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Basic concepts

Concept of groupoid

We recall that a groupoid G over X, or a groupoid with base X, is a set
with a partially defined multiplication " 0" on a subset G2 of G x G, and
an inverse map g — g~ ! defined for every g € G. The multiplication is
associative when defined. One has an injection € : X — G called the
identity section (and €(x) being an unit at x € X) and two structure
maps d,r : G — X called the source map and the target map
respectively, such that

e(dg)) =g " og

c(r(g)) =gog™
for g € G.
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Basic concepts

Let us introduce the following fibrations in the set G:
G«={ge€g:d(g)=x}

G ={geg:rlg) =x}

for x € X. Let us also denote G = G*(1G,, and consider the set

G¥ = G Gx for x € X. It has the group structure and is called the
isotropy group of the point x. It is clear that the set I = (J, . GX has
the structure of a subgroupoid of G over the base X (all the structure
maps are the restrictions of the structure maps of G to I').

We call G a transitive groupoid, if for each pair of elements x;,x, € X
there exists g € G such that d(g) = x; and r(g) = x.

A groupoid G is a topological groupoid if G and X are topological spaces
and all structure maps are continuous (in particular, the embedding € is a
homeomorphism of X onto its image).

In the following we assume that G (and thus X) is a locally compact
Hausdorff space.
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Basic concepts

Pair groupoid

Example

A pair groupoid. Let X be a locally compact Hausdorff space. Take
G = X x X. We define the set G of composable elements as
G?={((x,y),(y,2)) : x,y,z € X} C G x G and a multiplication, for
((x,¥). (v, 2)) € G, by

(x,y)o(y,2) = (x,2).

Moreover, we have: (x,y)™! = (y,x), d(x,y) =y, r(x,y) = x,
€(x) = (x,x). With such defined structure maps G is a groupoid, called
pair groupoid.
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Basic concepts

Transformation groupoid

Example

A transformation groupoid. Let X be a locally compact Hausdorff space,
and G a locally compact group. Let G act continuously on X to the
right, X x G — X. Denote (x, g) — xg. We introduce the groupoid
structure on the set G = X x G by defining the following structure maps.
The set of composable elements

G%2 = {((xg, h),(x,g) : x € X,g,h € G} C G x G, and the multiplication
for ((xg, h), (x,g)) € G? is given by

(xg, h)o(x,8) = (x, gh).

And also (x,g) ! = (xg,g7"), d(x,8) = x, r(x,g) = xg,
e(x) = (x, eg). This groupoid is called the transformation groupoid.
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Basic concepts

Right Haar System

Definition
A right Haar system for the groupoid G is a family {\s}xex of regular

Borel measures defined on the sets G, (which are locally compact
Hausdorff spaces) such that the following three conditions are satisfied:

© the support of each A, is the set G,,
@ (continuity) for any f € C(G) the function f°, where

FO(x) = / fd )y,

X

belongs to C.(X),
© (right invariance) for any g € G and any f € C.(G),

‘/gr(g)
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Basic concepts

One can also consider the family {\*},cx of left-invariant measures,
each \* being defined on the set G* by the formula \*(E) = A\ (E~?!) for
any Borel subset E of G* (where E~1 = {g € G: g7 € E}). Then the
invariance condition assumes the form:

/ f(g o h)d\!@(h) = / f(u)d\"€)(u).

Gde) Grie)

Now, let 11 be a regular Borel measure on X. We can consider the
following measures which will be called measures associated with p:
v=[Adu(x)on G, vt = [ Mdu(x) and v? = [ A\, x X¥dpu(x) on G2
If v = v~ we say that the measure 1 is a G-invariant measure on X.
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Basic concepts

Locally trivial groupoids

Definition

A topological groupoid G on X is called locally trivial if there exist a
point x € X, an open cover {U;} of X and continuous maps

Sx,i - Ui = Gy such that r o s; = idy, for all i.
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Basic concepts

Assume that G is a locally trivial groupoid on X and X is second
countable space. Let p be a regular Borel measure on X. Then

@ G is transitive,

@ all isotropy groups of G are isomorphic with each other,

@ for every y € X there exist an open cover {V;} of X and continuous
maps s, j : V; = G, such that ros; = id‘,j,

@ for every x € X there exists a section s, : X — G, which is
u-measurable, i.e., for every Borel set B in G, s;l(B) is
u-measurable subset of X,

@ the section s, is u — a.e. continuous on X.
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Basic concepts

Groupoid representation

Definition

A unitary representation of a groupoid G is the pair (U, H) where H is a
Hilbert bundle over X and U = {U(g)}gcg is a family of unitary maps
U(g) : Hd(g) — Hr(g) such that:

U(e(x)) = idp, for all x € X,

U(g) o U(h) = U(g o h) for v*> — a.e. (g, h) € G,
Ulg ) =U(g) ! forv—ae geg,

For every ¢,v € L2(X,H, ),

G>g— (U(g)e(d(g)) ¢(r(g)))re) €€

is v-measurable on G. (Here L?(X, H, 1) denotes the space of
square-integrable sections of the bundle H, and (-, ). denotes the
scalar product in the Hilbert space H,.)

[
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Basic concepts

Properties of representations

Definition

Unitary representations ({1, H1) and (U4, Hy) of a groupoid G are said to
be unitarily equivalent if there exists a family {Ay}xcx of isomorphisms
of Hilbert spaces Ay : Hix — Hbyx, x € X such that for every x,y € X and
for v—a.e. g € GY the following diagram commutes

Hy, Ui(g) Hly

Axl lAy

H2X —p H2y
Ua(g)

Definition
A unitary representation (U, H) is called irreducible if it has no proper
subrepresentations.

[




Basic concepts

Examples of representations

Example

Let Hy = L%(Gx, d\y), for x € X, be a Hilbert space of square
Ax-integrable functions on G, and for g € G/, x,y € X and f € H,
define U(g) : Hx — H, by

(U(g)f)(&1) = f(g108),

for g1 €G,.
A representation (U, H) is called regular representation of the groupoid G
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Basic concepts

Now let us consider the regular representation of a pair groupoid
Go = X x X. Let p be a regular Borel measure on X. Now we can
identify Hy = L?(X.u). Then

U(x,y) = id|n,, for(x,y) € X
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Basic concepts

Generalized regular representation of a groupoid algebra

Consider the noncommutative algebra A = C.(Go) of continuous
compactly supported functions on the pair groupoid Gy with
multiplication given by the following convolution:

@*MUJ%:/J&ﬂMLYWMﬂ-

Such defined algebra will be called the groupoid algebra of Gy. We shall
consider a representation 7 of A in the space L2(X, H, i) of
square-integrable functions on X with values in a Hilbert space H.

7. A— B(L*(X,H,p))

given by the formula

[ﬂwmmzjd&nwmww»

where a € A and v € L2(X, H, u). This representation will be called also
generalized regular representation.
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Basic concepts

Go-consistent representation

Let W = {W, }xex be a Hilbert bundle over X and let us consider a new
Hilbert bundle H = {H,}xcx of the form H, = L2(X, W,). Take a
generalized regular representation 7, of the groupoid algebra A in the

spaces H,:
T 0 A — B(L3(X, Hy, 1)), x € X.

Definition
Let (U, H) be an unitary representation of the groupoid G. We call it a
Go-consistent representation, if the following condition holds:

U(g)m«(a)U(g™") = 7,(a)

forge Gy, ac A, and x,y € X.

[



Representations of a transformation groupoid

Group induced representation

Let G be a Lie group and K its closed subgroup. We assume, for
simplicity, that X = K\ G has a G-invariant measure . We consider H,,
a Hilbert space consisting of measurable functions ¢ on G with values in
V, such that

o(hg) = L(h)¢p(g), h € K,

and

/X 16([&])| 3 du((e]) < oo

where [g] denotes the image of g in X under the projection
G — K\ G = X. We introduce the inner product

(61, 6230 = /X (61(x), 2(3))v ().

Then we define the representation UL of G on H, given by the formula

(U(g)f)(g0) = f(gog), go.8 € G, f € Hy.

(U, H,) is called induced by the representat/on L of K:



Representations of a transformation groupoid

Imprimitivity system of group G

Definition

Let (U, H) be a unitary representation of the group G, X a G—space and
P a projection valued measure on the Borel sets of X, P(B) being
orthogonal projection on H, and P(X) = idy. The pair (U, P) is called a
system of imprimitivity ( S.l. for short) of the group G for the
representation U , if

U(g)P(B)U(g™") = P(Bg™"),

where Bg~! = {xg~1,x € B,g € G}, and B a Borel set in X.

Next | present an equivalent definition of S.I.
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Representations of a transformation groupoid

Imprimitivity system of group G

Let (U, H) be a unitary representation of the group G, and 7 be a
nondegenerate representation of * — algebra Co(X) of continuous
functions on X, vanishing at infinity. The pair of representations (U, 7) is
called a system of imprimitivity ( S.I. for short) of the group G for the
representation U , if the representations 7, U satisfy the following
covariance condition:

U(g)n(FU(g™") = m(Ref),

where Rgf(x) = f(xg), x € X, g € G, f € G(X).

The classical Mackey's imprimitivity theorem states, that every unitary
representation of the group G for which there exists a transitive
imprimitivity system is equivalent to representation induced by some
representation of subgroup K. (The transitivity of S.l. means that

X:KiG'.



Representations of a transformation groupoid

Representations of a transformation groupoid

Let G be a Lie group and K its closed subgroup. Consider representations
of the transformation groupoid of the form G = X x G, where X = K\G.

There exists a one-to-one correspondence between unitary representations
of the transformation groupoid G and the systems of imprimitivity of the
group G.

Leszek Pysiak



Representations of a transformation groupoid

Proof of theorem

Proof. Let (4,7) be a u.r. of G in a Hilbert bundle H over X. Denote
H = [, Hxdp(x) and define U(g) : H — H as

U(g) = /@ U(x,g)du

Then (U, H) is a u.r. of the group G in the Hilbert space H. Moreover
for f € Go(X)
U(g)(f) = m(Rgf)U(g)

Thus we obtain a S.I. (U, 7) of the group G.

For simplicity | present another part of proof in the finite case. Now
choose a S.I. (U, P). Denote H, = P,H and define:

U(x,g) 1 He — Hgx

by the formula:



Representations of a transformation groupoid

U(x,g)h=U(g™")|uh for h € H,,

Observe that U(x, g)h = P, U(g')h, by the property of S.I. But it
means that U(x, g)h € Hg,. Let us check the conditions of groupoid
representation. Indeed, one has U(x, e)h = U(e)|y h = h, for h € H,.

Further U(xg2, g1) o U(x, g2) = U(g1_1)|Hng o U(g2_1)|HX =

U((g281)71)|n, = U(x, g281). And finally
U(xg, g™ ") = U(g)|n, = U(x,g))"'. Thus we have constructed the

representation (U, H) of G, corresponding to the S.I. given.
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Definition of induced representations of groupoid

The space of induced representation

Assume that there is given a unitary representation (7, W) of the
subgroupoid I'. Here W is a Hilbert bundle over X. Let W, denote a
fiber over x € X which is a Hilbert space with the scalar product (-, -),
and let W = U,ex W, denote the total space of the bundle W.
Let us define, for every x € X, the space W, of W-valued functions F
defined on the set G, satisfying the following four conditions:

Q F(g) € Wy for every g € Gy,

@ for every u-Borel measurable r-section s, : X — G, (see Proposition)
the composition F o s, is a u-measurable section of the bundle W,

Q F(vog) =1(7)F(g) for g € Gx, v € Ti(g),
O [(F(s«(¥)): F(sx(¥)))ydnu(y) < oo.
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Definition of induced representations of groupoid

We identify two functions F, F’ € W, which differ on the zero-measure
sets, and introduce the scalar product (-, )« in the space W

(Fu. F2)y = / (Fu(s(0)), Fa(se0)))y ()

where s, is a fixed section determined by Proposition.

The spaces Wy, x € X, with these scalar products are Hilbert spaces. It
is easily seen that they are isomorphic to the Hilbert space L2(X, W) of
square-integrables sections of the bundle W. Now, let us denote

W = {Wx}xex. It is a Hilbert bundle over X.
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Definition of induced representations of groupoid

Induced representation of groupoid

Definition

The representation of the groupoid G induced by the representation
(7, W) of the subgroupoid I is the pair (U™, W) where, for g € GY, we
define U7(g) : W« = W, by

(U (g0)F)(g) = F(g © go)-

It is clear that (U™, W) is a unitary groupoid representation.
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lllustration G = X X G, X = K\G

The structure of transformation groupoid

Let us denote
G« ={(x.8) €G:g€ G},

¢ ={(yg',g)eG: g€ G}

Let us also denote the isotropy group GX by 'y, I'x = {(x, k) : k € K\},
where K, is a subgroup of G of the form K, = g(;lKgo where go € G is
an element of the coset x (x = [go]). Indeed, for k, € K, we have

xk, = [go]go_lkgo = [kgo] = x. Denote by sy a Borel section of the
principal bundle G — K\G = X, i. e, [so(x)] = Kso(x) = x.
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lllustration G = X X G, X = K\G

Now, for a function f € C.(Gy), let us define
f;(()/7 k) = f(Xa SO(X)ilkSO(y))' and

| @ant = [ [ £t Kdkanty).

Proposition

The collection {\x}xex Is a right Haar system on the groupoid G.
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lllustration G = X X G, X = K\G

Now, we shall consider representations of the isotropy subgroupoid I". As
we have seen, I = | J, . {x} x K with K, = g7'Kg and g € G such
that its coset in X is equal to x ([g] = x). We can use g = sp(x).

Let (7, W) be a unitary representation of the groupoid I in a Hilbert
bundle W = {W, },ex.

Definition
A representation (7, W) is called X-consistent if there exist a unitary

representation (7o, Wp) of the group K and a family of Hilbert space

isomorphisms
AXI Wo—)WX, x e X

such that, for v € I, of the form v = (x, so(x) "1 kso(x)),

7(7) = Acro(k)AZ L.

X
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lllustration G = X X G,

Induced representations of G = X x G

In the sequel we shall consider the representation of the groupoid

G = X x G induced by X - consistent representation (7, W) of the
subgroupoid I, and we shall establish its connection with the induced
representation in the Mackey sense of the group G. Now condition 3 of
the definition of the space W, assumes the form

F(vo(x,8)) = 7(7)F(x,8)

where x,y € X, y =xg, g € G, y €T, ={y} x K,. Thus we have
v = (y,5(y) tkso(y)) for an element k € K . Then, by the definition of
X-consistent representation, we can write

F(vo(x.8)) = (Aymo(k)A;)F(x. 8).

Let introduce a function ¢ : G — W, defined by the formula
d(kso(y)) = A, H(F(x, s0(x) "kso(y))). Then the function ¢ has the

property ¢(kg) = 7o(k)o(g).



lllustration G = X X G, X = K\G

We shall use the notation (L, Wy) for the unitary representation of the
group K in the space Wy, L = 79. Thus we have ¢(kg) = L(k)¢(g) and
we can consider the Hilbert space H, introduced above as well as the
representation (U, H,) of the group G induced in the sense of Mackey
by L from the subgroup K.

The following theorem establishes a connection of the induced
representation (U7, W) of the groupoid G with the representation

(U, H,) of the group G.

Denote by R,, g € G, the following operator acting in the space

Wy,x € X, y = xg,

(RgF)(x, h) = (AxnAg )(F(x, hg)).

Then we have the family of unitary G-representations (R, W,),x € X.
(The unitarity follows from the fact that the measure p is G-invariant
and the operators A,;, Axg are Hilbert space isomorphisms.)
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lllustration G = X X G, X = K\G

Relation with group induced representation

@ For every x € X the G-representation (R, W) is unitarily equivalent
to the induced representation (U, H,).

@ All representations (R, Wy), x € X, are unitarily equivalent to each
other. The equivalence is given by the operators [} : W, — W,,

(K F)(y,s0(y) " kso(2)) = (A,AZ1)(F(x, so(x) " kso(2))),

x,y € X.

[



lllustration G = X X G, X = K\G

Proof of theorem

Proof.

We define the linear map J, : Wy — H by

(LF)(&) = dlkso(y)) = A, *(F(x, so(x) kso(y))) where g = kso(y). Js
is a linear isomorphism since A, is an isomorphism and it is easily seen
that J, preserves scalar products of W, and H; and so it is a Hilbert
space isomorphism. To see that it defines an equivalence of
representations, we have to show that, for g € G, the following diagram
is commutative

Wy —2 5 W,

o

H —— H,
Ut(g)
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lllustration G = X X G, X = K\G

Let us compute (U(g)Jy)(F)(h). It is sufficient to take h = sp(y) and
to notice that each g € G can be written in the form g = so(y) tkso(2),
for z € X,z = yg and an element k € K.

(U (s0(y) " kso(2)) ) (F)(s0(y)) = (F)(kso(2)) =
= L(K)A; 1 (F(x,50(x) "'50(2)))-
On the other hand

(IxRe)(F)(s0(y)) = A, ((ReF)(x, 50(x) "s0(y))) =

= AL HAAZ D (F(x, 50(x) "Hkso(2))) = AZ () (F(x, 50(x) "s0(2))) =
=A_1AzTo(k)A_1(F(X so(x)'s0(2))) = ( JAZ(F(x, s0(x) " s0(2)))-

Now it is a simple observation that [} = J;lJX. o
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Imprimitivity systems of groupoid

Imprimitivity system of groupoid

Definition

Let (U, H) be an unitary Go-consistent representation of the groupoid G.
Consider the commutative algebra L>°(X) and a family m = (7x)xex of
its representations in the Hilbert spaces L2(X, W,) respectively, given by

the operators of multiplication by a function:
L%°(X) 3 f — me(f) € B(L?(X, W,)) where, for z € X, ¢ € L2(X, W,)

[ (F)P(2) = £(2)(2).

We say that the representation U has a system of imprimitivity (U, ) if
for every f € L°(X), and for y1 - a.e. x,y € X, and v - a.e. g € G the
following condition holds:

[



Imprimitivity systems of groupoid

Imprimitivity theorem for groupoid

If, for a representation (U, H), there exists a system of imprimitivity
(U, ) then the representation U is equivalent to the representation U™
induced by some representation (7, W) of the subgroupoid I
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Imprimitivity systems of groupoid

Let us observe that, for v € I, = G, the covariance condition of the
imprimitivity system reduces to the following one

UMmx(F)U( ™) = mx(f).

It follows that U(+) are decomposable, i.e., for u — a.e. y € X, there
exists an operator U(7), € B(W) such that, for 1 € L?(X, W),

(UM)y) = UMy (v(y))-

Morover,notice that the Hilbert space L?(X, W) is isomorphic to the
tensor product of Hilbert spaces L%(X) @ W,.

And more
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Imprimitivity systems of groupoid

Lemma 1

If for a representation (U, H) there exists a system of imprimitivity, then

Q there exists a unitary representation (75, W) of the group T such
that U(vy) = id2 @ 7x(y) for every v € T and p - a.e. x € X. (In
particular it means that the function X 5 y — U(y), € B(Hx) is a
constant field of operators),

@ we can define a representation (7, W) of the subgroupoid I such
that, fory € T, 7(7) = (7).

[



Imprimitivity systems of groupoid

Proof of Lemma 1

Proof: A decomposable operator U(7) in the space L2(X) & Whas the
form [U(7)(¥ ® h)](y) = ¥(y) ® U(),h. We have to show that it is of
the form idj2 ® 74(7y), where 74 () € B(W,). Since (U,H) is a
Go-consistent representation, the following commutation relation holds:

U(y ) m(a)U(y) = Tx(a)
forac A, v €Ty, and x € X. But this implies that
U(y " HAU(y) = A

for every A of the form A = Ay ® idw,, Ay € B(L%(X)). Then it follows
that U(vy) = id2 @ 7x(7y). It is clear that all 7,(y) are unitary in W,.
Thus 7 is a unitary representation of the group 'y in the Hilbert space
W,. This ends the proof of Lemma.
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Imprimitivity systems of groupoid

Lemma 2

@ The representations T4, x € X are equivalent to each other, as
representations of isomorphic groups I .

@ The operators U(g) : Hy — H,, where H, = L*>(X, W,),
Ry = L2(Y, W, ) for g € G, are decomposable, i.e., there exist
unitary operators U%(g) : Wi, — W, such that for i) € L2(X, W)
and, for z € X,

(U(@)¥)(2) = (U°(g))(¥(2))-

Moreover, the operator U°(g) : W, — W, does not depend of
z e X.

[



Imprimitivity systems of groupoid

Proof of Lemma 2

Proof: First we shall prove part 2. Denote by i : W, — W, an
isomorphism of Hilbert spaces and define the unitary map

Ry : L2(X, W) — L2(X. W,) by (RI)(2) = (4(2),

€ L2(X, W),z € X. Consider the composition of unitary maps
U(g)o (RY)™1: L2(X, W,) — L*(X, W,) where g € GJ. By using the
property of the imprimitivity system for U(g), we obtain

Ug) o (RY) ™ omy(f) = my(f) o Ug) o (RY) ™

for f € L>=(X).

This means that the operator U(g) o (RY)™! is decomposable in

L2(X, W,). But (RY) is a decomposable map by definition, therefore
U(g) is decomposable as the composition of decomposable maps. As in
the proof of Lemma 1 we conclude that U°(g) does not depend of z € X
and is unitary.
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Imprimitivity systems of groupoid

To prove part 1 let us first observe that the isotropy groups Iy are
isomorphic to each other x € X. Indeed, taking an element g € G we
define the isomorphism i : [, — I, by the formula i(y) = govyog™! for
v € I'y. Now, we have U(i(v)) = id2 @ 7,(i(7y)) as in the proof of
Lemma 1. On the other hand,

U(i(7)) = U(g) o U() o U(g~1) = (idh> & U°(g)) o (idiz ® (7)) o
(idp> @ U°(g)~1) = idj2 @ (U°(g) o 7x(7y) 0 U%(g) ). Therefore, we have
7,(i(7)) = U°(g) o 7x(7) o U%(g) ™!, but this means that the
representations 7, and 7, are equivalent.
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Imprimitivity systems of groupoid

Idea of proof of the theorem

@ Define a family of linear maps of Hilbert spaces
Je i Hy > Wy, xe X

@ The maps J, are unitary isomorphisms.

@ J, are intertwining maps, i.e., the diagram commutes:
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Imprimitivity systems of groupoid

Proof of the theorem

Proof. Let us consider the spaces {W, }xcx, connected to the
representation 7 of Lemma 1 and the corresponding induced
representation U7. We shall show that the representation (U, H) is
equivalent to (U™, W). We define a family of isomorphisms of Hilbert
spaces Jy : Hy — W, for i - a.e. x € X. Since H, = L2(X, W), for
¥ € Hy, g € Gy, and r(g) = y, we put

F(g) = (Lhv)(g) = (U(g)(%))(y). The definition is correct since by
Lemma 2 we have (U(g)¥)(y) = U°(g)((y)), and U°(g) does not
depend of y € X. Since U(g)y € L*(X, W,), therefore
[U(g)(¥)](y) € W,. Also it is clear that F(yo g) = 7(v)(F(g)) for
vel,.
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Imprimitivity systems of groupoid

To see the square-integrability let us write

J R0 Flsto) dunty) =

= /<U°(sx(y))(w)(y)7 U (s(y)) (@) (y))yduly) = /<¢(y),¢(y)>ydu(y) =

= ¢ [ < o0

This also shows that J, are unitary maps and are injective.
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Imprimitivity systems of groupoid

To see that J, map onto W, we can give the formula for J_1:
(J7EF)(y) = (U°%(g))"1(F(g)) where F € W, and g € GY. Then the
right-hand side does not change if we take other element g1 € GJ.
Indeed, since g = yo g, for an element v € ', therefore we have
(U(vog)) H(F(vog)) = ((Ug)) H(r(m) H(r(m)(F(g)) =
(U°(g))"Y(F(g)). This shows that J,, x € X, are isomorphisms of
Hilbert spaces.
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Imprimitivity systems of groupoid

Now we can see that J, are intertwining maps for the representations U
and U7, i.e., that the following diagram commutes

H, U(g)

H,
Jxl ljz
Wy —— W,
U (g)

for p-a.e. x,z€ X and v - a.e. g € GZ. Let ¢ € Hy. Then, for h € G,

we have [(J:U(g))(4)]1(h) = [(U(h)(U(&))(¥)](y) = U(ho g)(¥(y)) =
U°(ho g)(¢(y)). On the other hand,

(/]CT%)Jx(w)(h) = [L(¥)](hog) = [U(hog)(4)](y). This ends the proof

Leszek Pysiak



A physical illustration

Energy-momentum space of a particle

Consider the energy-momentum space H of a particle,

H = {(po, p1, P2, p3) € R* : p3 — p? — p3 — p? = m}. We have an action
of the group G = SL,(C) on the hyperboloid H.

To describe the action we identify H with the set H of hermitian

2 X 2-matrices with determinant equal to m,

Po—p3 p2—ip1 >

) ) ) '_> .
(Pos P1, P2, P3) < p2+ip1 po+ ps3

and we let to act g € G on H to the right in the following way,
H> A g*Ag € H. (It is clear that det(g*Ag) = detA = m).
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A physical illustration

Next, we see that the isotropy group of the element (po, 0,0, 0),

po = /m is equal to K = SU(2). Thus we deduce that the homogoneus
space K\G is diffeomorphic to H. We can take the phase space of a
particle of the mass m as the space G = K\G x G = H x G and consider
the algebraic structure of transformation groupoid on it.

Let (U, W) be a unitary representation of the groupoid G in a Hilbert
bundle W.
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A physical illustration

An imprimitivity system and a particle

Assume that there exists an imprimitivity system (U, ) for (U, W). We
say that a particle of mass m is represented by the pair (U, 7). We say
that it is an elementary particle if the imprimitivity system (U, 7) is
irreducible [13], [14]. Equivalently (on the strength of the Imprimitivity
Theorem ), we can say that the particle is an induced representation
(U™, W) where T is a unitary representation of the isotropy subgroupoid
. In the same way, we can say that the particle is elementary if the
inducing representation 7 is irreducible and, in turn, this means that the
representation (L, W), L = 79, of the group K = SU(2) is irreducible.
Then the representation (L, W) is called the spin of the particle.
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Thank you for your attention
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