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Relative P-th Order of Entire Functions of Two
Complex Variables

Ratan Kumar Dutta, Nintu Mandal

Abstract— In this paper we introduce the idea of relative p-th
order of entire functions of two complex variables. After
proving some basic results, we observe that the relative p-th
order of a transcendental entire function with respect to an
entire function is the same as that of its partial derivatives.
Further we study the equality of relative p-th order of two
functions when they are asymptotically equivalent.

Index Terms— Entire functions, polydisc, relative order,

relative p-th order, several complex variables.

I. INTRODUCTION, DEFINITIONS AND NOTATION

Let f and g be two non-constant entire functions and

F(r) = max{|f(2)| : |z| =1},
G(r) = max{|lg(2)| : |z| =1},

be the maximum modulus functions of f and g respectively.
Then F(r) is strictly increasing and continuous function of r
and its inverse

F~1:(]f(0)], ) = (0, ) exists and limg_,,, F~1 (R) = oo.

Bernal [3] introduced the definition of relative order of f
with respect to g as

pg(f) =inf {u>0:F() <G@H)forallr > ry(u) > 0}.

In [8] Lahiri and Banerjee considered a more general
definition of order as follows:

Definition 1.1. If p > 1 is a positive integer, then the p-th
generalized relative order of f with respect to g, denoted by
ph (f) is defined by

py(f) =inf {u>0:F(r) < G(expPUr#)  for  all

r > 1,(u) > 0}

Note 1.2. If p=1 then py(f) =p,(f). If p=1,
g(z) = exp z, then pL (f) = p(f), the classical order of f.

During the past decades, several authors made close
investigations on the properties of entire functions related to
relative order. In the case of relative order, it therefore seems
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reasonable to define suitably the relative order of entire
functions of two complex variables and to investigate its
basic properties, which we attempts in this paper. In this
regards we first need the following definition of order of
entire functions.

Let f(z,2,) be a non-constant entire function of two
complex variables z; and z,, holomorphic in the closed poly
disc

{(z,2,): |z;| <7,j = 1,2 forally > 0,7, > 0}.

Let F(r,r) = max{|f(z,z)|: |Zj| <mnj=12}
Then by the Hartogs theorem and maximum
principle {[4], p-2, p-51} F(ry, 1) is increasing function of
1,1, . The order p = p(f) of f(z,2,) is defined {[4],
p-338} as the infimum of all positive numbers y for which

F(ry, 1) < exp[(rir)*] ... (LD
holds for all sufficiently large values of r; and r,.
In other words
p(f) =inf{u > 0: F(ry,1p) < exp[(rin)¥] for all
r = R, = R(1)}
Equivalent formula for p(f) is

{[4],p — 339 (see also [1])}

limsup
11,7300

log log F(rq,12)
log(r172)

p(f) =

A more general approach to the problem of relative order
of entire functions has been demonstrated by Kiselman [7].

Let h and k be two functions defined on R such that
h,k: R — [—oo,]. The order of h relative to k is

order(h:k) =inf [a>0:3¢c, ER VX ER, f(x) <
a~tg(ax) + cql.

If H be an entire function then the growth function of H is
defined by
h(t) = supllog|H(2)|,]z] < €], t € R.
If H and K are two entire functions then the order of H
relative to K is now defined by

order (H:K) = order(h: k).

As observed by Kiselman [6], the expression a™*g(ax) +
c, may be replaced by g(ax) + ¢, if g(t) = e because
then the infimum in the cases coincide. Taking ¢, = 0 inthe
above definition, one may easily verify that

order(H : K) = pg(H)
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i.e.,, the order (H: K) coincides with the Bernal's
definition of relative order.

Further if K = exp z then order (H : K) coincides with
the classical order of H.

The papers [5], [6] and [7] made detailed investigations on
entire functions and relative order(H : K) but our analysis of
relative order, generated from Bernal's relative order, made in
the present paper have little relevance to the studies made in
the above papers by Kiselman and others.

In 2007 Banerjee and Dutta [2] introduced the definition of
relative order of an entire function f(z,, z,) with respect to
an entire function g(z,, z,) as follows:

Definition 1.3. Let g(z;,z,) be an entire function
holomorphic in the closed polydisc {(zy,2,) : |z| <75;j =
1,2} and let

G(ry, 1) = max{lg(zl,zz)l : |Zj| <n;j=1 2}-

The relative order of f with respect to g, denoted by
pg(f) and is defined by

pg(f)=inf {u>0:F(r,m) <G(rf,7); for 1>
R(w),r, = R(W}.

The definition coincides with that of classical (1.1) if
(21,22) = en17e.

Notation 1.4. [9]
positive integer m,
log™x = log(log™~Yx), exp™x = exp(exp™ x).

log[O]x = x, exp[o]x = x and for

In this paper we introduce the idea of relative p-th order of
entire functions of two complex variables.

Definition 1.5. Let f(z,,2,) and g(z;,z,) be two entire
functions of two complex variables z;,z, with maximum
modulus functions F(ry,1,) and G(ry,1,) respectively then
relative p-th order of f with respect to g, denoted by p;’(f)
and is defined by

py(f) = inf{u > 0:F(ry,13) < G(expP ', expP~1Ir})
; forr; = R(w);i = 1,2}, where p > 1 is a positive integer.

Note 1.6. If we consider p = 1 then Definition 1.5 coincide
with Definition 1.3.

Definition 1.7. The function g(z,, z,) is said to have the
property (A) if for any ¢ > 1 and for all large ry, 7y,
[G(r,)]? <GP, 15).

The definition follows from Definition 1.1 in [2].
The function g(z,,z,) = e**2 has the property (A) but

the function g(z,,z,) = z,z, does not have the property
(A).

Throughout we shall assume f, g, h etc. are non-constant
entire  functions of two complex variables and
F(r,1,),G(ry, 1), H(ry,1p) etc. denotes respectively their
maximum modulus in the polydisc {(zy,z,): |z| < 7,j =
1,2}.

Il. LEMMAS
The following lemmas will be required.

Lemma 2.1. [2] Let g has the property (A). Then for any
positive integer n and for all o > 1,
[G(r;m)]" < G(n7,127)
holds for all large 7y, 7.

Lemma 2.2. [2] Let f(z,z,) be non-constant entire
functionanda > 1; 0 < 8 < a. Then
F(ar,, ar,) > BF(ry, 1) forall large ry, 1.

Lemma 2.3. [2] Let f(z,z,) be non-constant entire
function, s > 1; 0 < p < A1 and n is a positive integer.
Then

(@ 3IK = K(s; f) > 0 such that [F(r,1)]° <
KF(r{,ry) forry,ry > 0;

AA
F(rirs)
F(rf ,7‘2” )

. F(rirs) _ T
(b) hmrl’rz_)oo F(ry12) - hmrl,rz—mo

Lemma 2.4. Let f(z,,z,) be a transcendental entire
function then

F(ry,13) = F(21rqy,12)

T <F(y.mr) < T < FQ@r,my) forr,rn =1,
= 0f (21,22)

where F(ry, 1) = MaX|y|—r, j=12 |~ 5, |-

Lemma 2.4 follows from Theorem 5.1 in [2].
I1l. PRELIMINARY THEOREM

Theorem 3.1. Let f,g,h be entire functions of two
complex variables. Then

(@) if f is a polynomial and g is transcendental entire,
then pg(f) =0;

(b) if F(ry, 1) < H(ry, 1) for all large 74,7 then
py (f) < py(h).

Proof.
(@) If f is a polynomial and g is transcendental entire,
then there exists a positive integer n such that

F(r,m) < Mr'ry
and
G(ry, 1) > Kr™r
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for all large ry, r,, where M and K are constant and m > 0
may be any real number. We have then for all large r;, r, and
u > 0,

G(expPUr}, expP=trl) > K (expP~trt. explP~Urfm
> K(rf'rfym™
> Mr{*r3t by choosing m suitably

> F(ry,13).
Thus for all large 1,7, and > 0,

F(ry, 1) < G(expP=Ur, expP=1rt).
Since p > 0 is arbitrary, we must have
P(H<0 e, pl(f)=0.
Py(f) = » Pg

(o) Lete > O be arbitrary then from the definition of
relative order, we have

P(n P(n
H(r,1) <G (exp[p_”rlpg( )+E,exp[p‘1]r2pg( )+E>.

So for all large 1y, 1,
F(r,m) < H(r, 1)

p p
<G (exp [p‘”rlpg (h)+€, exp[p‘l]rng (h)+€>
So,
o(F) <pg(h) +
Pg = Py €.
Since € > 0 is arbitrary,

pg () < py(h).
This completes the proof.

IVV. SUM AND PRODUCT THEOREMS

Theorem 4.1. Let f; and f,be entire functions of two
complex variables having relative p —th orders pg(fl) and
ph (f2) respectively. Then

Mpg(fr t f2) < maX{pg (fD), pg ()}
and

i) py(fi-f2) < max{py(f), py(f)},
provided g has the property (A).

The equality holds in (i) if p2(f,) # pE(f,)-

Proof. First suppose that relative p —th order of f; and f,
are finite, if one of them or both are infinite then the theorem

is trivial. Let f = fi + fo, p= pJ (), pi = p(f),i =
1,2 and p, < p,. Therefor for any e > 0 and for all large
T

Fi(r,m) < G(exp[l’—l]rlpﬁe’ exp[p_1]T2p1+E)
< G(exp[P—l]rlpz'FE'exp[p_l]r2p2+5)
and
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Fy(ry, 1) < G(exp[l’—llrlpzﬁ’ exp[p_l]r2p2+6)
hold.
So for all large ry, 15,

F(ry,my) < Fi(ry,12) + Fo(ry,72)
< 2G (expP~Urf?*e explP=1lpP27€)
< G(3exp!P~11,P27¢ 3expP~Urf2€) by Lemma 2.2
< G(expP~UrP2*3€ oxplp-1lpP2*3€)

p < p,+3e

Since € > 0 arbitrary,

p=p ..(41)

Next let p; < p, and suppose p; < u < A < p,. Then for
all large ry, 1,
Fy(ry,15) < G(expP~Urf, explP~1rt) . (4.2)

and there exists non-decreasing sequence {r}, 7y = ;i =
1,2; as k — oo such that

Fy(rik, i) > G (expP~Hrfy, explP=1rf ) for k =

1,2, oo eeen . (4.3)
Using Lemma 2.3, we see that

G rd) > 26, ) foralllarge ry, 7. . (4.4)

So from (4.2), (4.3) and (4.4),
Fz(rlk, T2k) > 2F1(r1k, T2k) fork = 1,2, ......
Therefore
F(rype, ) = Fp(rap ax) — Fr(rae Tax)
1

> = Fy(ripe Tax)

> iG(exp[p_”rl’lk, expP~Ur}t ), from (4.3)

> G Gexp[p_”r{lk,gexp[p‘”rz’lk),

for all large k and by Lemma2.2

> G(exp[”'l]r{lk_e, expP~Urf=€),
where € > 0 is arbitrary.

This givesp > 1 — e and since 1 € (py,p,) ande > 0is
arbitrary,
we have
p =Py .. (4.5)
Combining (4.1) and (4.5),

Ph(f + £2) = P (f) = max{p} (), P} ()}
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For the second part, we let f = f,.f,, p = pS(f) and

Py (f) < pg(f)-
Then for arbitrary e > 0,

F(ry,13) < Fi(ry,13). F,(ry,73)

< G(expP~Urf17e explP-1lpPre),
G (expP~rP27e explp-Upf2™e)
< [G(exp!PHr2™, expP~Hrf2 ) 2

< G(explP 1y P2 oxplp-1lp7024)) - for
any o > 1 since g has the property (A).
So

p<o(py+ e€).

Now letting e - 0 and ¢ — 1., we have

p = po.
Therefore

Pg(fl- f2) < PZ(fz) = maX{P;(ﬁ)» PS (fz)}
This completes the proof.
V. RELATIVE ORDER OF THE PARTIAL DERIVATIVES

Regarding the relative order of f and its partial derivatives

a a . a 0
2L 2L with respect to g and 22, 22 we prove the
0z, 0z

0z1' 0zy
following theorem.

Theorem 5.1. If f and g are transcendental entire
functions of two complex variables and g has the property
(A) then

of
Py (—) = pg () = Py ().

0z, I

Proof. From the definition of pg (:Tf), we have for any
1
e >0,

p(of
3 Pglz,7)teE
F(Tll rz) <G (exp[p—l]rl g(azl)

pp(%)+€>

, exp[p_l]rz g

for ry, 1y = 1p(e).

Hence from Lemma 2.4,

0l (z:)+e p5(§—£)+6>

F(T’l, 1'2) < T'la (exp[P—l]rl , exp[p—l]rz

p(9f p(9f z
< [G (exp[p—ﬂrl”g(azl)”, exp[p—ﬂrng(azl)”)l

<—>>

oloh (5L )+el

< G(exp[p‘l]r1 321 ,expP~tr,

for every ¢ > 1, by Lemma 2.1.since g has the property (A).
So,

d
pL(F) < [0} (%) +elo.

Lettinge — 1,, since e > 0 is arbitrary, we have

py(f) < ph (E)

0z,

(5.1)
Similarly from F(r,1,) < F(2r,1,) of Lemma 2.4 gives

Py <£> < py (). .. (5.2)

0z,
So from (5.1) and (5.2)

of
p(Z) \_ »p
Py (621) pg(f).
This proves first part of the theorem.

For the second part we see that under the hypothesis of
Lemma 2.4, we obtain

G(ry,13) _
——=— < G(r,1) < G2y, 13). ..(5.3)
1
Now by the definition of p%; (f), for given € > 0
9z
Plog (N+e Pl (N+e
F(ry,m) <G| expP~Ur, o1 ,expP~lr, 01
Plog (N+e plhg (N+e
< G| 2explP~r, 9z1 ,expP~tr, 9z1 ,
using (5.3)

p%i(f)+26
< G| expP~iy o1

phy (N+2e

_1].. 9z1
,exp[p ]r2

So
P () < phy (F) + 26

0z,

Since € > 0 is arbitrary, this gives

PE(F) < phy ().

024

Again from (5.3)

p P
F(r,nr) <G (exp[l"llrlpg(f)ﬁ, exp[p—llrng(f)"f)
14 P
<n.G (exp[p—llrlpg(f)“, exp[p—llrng(f)*'f)

P P 2
< [G_ (exp [p‘l]rlpg e, exp [p‘l]rng mﬂ)]

[p] ()+e]

, for

14
exp p-1] TZU[Pg (f)"‘f])

< G(exp[p‘l]rf
any o > 1.
So
Pg_g(f) < olpg(f) + €.

0z,

Now letting o — 1., since e > 0 is arbitrary
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phy (F) < PE(F)

0z,
and so
Phg () = pg ().
074
Consequently,
p af 14 14
Py (a_) = pg(f) = pay ().
Zq 321
This proves the theorem.
Note 5.2.  Similar results holds for other partial
derivatives.

VI. ASYMPTOTIC BEHAVIOUR

Definition 6.1. [2] Two entire functions g, and g,are said
to be asymptotically equivalent if there exists ,0 < [ < o
such that

G1(ry12)
Ga(r1,12)
and in this case we write g;~g,.

=lasr,r, = oo,

If g;~g, then clearly g,~g;.

Theorem 6.2. If g;~g, and if f is an entire function of
two complex variables then

Py, (f) = pg, ().

Proof. Lete > 0, then from Lemma 2.2 and for all large
7"1, 1‘2
G (r, 1) < (L +€)Gy (1, 1) < Gy(ary, ary) .. (6.1)

where ¢ > 1issuchthatl + € < a Now,

P P
F(r,1,) < Gy (exp[p—ﬂrlpm(f)*'e, exp[p—l]rzpm(f)*'f)

< G, (exp[p'l]rlpgl(f)+e, exp[p‘l]rngl(f)+e),
using (6.1)
Since € > 0 is arbitrary, we have for all large ry, 1,
Py, () < pg, (N
The reverse inequality is clear because g,~g, and so
Ph.(f) = P, (F).

Theorem 6.3. Let fi, f,, g be entire functions of two
complex variables and f;~f,. Then

Pg(fﬂ = Pg(fz)-

The proof is similar as Theorem 6.2.
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