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Agenda

• Basic Effects

• Circuit Analysis of Static Thermal Systems

• Circuit Analysis of Dynamic Thermal Systems

• Active Learning: Pair-share Exercises
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Basic Effects
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Thermal Systems

• Thermal Systems: 
– Energy is stored and transferred as heat
– Exhibit static and dynamic behavior (resistance, capacitance, 

time constants.  Thermal inductance does not exist.)
– Nonlinear, variable-coefficient, distributed-parameter models

• Units: 
– Temperature T [0C, K, 0F, R]
– Heat flow rate Q [J/s, BTU/hr]  

• Thermal effects
– Conduction
– Convection
– Radiation
– Heat Storage Capacity
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Thermal Conduction

• Conduction: Ability of materials to conduct 
heat

• Fourier’s law of heat conduction

Minus sign indicates … 

Temperature drops in direction of heat flow
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Kt: Metal V. Liquid/Gas
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Kt=Kt(T)   =>  Nonlinear heat conduction equation



Conduction Through a Flat Plate
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Conduction in Various Shapes
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• Axial conduction in a rod

• Radial conduction in a cylinder

• With coated surface
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Thermal Convection

• Convection: Heat transfer between a surface 
and a fluid exposed to surface via free or 
forced convection

• Newton’s law of cooling:
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Thermal Resistance and Convection 
Coefficient

• Resistance

• Typical Values for Convection Coefficient, h’s
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Thermal Radiation
Radiation: heat transfer (when energy is high) 
without presence of surrounding medium
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Thermal Capacitance

• Capacitance: ability to store heat

• Specific heat of various substances
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Circuit Analysis of Static Thermal 
Systems
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Example 1: Lowest Cost for Thermal Conductivity
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Example 1: Lowest Cost for Thermal Conductivity
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Example 1: Lowest Cost for Thermal Conductivity
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Example 2: Pair-Share: Heat Loss 
Through Window

• Calculate the amount of heat loss (in Watts) 
through an uncovered window in a home.  The 
temperature difference between the air inside 
and outside of the house is 200C, with 
moderate convection on each side of the 
glass.  The size of the glass is 0.75m by 1.2 m, 
and the thickness is 3 mm.
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Example 2: Heat Loss Through Window
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Example 2: Heat Loss Through Window
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Example 3: Radiator Hose

• The radiator hose on an automobile is made 
of something similar to BunaTM rubber.  The 
internal diameter of the hose is 50 mm, its 
length is 200mm, and its thickness is 6 mm.  
The water on the inside is maintained at 
1000C, and the outside air temperature is 
500C.  Calculate how much heat is conducted 
through the hose.
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Example 3: Radiator Hose
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Eq. 6.10 (pg. 178)



Example 4: Pair-Share: Iron Pipe

A ¾ inch pipe (ID = .824 inch, OD = 1.050 inches) 
is used to transmit hot water.  The internal water 
temperature is 1200F, and the ambient air 
temperature is 750F.  Consider a pipe that is 5 feet 
in length.
– Calculate how much heat is transferred from the 

water to air.
– If a spongy rubber tape that is 0.1 inch thick is placed 

on the outside of the pipe, calculate how much heat is 
transferred.

– What is the reduction in heat loss with the use of the 
rubber insulation?
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Example 4: Pair-Share: Iron Pipe
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Example 4: Pair-Share: Iron Pipe
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Example 4: Pair-Share: Iron Pipe
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Circuit Analysis of Dynamic Thermal 
Systems
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Model Classification
Chap6 28
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Model Classification Tree
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Dynamic Thermal Systems

• Dynamic response: time rate of change of 
temperature during process due to large heat 
capacity or small time duration

• Diffusion equation, 2nd order partial 
differential equation (PDE) in space and time, 
is used to model this process (beyond scope of 
class)

• Take lumped-parameter model approach 
under certain conditions 
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Lumped Parameter Model (LPM)

• LPM assumes that all properties of thermal resistance and 
capacitance are lumped at selected points in space and 
produces a set of ordinary differential equations (ODEs) in 
time  

• Approximating PDEs in space with ODEs in time at certain 
locations in the system requires breaking system into lumps

• Choice of single-lumped or multiple-lumped capacitance 
model depends on convection and conduction resistances

• Example: Model the temperature in a house 
• Use a single temperature => a single ODE

• Take a representative temperature for each room => an ODE for each 
room, leading to several equations

• Either model is still more manageable than if lumping were not 
performed
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Biot Number

Number of lumps required for accuracy depends on 
ratio of conduction and convection resistances, i.e., 
dimensionless Biot number Nb
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Small Biot Number (Nb < 0.1)

• Rcond << Rconv → same 
temperature in solid

• Dominant temperature 
difference is between surface 
and free-stream fluid

• Model with single lumped 
capacitance, heat capacity of 
solid and convection heat 
transfer

• Ignore thermal conduction 
resistance in solid 
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Large Biot Number (Nb > 0.1)

• Rcond >> Rconv → different temperatures in 
solid, and between solid and free-fluid stream

• Model with several lumps of capacitance and 
determine temperatures at several points 
inside solid as a function of time
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Example 5: Single-Lumped Capacitance 
Model (SLCM): Quenching

• SLC model applies when heat capacity is significant (Nb is small)

• Example: Quenching is a process in which a heated object is placed into a 
liquid bath.  The rapid cooling that occurs can improve certain properties 
such as hardness.  Consider a copper sphere 1 in. in diameter with k = 212 
BTU/hr-ft-0F at 5700F and immersed in a fluid such that h = 0.5 BTU/hr-ft2

(See Figure below).  

– Show that its temperature can be considered uniform, and develop a model of 
the sphere’s temperature as a function of the temperature T0 of the 
surrounding fluid.

– Show that the RC circuit (see below) is analogous to the thermal model of the 
sphere’s quenching process.

Chp6 35

T T0
T

R

vCv0

+

-



Example 5: Single-Lumped Capacitance Model (SLCM): Quenching

• As = 4π(1/24)2=2.18x10-2 ft2,  Volume = (4/3)π(1/24)3=3.03x10-4 ft3

• Lc=V/As = 0.0139, Nb = hLc/k = 3.28x10-5  << 1 

• Biot criterion: treat sphere as a single-lumped system with a single 
uniform T

Chp6 36

hr5.64τinTreachwilletemperatursphere's

input,stepalikeactstank,TintodroppedissphereIf

hr
F

BTU

BTU

Fhr
RC

TT
dt

dT
isModel

BTU

Fhr

ft
Ffthr

BTUhA
R

F

BTU

Fslug

BTU
ft

ft

slug
VCMC

TT
R

TThA
dt

dT
MCQQ

0

0

pp

pconvectionhconductionh





























4.1)0154.0(7.91

)(
7.91

1
0154.0:

7.91

)1018.2(5.0

11

;0154.0)93.2)(1003.3(3.17

)(
1

)()()(

0

0

0

0

22

02

00

34

3

00





Tetemperaturssphereofroletheplaysv

vv
Rdt

dv
Cis:modelCircuit

'

)(
1

0 



Multiple-Lumped Capacitance Model 
(MLCM)

• Models one-dimensional heat conduction 
with an equivalent thermal circuit with 
lumped capacitance and resistance

– Capacitance at nodes connected by resistance 
elements, analogous to mechanical system’s 
discrete masses connected by massless springs

– Accuracy depends on number of lumps: large Bio 
number requires division into several nodes

– Thermal properties are assumed homogeneous
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Multiple-Lumped Capacitance Model 
(MLCM)

• Models one-dimension heat transfer in a flat 
plate with mass M and thickness L (<< length 
and width) by dividing into n elements
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Constant Surface Temperature Sources
• When convection coefficients are high, convection resistance 

will be small, and surface temperature will equal free-stream 
temperature  and acts as an ideal temperature source
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Constant Surface Temperature Sources
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Convection Surface Temperature Sources

• When convection coefficients are not high, convection resistance will be 
large and there will be convection resistance between surface 
temperature and free-stream temperature, and significant temperature 
difference between them 
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Convection Surface Temperature Sources
Chp6 42
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Convection Surface Temperature Sources
Chp6 43

 

 





















































0

01
0

0

0

0211

112

2

2

112

hn

n

hnp

nn

np

n

bia

np

a

n

a

hi

i
i

nhip

i

R

T

R

T
T

RRMC

n
T

TTT
MRC

n
T

TTT
MRC

n
T

R

T

R

T
T

RRMC

n
T

node:eachatTforsolveandQforSubstitute















Example 6: Thermal Plant Boiler 
Chp6 44

Shown in the figure is a boiler used in a thermal energy 
plant.  Write the modeling equations for the system, and 
derive a differential equation for the temperature inside the 
boiler as a function of the ambient temperature and the 
heat input.   State the expressions for the time constant and 
the steady-state temperature



Example 6: Thermal Plant Boiler 
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Example 7: PS: Pool Water Heater 
• Shown below is a swimming pool operating in cool weather.  The pool has 

a heater that provides a heat input of qh watts.  The water depth varies 
from 1.2m to 3m, and the pool is 5m wide by 10 m long.  A pump runs 
continuously to keep the water thoroughly mixed.
– Calculate the Biot number, and justify the assumption that the pool can be 

treated as a single-lumped capacitance model
– Assuming that the significant heat transfer is the convection at the water 

surface and that no heat transfers out the sides and bottoms, write the 
modeling equations for the system using a single-lumped parameter capacitor 
model, and derive a differential equation for the temperature of the water as 
a function of the ambient temperature and the heat input.

– Calculate the value of the time constant of the system.  If a period of one time 
constant would be enough time to “take the chill off,” would you recommend 
leaving the heater on all the time or turning it off overnight?

– State the expression for the steady-state temperature of the water.  If the 
ambient temperature were 200C and the desired water temperature were 
250C, what size heater would be required (in watts)?
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Example 7: PS: Swimming Pool Heater 
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Example 7: PS: Swimming Pool Heater 
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Example 7: PS: Swimming Pool Heater 
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Example 8: Propane Tank
• A tank 75% (by volume) full of liquid propane is taken from a warehouse and 

placed in the direct sunlight on a hot summer day.  We are concerned about 
the internal temperature (and therefore the internal pressure) of the tank as it 
sits in the sun.  We want to know how long it takes to heat up and what is its 
final steady-state temperature.  

– Model the tank as a sphere 1 foot in diameter.  The walls of the tank are steel of 
0.100 of an inch thick.  The temperature inside the warehouse is 900F, and the 
outside air temperature is 1000F.  (The tank is in Texas!)  The solar insolation for 
this particular day is 900 watts/m2 = 285 (Btu/hr)/ft2.  You should consider the sun 
as a constant heat flow source of energy over the exposed surface are of the 
sphere.  The density of liquid propane is 20.8 lbm/ft3.  The density of steel is 490 
lbm/ft3.  The specific heat of liquid propane is 0.58 Btu/(lbm 0F).  The specific heat 
of steel is 0.11 Btu/(lbm 0F).  The wind velocity is such that you should use a 
convection coefficient for high free convection or low forced convection.

– Model this system, and derive a differential equation for the internal temperature 
of the propane as a function of the solar heat input and the ambient temperature 
(with a given initial temperature).  Calculate the time constant for the system, and 
state how long it will take for the tank to be at its steady-state temperature.  What 
will the steady-state temperature be for given conditions? 
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Example 8: Propane Tank
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Example 8: Propane Tank
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Example 8: Propane Tank
Chp6 53



Example 9: Pair-Share: Fish Tank

• A fish tank is fabricated using 4mm Plexiglas walls.  The water on 
the inside of the tank is maintained at a constant temperature of 
260C.  The ambient room temperature is 220C.  We are interested in 
modeling the heat transfer through the walls of the tank if there is a 
sudden change in room temperature.  The inside of the tank has 
water that is circulated with a pump and therefore should have a 
convection coefficient on the lower end of forced convection with 
water.  The outside of the tank has air that should have a 
convection coefficient on the upper end of free convection with air. 
– Calculate the Biot number for the inside and outside surfaces.  Based 

upon these numbers, can lumped parameter modeling be used to 
model the temperature distribution in the Plexiglas?  Can you assume 
that the convection heat transfer is so good in the water, that the 
water temperature on the inside surfaces is constant?

– Based upon the Biot number, how many lumps should be considered 
in the lumped parameter analysis?
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Example 9: Pair-Share: Fish Tank
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Homework 6: Chapter 6

• 6.2

• 6.7

• 6.11

• 6.13

• 6.16

• 6.23
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