that is the objective function minimized by the JIVE2 estimator of Angrist, Imbens, and Krueger
(1999). Correct asymptotic critical values are derived for this test when the number of instruments
grows large, at a rate up to the sample size. It is also shown that the test is valid when the number
instruments is fixed and there is homoskedasticity. This test improves on recently proposed tests by
allowing for heteroskedasticity and by avoiding assumptions on the instrument projection matrix.
The asymptotics is based on the heteroskedasticity robust many instrument asymptotics of Chao

et. al. (2010).



1 Introduction

The Sargan (1958) and Hansen (1982) tests of instrument validity are known to be quite sensitive
to the number of restrictions being tested. This paper proposes an alternative test that is robust
to many instruments and to heteroskedasticity. It is based on subtracting out the diagonal terms
in the numerator of the Sargan statistic and normalizing appropriately. This test has a jackknife
interpretation, being based on the objective function of the JIVE2 estimator of Angrist, Imbens,
and Krueger (1999). We show that the test is valid under homoskedasticity with fixed number of
instruments and with number of instruments going to infinity at any rate up to the sample size
itself.

Recently Anatolyev and Gospodinov (2009) and Lee and Okui (2010) have given tests that allow
for many instruments but impose homoskedasticity. Our test is valid under their conditions and
also with heteroskedasticity. Also, we do not impose side conditions on the instrument projection
matrix. The asymptotic theory is based on the results of Chao et. al. (2010) and Hausman et.
al. (2010), including a central limit theorem that imposes no side conditions on the instrumental
variable projection matrix.

In Section 2 we describe the model and test statistic. In Section 3 we give the asymptotic

theory.

2 The Model and Test Statistic

We adopt the same model and notation as in Hausman et. al. (2010) and Chao et. al. (2010). The

model we consider is given by

= X
ngl n><G05>91+n§<1’
X = T+,

where n is the number of observations, G is the number of right-hand side variables, T is the
reduced form matrix, and U is the disturbance matrix. For the asymptotic approximations, the
elements of T will be implicitly allowed to depend on n, although we suppress dependence of T on
n, for notational convenience. Estimation of §g will be based on an n x K matrix, Z, of instrumental

variable observations with rank(Z) = K. Here we will treat Z and T as nonrandom for simplicity



though it is possible to do asymptotic theory conditional on these as in Chao et. al. (2010). We
will assume that Ele] =0 and E[U] = 0.

This model allows for T to be a linear combination of Z (i.e. T = Zr, for some K x G
matrix 7). Furthermore, some columns of X may be exogenous, with the corresponding column
of U being zero. The model also allows for Z to approximate the reduced form. For example,
let X!, Y%, and Z! denote the i*" row (observation) for X, T, and Z, respectively. We could let
T; = fo(w;) be a vector of unknown functions of a vector w; of underlying instruments and let
Zi = (p1x(w;), ..., px i (w;))’, for approximating functions py (w), such as power series or splines.
In this case, linear combinations of Z; may approximate the unknown reduced form.

For estimation of 0 we consider heteroskedasticity robust version of the Fuller (1977) estimator
of Hausman et. al. (2010), referred to as HFUL. Other heteroskedasticity and many instrument
robust estimators could also be used, such as jackknife instrumental variable (IV) estimators of
Angrist, Imbens, and Krueger (1999) or the continuously updated GMM estimator (CUE). We
focus on HFUL because of its high efficiency relative to jackknife IV, because it has moments, and

because it is computationally simple relative to CUE. To describe HFUL, let
P=2z(Z'2)'7,
P;j denote the ijt" element of P, and X = [y, X]. Let
— — — — n — —
& be the smallest eigenvalue of (X'X) " H(X'PX — ZP“XZ 7).
i=1
Although the matrix in this expression is not symmetric it has real eigenvalues because it is a

product of symmetric, positive semi-definite matrices. Let
a=[a—-(1-a)/T]/[L-Q1-a)/T]

HFUL is given by

n -1 n
5= (X’PX - PiXiX| - &X’X) (X’Py — " PiXiyi - &X'y) .
i=1 i=1
Thus, HFUL can be computed by finding the smallest eigenvalue of a matrix and then using this
explicit formulae. Motivation for HFUL is further discussed in Hausman et. al. (2010).
To describe the overidentification statistic, let & = y; — X168, & = (£1,...,£n) , £(2) = (£2,...,2),

and P(2) be the n-dimensional square matrix with ij*” component equal to Pf] Also, let 37,4,



denote the double sum over all ¢ not equal to j. The test statistic is

EPe— Yy Pudl oy EQYPREQ) - X PREL _ Ty SEGE

N | K K

Treating T as if it is chi-squared with K — G degrees of freedom will be asymptotically correct

T:

if K — oo no faster than n and when K is fixed and &; is homoskedastic. Let g,(7) be the 7"
quantile of the chi-squared distribution with r degrees of freedom. A test with asymptotic rejection

frequency « is to reject the null hypothesis if
T>qx-c(l-a)

We will show that the test with this critical region has a probability of rejection that converges to
.

To explain the form of this test statistic, note that the numerator is

g'pé— ZPme = ZelP”e]

i#]
This object is the numerator of the Sargan (1958) statistic with the own observation terms sub-
tracted out. It has a jackknife form, in the sense that it is the sum of sums where the own
observations have been deleted. If § were chosen to minimize this expression, it would be the
JIVE2 estimator of Angrist, Imbens, and Krueger (1999).

One effect of removing the own observations is that }_;.; &;F;;¢; would be mean zero if £; were
replaced by €; In fact, 3, .;e;P;je; has a martingale difference structure that leads to it being
asymptotically normal as K — 00, e.g. as in Lemma A2 of Chao et. al. (2010). The denominator
incorporates a heteroskedasticity consistent estimator of the variance of 3, ; &;P;j¢;. By dropping

terms that have zero expectation, similarly to Chao et. al. (2010), it follows that for o? = E[g2],

E[(ZEiPijEj)2] = Z Z szP]k525 €k+z i z j

i#]j 4,3 k¢{i,j} 7«#]
_ 2
- E[QZPZ‘J' Z 4] Z J
i#£]j i#]

Similarly to White (1980) the variances are replaced by squared residuals to obtain V. Also, 2
is replaced by 1/K and K is added to normalize the statistic to be chi-squared with K fixed
and ¢; homoskedastic. Unfortunately, it does not appear possible to normalize the statistic to be

chi-squared if there is heteroskedasticity when K is fixed.



3 Many Instrument Asymptotics

The asymptotic theory we give combines the many instrument asymptotics of Kunitomo (1980),
Morimune (1983), and Bekker (1994) with the many weak instrument asymptotics of Chao and
Swanson (2005). Some regularity conditions are important for this theory. Let Z/,¢;, U/, and Y}

denote the i*" row of Z,e,U, and Y respectively.

Assumption 1: Z includes among its columns a vector of ones, rank(Z) = K, and there is a

constant C such that P; <C <1, (i=1,...,n), K — 0.

The restriction that rank(Z) = K is a normalization that requires excluding redundant columns
from Z. It can be verified in particular cases. For instance, when w; is a continuously distributed
scalar, Z; = p® (w;), and prr (w) = wF~1, it can be shown that Z’Z is nonsingular with probability
one for K < n.! The condition P; < C < 1 implies that K/n < C, because K/n = Y1, P;;/n < C.

The next condition specifies that the reduced form Y; is a linear combination of a set of variables

z; having certain properties.

Assumption 2: Y; = S,2;/\/n where S,, = S diag (K1ns -y fGn) and S is nonsingular. Also,
for each j either pjn, = /n or pjn/\/n — 0, p, = 1r§njiflGMjn — o0, and VK /p2 — 0. Also,
there is C' > 0 such that |1 z;z//n| < C and Amin (31—, 2izl/n) > 1/C, for n sufficiently large.

This condition is similar to Assumption 2 of Hansen, Hausman, and Newey (2008). It ac-
commodates linear models where included instruments (e.g. a constant) have fixed reduced form
coeflicients and excluded instruments have coefficients that can shrink as the sample size grows,
as further discussed in Hausman et. al. (2010). The p2 can be thought of as a version of the
concentration parameter, determining the convergence rate of estimators of dgg, just as the con-
centration parameter does in other settings. For u2 = n, the convergence rate will be y/n, where
Assumptions 1 and 2 permit K to grow as fast as the sample size, corresponding to a many instru-
ment asymptotic approximation like Kunitomo (1980), Morimune (1983), and Bekker (1994). For
u2 growing slower than n the convergence rate will be slower that 1/4/n, leading to an asymptotic

approximation like that of Chao and Swanson (2005).

1The observations w, ..., w,, are distinct with probability one and therefore, by K < n, cannot all be roots of a
K™ degree polynomial. It follows that for any nonzero a there must be some i with a’Z; = a'p¥ (w;) # 0, implying

that a'Z'Za > 0.



Assumption 3: There is a constant C' > 0 such that (e1,U3),...,(en,Uy) are indepen-
dent, with Ele;] = 0, E[U;] = 0, E[g?] < C, E[|Us||?] < C, Var((e;,U})) = diag(2},0), and
/\mm( Q*/TL) > 1/0

This assumption requires second conditional moments of disturbances to be bounded. It also
imposes uniform nonsingularity of the variance of the reduced form disturbances, that is useful in

the consistency proof, to help the denominator of the objective function stay away from zero.
Assumption 4: There is a 7, such that 7 ||z — 7, Zi||* /n — 0.

This condition and P;; < C' < 1 will imply that for a large enough sample

STPYY/n = YPY/n—= > PyYYi/n=> (1-Py)YY;/n—"'(-P)Y/n
i#] i=1 i=1
= Z(l— Pi)YiY; /n+ o(1) ZTT
=1

so that the structurally parameters are identified asymptotically. Also, Assumption 4 is not very
restrictive because flexibility is allowed in the specification of T;. If we simply make Y; the expec-

tation of X; given the instrumental variables then Assumption 4 holds automatically.

Assumption 5: There is a constant, C' > 0, such that with probability one, > i, ||zl||4 /n? —
0, E[e}] < C and E[|U;||4] <

It simplifies the asymptotic theory to assume that certain objects converge and to allow for
two cases of growth rates of K relative to p2. These conditions could be relaxed at the expense
of further notation and detail, as in Chao et. al.. Let 02 = E[e?], v, = S0y E[Usg]/ X0, 02,

U = U — &7, having i*" row U/; and let Q; = E[U;U).

Assumption 6: 1,S,! — Sy and either I) K/u2 — « for finite « or; II) K/u2 — oo.
Also, each of the following exist:

n n

Hp = lim Z(l_—PZz)Zz z/n, Ep:nli_r{lmZ(l—Ri)inz;J?/n,
i=1
U= nlgnmz 2 (G2E(0;0)) + E[Uie Ele;U7)) /K.
i#J



The first result shows that the chi-square approximation is asymptotically correct when K grows

with n.
THEOREM 1: If Assumptions 1-6 are satisfied then Pr(T > qx_c(1 — a)) — o

The next result shows asymptotic validity of the chi-squared approximation when K is fixed.

THEOREM 2: If E[e?] = o2, K is fivzed, Z'Z/n — Q nonsingular, Z'Y/n — D with
rank(D) = G, E[e}] < C, |Ts|| < C, and Assumption 3 is satisfied, then Pr(T > qr_g(1 —a)) —

.

This test should have power against some forms of misspecification. Under misspecification V

will still be bounded and bounded away from zero. Also, for & = Ey; — X/plim(9)], the normalized
numerator Zi# Pijéié;/ V'K will be centered at

(»s"Pe_ -y PiizE_%) VK.
i
Assuming a linear combination of Z approximates € this is close
> &1 - Py)/ VK
i

This will increase at rate n/ V'K by P;; bounded away from one.

T provides specification check for many instrument estimator 5. Note however that it may not
be optimal as a test of the null hypothesis that E[g;] = 0. The magnitude of the test statistic under
the alternative grows faster when K grows slower. Thus, for higher power it would be better to

use fewer instruments.



4 Appendix A - Proofs of Theorems

We will define a number of notation and abbreviations. C' denotes a generic positive constant
that may be different in different uses and let M, CS, and T denote the Markov inequality, the
Cauchy-Schwartz inequality, and the Triangle inequality respectively. Also, for random variables
Wi, Yi, and n;, let w; = E[W;), Wy = Wi — @y, s = E[Y;), Y = Y; — @i, 7 = Enil, 7 = ni — i,

= U1,y Un) » W = (W1,..., 0y),

pw = max |@i|, gy = max |7, fin = max |7,
o8, = maxVar[W;],5% = maxVar[Y;], ag = max Var [n;];
1 <n 1 <n 1 <n

The following Lemmas are special cases of results in Chao et. al. (2010) but are given here for

exposition:

LEMMA Al: Suppose that the following conditions hold: i) P is a symmetric, idempotent
matriz with rank(P) = K, P;; < C < 1; i) Win,Ur,e1), «.., (Whn, Un,en) are independent and
D, =Y E[Wi,W! | satisfies ||Dy|| < C; i) E[W/ | =0, E[U;] =0, Ele;] =0 and there exists
a constant C such that E[|U||*] < C, E[e}] < C; i) Y0 E {||I/Vm||4} — 0; v) K — o0 as
n — oo. Then for

et Z ( E[UUE [.]+E[U¢€i]E[€jUJ/’])/K
i#£]

and any sequences cip and copn depending on Z conformable vectors with ||cin| < C, |lcan] < C,

Z, = iy Dncin + ¢, Sncan > 1/C, it follows that

YN*“ 1/2 CanMH+C2nZUPUEJ/\/_) —>N(0 1)
i=1 1#]

Proof: This is Lemma A2 of Chao et. al. (2010) when Z and T are not random. Q.E.D.

LEMMA A2: If Assumptions 1-3 are satisfied then
Syt XiPy XS, = 0,(1), S Y D XiPijej = Op(1+ (/K /ry).
i#] i#]
Proof: The second conclusion holds by Lemma A5 of Chao et al. (2010), and by that same

result,

Sgl Z XZ‘PZ‘]‘XJ/-S;I/ = Z ZZ‘PZ‘]‘ZE-/TZ + Op(l).
i#j 1#£]



We also have

Zzszz]/n =2 Pz/n— ZP”zZzz/n
i#]

and both 2/ Pz/n < 2/z/n and 3, Pyiziz, /n < z'z/n are bounded, giving the first conclusion. Q.E.D.

LEMMA A3: If 6 — 6, E[|X;||}] < C, E[e}] < C, e1,....,e, are mutually independent, and
either K — oo or max;<y, P;; — 0 then

A2A2 2 2 2
> Pheies >, Pholo

p
% K — 0.

. . 2 .
Proof: Hence by § L, 5 we have H(S — (5H < H5 — (5” with probability approaching one (w.p.a.1).
Hence w.p.a.1, for d; = 3(1 + || X;]%),

5—5 <d

E[Y " Pididj]/K <C> P}/K < C,E[Y_ Pield;]/K < C.

i#] i#] i#]
Then by M,
Y Pldidj /K = 0y(1),>  Peid;/K = Op(1).
i#] i#]
Therefore, for V,, = Sizj PREIES K, Vo = Yizj Pheies /K we have
> P leed - ekl /K

i#]
)3—5“22 2 did; /6 + 2|5~ 5”2132 €2/ K - 0.

Let V,, = Z#J 5o ]/K and v; = £2 — o2 Note that by P;; = Pj;,

Z P%e?sjz — Z PZ 30? =2 Z vlo + Z 5 Viv; -
i#] i#] i#] i#]
Note that E[v?] < E[e}] < C, so we have have

ZPZ’UZ 2/K = 2ZZZP2P O‘Uk

i#] it jFik#
CK2Y Y. PEY PR = CK Y P2
i k i

CK~! max Py ZPM /K <CK™! max P; — 0.

IN

IN



Also, by CS, max; j<p Pfj < max;<p P2, so that

%)

E[()_ Piowj/K)?] = 2K *> Pj vj] SCK ™) P

i#] 1#£j 2%
< CK'maxP}>» P}/K=CK™! max P2 — 0.
i<n i

0"

Then by T and M we have V,, — V,, =2 0. The conclusion then follows by T. Q.E.D.

Proor orF THEOREM 1: Note that

% _ ;[Ei—XKS_‘S)}PM {gj—XJ'-(g—@}/\/E

_ Zz;ﬁj\/‘%ng +<5_5)15n

Sﬁl ZXiPin}Snlll 5711(8 — 5)/\/?

i#]

+2((§ — 5)’Sn [Snl Z XZ‘PZ']‘E]' /\/E
7]

If K/u2 — a < oo (case I of Assumption 6) then by Theorem 2 of Hausman et. al. (2010) we
have S (6 — d) = O,(1). Then by Lemma A2 we have

Dixilidi _ Eayeiliei . 0
VR E T
If K/u2 — oo (case II of Assumption 6) then by Theorem 2 of Hausman et. al. (2010),
(11n/VE)S!(6 — 8o) = Op(1), so that by VK /u2 — 0,

(6-0)'s [ oY XiPy XS 1’] S8 = 0)/VE = 0y(1) (K/pi) /VE = 0,(1),
i#£]

G-y, [sglzxiajej WE = 0ROy + VE /) VE

i#]

= Op(1/pn + VE /) = op(1).

Therefore, eq. (1) is also satisfied when K/u2 — oo.
Next, note that 01»2 > C by Assumption 3 and P; < C < 1 by Assumption 1, so that

Yizj 0i P07 > C (ZZJPQ _Zz‘Pz%') Zz Pi(1 = Py) S O>0

Vi = K K K K

10



Also, E[e}] < C and as shown above, E[Z#j(aiPijsj)z] = 2KV,,. Now apply Lemma Al with
Win =0, c1, = 0, and co,, = 1. It follows by the conclusion of Lemma Al that

Yizj€ili€i a
V2KV,

Next, by Theorem 1 of Hausman et. al. (2010) we have 6 -2 6, so that by Lemma A3,
Vi, — Vi, 25 0. Then by V,, bounded and bounded away from zero, 1/V,,/ V,, -2 1. Therefore by

N(0,1).

the Slutzky theorem,

Z?¢jéipijéj22?¢j€iﬂjfy Op Zz¢]€zpm’3y
V2KV, V2KV, Vo V2KV

Next, note that 7' > gk - (1 — ) if and only if

+o,(1) -5 N(0,1).

> i €ibije; S ik—c(l—a)— K
9OKV, V2K

It is know that as K — o0, [gg—g(l —a) — (K — G)] /V2(K — G) — ¢q(1 — ), where ¢(1 — a)

is the 1 — a quantile of the standard normal distribution. Also, we have

_ [K-G(agx-c(l-a)-(K-G)\ G — q(1 - a)
- K 2(K - G) V2K ! '

The conclusion now follows. Q.E.D.

PROOF OF THEOREM 2: It follows in the usual way from the conditions that
Vi (5 =) == N(0,6*(D'Q7'D) 7).

In addition, it is straitforward to show that Z'Z/n — @ nonsingular implies that max;<, P;; — 0;
e.g. see McFadden (1982). Furthermore, note for d; = 3(1 + || X;||*) from the proof of Lemma A3
that

E)> Pud] <> PyEld;] <
so >; Piid; = Op(1). Then similarly to the proof of Lemma A3, by P; > 0,

DD Pilgl —<f| <D Puds

1) 2 0.

(22 _
AT

i &

11



Also, we have
E[(Z Pye? — Ko?)?] = E[(Z Pi{e? — o? Z P2Var(s}
Z < Cr%%cpﬁzz%i—»o.
i
Then by the Markov and Triangle inequalities,
> Paig? 5 Ko,
i

Also, since (as just shown) Y-, P2 — 0 it follows by Lemma A3 and o2 = o2 that

4_ Zz#] k] 4 Zi# i 4 Zz P P

Vi—o K ok 0 T =) +el) =0
Therefore,
2 n A2 2! 3
B UA EPe | j Tim Pifl _ 1+ 0p(1)] 22 + 0y(1).
= v 7

It follows by standard arguments that & Pé¢/o? N Y2(K — G), so the conclusion follows by the
Slutzky Lemma. Q.E.D.
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