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PREFACE 

The series of manuals on techniques describes procedures for planning and 
executing specialized work in water-resources investigation's. The matei>r!|i'l js 
grouped under major subject headings called books and ftrrtHfer subdiviff&shlhiijo 
sections and chapters; section B of book 3 is on ground-WdMr ifechni'qilefe: 

Provisional drafts of chapters are distributed to field offices of 't$fe U.S. 
Geological Survey for their use. These drafts are subject to revision because of 
experience in use or because of advancement in knowledge, techniques, or 
equipment. After the technique described in a chapter is sufficiently developed, 
the chapter is published and is sold by the U.S. Geological Survey, 1200 South 
Eads Street, Arlington, VA 22202 (authorized agent of Superintendent of 
Documents, Government Printing Office). 
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Description 

VK./Kr. 
Aquifer thickness. 
Thickness of c6nfining'bed (4, <j, 7, 11); specifically the upper confining bed (5). 
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Depth from top of aquifer to top of pumped well screen. 
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Change in water level in well. 
Initial head increase in well. 
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bed (5). 
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Radial distance from center of pumping, flowing, or injecting well. 
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Storage coefficient. 
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Variable of integration. 
r-Sl4Tt(2, 6); variable of integration (3, 7, 9). 
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TYPE CURVES FOR SELECTED PROBLEMS OF FLOW TO WELLS 

IN CONFINED AQUIFERS 

By J. E. Reed 

Abstract 
This report presents type curves and related material for 

11 conditions of flow to wells in confined aquifers. These 
solutions, compiled from hydrologic literature, span an 

*• interval of time from Theis (1935) to Papadopulos; B.re-
• dehoeft, and Cooper (1973). Solutions are presented for 

constant discharge, constant drawdown, and variable dis
charge for pumping wells that fully penetrate leaky and 
nonleaky aquifers. Solutions for wells that partially pene
trate leaky and nonleaky aquifers are included. Also, so
lutions are included for the effect of finite well radius and 
the sudden injection of a volume of water for nonleaky 
aquifers. Each problem includes the partial differential 
equation, boundary and initial conditions, and solutions. 
Programs in FORTRAN for calculating additional function 
values are included for most of the solutions. 

Introduction 
The purpose of this report is to assemble, 

under one cover and in a standard format, the 
more commonly used type-curve solutions for 
confined ground-water flow toward a well in an 
infinite aquifer. Some of these solutions are 
only published in several different journals; 
some of these journals are not readily obtain
able. Other solutions which are included in 
several references 'for example, Ferris and 
others, 1962; Walton, 1962; Hantush, 1964a; 
Lohman, 1972) are included here for complete
ness. 

The need for a compendium of type curves for 
aquifer-test analysis was recognized by Robert 
W. Stallman, who initiated the work on it. 
However, ill health and the press of other 
duties prevented him from personally carrying 
out his concept, but he never ceased to advocate 
the need for the compendium. Although it is 
reduced in scope from his original concept, this 

report should be recognized to be a result of 
Stallman's foresight and endeavors in the field 
of ground-water hydrology. 

Tjftfe type-curve method was devised by C. V. 
Trysj|tWenzel, 1942, p. 88) to determine the 
two tiftknown parameters, S and T, in the 
equations 

s = (Q/4irT)W(u) 

and 

u = r2S/{4Tt), 

where s is the drawdown in water level in re
sponse to the pumping rate Q in an aquifer 
with transmissivity T and storage coefficient S. 
The distance r from the pumping well, and the 
elapsed time t since pumping began, combine 
with S and T to define a dimensionless variable 
u and corresponding dimensionless response 
W(u). Briefly, the method consists of plotting a 
function curve or type curve, such as i.Vu,W(u)) 
on logarithmic-scale graph paper, and plotting 
the time-drawdown (t-s) data on a second 
sheet having the same scales. This is equiva
lent to expressing the preceding equations as 

log s = log QIATTT + log W(u) 

and 

log IIu = log* + log 4Tlr'S. 

If the two sheets are superimposed and 
matched, keeping coordinate axes parallel, as 
shown in figure 0.1, the respective coordinate 

l 
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FIGURE 0.1.—Relation of llu,W(u) type curve and t, s data plot. Modified from Stallman (1971, p. 5, fig. 1). 

axes will be related by constant factors: 
s/W(u)=C, and */(l/u)=C2. The values of these 
two constants are 

and 

Ct=Q/(4irT) 

Ct = r*SI(4T). 

Thus, a common match point for the two curves 
may be chosen, and the four coordinate 
points—W(u), 1/u, s, and t—recorded for the 
common match point. T can be obtained from 
the equation T = QW(u)/(Ans), and then S can 
be solved from the equation S=4Tutlr'2, where 
W(u), 1/u, s, and t are the match-point values. 

It is apparent that the type curves, and data, 
can be plotted in several ways. That is, the 
function curve, using W(u) as an example, 
could be plotted as (u,W(u)) with corresponding 

data plots of (l!t,s) or (r2/t,s); or could be plotted 
as (llu,W(u)) with corresponding data plots of 
(t,s) or (tlr'-,s). The type-curve method is cov
ered more fully by Ferris, Knowles, Brown, and 
Stallman (1962, p. 94). 

The type curves presented in this report are 
shown on two different plots. One plot has both 
logarithmic scales with 1.85 inches per log-
cycle, such as K and E 467522.' The other plot 
is a r i thmet ic - logar i thmic scale with the 
logarithmic scale 2 inches per log-cycle and the 
arithmetic scale with divisions at multiples of 
0.1, 0.5, and 1.0 inches, such as K and E 
466213. 

Other methods exist for analysis of aquifer-
test data. Among them are methods based on 
plots of data on semi-log paper, developed by 

'The use of brand names in this report is for identification purposes only 
und does not imply endorsement by the U.S. Geological Survey. 



TYPE CURVES FOR FLOW TO WELLS IN CONFINED AQUIFERS 

Jacob (Ferris and others, 1962, p. 98) and by 
Hantush (1956, p. 703). These methods are 
useful, but they are beyond the scope of this 
report. 

Aquifer tests deal with only one component 
of the natural flow system. The isolation of the 
effects of one stress upon the system is based 
upon the technique of superposition. This tech
nique requires that the natural flow system 
can be approximated as a linear system, one in 
which total flow is the addition of the individ
ual flow components resulting from distinct 
stresses. 

The use of the principle of superposition is 
implied in most aquifer-test analyses. The 
term "superposition," as here applied, is de
rived from the theory of linear differential 
equations. If the partial-differential equation 
is linear (in the dependent variable and its de
rivatives), two or more solutions, each for a 
given set of boundary and initial conditions, 
can be summed algebraically to obtain a solu
tion for the combined conditions. For instance, 
consider a situation (fig. 0.2) where a well has 
been pumping for some time at a constant rate 
Qn, and the drawdown trend for that pumping 
rate has been established. Assume that the 
pumping rate increases by some amount AQ at 

some time £,. Then the drawdown for that step 
incrase in rate will be the change in drawdown 
from that occurring due to the pumpage Q<>. 

Programs, written in FORTRAN, for cal
culating additional function values are in
cluded for most of the solutions. Some of the 
type-curve solutions would require an unrea
sonably long tabulation to include all the pos
sible combinations of parameters. An alterna
tive to a tabulation is the computer program 
that can calculate type-curve values for the pa
rameters desired by the user. The programs 
could be easily modified to calculate aquifer re
sponse to more than one well, such as well 
fields or image-well systems (Ferris and others, 
1962, p. 144). The programs have been tested 
and are probably reasonably free frorri "error. 
However, because of the lai^ftiarijber of possi
ble parameter combinations", it'"was possible to 
test only a sample of possible parameter val
ues. Therefore, errors might occur in future use 
of these programs. 

"An aquifer test is a controlled field experi
ment made to determine the hydraulic prop
erties of water-bearing and associated rocks" 
(Stallman, 1971). The areal variability of hy
draulic properties in an aquifer limits aquifer 
tests to integrating these properties within the 

rr 
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Extrapolated trend • 
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Pumping rate = Q0 Pumping rate = Q0 +AQ 
* • 

f, 
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FIGURE 0.2.—The application of the principle of superposition to aquifer tests. 
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cone of depression produced during the test. 
Aquifer-test solutions are based on idealized 
representations of the aquifer, its boundaries, 
and the nature of the stress on the aquifer. The 
type-curve solutions presented in this report 
all have certain assumptions in common. The 
common assumptions are that the aquifer is 
horizontal and infinite in areal extent, that 
water is confined by less permeable beds above 
and below the aquifer, that the formation pa
rameters are uniform in space and constant in 
time, that flow is laminar, and that water is 
released from storage instantaneously with a 
decline in head. Also implicit is the assumption 
that hydraulic potential or head is the only 
cause of flow in the system and that thermal, 
chemical, density, or other forces are not affect
ing flow. In addition to these common assump
tions are special assumptions that characterize 
each solution summary. An important first 
step in aquifer-test analysis is deciding which 
simplified representations most closely match 
the usually complex field conditions. 

Generally the best start in the analysis of 
aquifer-test data is with the most general set of 
type curves that apply to the situation, kzp >ing 
in mind limitations of the method and ett'ects 
that cause departures from the theoretical re
sults. For example, the most general set of type 
curves for constant discharge presented in this 
report is for leaky aquifers with storage of 
water in the confining beds, solution 5. This 
includes, as a limiting case, the curve for a non-
leaky aquifer. The most severe limitation on 
this set of curves is that they apply only at 
early times, as specified in solution 5. 

Some of the effects that cause departure from 
the theoretical curves are partial penetration, 
finite well radius, and variable discharge for 
the pumped well. The effects of partial penetra
tion must be considered when rib <1.5, and be
cause vertical-horizontal anisotropy is prob
ably a common condition, these effects should 
be considered for r / 6< l0 . The effect of finite 
well radius should be considered for early 
times, as specified in solution 8. The effects of 
variable discharge depend upon the manner of 
the variation. A change in discharge is more 
important if the change is monotonic, either 
continually increasing or decreasing. This fact 
is shown by the type curves for solution 11, 

where a monotonic change of 10 percent caused 
a significant departure from the Theis curve. If 
the discharge variation consists of random 
"noise" about a constant discharge, a 10-
percent variation is not significant. The most 
general set of type curves for tests on flowing 
wells is solution 7, for leaky aquifers, which 
includes nonleaky aquifers as a limiting case. 
The only set of curves for slug tests is given in 
solution 9. 

A recurring problem in type-curve solution 
for unknown hydrologic parameters is that of 
nonuniqueness. That is, function curves for dif
ferent parameter values sometimes have simi
lar shapes. An example of this is given by 
Stallman (1971, p. 19 and fig. 6). He indicated 
that the selection of the conceptual model is 
very important in interpreting the test results. 
Equally important is adequate testing of the 
conceptual model. Corroboration of the concep
tual model is indicated by similar results for 
hydrologic parameters from data collected at 
varying distances from the pumped well, 
depths within the aquifer, and at different ob
servation times. However, proof of suitability 
of the conceptual model ultimately rests on 
field investigations and not on curve matching. 

As an example of similar curve shapes for 
different situations, consider the case of con
stant discharge in a nonleaky aquifer with ex
ponentially varying thickness. The thickness, 
b, is equal to &<,exp[-2(X-X„)/a], where bn 

and X() are the thickness and X-coordinate, re
spectively, at the site of the discharging well 
and a is a parameter. The drawdown for this 
situation is given by Hantush (1962, p. 1529): 

s = (Q/4irKbtl) exp (rla cos G) W(u,rla), 

where 

W(u,{3) = I (exp(-y-p-/4y)/y) dy, 
Ju 

u = r2Sj4Kt, 

Q is the discharge, r is the distance from the 
discharging well, G is the angle, with apex at 
the discharging well, between the observation 
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well and the positive X-axis, K is the hydraulic 
conductivity of the aquifer, and S, is the 
specific storage coefficient of the aquifer. This 
solution is similar to the equation describing 
drawdown in a leaky artesian aquifer (Han-
tujh, 1956, p. 702), which is 

s = (Q/ATTT) W{u,rlB), 

with T=Kb, S = V Tb'IK', and b' and K' are 
th£ thickness and hydraulic conductivity, re
spectively, of the leaky confining bed. The 
other symbols are used as above. 

These two functions have the same shape 
when plotted on logarithmic paper, and draw-
d w n resulting from one function couid be 
Ti^Ltched to a type culr^e of t"Kei «|her function. 
Suppose, as an example, that .the "obgefrve& 
data" are described by the function for the 
aquifer with exponentially changing thickness. 
Suppose, also, that the hydrologist is unaware 
of the variation in thickness and that the fam
ily of type curves for leaky aquifers without 
storage in the confining beds, solution 4, has 
been chosen for analysis of the "observed data." 
Matching the data plots to the type curves and 
solving for unknown pa rame te r s by the 
methods suggested in solution 4 gives for the 
ratio of K„, the apparent hydraulic conductiv
ity, to K, the true hydraulic conductivity, K„l 
K = exp{(r/a) cos 9). The ratio would be close to 
one only in the vicinity of the discharging well. 
The diffusivity, KISS, would be determined cor
rectly, but the apparent specific storage coeffi
cient would have the same percentage error as 
the apparent hydraulic conductivity. Most im
portant of all, the erroneous conclusion would 
be that the aquifer is leaky, with leakage pa
rameter B = VKbb'IK' - a. This somewhat 
contrived example illustrates a principle in the 
interpretation of aquifer-test data. Conclusions 
about the hydrologic constraints on the re
sponse of the aquifer to pumping should not be 
based on the shape of the data curves. Infer
ences may be made from these curves, but they 
must be verified by other hydrologic and 
geologic data. Therefore, proof of the suitabil
ity of the conceptual model must come from 
field investigations. 

Many of the old reports of the U.S. Geological 
Survey contain references to the terms "coeffi

cient of transmissibility" and "field coefficient 
of permeability." These terms, which were ex
pressed in inconsistent units of gallons and 
feet, have been replaced by transmissivity and 
hydraulic conductivity (Lohman and others, 
1972, p. 4 and p. 13). Transmissivity and hy
draulic conductivity are not solely properties of 
the porous medium; they are also determined 
by the kinematic viscosity of th« liquid, which 
is a function of»temperature. Field determina
tions of transmissivity or hydraulic conductiv
ity are made at prevailing field temperatures, 
and no corrections for temperature are made. 

Summaries of Type-Curve 
Solutions for Confined 
GrouneMIVo^f • Flow 

Toward a Well in an Infinite 
Aquifer 

Solution 1: Constant discharge 
from a fully penetrating well in a 
nonleaky aquifer (Theis equation) 

Assumptions: 
1. Well discharges at a constant rate, Q. 
2. Well is of infinitesimal diameter and 

fully penetrates the aquifer. 
3. Aquifer is not leaky. 
4. Discharge from the well is derived ex

clusively from storage in the aquifer. 

Differential equation: 

d's/dr1 + (1/r) ids/Or) = (S/T)(ds/dt) 

Boundary and initial conditions: 

s(r,0) = 0, r^O (1) 
&•(*,/) = 0, /s*0 (2) 

Q = (3) 
'constant >0, 0 0 

limrf^ = - ; £ = , t^O (4) 
r-.Q "f 277"/ 

Equation 1 states that initially drawdown is 
zero everywhere in the aquifer. Equation 2 
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states that the drawdown approaches zero as 
the distance from the well approaches infinity. 
Equation 3 states that the discharge from the 
well is constant throughout the pumping 
period. Equation 4 states that near the pump
ing well the flow toward the well is equal to its 
discharge. 

Solution (Theis, 1935): 

4TTT s = iu y 
dy 

r2S 
4 7 V 

where 

Ju 
^ dy = W(u) = -0.577216 - log,w + u 

2!2 + 3!3 4!4 

Comments: 
Assumptions made are applicable to artesian 

aquifers (fig. 1.1). However, the solution may 
be applied to unconfined aquifers if drawdown 
is smaii compared with the saturated thickness 

of the aquifer and if water in the sediments 
through which the water table has fallen is dis
charged instantaneously with the fall of the 
water table. According to assumption 2, this 
solution does not consider the effect of the 
change in storage within the pumping well. 
Assumption 2 is acceptable if 

£>2.5xlO'-Y;2/T 

(Papadopulos and Cooper, 1967, p. 242), where 
r,. is the radius of the well casing in the interval 
over which the water-level declines, and other 
symbols are as defined previously. Figure 1.2 
on p la te 1 is a logar i thmic g raph of 
W(U)=4TTST/Q plotted on the vertical coordi
nates versus llu = 4Ttl(r-S) plotted on the 
horizontal coordinates. The test data should be 
plotted with s on the vertical coordinates and 
corresponding values of t or tlf1 on the horizon
tal coordinates. 

Values of W(u) for u between 0 and 170 may 
be computed by using subroutine EXPI of the 
IBM System/360 Scientific Subroutine Pack
age. Table 1.1 gives values of W(u) for selected 
values of llu between 1x10" ' and 9 x 1 0 " , as 
calculated by this subroutine. 

s \ \ \ W \ W 

Screeru -

\ \ Impermeable bed \ \ \ \ \ 

Aquifer 

wwwwT \ \ \ \ \ v A 
T < * 
Impermeable bed 

FIGURE 1.1.—Cross section through a discharging well in a nonleaky aquifer. 



TABLE 1.1.—Values ofTheis equation WCuj for values of i/u < 
M 
O 
a 
< 

o » 

O 

o 

1/u x 10" 1 10 10* 10s w 10s 10s 

1 0 
1.2 
1.5 
2.0 

§:S 
3.5 
4.0 
5.0 
6.0 
7.0 

18 

'0.00000 
.00003 
00017 
00115 
.00378 
.00857 
.01566 
.02491 
.04890 
.07833 
.11131 
.14641 
.18266 

0.21938 
29255 
39841 
.55977 
.70238 
.82889 
.94208 
1.04428 
1.22265 
1.37451 
1.50661 
1.62342 
1.72811 

1 82292 
1 98932 
2.19641 
2.46790 
2.68126 
2.85704 
3.00650 
3 13651 
335471 
3.53372 
3.68551 
3.81727 
393367 

403793 
421859 
444007 
472610 
494824 
5.12990 
528357 
5.41675 
563939 
5.82138 
5.97529 
6.10865 
6 22629 

6.33154 
6.51369 
6.73667 
7.02419 
7.24723 
7.42949 
7.58359 
7.71708 
7.94018 
8.12247 
8.2765$ 
8.41011 
8.52787 

8.63322 
8.81553 
9.03866 
9 32632 
9 54945 
9.73177 
9.88592 
10.01944 
10.24258 
10.42490 
10.57905 
10.71258 
10.83036 

10.93572 
11.11804 
11.34118 
11.62886 
11.85201 
12.03433 
12.18847 
12.32201 
12.54515 
12.72747 
12.88162 
13.01515 
13.13294 

13.23830 
13.42062 
13.64376 
1393144 
14.15459 
1433691 
14.49106 
14.62459 
14.84773 
15.03006 
15.18421 
15.31774 
15.43551 

1/u x 10' 10" 10* 10'" 10" 10" 10'3 10" 

1.0 
12 
1.5 
2.0 
2 5 
3 0 
3.5 
4 0 
5.0 
6.0 
7.0 
8.0 
9.0 

15 54087 
15 72320 
15.94634 
16.23401 
16.45715 
1663948 
1679362 
16.92715 
17.15030 
17.33263 
17.48677 
17.62030 
17.73808 

17.84344 
18.02577 
18.24892 
1853659 
18.75974 
1894206 
1909621 
19.22975 
19.45288 
1963521 
19.78937 
19.92290 
20.04068 

20.14604 
2032835 
20.55150 
20 83919 
21.06233 
21.24464 
21.39880 
21 53233 
21.75548 
2193779 
22.09195 
22.22548 
22.34326 

22.44R62 
2263094 
22.85408 
23.14177 
23.36491 
23 54723 
23.70139 
23.83492 
24.05806 
24.24039 
2439453 
24.52806 
24.64584 

27.05379 
27 23611 
27,45926 
27.74693 
27.97008 
28 15240 
2830655 
28.44008 
28.66322 
28.84 555 
28.99969 
29.13324 
29.25102 

29.35638 
29.53870 
29.76184 
30.04953 
30.27267 
30.4S499 
30.60915 
30.74268 
•30.96582 
31.14813 
31.30229 
31.43582 
31.55360 

31.65897 
31.84128 
32.06442 
32.35211 
32.57526 
32.75757 
32.91173 
33 04526 
3326840 
33.45071 
33.60487 
33.73840 
33.85619 

2 
o 
O 
2 

2 
M 
o 

- > 
G 
*3 

'Value shown as 0.00000 is nonzero but less than 0.000005. 
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Solution 2: Constant discharge 
from a partially penetrating well 

in a nonleaky aquifer 

Assumptions: 
1. Well discharges at a constant rate, Q. 
2. Well is of infinitesimal diameter and is 

screened in only part of the aquifer. 
3. Aquifer has radial -ver t ical aniso-

tropy. 
. 4, Aquifer is not leaky. 

5. Discharge from the well is derived ex
clusively from storage in the aquifer. 

Differential equation: 

d2s , 1 ds , .. d-s 
a~ + " H" + °" ^ or - r or 02-

a-=KJK,. 

S ds 
T dl 

This is the differential equation for nonsteady 
radial and vertical flow in a homogeneous con
fined aquifer with radial-vertical anisotropy. 

y and initial conditions: 

s(r,z,0) = 0, r^O, O^z^b 
s(*, z,t)=0, t^O 

ds(r,0,t)/dz = Q, r^O, t^O 
ds{r,b,t)ldz = 0, rs=0, t»0 

0, 

(1) 
(2) 

(3) 
(4) 

l im r ds 
0<z<d 

— 0 dr I 
-Ql(2irKr(l-d)\ d< z<l (5) 
0, Kz<b 

Equation 1 states that initially the draw
down is zero everywhere in the aquifer. Equa
tion 2 states that the drawdown approaches 
zero as the distance from the pumped well ap
proaches infinity. Equations 3 and 4 state that 
there is no vertical flow at the upper and lower 
boundaries of the aquifer. This means that ver
tical head gradients in the aquifer are caused 
by the geometric placement of the pumping 
well screen, and not by leakage. Equation 5 
states that near the pumping well the flow is 
radial, that the flow toward the well is equal to 
its discharge, tha t the discharge is distributed 
uniformly over the well screen, and that no ra
dial flow occurs above and below the screen. 

Solution: 
I. For the drawdown in a piezometer, a solu
tion by Hantush (1961a, p. 85, and 1964a, p. 
353) is given by 

_2_ 
ATTT L 

W(u) + f[ u 

where 

W(u) f 
Ju 

ar l_ d 
' 6 ' 6 ' 6 ' 

-ydy 

z 
biy 

(6) 

and 

26 ffu ^ L d z_\ 
' \ ' b' b' b' b) TT(l-d) n = \ n 

X 

sin 
nrrl _ s j n njj^ c o s n^z w ^ ruj^ ( ? ) 

W(u,x) -r 
Ju 

(exp(-y-x-/4y)ly) dy 

r-S 
u = m 
a = \/KJKr 

An alternate form of this solution for a 
given by Hantush (1961a, p. 85): 

= 1 is 

s = 
Qb 

8nT(l - d) 

r r r 

M{u, l-±±) + M(u, l-* 

MlUt d±I) - M(u, ^ 

;• r r/J 
(8) 

in which 

c< I b x z f I", - , - , ~ \ r r r 
Mlu, 

2nb+x + z 

Miu2nb^xzz\ +Miu2nb_±x^z 

M(u, 2nb-x+z (9) 
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and 

M( 
Ju 

e— erf ((i Vy~) dy 

77 Jo 
erf(x) = —7= I e " dy 

II. For the drawdown in an observation well 
(Hantush, 1961a, p. 90, and 1964a, p. 353), 

_ Q 
ATTT 

U7i \ , c I ar I d V d' (10) 

where W(u) is as denned previously 
and 

/ > > 
ar I d l' d' 
b' b' b' b' b 

26-
n-{l~d)(l'-d') 

f J,(sinnjrl_sinnvd 
n = \ n- V b b 

smnzL^sinnEdl) W(u,niTa^ (11) 
b "" b I "V" b r 

where W(u,x) and u are as defined previously. 

Q 

Comments: 
Assumptions apply to conditions shown in 

figure 2.1. The effects of partial penetration 
need to be considered for ar/b<l.5. There must 
be a type curve for each value ofar/b, dlb, lib, 
and either zlb for piezometer, or I'lb and d'lb for 
observation wells. Because the number of pos
sible type curves is large, only samples of 
curves for selected values of the parameters are 
shown in figure 2.2 on plate 1. 

For large values of time, that is,for t>b2SI 
[2a-T) or t>bSI{2Kz), the effects of partial 
penetration are constant in time, and 

ur ( nitar\ 
W(u'—) 

can be approximated by 

rnrar 2Kn 

(Hantush, 1961a, p. 92). K„{x) is the modified 
Bessel function of the second kind of order zero. 

Equation 6 then becomes 

s = -2= wui) + as = -T^- [w(u) +fs], 
4TTJ 4TTI 

Discharging well 
Observation 

well Piezometer 
Ground surfaceN 

7 7 7 7 7 7 T 
Impermeable bed 

7 7 7 T 

FIGURE 2.1.—Cross section through a discharging well that is screened in a part of a nonleaky aquifer. 
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where ds = ® f 
S 4ITT / " 

and/, is given in equation 7 

mrar\ 
with W[u, -V) replaced by 2K„ mrar\ 

b ) 

Figure 2.3 shows plots of fB as tabulated by 
Weeks (1969, p. 202-207). In using these 
curves, it should be noted that/ , for a given r, 
b, and z,, /,, d, is equal to fs for the same r, b, 
and zi = b-Z\, l2=b-du and d2 = 6-Z,. Figure 
2.3 can be used to find fs by interpolation and 

then constructing type curves of W(u)+fs in the 
manner described by Weeks (1964, p. D195). 

For small values of time 

t< 
(2b-l-z)-S 

20T 

(Hantush, 1961b, p. 172), equation 8 can be ap
proximated by 

s = 
Qb 

SnT{l-d) 
M{u,l-f)-M(u,*f) 

+ M[u,l-^)-M(u,^ 

5 o 
Q 

< 
DC 
Q 
CO 
CO 

o 
co 

+2 
^ 

0 ^ - ^ " 

^ ^ 

x̂  

**s^ 

^ 

1 1 

V 
^ 

in 

I 

i " 

i i i i 

^ 

i i i > 

>/*-1.00 
d/b - 0.70 

1 1 1 1 

1 ^" J 

1 1 1 1 

\ X 

-" s'C' 

^ # 

i i 

0\ 
^ 

• i 

i i i t 

^ 

. ± i n 

//6-1.00 
rt*-0.80 

•>a I I I 

^K 
-—&e<> 

o j B ^ 

1 1 1 1 

^ % 

< i 

• 1 1 1 1 

1 1 I I 

i/b-y.oo 
d/b - 0.60 

05 0.10 0.20 0.50 1.00 2.00 0.06 

ar/b 

0.10 0.20 0.50 1.00 2.00 

FIGURE 2.3.—The drawdown correction factor/", versus ar/b, from tables of Weeks (1969). 
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An extensive table of A/(u,/3) has been pre
pared by Hantush (1961c). 

Although rib for a given observation well 
probably would be known, however, the con
ductivity ratio a2 would not be. Thus, it would 
not be known which arlb curve should be 
matched. In other words, not only T and S, but 
algo the conductivity ratio a2 must be deter
mined. A criterion for determining the match 
between data curves and type curves is that the 
values of arlb for different observation wells 
should all indicate the same "a". Plotting the 
drawdown data for several observation wells 
on a single tlr'2 plot and matching to sets of type 

curves, a different set for each "a", is a useful 
approach. 

Figure 2.2 was prepared from data calcu
lated by the FORTRAN program listed in table 
2.1. This program computes " s" from either 
equation 6 or 10, depending on the input data. 
The input data consist of cards containing the 
parameters coded in specific formats. Readers 
unfamil iar with FORTRAN format i tems 
should consult a FORTRAN language manual. 
The first card contains: the aquifer thickness 
(b), coded in columns 1-5, in format F5.1; the 
depth to bottom of pumped well screen (I), 
coded in columns 6-10, in format F5.1; the 

+6 1—l I I l 

x 

DC 

o 
< 
u. 

LU 
or 
<r 
O o 
z 5 o 
Q 

< 
a 
w w 
HI 

O 

-6 1 ' ' ' ' 

+6 I—i I I I 

- 1 1 1 1 

^3*^ 
o^o___ 

t i l l 

—ai<r~~"""-

0 3 8 - ^ : 

i i 

> ' 

1 ! 1 1 

1 1 1 1 

l/b- 1.00 
dA> - 0.40 

J ' ' \ 

^ ^ 

'Ilk' 

l 1 1 1 

SS 
N®s 

J^-
<& 

1 — 1 — 

t 1 

t i l l 

1 1 1 1 

l/b » 0.90 
dlb * 0.80 

0.05 0.10 0.20 0.50 1.00 2.00 0.05 

ar/b 

0.10 0.20 0.50 1.00 2.00 

FIGURE 2.3.—Continued. 
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depth to top of pumped well screen (d), coded in 
columns 11-15, in format F5.1; the number of 
observation wells and (or) piezometers, coded 
in columns 16-20, in format 15; the smallest 
value of 1/u for which computation is desired, 
coded in columns 21-30, in format E10.4; the 
largest value of 1/u for which computation is 
desired, coded in columns 31-40, in format 
E10.4. The ratio of the largest 1/u value to the 
smallest 1/u value should be less than 1012. 
Following this card is a group of cards contain
ing one card for each observation well or 
piezometer. These cards are coded for an obser
vation well as: distance from pumped well mul

tiplied by the square root of the ratio of the 
vertical to horizontal conductivity (rVKJKr), 
in columns 1-5, in format F5.1; depth to bot
tom of observation well screen (/'), coded in 
columns 6-10, in format F5.1; depth to top of 
observation well screen (d'), coded in columns 
11-15, in format F5.1. A card would be coded 
for a piezometer as follows: distance from 
pumped well multiplied by the square root of 
the ratio of the vertical to horizontal conductiv
ity ( r V KJKr), in columns 1-5, in format F5.1; 
and total depth of piezometer (z), in columns 
11-15, in format F5.1. The output from this 
program is tables of computed function values, 

t 
x 

DC 
O 

< 

O 
111 
QC 
DC 

o 
o 
o 
Q 
< 
0C 

o 
CO 
CO 

o 
to z 
111 
5 
Q 

+ 6 '—I I i I 

VNJ 1 1 1 

" ^ 

v S S - - - ^ 

j&^ 

I I I I 

^ > a * 

^ ^ 
< ^ ^ 

i i 

• i 

I I I ! 

I I I I 

• 

l/b - 0.90 
d/b - 0.60 

I I I I 

% 
0.90 

\S2-
^ - " " 0.40 

I I I I 

1 1 

1 1 

I I I I 

I I I I 

IA> ' 0.90 
d/b • 0.40 

0.05 0.10 0.20 0.50 1.00 2.00 0.05 0.10 

ar/b 
0.20 0.50 1.00 2.00 

FIGURE 2.3.—Continued. 
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an example of which is shown in figure 2.4. 
Subroutines DQL12, BESK, and EXPI are 
from the IBM Scientific Subroutine Package 
and a discussion of them is in the IBM SSP 
manual. 

Solution 3: Constant drawdown in 
a well in a nonleaky aquifer 

Assumptions: 
1. Water level in well is changed instan

taneously by s„ at t = 0. 
2. Well is of finite diameter and fully pen

etrates the aquifer. 

3. Aquifer is not leaky. 
4. Discharge from the well is derived ex

clusively from storage in the aquifer. 
Differential equation: 

.d'2s , I ds _ S ds 
dr- r dr ~ T dt 

This is the differential equation describing 
nonsteady radial flow in a homogeneous iso
tropic confined aquifer. 
Boundary and initial conditions: 

s(r,0) = 0, r 5= r„ (1) 

+6 

X 

or 
o 

+2 

O 
< -2 

O 
LU 
or 
cc o o 
2 

o o 
< 
OT 
Q 
CO 
to 
ID 

O 
CO 

1 1 1 1 

* 2 l 5 0 

0.90 

J0ZZ-

i i i i 

*>£§> 

33JT__. 

i i i r I T -

i i i i 

l/b - 0.90 
d/b - 0.30 

+4 

+2 

0 

• 2 

•4 

•6 

1 1 1 1 

-£2i05o 

v0.80. 0.20 

O f l O ^ 

i i i i 

< & i ^ 

i i 

• ' 

i i r r i 

i i i i 

l/b - 0.90 
rf/ft-0.10 

1 I I I 

3^a 

^ ^ 

• • ' < ! 

1 ' I 

' ' 

1 I 1 1 

1 1 1 1 

/ /b-0.90 
rf/6-0.20 

> 

«/bi22L 

\j£-
^ 

> s ^ 

1 1 1 1 

•—o^io 

<0i^ 

i i 

1 1 

i i i i 

l l l l 

l/b - 0.80 
d/b = 0.70 

0.05 0.10 0.20 0.50 1.00 2.00 0.05 

ar/b 
0.10 0.20 0.50 1.00 2.00 

FIGURE 2.3.—Continued. 
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s(r„.,t) = 
|0, t < 0 

s„. = constant, l ? 0 

s(*,t) = 0, / 3= 0 

(2) 

(3) 

Equation 1 states that initially the draw
down is zero everywhere in the aquifer. Equa
tion 2 states that, as the well is approached, 
drawdown in the aquifer approaches the con
stant drawdown in the well, implying no en
trance loss to the well. Equation 3 states that 
the drawdown approaches zero as the distance 
from the well approaches infinity. 

Solutions: 
I. For the well d ischarge (Jacob and 

Lohman, 1952, p. 560): 

Q = 2nT S„. G(a), 
where 

<«">-*?]»"{§ ^ ' ^ h 
and 

Tt 
Sri;. 

II. For the drawdown in water level (Han-
tush, 1964a, p. 343): 

+6 | i r\j i . t i l l 

<^S^ 
s ^ l 
' ^ / 

i i i i 

--§32—— 

1 1 

I I 

1 1 1 I 

1 1 1 1 

lib = 0.80 
dlb = 0.50 

—i—i n -

4M& 

0.80 

0.30 

I 1 i 1 

^ ^ 5 = 

! 5 ^ ^ 

1 1 

1 1 

• 1 1 1 1 

1 1 1 1 

l/b = 0.80 
d/b - 0.30 

0.05 0.10 2.00 0.50 1.00 2.00 0.05 0.10 

ar/b 

0.20 0.50 1.00 2.00 

FIGURE 2.3.—Continued. 
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where 

s = 

A(T,p) = 

J„(u) Y0(pu) 

s„. A(T, p), 

1 

- Y„(u)Jn(pu) 
J„Hu) + YK?{u) 

7 = 

P = 

a _ Tt 
Sr-.' 

r 

and 

Comments: 
Boundary condition 2 requires a constant 

drawdown in the discharging well, a condition 

most commonly fulfilled by a flowing well, al
though figure 3.1 shows the water level to be 
below land surface. 

Figure 3.2 on plate 1 is a plot from Lohman 
(1972, p. 24) of dimensionless discharge (G(a)) 
versus dimensionless time (a). Additional val
ues in the range a greater than lx lO 1 2 were 
calculated from G(a)=2/log(2.2458a) (Han-
tush, 1964a, p. 312). Function values for &{a) 
are given in table 3.1. The data curve consists 
of measured well discharge versus time. A-fter 
the da ta and type curves are matched, 
trahsiriissivity can be calculated from T = 
QI2TTSU!G{(X), and the storage coefficient can be 

X 

!5lo 
CO 
o 
I-
o 
< 
u. 

ID 

tr 
O 
o 

O 
o 

< 
a 
CO 
CO 
LU 

O 
CO 

+6 

+4 

+2 

r i i i 

*̂  

OgO^ffi— 

^ 

i i i i 

^ ^ 

- T 1 I T 1 T 

1 1 1 1 

l/b - 0.80 
d/b - 0.20 

• r i r r-

5 ^ s 

^ 

i i i i 

fc 

4^\ 

$ g ^ 

l I 

t i 

> i i i 

i i i i 

Mb - 0.70 
d/b - 0.40 

0.05 0.10 0.20 0.S0 1.00 2.00 0.0S 

ar/b 
o.io 0.20 0.60 1.00 2.00 

FIGURE 2.3.—Continued. 
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calculated from S=Tt/arur, where (a,G(a)) and 
(t,Q) are matching points on the type curve and 
data curve, respectively. 

Similarly, data curves of drawdown versus 
time may be matched to figure 3.3 on plate 1; 
this is a plot of dimensionless drawdown 
(A(T,p) = s/s„.) versus dimensionless time (Tip1 

= TtlSr'1). After the data and type curves are 
matched, the hydraulic diffusivity of the 
aquifer can be calculated from the equality 
TlS=(Tlp-)(r-lt). Usually s„- is known, and 
some of the uncertainty of curve matching can 
be eliminated by plotting sis,,- versus t because 
only horizontal translation is then required. If 

r„. is also known, the particular curve to be 
matched can be determined from the relation 
p = rlr„.. Generally, however, the effective 
radius, r,,., differs from the actual radius and is 
not known. The effective radius can often be 
estimated from a knowledge of the construction 
of the well and the water-bearing material, or 
it can be determined from step-drawdown tests 
(Rorabaugh, 1953). Figure 3.3 was plotted from 
table 3.2. For T ^ 1 x 10', the data are from Han-
tush (1964a, p. 310). For r > l x 10\ values of 
drawdown in a leaky aquifer, as r„./B—*0, were 
used. (See solution 7.) Where 0.000 occurs in 
table 3.2, A(T,p) is less than 0.0005. 

+6 I I I I 

z 
o 
Q 
< 
or 
a 
w w 
UJ 

o 
w 

+4 

+2 

-4 

i n i 

—L.. I 1 1 

0.30,0.70 

< ^ 

1 r • i i i i 

i i i • 

l/b ' 0.60 
d/b • 0.40 

0.05 0.10 0.20 0.50 1.00 2.00 

ar/b 

FIGURE 2.3.—Continued. 
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FIGURE 2.4.—Example of output from program for partial penetration in a nonleaky artesian aquifer. 
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'///////rr 
'w 

/ / / / Impermeable bed / / / 

Aquifer 

/ / / / / / / / / / / / / i ^ ^ ' / /~7 

FIGURE 3.1.—Cross section through a well with constant drawdown in a nonleaky aquifer. 

Solution 4: Constant discharge 
from a fully penetrating well in a 

leaky aquifer 
Assumptions: 

1. Well discharges at a constant rate, Q. 
2. Well is of infinitesimal diameter and 

fully penetrates the aquifer. 
3. Aquifer is overlain, or unde r l a in , 

everywhere by a confining bed having 
uniform hydraulic conductivity {K') 
and thickness (b'). 

4. Confining bed is overlain, or underlain, 
by an infinite constant-head plane 
source. 

5. Hydraulic gradient across confining bed 
changes instantaneously with a change 
in head in the aquifer (no release of 
water from storage in the confining 
bed). 

6. Flow in the aquifer is two-dimensional 
and radial in the horizontal plane and 
flow in the confining bed is vertical. 
This a s sumpt ion is approx imated 
closely where the hydraulic conductiv
ity of the aquifer is sufficiently greater 
than that of the confining bed. 

Differential equation: 

d2s , 1 ds 
dr2 + ~fr-

sK' 
Tb' 

Sds 
T dt 

This is the differential equation describing 
nonsteady radial flow in a homogeneous iso
tropic aquifer with leakage proportional to 
drawdown. 
Boundary and initial conditions: 

Q 

s{^,t)=0,t^0 

(0, t<0 

'constant>0, t^O 

l im r 
r - 0 

ds 
dr 2nT 

(1) 

(2) 

(3) 

(4) 

Equation 1 states that the initial drawdown 
is zero. Equation 2 states that drawdown is 
small at a large distance from the pumping 
well. Equation 3 states that the discharge from 
the well is constant and begins at t=0. Equa
tion 4 states that near the pumping well the 
flow toward the well is equal to its discharge. 



« 
1 . 
2 
3 
4 
5 
6 
7 
8 
9 

a 

1 . . . 
2 
3 
4 
5 
6 . . . 
7 . . 
8 
9 

a X 10"' 

56.9 
40.4 

. . .33.1 
.28.7 
25.7 

. 23.5 
.21.8 

. . 20.4 
19.3 

n x 10" 

0.1360 
1299 
1266 

.1244 

.1227 
. . . . .1213 

1202 
1192 
1184 

io - 3 

18.34 
13.11 
10.79 
9.41 
8.47 
7.77 
7.23 
6-79 
6.43 

10' 

0 1177 
.1131 
1106 

.1089 

.1076 

.1066 

.1057 
.1049 
.1043 

10 • 

6.13 
4.47 
3.74 
3 30 
3 00 
2.78 
2 6 0 
2.46 
2.35 

10" 

0.1037 
.1002 
.0982 
.0968 
.0958 
0950 
.0943 
.0937 
0932 

TABLE 3.1. — Values of G( a) 

[Modified from Lohman (1972, p. 24)] 

10 •' 

2.249 
1.716 
1.477 
1 333 
1 234 
1.160 
1 103 
1.057 
1.018 

10* 

0.0927 
0899 
.0883 
.0872 
.0864 
.0857 
.0851 
.0846 
.0842 

i 

0.985 
.803 
.719 
667 
630 
.602 
.580 
562 
.547 

10'° 

0.0838 
.0814 
.0801 
.0792 
.0785 
.0779 
.0774 
.0770 
.0767 

10 

0.534 
.461 
.427 

389 
.377 
.367 
.359 
.352 

10" 

0.0764 
.0744 
.0733 
.0726 
.0720 
.0716 
.0712 
.0709 
.0706 

10* 

0.346 
.311 
.294 
283 
274 
.268 
.263 
.258 
.254 

10" 

0.0704 
.0686 
.0677 
.0671 
.0666 
.0662 
.0658 
.0655 
0653 

10» 

0.251 
232 

.222 

.206 

.203 

.200 

.198 

10" 

0.0651 
.0636 
.0628 
.0622 
.0618 
.0615 
.0612 
.0609 
.0607 

10' 

0.1964 
.1841 
.1777 
1733 
1701 

.1675 

.1654 
1636 

.1621 

10" 

0.0605 
.0593 
.0586 
.0581 
.0577 
.0574 
.0572 
.0569 
.0567 

10s 

0.1608 
.1524 
.1479 

.1408 
.1393 
.1380 
.1369 

10" 

0.0566 
.0555 
.0549 
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TABLE 3.2.—Values ofA(r,p) 
[Values of /Ui,p) for r S105 modified from Hantush (1964a. p. 310)] 

T 

1 X 1 
2 
3 
4 
5 
7 
1 x 10 
2 
3 
4 
5 
7 
1 x IO 2 

1.5 
2 
3 
5 
7 
1 x i o 3 

1.5 
2 
3 
5 
7 
1 x i o " 
1.5 
2 
3 
5 
7 
1 xio= 
1.5 
o 
3 
5 
7 
1 x i o 6 

1.5 
2 
3 
5 
7 
1 x i o 1 

1.5 
2 
3 
5 
7 
1 XIO" 
1.5 
2 
3 
5 
7 
1 XIO9 

1.5 
2 
3 
5 
7 
1 X1010 

1.5 
2 
3 
5 
7 
1 x i o " 
1.5 
2 
3 
5 
7 

5 

0.002 
.022 
.049 
.076 
.101 
.142 
.188 
.277 
.325 
.358 
.381 
.414 
.446 
.479 
.500 
.528 
.559 
.578 
.596 
.615 
.627 
.644 
.662 
.673 
.685 
.696 
.704 
.715 
.727 
.734 
.742 
.750 
.755 
.762 
.771 
.776 
.782 
.788 
.792 
.797 
.803 
.807 
.811 
.815 
.818 
.822 
.827 
.830 
.833 
.837 
.839 
.842 
.846 
.849 
.851 
.854 
.856 
.858 
.861 
.863 
.865 
.867 
.869 
.871 
.874 
.875 
.877 

10 

0.000 
.002 
.006 
.016 
.057 
.094 
.123 
.146 
.184 
.222 
.264 
.291 
.328 
.372 
.397 
.422 
.450 
.467 
.490 
.517 
.533 
.549 
.566 
.577 
.592 
.609 
.620 
.631 
.642 
.650 
.660 
.672 
.680 
.688 
.696 
.702 
.709 
.718 
.724 
.730 
.736 
.740 
.746 
.753 
.757 
.762 
.766 
.770 
.774 
.780 
.783 
.787 
.791 
.794 
.797 
.802 
.804 
.807 
.810 
.813 
.816 
.819 
.821 
.824 

20 

0.000 
.001 
.004 
.009 
.016 
.031 
.053 
.085 
.110 
.146 
.194 
.223 
.254 
.287 
.309 
.338 
.372 
.392 
.413 
.435 
.450 
.469 
.492 
.506 
.520 
.532 
.544 
.558 
.574 
.584 
.594 
.604 
.612 
.622 
.633 
.641 
.648 
.656 
.662 
.669 
.678 
.684 
.690 
.696 
.701 
.706 
.714 
.718 
.723 
.728 
.731 
.736 
.742 
.746 
.749 
.753 
.756 
.760 
.765 
.768 
.770 

1 

50 

0.000 
.001 
.003 
.009 
.026 
.044 
.066 
.094 
.116 
.147 
.186 
.211 
.237 
.264 
.283 
.308 
.337 
.355 
.373 
.392 
.405 
.423 
.443 
.456 
.470 
.484 
.493 
.506 
.521 
.531 
.541 
.551 
.558 
.568 
.580 
.587 
.595 
.603 
.609 
.617 
.626 
.632 
.638 
.645 
.649 
.655 
.663 
.668 
.673 
.678 
.682 
.687 
.693 
.696 
.700 

P 

100 

0.000 
.001 
.004 
.012 
.021 
.039 
.068 
.089 
.114 
.142 
.161 
.188 
.221 
.242 
.263 
.285 
.300 
.321 
.345 
.360 
.376 
.392 
.403 
.418 
.436 
.448 
.459 
.472 
.480 
.492 
.506 
.514 
.523 
.533 
.540 
.549 
.560 
.567 
.574 
.582 
.587 
.594 
.603 
.609 
.615 
.621 
.625 
.631 
.638 
.643 
.647 

200 

0.000 
.001 
.006 
.014 
.025 
.043 
.058 
.081 
.113 
.134 
.156 
.180 
.197 
.220 
.247 
.264 
.282 
.301 
.314 
.331 
.352 
.365 
.378 
.392 
.402 
.415 
.431 
.441 
.452 
.463 
.470 
.481 
.494 
.502 
.510 
.519 
.525 
.533 
.544 
.550 
.557 
.564 
.569 
.576 
.584 
.589 
.594 

500 

0.000 
.001 
.005 
.014 
.025 
.039 
.058 
.072 
.094 
.122 
.141 
.160 
.181 
.196 
.216 
.240 
.255 
.270 
.287 
.299 
.314 
.333 
.344 
.357 
.370 
.379 
.391 
.406 
.415 
.425 
.435 
.443 
.452 
.464 
.472 
.480 
.488 
.494 
.502 
.512 
.518 
.524 

1000 

0.000 
.001 
.002 
.007 
.013 
.024 
.044 
.059 
.076 
.096 
.111 
.132 
.157 
.173 
.190 
.208 
.221 
.238 
.258 
.271 
.285 
.300 
.310 
.323 
.340 
.350 
.361 
.372 
.380 
.392 
.405 
.413 
.422 
.431 
.438 
.447 
.457 
.464 
.471 
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Solution (Hantush and Jacob, 1955, p. 98): 

4 - 7 7 
Ju 

e ' •>«-- (5) 

where u = r-S/4Tt 

B = (6) 

Comments: 
As pointed out by Hantush and Jacob (1954,* 

p. 917), leakage is three-dimensional, but if the 
difference in hydraulic conductivities of the 
aquifer and confining bed are sufficiently 
great, the flow may be assumed to be vertical in 
the confining bed and radial in the aquifer. 
This relationship has been quantified by Han
tush (1967, p. 587) in the condition b/B<0.l. In 
terms of relative conductivities, this would be 
KIK' > 100 bib'. Assumption 5, that there is no 
change in storage of water in the confining bed, 
was investigated by Neuman and Witherspoon 
(1969b, p. 821). They concluded that this as
sumption would not affect the solution if 

B<0.01, where B = ~ 

Assumption 4, that there is no drawdown in 
water level in the source bed lying above the 
confining bed, was also examined by Neuman 
and Witherspoon (1969a, p. 810). They indi
cated that drawdown in the source bed would 
have negligible effect on drawdown in the 
pumped aquifer for short times, that is, when 

r-S 1 ,° (rIB) Also, they indicated (1969a, 
p. 811) that neglect of drawdown in the source 
bed is justified if Ts> 100T, wfeere Ts repre
sents the transmissivity of the jsource bed. Fig
ure 4.1, a cross section through,:the discharging 
well, shows geometric relationships. Figure 4.2 
on plate 1 shows plots of dimensionless draw r 

down compared to dimensionless time, using 
the notation of Cooper (1963) from Lohman 
(1972, pi. 3). Cooper expressed equations 5 and 
6 as 

L(u,v) = dy, (7) 

Ground surface^ 

FIGURE 4.1.—Cross section through a discharging well in a leaky aquifer. 
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with 

2VTb' (8) 

Cooper's type curves and equation 5 express 
the same function with r/B = 2u. Hantush 
(1961e) has a tabulation of equation 5, parts of 
which are included in table 4.1. 

The observed data may be plotted in two 
ways (Cooper, 1963, p. C51). The measured 
drawdown in any one well is plotted versus tlr-\ 
the data are then matched to the solid-line type 
curves of figure 4.2. The data points are alined 
with the solid-line type curves either on one of 
them or between two of them. The parameters 
are then computed from the coordinates of the 
match points (tlr2,s) and (l/u, L(u,v)), and an 
interpolated value of v from the equations 

and 

S = AT 

K' 

tin 
l/u ' 

(10) 

b r-

Drawdown measured at the same time but in • 
different observation wells at different- dis
tances can be plotted versus t/r'2 and matched 
to the dashed-line type curves of figure 4.2. The 
data are matched so as to aline with the 
dashed-line curves, either on one or between 
two of them. From the match-point coordinates 
{s,tlrl) and (L{u,v),llu) and an interpolated 
value ofvVu, T and S are computed from equa
tions 9 and 10 and the remaining parameter 
from 

K'lb' = S v'-lu 

rp _ Q L(U,V) 
477 S 

(9) 

The region, v?lu=*& and 
Lfj^tO^lO"* corresponds to steady-state condi
tions 

TABLE 4.1.—Selected values ofVI(u,rlB) 

[From Hantush (1961e)] 

u 

1 xlO"6 

2 
3 
5 
7 
1 x 10"5 

2 
3 
5 
7 
1 X10"J 

2 
3 
5 
7 
1 xlO-1 

2 
3 
5 
7 
1 x 10"2 

2 
3 
5 
7 
1 xlO"' 
2 
3 
5 
7 
1 X10° 
2 
3 
5 
7 

0.001 

13.0031 
12.4240 
12.0581 
11.5795 
11.2570 
10.9109 
10.2301 
9.8288 
9.3213 
8.9863 
8.6308 
7.9390 
7.5340 
7.0237 
6.6876 
6.3313 
5.6393 
5.2348 
4.7260 
4.3916 
4.0379 
3.3547 
2.9591 
2.4679 
2.1508 
1.8229 
1.2226 
.9057 
.5598 
.3738 
.2194 
.0489 
.0130 
.0011 
.0001 

0.003 

11.8153 
11.6716 
11.5098 
11.2248 
10.9951 
10.7228 
10.1332 
9.7635 
9.2818 
8.9580 
8.6109 
7.9290 
7.5274 
7.0197 
6.6848 
6.3293 
5.6383 
5.2342 
4.7256 
4.3913 
4.0377 
3.3546 
2.9590 
2.4679 
2.1508 
1.8229 
1.2226 
.9057 
.5598 
.3738 
.2194 
.0489 
.0130 
.0011 
.0001 

0.01 

9.4425 

9.4425 
9.4413 
9.4361 
9.4176 
9.2961 
9.1499 
8.8827 
8.6625 
8.3983 
7.8192 
7.4534 
6.9750 
6.6527 
6.3069 
5.6271 
5.2267 
4.7212 
4.3882 
4.0356 
3.3536 
2.9584 
2.4675 
2.1506 
1.8227 
1.2226 
.9056 
.5598 
.3738 
.2194 
.0489 
.0130 
.0011 
.0001 

0.03 

7.2471 

7.2471 
7.2470 
7.2450 
7.2371 
7.2122 
7.0685 
6.9068 
6.6219 
6.3923 
6.1202 
5.5314 
5.1627 
4.6829 
4.3609 
4.0167 
3.3444 
2.9523 
2.4642 
2.1483 
1.8213 
1.2220 
.9053 
.5596 
.3737 
.2193 
.0489 
.0130 
.0011 
.0001 

r,B 

0.1 

4.8541 

4.8541 
4.8530 
4.8478 
4.8292 
4.7079 
4.5622 
4.2960 
4.0771 
3.8150 
3.2442 
2.8873 
2.4271 
2.1232 
1.8050 
1.2155 
.9018 
.5581 
.3729 
.2190 
.0488 
.0130 
.0011 
.0001 

0.3 

2.7449 

2.7449 
2.7448 
2.7428 
2.7350 
2.7104 
2.5688 
2.4110 
2.1371 
1.9206 
1.6704 
1.1602 
.8713 
.5453 
.3663 
.2161 
.0485 
.0130 
.0011 
.0001 

l 

0.8420 

r . 

.8420 

.8409 

.8360 

.8190 
!7148 
.6010 
.4210 
:2996 
.1855 
.0444 
.0122 
.0011 
.0001 

3 

0.0695 

• • • • 

. ..w 

.0695 

.0694 

.0681 

.0639 

.0534 

.0210 

.0071 

.0008 

.0001 
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The drawdown in the steady-state region is 
given by the equation (Jacob, 1946, eq. 15) L( "."> = 1 fiy)dy + f(y)dy. 

2TTT 
Kn(x), 

where Kn(x) is the zero-order modified Bessel 
function of the second kind and 

The first integral is evaluated by a 
Gaussian-Laguerre quadrature formula, as 
previously described. The second integral is 
evaluated using a series expansion, as 

j 
J u 

f(y)dy = s ( l ) - s ( u ) , 

where 

log u 1 (v2)"' 
rc = 0(710-

X 

ra = l 
(-1)" 

m 
_Mi_ 

.n~Q {m+n)\n\. 

For u < 1 and u 

L{u,v) = 2Kn(2v) - , f(y) dy 

f 
L(u,u) = / 

Ju 

(1/y) exp ( -y-vVy) dy = 

Data for s teady-s ta te conditions can be 
analyzed using figure 4.3 on plate 1. The draw
downs are plotted versus r and matched to 
figure 4.3. After choosing a convenient match 
point with coordinates (s,r) and \K„(x),x) the 
parameters are computed from the equations 

T = - S - K (x) and — = i ^ l 2irs K»(x) and b, - r., . 

Values ofK„(x) from Hantush (1956) are given 
in table 4.2. 

A FORTRAN program for generating type-
curve function values of equation 7 is listed in 
table 4.3. Using the notation L(u,v) of Cooper (Cooper, 1963, p. C50), 
(1963), the function is evaluated as follows. For where Kn is the zero-order modified Bessel 
u & 1, function of the second kind. The integral in the 

above express ion is eva lua ted by t he 
f(v)dv Gaussian-Laguerre procedure, as described 

previously. 
Input data for this program consist of three 

This integral is transformed into the form S i r J " * * fc
r
he n u m e ^ i c d * t a c o d e d b ? s P e c i f i c 

FORTRAN formats. Readers unfamiliar with 
FORTRAN format items should consult a 

dx FORTRAN language manual. The first card 
contains: the smallest value of l/« for which 
computation is desired, coded in columns 1-10 

evaluated by a Gaussian-Laguerre quadrature in format E10.5; the largest value of 1/w for 
formula. For v2<u<l, which computation is desired, coded in columns 

11-20 in format E10.5. The table will include a 
range of l/« values spanning these two coded 
values if the span is less than or equal to 12 log 
cycles. The next two cards contain 12 values of 

^r^f r/B, all coded in format E10.5, in columns 
^ [ 5 - 1-10, 11-20, 21-30, 31-40, 41-50, 51-60, 

.2138 61-70, and 71-80 of the first card and columns 
11$ 1-10, 11-20, 21-30, and 31-40 of the second 
.0112 card. Zero (or blank) coding is permissible in 

this field, but computation will terminate with 
the first zero (or blank) value encountered. An 
example of the output from this program is 
shown in figure 4.4. 

M' e exp - u -

i 
Ju 

1 
X + Ul X + U 

TABLE 4.2.—Selected values of KJx) 

[From Hantush (1956, p. 704)] 

N x-NXW-' x =NX\0~< 

1 4.7212 2.4271 
1.5 4.3159 2.0300 
2 4.0285 1.7527 
3 3.6235 1.3725 
4 3.3365 1.1145 
5 3.1142 .9244 
6 2.9329 .7775 
7 2.7798 .6605 
8 2.6475 .5653 
9 2.5310 .4867 



to 

* < U . K / B ) 

I R/B 
1/U 1 

o.iooe 
0.150E 
0.200E 
0.300E 
o.booe 
0.700E 
o.iooe 
0.150E 
U.200E 
0.300E 
0.500E 
0.700E 
O.IOOE 
0.150E 
0.200E 
0.300E 
0.500E 
0.700E 
U.IOOE 
0.150E 
0.200E 
0.300E 
0.500E 
0.700E 
O.IOOE 

01 
01 
01 
01 
01 
01 
02 
02 
02 
02 
02 
02 
03 
03 
03 
03 
03 
03 
04 
04 
04 
04 
04 
04 
05 

0.10E-05 
0.2194 
0.3984 
0.5598 
0.8289 
1.2226 
1.5066 
1.8229 
2.1964 
2.4679 
2.8570 
3.3547 
3.6855 
4.0379 
4.4401 
4.7261 
5.1299 
5.6394 
5.9753 
6.3315 
6.7367 
7.0242 
7.4295 
7.9402 
8.2766 
8.6332 

0.30E-05 
0.2194 
0.3984 
0.5598 
0.8289 
1.2226 
1.5066 
1.8229 
2.1964 
2.4679 
2.8570 
3.3547 
3.6855 
4.0379 
4.4401 
4.7261 
5.1299 
5.6394 
5.9753 
6.3315 
6.7367 
7.0242 
7.4295 
7.9402 
8.2766 
8.6332 

0.10E-04 
0.2194 
0.3984 
0.5598 
0.8289 
1.2226 
1.5066 
1.8229 
2.1964 
2.4679 
2.8570 
3.3547 
3.6855 
4.0379 
4.4401 
4.7261 
5.1299 
5.6394 
5.9753 
6.3315 
6.7367 
7.0242 
7.4295 
7.9402 
8.2766 
8.6332 

0.30E-04 
0.2194 
0.3984 
0.5598 
0.8289 
1.2226 
1.5066 
1.8229 
2.1964 
2.4679 
2.8570 
3.3547 
3.6855 
4.0379 
4.4401 
4.7261 
5.1299 
5.6394 
5.9753 
6.3315 
6.7367 
7.0242 
7.4295 
7.9402 
8.2766 
8.6332 

0.10E-03 
0.2194 
0.3984 
0.5598 
0.8289 
1.2226 
1.5066 
1.8229 
2.1964 
2.4679 
2.8570 
3.3547 
3.6855 
4.0379 
4.4401 
4.7261 
5.1299 
5.6394 
5.9753 
6.3315 
6.7367 
7.0242 
7.4295 
7.9402 
8.2766 
8.6332 

0.30E-03 
0.2194 
0.3984 
0.5598 
0.8289 
1.2226 
1.5066 
1.8229 
2.1964 
2.4679 
2.8570 
3.3547 
3.6855 
4.0379 
4.4401 
4.7261 
5.1299 
5.6394 
5.9753 
6.3315 
6.7366 
7.0241 
7.4294 
7.9401 
8.2764 
8.6330 

0.10E-02 
0.2194 
0.3984 
0.5598 
0.8269 
1.2226 
1.5066 
1.8229 
2.1964 
2.4679 
2.8570 
3.3547 
3.6855 
4.0379 
4.4400 
4.7260 
5.1298 
5.6393 
5.9751 
6.3313 
6.7363 
7.0237 
7.4287 
7.9389 
8.2748 
8.6307 

0.30E-02 
0.2194 
0.3984 
0.5598 
0.8289 
1.2226 
1.5066 
1.8229 
2.1964 
2.4679 
2.8570 
3.3546 
3.6854 
4.0377 
4.4397 
4.7257 
5.1292 
5.6383 
5.9737 
6.3293 
6.7333 
7.0197 
7.4226 
7.9290 
8.2609 
8.6109 

FIGURE 4.4.—Example of output from program for computing drawdown due to constant discharge from a well in a leaky 
artesian aquifer. 

0.10E-01 
0.2194 
0.3984 
0.559R 
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J. .222f. 
1.5U6S 
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2.8564 
3.3536 
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4.4365 
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b.1226 
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Solution 5: Constant discharge 
from a well in a leaky aquifer with 
storage of water in the confining 

beds 

Assumptions: 
1. Well discharges at a constant rate, Q. 
2. Well is of infinitesimal diameter and 

fully penetrates the aquifer. 
3. Aquifer is overlain and underla in 

everywhere by confining beds having 
hydraulic conductivities K' and K", 
thicknesses b' and b", arid storage 
coefficients S' and S", respectively, 
which are constant in space a n d ^ m e . 

4. Flow in the aquifer is two dii&ensiQ. 
and radial in the horizontal '"' 
and flow iii confining beds is 'v^t ical . 
This assumption is approximated 
closely where the hydraulic conduc
tivity of the aquifer is sufficiently 
greater than that of the confining 
beds. 

5. Conditions at the far surfaces of the 
confining beds are (fig. 5.1): 

Ca se 1. Cons tan t -head p lane 
sources above and be
low. 

Case 2. Impermeable beds above 
and below. 

Case 3. Cons tan t -head p lane 
source above and im
permeable bed below. 

Differential equations: 
For the upper confining bed 

d2s, = J T _ dsj 
dz- K'b' dt 

For the aquifer 

d's , lc ls , K' d , ,, , , 
dr- r or 1 dz 

(1) 

K" d , u,^, t , S ds 
T-sl{r,b+b,t)=f~ (2) 

For the lower confining bed 

d-s-, = Ji^ds, 
dz- K"b" dt (3) 

Equations 1 and 3 are, respectively, the dif
ferential equations for nonsteady vertical flow 
in the upper and lower semipervious beds. 
Equation 2 is the differential equation for 
nonsteady two-dimensional radial flow in an 
aquifer with leakage at its upper and lower 
boundaries. 
Boundary and initial conditions: 

Case 1: For the upper confining bed 

s.(r,z,0) = 0 
s,(r,0,n = 0 

s,(r,b',t) = s(r,t) 

the aquifer 

s(r,0) = 0 
s(™,t) = 0 

,. . ds(r,t) 
Mm r — = — 

Q 

(4) 
(5) 
(6) 

(7) 
(8) 

mi 
r ~ 0 dr 

For the lower confining bed 

2TTT 

s2(r,z,0)=0 
s-i(r,b' + b + b",t) = 0 
s2{r,b' + b,t)=s(r,t) 

(10) 
(11) 
(12) 

Case 2: Same as case 1, with conditions 5 
and 11 being replaced, respectively, by 

ds,(r,0,t) = 0 

dz 
ds-,(r,b' + b + b") 

dz = 0 

(13) 

(14) 

Case 3: Same as case l.with condition 11 
being replaced by condition 14. 

Equations 4, 7, and 10 state that initially the 
drawdown is zero in the aquifer and within 
each confining bed. Equation 5 states that a 
plane of zero drawdown occurs at the top of the 
upper confining bed. Equations 6 and 12 state 
that, at the upper and lower boundaries of the 
aquifer, drawdown in the aquifer is equal to 
drawdown in the confining beds. Equation 8 
states that drawdown is small at a large dis
tance from the pumping well. Equation 9 states 
that, near the pumping well, the flow is equal 
to the discharge rate. Equation 11 states that a 
plane of zero drawdown is at the base of the 
lower confining bed. Equation 13 states that 
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there is no flow across the top of the upper con
fining bed. Equation 14 states that no flow oc
curs across the base of the lower confining bed. 

Solutions (Hantush, 1960, p. 3716): 
I. For small values of time (t less than 

both b'S'/lOK' and b"S"/10K"h 

s = w H{U'P)' (15) 

where 

and 

u = 
r2S 
ATt 

<K'S-
13 4 IV b'TS 

K"S" 
b'TS 

u,p) = 
Ju 

erfc w " —===̂  dy 

erfc(x) 

y Vy(y - u) 

e~"' dy . 

II. For large values of time: 

and 5b"S"/K" 

S = i f e ^("8"a) ' (16) 

where u is as defined previously 

and 8, = 1 + (S' + S")/3S, 

/ g 7 6 ' ^ K76" 

W(u,x) = I 
Ju 

exp (-y-x-/4y) 
y 

dy 

B. Case 2, £ greater than both 
lOb'S'/K' and 106"S7K" 

_2_ 
4T7T 

W(K8,) , (17) 

where 8-, = l + (S' + S")/S 

W(u) = / — dy . (u) = f ^ 

Case 3, t greater than both 5b'S'/K' 
and 10b"S"/K" 

= _9_ 
4-n-T 

WMu8,, r f W (18) 

where 

8, = 1 + (S" + S'/3)IS 

and W(u,x) is as defined in case 1. 

Comments: 
A cross section through the discharging well 

is shown in figure 5.1. The flow system is ac
tually three-dimensional in such a geometric 
configuration. However, as stated by Hantush 
(1960, p. 3713), if the hydraulic conductivity in 
the aquifer is sufficiently greater than the hy
draulic conductivity of the confining beds, flow 
will be approximately radial in the aquifer and 
approximately vertical in the confining beds. A 
complete solution to this flow problem has not 
been published. Neuman and Witherspoon 
(1971, p. 250, eq. 11-161) developed a complete 
solution for case 1 but did not tabulate it. Han-
tush's solutions which have been tabulated, 
are solutions that are applicable for small and 
large values of time but not for intermediate 
times. 

The "early" data (data collected for small 
values oft) can be analyzed using equation 15. 
Figure 5.2 on plate 1 shows plots ofH(u,/3) from 
Lohman (1972, pi. 4). Hantush (1961d) has an 
extensive tabulation ofH(u,/3), a part of which 
is given in table 5.1. The corresponding data 
curves would consist of observed drawdown 
versus tlr2. Superposing the data curves on the 
type curves and matching the two, with graph 
axes parallel, so that the data curves lie on or 
between members of the type-curve family and 
choosing a convenient match point (H(u,/3), 
1/w), T and S are computed by 

ATTS 
H{ufi) , 

S = 47 / -U- • 
rl\ u 

If simplifying conditions are applicable, it is 
possible to compute the product K 'S' from the 
p value. UK"S"=0,K'S' = l6p2b'TS/r2, and if 
K"S"=K'S', 
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Sand under constant head 

CASE 1 

Impermeable 

Aquifer 

bed 

confining bed ' 

Impermeable bed; 

CASE 2 

Ground 

•Sand under 

Aquifer '• . •' H 

surface 

constant head' 

confining bed' 

y/////////////. 

Impermeable bed: 

CASE 3 

FIGURE 5.1.—Cross sections through discharging wells in leaky aquifers with storage of water in the confining 
beds, illustrating three different cases of boundary conditions. 

K'S' 
16/J-

TS 
b'b" 

b, + b"+2\b'b" 

ues in this range are indeterminate. There is 
also uncertainty in curve matching for all f3 
values because of the fact that it is a family of 
curves whose shapes change gradually with /3. 

The curves in figure 5.2 are very similar I This uncertainty will be increased if the data 
from /3=0 to about /3=0.5. Therefore, the (3 val- covers a small range of t values. The problem 
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TABLE 5.1.—Values of H(u,(i) for selected values of u and /3 

[From Hantush (1961d). Numbers in parentheses are powers of 10 by which the other numbers are multiplied; for example 963(-4> = 0.0963] 

u 

i x lo-9 
2 
3 
5 
7 
1 xlO"8 

2 
3 
5 
7 
1 xlO"7 

2 
3 
5 
7 
1 X 10"6 

2 
3 
5 
7 
1 X10"5 

2 
3 
5 
7 
1 X 1 0 J 

2 
3 
5 
J 

1 x 10"3 

2 
3 
5 
7 
1 X 10 2 

2 
3 
5 
7 
1 x 10"' 
2 
3 
5 
7 
1 x 1 
2 
3 
5 
7 
1 X 10 
2 
3 
5 
7 

0.03 

12.3088 
11.9622 
11.7593 
11.5038 
11.3354 
11.1569 
10.8100 
10.6070 
10.3511 
10.1825 
10.0037 
9.6560 
9.4524 
9.1955 
9.0261 
8.8463 
8.4960 
8.2904 
8.0304 
7.8584 
7.6754 
7.3170 
7.1051 
6.8353 
6.6553 
6.4623 
6.0787 
5.8479 
5.5488 
5.3458 
5.1247 
4.6753 
4.3993 
4.0369 
3.7893 
3.5195 
2.9759 
2.6487 
2.2312 
1.9558 
1.6667 
1.1278 
.8389 
.5207 
.3485 
.2050 

458(-4) 
122(-4) 
108(-5) 
109(-6) 
39K-8) 

0.1 

11.1051 
10.7585 
10.5558 
10.3003 
10.1321 
9.9538 
9.6071 
9.4044 
9.1489 
8.9806 
8.8021 
8.4554 
8.2525 
7.9968 
7.8283 
7.6497 
7.3024 
7.0991 
6.8427 
6.6737 
6.4944 
6.1453 
5.9406 
5.6821 
5.5113 
5.3297 
4.9747 
4.7655 
4.4996 
4.3228 
4.1337 
3.7598 
3.5363 
3.2483 
3.0542 
2.8443 
2.4227 
2.1680 
1.8401 
1.6213 
1.3893 
.9497 
.7103 
.4436 
.2980 
.1758 

395C-4) 
106(-4) 
934(-6) 
941(-7) 
339(-8) 

0.3 

10.0066 
9.6602 
9.4575 
9.2021 
9.0339 
8.8556 
8.5091 
8.3065 
8.0512 
7.8830 
7.7048 
7.3585 
7.1560 
6.9009 
6.7329 
6.5549 
6.2091 
6.0069 
5.7523 
5.5847 
5.4071 
5.0624 
4.8610 
4.6075 
4.4408 
4.2643 
3.9220 
3.7222 
3.4711 
3.3062 
3.1317 
2.7938 
2.5969 
2.3499 
2.1877 
2.0164 
1.6853 
1.4932 
1.2535 
1.0979 
.9358 
.6352 
.4740 
.2956 
.1985 
.1172 

264(-4) 
707(-5) 
624(-6) 
629(-7) 
227(-8) 

l 

8.8030 
8.4566 
8.2540 
7.9987 
7.8306 
7.6525 
7.3063 
7.1039 
6.8490 
6.6811 
6.5032 
6.1578 
5.9559 
5.7018 
5.5346 
5.3575 
5.0141 
4.8136 
4.5617 
4.3962 
4.2212 
3.8827 
3.6858 
3.4394 
3.2781 
3.1082 
2.7819 
2.5937 
2.3601 
2.2067 
2.0506 
1.7516 
1.5825 
1.3767 
1.2460 
1.1122 
.8677 
.7353 
.5812 
.4880 
.3970 
.2452 
.1729 
.1006 

646(-4) 
365(-4) 
760(-5) 
196(-5) 
167(-6) 
165(-7) 

H 

3 

7.7051 
7.3590 
7.1565 
6.9016 
6.7337 
6.5558 
6.2104 
6.0085 
5.7544 
5.5872 
5.4101 
5.0666 
4.8661 
4.6141 
4.4486 
4.2736 
3.9350 
3.7382 
3.4917 
3.3304 
3.1606 
2.8344 
2.6464 
2.4131 
2.2619 
2.1042 
1.8062 
1.6380 
1.4335 
i.3039 
1.1715 
.9305 
.8006 
.6498 
.5589 
.4702 
.3214 
.2491 
.1733 
.1325 

966(-4) 
468(-4) 
28K-4) 
130(-4) 
714(-5) 
337(-5) 
487(-6) 
102(-6) 
672(-8) 

10 

6.5033 
6.1579 
5.9561 
5.7020 
5.5348 
5.3578 
5.0145 
4.8141 
4.5623 
4.3969 
4.2221 
3.8839 
3.6874 
3.4413 
3.2804 
3.1110 
2.7857 
2.5984 
2.3661 
2.2158 
2.0590 
1.7632 
1.5965 
1.3943 
1.2664 
1.1359 
.8992 
.7721 
.6252 
.5370 
.4513 
.3084 
.2394 
.1677 
.1292 

955(-4) 
487(-4) 
308(-4) 
160(-4) 
982(-5) 
552(-5) 
149(-5) 
592(-6) 
15K-6) 
534(-7) 
15H-7) 

30 

5.4101 
5.0666 
4.8661 
4.6142 
4.4487 
4.2737 
3.9352 
3.7383 
3.4919 
3.3307 
3.1609 
2.8348 
2.6469 
2.4137 
2.2627 
2.1051 
1.8074 
1.6395 
1.4354 
1.3061 
1.1741 
.9339 
.8046 
.6546 
.5643 
.4763 
.3287 
.2570 
.1818 
.1412 
1055 

55K-4) 
355(-4) 
190(-4) 
120(-4) 
695(-5) 
205(-5) 
888(-6) 
26K-6) 
106(-6) 
365(-7) 
307(-8) 

100 

4.2221 
3.8839 
3.6874 
3.4413 
3.2804 
3.1110 
2.7858 
2.5985 
2.3662 
2.2159 
2.0591 
1.7633 
1.5966 
1.3944 
1.2666 
1.1361 
.8995 
.7725 
.6256 
.5375 
.4519 
.3091 
.2402 
.1685 
.1300 

963(-4) 
4941-4) 
315(-4) 
166(-4) 
103(-4) 
3901-51 
169(-5) 
713(-6) 
2051-6) 
82K-7) 
274(-7) 
2261-8) 

can be avoided, if data from more than one ob
servation well are available, by preparing a 
composite data plot of s versus tlr'1. This data 
plot would be matched by adding the constraint 
that the r values for the different data curves 
representing each well fall on proportional (i 
curves. 

The "late" data (for large values of t) can be 
analyzed using equations 16, 17, and 18; these 
equations are forms of summaries 1, W(u), and 
4, L{u, v). However, for cases 1 and 3, the late 
data fall on the flat part of the L(u,v) curves 
and a time-drawdown plot match would be in
determinate. Thus, only a distance-drawdown 
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match could be used. Drawdown predictions, 
however, could be made using the L(u, v) 
curves. 

Assumption 5, that no drawdown occurs in 
the source beds, has been examined by Neu-
man and Witherspoon (1969a, p. 810, 811) for 
the situation in which two aquifers are sepa
rated by a less permeable bed. This is equiva
lent to case 3 with K"=0 and S"=0. They 
concluded that (l)H(u,/3), in the asymptotic so
lution for early times, would not be affected 
appreciably because the properties of the 
source bed have a negligible effect on the solu
tion for Tt/r2S =s 1.6 BVjrlBY, which is equiva-
lent to t^ S'b'/IOK', where B =VTb'IK'; and 
(2) if r , > 1 0 0 7 \ where Ts represents the trans-, 
missivity of the source bed, it is probably: jus
tified to neglect drawdown in the unpui%g;ed 
aquifer. 

Table 5.2 is a listing of a FORTRAN program 
for computing values of H{u,B) for u>10" 6 0 

using a procedure devised and programed by S. 
S. Papadopulos. Input data for this program 
consists of three cards. The first card contains 
the beginning value of l/u, coded in columns 
1-10, in format E10.5, and the ending (largest) 
value of l/u, coded in columns 11-20, in format 
E10.5. The next two cards contain 12 values of 
B, coded in columns 1-10, 11-20, . . . , and 
71-80 on the first card and columns 1-10, 
11-20, . . . , 31-40 on the second card, all in 
format E10.5. The function is evaluated as fol
lows (S. S. Papadopulos, written commun., 
1975): 

H(u,(i) = I (e -"/y) erfc ((iVul Vy(y-u)) dy 
Ju 

= 1 fdy, 
Ju 

where f represents the integrand. For /3 = 0, 
H(u,fi) = W(u), where W(u) is the well function 
ofTheis. Because erfc(x)^l for x ? 0 , it follows 
that H(u,B)^W(u), and for u > 10, W(w)=0 and 
therefore for w>10, H(u,/3)=0. The tables of 
H(u,fl) indicate that /f(u,/?)=0 for /3>1 and 
/32u>300. For an arbitrarily small value of u, 
the integral can be considered as the sum of 
three integrals 

Tx fu, fu, r? 
\ fdy = \ fdy + I fdy + 1 

Ju Ju Ju, Ju., 
fdy, 

where u2 = (u/2)(l + V l+10*°j32/u), 

and u, = («/2)(l + V 1 + 0.025 /3Vu). 

The significance of u2 and u, is that 
erfc (jSVu/VyCy-u)) ~ 1 for u>ut 

and 
erfc (pVu/Vyiy-u)) « 0 for 

Therefore, 

and 
r 
Ju 

/ ' 
JU; 

fdy~0, 

fdy~ W{u,), 

where W(uz) is the well function ofTheis. The 
function can be evaluated as 

H(u,f3) = W(u) for u > u2 

ru2 

H{u,B) = / fdy + W(u.,) for u, < u < u2 

Ju 
ru2 

and H(u,B) * / fdy + W(u2) for u < u, . 
Ju, 

If u, > 10, then 
fu-. HO 
/ fdy = l ) 

Ju, Ju, 
fdy, W(u,) = 0 . 

An example of output from this program is 
shown in figure 5.3. 

Solution 6: Constant discharge 
from a partially penetrating well 

in a leaky aquifer 

Assumptions: 
1. Well discharges at a constant rate, Q. 
2. Well is of infinitesimal diameter and is 

screened in only part of the aquifer. 
3. Aquifer has radial-vertical anisotropy. 
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H ( U . H E T A ) 

I PET a 
1/U 1 

0.100E 
0.150E 
0.200E 
0.300E 
P.500E 
0.700E 
0.100E 
0.150E 
0.200E 
0.300E 
0.500E 
0.700E 

0.10OE 
P.150E 
0.200E 
0.300E 
0.500E 
O.700E 
0. 100E 
0.150E 
0.200E 
0.300E 
0 . 5 0 0 E 

(i. 7 0 0 E 

n.100E 
0 . 1 5 0 E 
0.200E 
0.300E 
0 . 5 0 0 E 
0.700E 
0.100E 
0.150E 
0.200E 
0 . 3 0 0 E 
C.500E 
0.700E 
0.100E 
0.150E 
0.200E 
0.300E 
0 . 5 0 0 E 

0.700E 
0. 10nE 
0.150E 
P.200E 
0.30 0E 
P.500E 
0.700E 
0. 100E 

0? 
0? 
02 
0? 
0? 
0? 
03 
03 
03 
03 
03 
03 
04 
04 
04 
04 
04 
04 
05 
05 
05 
05 
05 
0 5 
06 

06 
06 
06 
06 
06 
07 
07 
07 
07 
07 
07 
OB 
08 
08 
OR 
08 
08 
09 
09 
09 
09 
09 
09 
10 

0.30E-01 
1.6667 
1.9953 
2.2308 
2.5626 
2.9759 
3.3428 
3.5196 
3.8256 
4.0369 
4.3259 
4.6754 
4.8969 
5.1247 

5.3756 
5.5488 
5.7371 
6.0787 
6.2665 
6.4623 
6.6816 
6.8353 
7.0498 
7.3170 
7.4915 
7.6754 
7.8*34 
8.0304 

8.2369 
e.4960 
8.666? 
8.8463 
9.0507 
9.1955 
9.3995 
9.6560 
9.8249 

10.0038 
10.2070 
10.3512 
10.5543 
10.8101 
10.9785 
11.1570 
11.3599 
1 1.5039 
11.7067 
11.9622 
12.1305 
12.3089 

0.10F 00 
1.3894 
1.6531 
1.8401 
2.1010 
2.4228 
2.6296 
2.8443 
3.0826 
3.2483 
3.4775 
3.7598 
3.9425 
4.1338 
4.34«6 
4.4996 
4.7109 
4.9747 
5.1474 
5.3297 
5.5361 
5.6821 
5.8874 
6.1454 
6.3149 
6. 4944 
6.6983 
6.8427 
7.046? 
7.3024 
7.4710 
7.6497 
7.8528 
7.9968 
8.1998 
8.4554 
8.6237 
8.8022 
9.0050 
9.1489 
9.3517 
9.6072 
9.7754 
9.9538 

10.1566 
10.3004 

10.5032 
10.7586 
in.9269 
11.1052 

0.30F 00 
0.9356 
1.1203 
1.2536 
1.4435 
1.6853 
1.8457 
2.0164 
2.2112 
2.3499 
2.5459 
2.793b 
2.9576 
3.1317 

3.33 01 
3.4712 
3.6704 
3.9220 
4.0880 
4.2643 
4.4650 
4.6076 
4.8087 
5.0624 
5.2297 
5.4072 
5.6O90 
5.7523 
5.9S44 
6.2091 
6.3770 
6.5549 
6.7573 
6.9010 
7. 1034 
7.3586 
7.5267 
7.7049 
7.9075 
8.0512 
8.2539 
8.50Q2 
8.6773 
8.8556 
9.0583 
9.2021 
9.4048 
9.6602 
9.8284 

10.0067 

(•• . 1 0»-. 0 1 

0.3970 
0.5010 
0.5H12 
0.7023 
0.8677 
0.9836 
1.1122 
1.2647 
1.3767 
1.5394 
1 .7516 
1.8953 
2.0507 

2.2306 
2.360? 
2.5452 
2.7819 
2.9396 
3.1082 
3.3014 
3.43 Q4 
3.6349 
3.8H27 
4.11467 

4.2212 
4 . <• 2 0. 2 
4.5617 
4.7616 
• 5 . :> 1 4 1 

5.1807 
5.3S76 
5.5589 

5.7018 
5.9Q35 
6. 1578 
6.3255 
H . 5 0 3 3 

6.7055 
6.8*90 
7.0513 
7.3063 
7.4744 
7.6t,?5 
7.8550 
7.9988 
P.?014 
8.4 56 6 
8.6248 
8.8031 

(1.3 OF. 0 

0. 11966 

0.137<-
0.1733 
0.2320 
0.3214 
0.3897 
0.4702 
0.5717 
0.64 98 
0.7683 
0.9305 
1 .0447 

1.1715 
1.3225 
1.433S 
1.5951 
1 . c- 0 6 > 

1.9494 
2.1042 
2.2837 

2.4131 
2.597^ 
2.634* 
2 . 9 9 ? i 
3.1606 
3.353". 
3.4917 

3.6^72 
3.9 3S1 
4.0991 

4 . 2 7 3 M 

4.4726 
4.6141 
4.8J41 

5.0666 
5.233? 
5.4101 
5.6114 
5.7544 
5.9561 
6.210'* 
6.3781 

6.555^ 
6.758] 
6.9016 
7.1040 
7.359* 
7.5270 
7.70-2 

IGURE 5.3. — Example of output from program for computing drawdown due to constant discharge from a 
well in a leaky aquifer with storage of water in the confining beds. 
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4. Aquifer is over la in , or under la in , 
everywhere by a confining bed hav
ing uniform hydraulic conductivity 
(K') and thickness (6'). 

5. Confining bed is overlain, or underlain, 
by an infinite constant-head plane 
source. 

6. Hydraulic gradient across confining bed 
changes ins tan taneous ly with a 
change in head in the aquifer (no re
lease of water from storage in the 
confining bed). 

7. Flow is vertical in the confining bed. 
8. The leakage from the confining bed is 

assumed to be generated within the 
aquifer so that in the aquifer no ver
tical flow results from leakage alone. 

Differential equation: 

d2s/dr2 + IIr ds/dr + a2d2s/dz2 - sK'/Tb' 

= S/T dsldt 

a2=KJKr 

This is the differential equation describing 
nonsteady radia l and ver t ical flow in a 
homogeneous aquifer with radial-vertical 
anisotropy and leakage proportional to draw
down. 

Boundary and initial conditions: 
s(r,2,0) = 0 , r ? 0 , 0 « 2 « 6 (1) 
s(x,z,t) = 0,0^z^b,tszO (2) 
ds(rfi,t)/dz = 0,r^O,tz*0 (3) 
ds(r,b,t)/dz = 0,r^Q,t^O (4) 

ds 
0, for 0 < z < d 

lim r ^= \-Q/(2nK,(l-d)), for d < z < I (5) 
r~° ' 0, for / <z <b 

Equation 1 states that, initially, drawdown 
is zero. Equation 2 states that drawdown is 
small at a large distance from the pumping 
well. Equations 3 and 4 state that there is no 
vertical flow at the upper and lower boundaries 
of the aquifer. This means that vertical head 
gradients in the aquifer are caused by the 
geometric placement of the pumping well 
screen and not by leakage. Equation 5 states 
that near the pumping well the discharge is 

distributed uniformly over the well screen and 
that no radial flow occurs above and below the 

screen. 

Solution: 
I. For the drawdown in a piezometer, a so

lution by Hantush (1964a, p. 350) is given by 

s = Q/4TrT{W(u,p) + f(u,arlb,p,dlb,llb,zlb)}, 

where 

Wiufi) - / 
Ju 

4y> 

dy 

r2S 
ATt 

P = 
rlK' 
TV 

a = VKJKr 

f(u,ar/b,/3,d/b,l/b,zlb) 
x 

= 2b/n(l~d) 2 1/n(sin nrrllb - sin rnrd/b) 

• cos{nirz/b)W\ u, VFHmrar/b)2). 

II. For the drawdown in an observation 
well 

s = Q/4iiT{W(u,$) 

+ f{u,arlbfi4lb,llb,d'lb,Vlb)}, 

where 

~f{u,arlbS4lb,llb,d'lb,l'lb) 

= 2bVirt(l-d)(l'-d') 
X 

• 2 l/n2(sin nirl/b — sin mrd/b) 
n = l 

•(sin mrl'/b-sin mrd'/b)W(u,Vp2 + (mrarlb)2) 

Comments: 
The geometry is shown in figure 6.1. The dif

ferential equation and boundary conditions are 
based on the assumption that vertical flow in 
the aquifer is caused by partial penetration of 
the pumping well and not by leakage. Hantush 
(1967, p. 587) concluded that this assumption is 
correct if bVK'/Tb' < 0.1. The solutions are 
based on a uniform distribution of flow over the 
screen of the pumped well. Depending on fric
tion losses within the well, a more realistic as
sumption might be constant drawdown over 
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Pumping well 

Q 

Piezometer 
Observation 

well 

/ / / / / / / / 
/ / / / / / / 

"7 7 7 7 -
impermeabie bed 

FIGURE 6.1.—Cross section through a discharging well that is screened in part of a leaky aquifer. 

the screen of the pumped well; this assumption 
would imply nonuniform distribution of flow. 
Hantush (1964a, p. 351) postulates that the ac
tual drawdown at the face of the pumping well 
will have a value between these two extremes. 
The solutions should be applied with caution at 
locations very near the pumped well. The ef
fects of partial penetration are insignificant for 
r>1 .5 bla (Hantush, 1964a, p. 350), and the 
solution is the same for the solution 4. 

Because of the large number of variables in
volved, presentation of a complete set of type 
curves is impractical. An example, consisting 
of curves for selected values of the parameters, 
is shown in figure 6.2 on plate 1. This figure is 
based on function values generated by a FOR
TRAN program. 

The computer program formulated to com
pute drawdowns due to pumping a partially 
penetrating well in a leaky aquifer is listed in 
table 6.1. Input data to this program consists of 
cards coded in specific FORTRAN formats. 
Readers unfamiliar with FORTRAN format 

items should consult a FORTRAN language 
manual. The first card contains: aquifer thick
ness (6), coded in format F5.1 in columns 1-5; 
depth, below top of aquifer, to bottom of pump
ing well screen ( / ) , coded in format F5.1 in col
umns 6-10; depth, below top of aquifer, to top 
of pumping well screen id), coded in format 
F5.1 in columns 11-15; number of observation 
wells and piezometers, coded in format 15 in 
columns 16-20; smallest value of llu for which 
computation is desired, coded in format E10.4 
in columns 21-30; largest value of \lu for 
which computation is desired, coded in format 
E10.4 in columns 31-40. The next two cards 
contain 12 values of r/B, all coded in format 
E10.5, in columns 1-10, 11-20, 21-30, 31-40, 
41-50, 51-60, 61-70, and 71-80 of the first 
card and columns 1-10, 11-20, 21-30, and 
31-40 of the second card. Computation will 
terminate with the first zero (or blank) value 
coded. Next is a series of cards, one card per 
observation well or piezometer, containing: ra
dial distance from the pumped well multiplied 
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by the square root of the ratio of vertical to 
horizontal conductivity (rVKJK,.), coded in 
format F5.1 in columns 1-5; depth, below top of 
aquifer, to bottom of observation well screen 
(code blank for piezometer), coded in format 
F5.1, in columns 6-10; depth, below top of 
aquifer, to top of observation well screen (total 
depth for a piezometer), coded in format F5.1, 
W ( U , R / B R > * F ( U . R / B . R / B R . L / B . D / B . Z / B > . Z/B= 0 . 5 0 , SORT(KZ/KR>«R/B= 0 . 1 0 . 1 /8 = 0 . 7 0 . D/B = 0 .10 

in columns 11-15. Output from this program is 
a table of function values. An example of the 
output is shown in figure 6.3. 

Because most aquifers are anisotropic in the 
i—z plane, it is generally impractical to use 
this solution to analyze for the parameters. 
However, it can be used to predict drawdown if 
the parameters are determined independently. 

i 
l/U I 

0.100E 01 
0.150E 01 
0.200E 01 
0.300E 01 
0.500E 01 
0.700E 01 
0.100E 02 
0.150E 02 
0.200E 02 
0.300E 02 
0.500E 02 
0.700E 02 
0.100E 03 
0.150E 03 
0.200E 03 
0.300E 03 
0.500E 03 
0.700E 03 
0.100E 04 
0.150E 04 
0.200E 04 
0.300E 04 
0.500E 04 
0.700E 04 
I1.100E 0B 

W( 

R/BR 
0.10E-05 
0.5478 
0.9901 
1.3804 
2.0043 
2.8381 
3.3737 
3.9049 
4.4488 
4.7951 
5.2379 
5.7539 
6.0864 
6.4390 
6.8411 
7.1271 
7.5309 
8.0404 
8.3763 
8.7326 
9.1377 
9.4252 
9.8305 
10.3412 
10.6776 
11.0343 

0.10E-04 
0.5478 
0.9901 
1.3804 
2.0043 
2.8381 
3.3737 
3.9i>49 
4.4488 
4.7951 
5.2379 
5.7539 
6.0864 
6.4390 
6.8411 
7.1271 
7.5309 
8.0404 
8.3763 
8.7326 
9.1377 
9.4252 
9.8305 
10.3412 
10.6776 
11.0343 

0.10E-03 
0.5478 
0.9901 
1.3804 
2.0043 
2.8381 
3.3737 
3.9.049 
4.4488 
4.?;951 
5.23^9 
5.7S39 
6.0864 
6.4390 
6.8411 
7.1271 
7.5309 
8.0404 
8.3763 
8.7326 
9.1377 
9.4252 
9.8305 
10.3412 
10.6776 
11.0343 

0.10E-0? 
0.5478 
0.9901 
1.3804 
2.0043 
2.8381 
3.3737 
3.9049 
4.4488 
4.7951 
5.2379 
5.7539 
6.0864 
6.4389 
6.8411 
7.1271 
7.5309 
8.0403 
8.3762 
8.7323 
9.1373 
9.4247 
9.8298 
10.3400 
10.6759 
11.0318 

D.10E-01 
0.5478 
0.990P 
1.3803 
2.0042 
2.8379 
3.3735 
3.9046 
4.44183 
4.751:44 
5..2$$ 9 
5.7%25 
6.0»44 
6.4363 
6.8372 
7.1220 
7.5233 
8.0278 
8.3588 
8.7076 
9.100S 
9.375P 
9.7568 
10.2199 
10.5099 
10.7990 

.10E 00 
0.5468 
0.9878 
1.3764 
1.9964 
2.8221 
3.3499 
3.8700 
4.3975 
4.7291 
5.1455 
5.6135 
5.9001 
6.1859 
6.4816 
6.6669 
6.8854 
7.07B8 
7.1556 
7.200? 
7.2199 
7.2239 
7.2250 
7.2251 
7.2251 
7.2251 

•10E 01 
0.4631 
0.7872 
1.0398 
1.3767 
1.6931 
1.8158 
1.8826 
1.9094 
1.9143 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 
1.9155 

0.10E 02 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0081 
0.0001 
O.ffOOl 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 

U.R/BRUFIU.R/B.R/BR.L/B.O/B.L'/B.D^/B) . L»/B = 0.51. D'/« = 0.49. SORT (KZ/KR) «R/R = 0.10. 
L/* = 0.70. D/H = 0.30 

I 

0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 

l/U I 
100E 01 
150E 01 
200E 01 
300E 01 
500E 01 
700E 01 
100E 02 
150E 02 
200E 0? 
300E 02 
500E 02 
700E 02 
100E 03 
150E 03 
200E 03 
300E 03 
500E 03 
700E 03 
10OE 04 
150E 04 
200E 04 
300E 04 
500E 04 
700E 04 
100E 05 

R/BR 
0.10E-05 
0.5477 
0.9899 
1.3801 
2.0038 
2.8372 
3.3727 
3.9037 
4.4475 
4.7937 
5.2365 
5.7525 
6.0850 
6.4376 
6.8397 
7.1257 
7.5295 
8.0390 
8.3749 
8.7312 
9.1363 
9.4238 
9.8291 
10.3398 
10.6762 
11.0329 

FIGURE 6.3 

0.1 
0 
0 
1 
2 
2 
3 
3 
4 
4 
5 
5 
6 
6 
6 
7 
7 
8 
8 
8 
9 
9 
9 
10 
10 
11 

0E-04 
.5477 
.9899 
.3801 
.0038 
.8372 
.3727 
.9037 
.4475 
.7937 
.2365 
.7525 
.0850 
.4376 
.8397 
.1257 
.5295 
.0390 
.3749 
.7312 
.1363 
.4238 
.8291 
.3398 
.6762 
.0329 

0.10E-03 
0.5477 
0.9899 
1.3801 
2.0038 
2.8372 
3.3727 
3.9037 
4.4475 
4.7937 
5.2365 
5.7525 
6.0850 
6.4376 
6.8397 
7.1257 
7.5295 
8.0390 
8.3749 
8.7312 
9.1363 
9.4238 
9.8291 
10.3398 
10.6762 
11.0328 

0.10 
0. 
0. 
1. 
2. 
2. 
3. 
3. 
4. 
4. 
5. 
5. 
6. 
6. 
6. 
7. 
7. 
8. 

a. 
8. 
9. 
9. 
9. 
10. 
10. 
11. 

E-02 
5477 
9899 
3801 
0038 
8372 
3727 
9037 
4475 
7937 
2365 
7525 
0849 
4375 
8397 
1257 
5295 
0389 
3748 
7309 
1359 
4233 
8284 
3386 
6745 
0304 

0.10E-01 
0.5477 
0.9899 
1.3801 
2.0037 
2.8371 
3.3725 
3.9034 
4.4470 
4.7930 
5.2356 
5.7511 
6.0830 
6.4349 
6.835P 
7.1206 
7.5219 
8.0264 
8.3574 
8.7062 
9.0991 
9.3743 
9.7554 
10.2185 
10.5085 
10.7976 

.10E 00 
0.5468 
0.9876 
1.3761 
1.9959 
2.8213 
3.3488 
3.8688 
4.3962 
4.7277 
5.1441 
5.6122 
5.8987 
6.1845 
6.4802 
6.6655 
6.8840 
7.0775 
7.1542 
7.1988 
7.2185 
7.2225 
7.2236 
7.2237 
7.2237 
7.2237 

. 10E 01 
0.4631 
0.7871 
1.0396 
1.3764 
1.6927 
1.8153 
1.8821 
1.9089 
1.9138 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 
1.9150 

0.10E 02 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 

Example of output from program for partial penetration in a leaky artesian aquifer. 
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Solution 7: Constant drawdown in 
a well in a leaky aquifer 

Assumptions: 
1. Water level in well is changed instan

taneously by s„. at t=0. 
2. Well is of finite diameter and fully pen

etrates the aquifer. 
3. Aquifer is overlain, or unde r l a in , 

everywhere by a confining bed hav
ing uniform hydraulic conductivity 
(K1) and thickness (6')-

4. Confining bed is overlain, or underlain, 
by an infinite constant-head plane 
source. 

5. Hydraulic gradient across confining bed 
changes ins tan taneous ly wi th a 
change in head in the aquifer (no re
lease of water from storage in the 
confining bed). 

6. Flow in the aquifer is two dimensional 
and radial in the horizontal plane 
and flow in the confining bed is verti
cal. This assumption is approximated 
closely where the hydraulic conduc
tivity of the aquifer is sufficiently 
greater than that of the confining 
bed. 

Differential equation: 

d2sldr2 + (llr)dsldr - sK'ITb' = (SIT)dsldt 

This differential equation describes nonsteady 
radial flow in a homogeneous isotropic confined 
aquifer with leakage proportional to draw
down. 

Boundary and initial conditions: 

s(r,0) = 0, rs=0 
s(r,r,t) = s,r, t^O 
s(*,t) = 0, t^O 

(1) 
(2) 
(3) 

Equation 1 states that , initially, drawdown 
is zero. Equation 2 states that at the wall or 
screen of the discharging well, drawdown in 
the aquifer is equal to the constant drawdown 
in the well, which assumes that there is no en
trance loss to the discharging well. Equation 3 
states that the drawdown approaches zero as 
distance from the discharging well approaches 
infinity. 

Solutions (Hantush, 1959): 
I. For the discharge rate of the well, 

where 
Q = 2irTsirG(a,rJB), 

G(a,rjB) = {ru.IB)K,(ru.IB)IKa(ru-IB) 

+ (4/7r) exp [-a{r J BY] 

1 \uexp(-au*)l[J*(u) + Y* (u) ]} 

•du/[u2 + (rJB)2], 

and a = TtlSrL 

B = VTb'/K'. 

K„ and if, are zero-order and first-order, re
spectively, modified Bessel functions of the sec
ond kind. J„ and Y„ are the zero-order Bessel 
functions of the first and second kind, re
spectively. 

II. For the drawdown in water level 

s = sAK0(r/B)/Kn(rir/B) 

+ (2/Tr)exp(-ar„-/B2) I exp (-au2) 
I u- + (r„./B)2 

J0 

J„(ur/rir)Y„(u) - Y^urlrir)Jn(u) ;/ ^ ( 4 ) 

J,r(u) + y„-(w) 

with a, B, K„, J0, and Y„ as defined previously. 
Comments: 

A cross section through the discharging well 
is shown in figure 7.1. The boundary conditions 
most commonly apply to a flowing artesian 
well, as is shown in this illustration. 

Figure 7.2 on plate 1 is a plot of dimension-
less discharge (G(a,r„./B)) versus dimension-
less time (a) from data of Hantush (1959, table 
1) and Dudley (1970, table 2). Selected values 
of G(a,r„./B) are given in table 7.1. The corre
sponding data curve should be a plot of ob
served discharge versus time. The data curve is 
matched to figure 7.2 and from match points 
(a,G(a,rtl/B)) and (t,Q), T and S are computed 
from the equations 
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FIGURE 7.1.—Cross section through a well with constant drawdown in a leaky aquifer. 

and 

T = Q/(2irsu.G(a,rJB)) 

S = TtKari). 

Figure 7.3 on plate 1 contains plots of dimen-
sionless drawdown {s/sir) versus dimensionless 
time {ar^/r2). The corresponding data plot 
would be observed drawdown versus observa
tion time. Matching the data and type curves 
by superposition and choosing convenient 
match points {s/s,r,ar;-?Jr2) and is,t), the ratio of 
transmissivity to storage coefficient can be 
computed from the relation 

TIS = (ar*/rt)(r*lt). 

Figure 7.3 was plotted from function values 
generated by a FORTRAN program. This pro
gram is listed in table 7.2. The input data for 
this program consist of three cards coded in 
specific formats. Readers unfamiliar with 

FORTRAN format items should consult a 
FORTRAN language manual. The first card 
contains: the smallest value of alpha for which 
computation is desired, coded in format E10.5 
in columns 1-10; the largest value of alpha for 
which computation is desired, coded in format 
E10.5 in columns 11-20. The output table will 
include a range in alpha spanning these two 
values up to a limiting range of nine log cycles. 
The second card contains 13 values of rJB. 
These coded values are the significant figures 
only and should be greater or equal to 1 and 
less than 10. The power of 10 by which each of 
these coded values is multiplied is calculated 
by the program. Zero (or blank) coding is per
missible, but the first zero (or blank) value will 
terminate the list. The 13 values, all coded in 
format F5.0, are coded in columns 1-5, 6-10, 
11-15, 16-20, 21-25, 26-30, 31-35, 36-40, 
41-45, 46-50, 51-55, 56-60, and 61-65. The 
third card contains the radius of the control 
well and distances to the observation wells. 
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TABLE 7.1.—Values of G(a.rjB) 

[Values for rJB s 1x10"' and a * 1x10' are from Hantush (1959, table 1), others are from Dudley (1970, table 2)] 

a 

1 X 10"' 
2 
5 
1 X 
2 
5 
1 x 
2 
5 
1 X 
2 
5 
1 X 
2 
5 
1 X 
2 
5 
1 X 
2 
5 

10° 

10' 

102 

103 

104 

105 

1 X 10" 
2 
5 

a 

l x 
2 
K 

104 

1 X 10s 

2 
5 
1 x 
2 
5 
1 x 
2 
5 
1 x 
2 
5 

106 

107 

10s 

1 X 10s 

2 
5 
1 x 
2 
5 
1 x 
2 
5 

10'° 

10" 

0 

2.24 
1.71 
1.23 

.983 

.800 
.628 
.534 
.461 
.389 
.346 
.311 
.274 
.251 
.232 
.210 
.196 
.185 
.170 
.161 
.152 
.143 
.136 
.130 
.123 

0 

0.196 
.185 
1 nr\ 

.161 

.152 

.143 
.136 
.130 
.123 
.118 
.114 
.108 
.104 
.100 
.0958 
.0927 
.0899 
.0864 
.0838 
.0814 
.0785 
.0764 

6xlO-J 

2.24 
1.71 
1.23 

.983 

.800 
.628 
.534 
.461 
.389 
.346 
.311 
.275 
.252 
.234 
.215 
.204 
.197 
.192 
.191 

.191 

lxlO"s 

0.196 
.185 
.170 
.161 
.152 
.143 
.136 
.130 
.123 
.118 
.114 
.108 
.104 
.100 
.0958 
.0930 
.0906 
.0880 
.0867 
.0862 
.0860 
.0860 

lx 10"' 

2.24 
1.71 
1.23 

.983 

.800 

.628 

.534 

.461 

.389 

.346 
.312 
.276 
.255 
.239 
.222 
.216 
.213 
.212 

.212 

2xl0 ' s 

0.196 
.185 
.170 
.161 
.152 
.143 
.136 
.130 
.123 
.118 
.114 
.108 
.104 
.101 
.0966 
.0943 
.0927 
.0916 
.0914 

.0914 

2X10"' 

2.25 
1.71 
1.23 

.984 

.801 
.629 
.535 
.462 
.390 
.349 
.316 
.284 
.266 
.255 
.249 
.248 

.248 

6X10"1 

0.196 
.185 
.170 
.161 
.152 
.143 
.136 
.130 
.123 
.118 
.114 
.108 
.105 
.103 
.102 

.102 

rr/B 

6x10"' 

2.25 
1.72 
1.23 

.986 

.804 
.633 
.541 
.472 
.407 
.374 
.353 
.341 
.339 

.339 

r ^ B 

1x10"' 

0.196 
.185 
.170 
161 

.152 

.143 
.136 
.130 
.123 
.118 
.114 
.110 
.108 
.107 

.107 

1x10'' 

2.25 
1.72 
1.24 

.990 

.809 
.642 
.554 
.491 
.438 
.417 
.408 
.406 

.406 

2x10"' 

0.196 
.185 
.170 
.161 
.152 
.143 
.137 
.131 
.124 
.120 
.116 

.116 

2x10"' 

2.26 
1.73 
1.25 
1.01 

.834 
.682 
.611 
.569 
.548 
.545 

.545 

6x10"' 

0.196 
.185 
.170 
.162 
.153 
.144 
.139 
.135 
.133 

.133 

6x10"' 

2.31 
1.81 
1.38 
1.18 
1.07 
1.01 

1.01 

lxlO"3 

0.196 
.185 
.170 
.162 
.155 
.148 
.144 
.143 
.142 

.142 

1x10" 

2.43 
1.96 
1.61 
1.49 
1.44 
1.43 

1.43 

2X10'3 

0.197 
.185 
.173 
.167 
.163 
.161 
.159 
.159 
.158 

.158 

The control well radius (r„) is coded first, in 
columns 1-8 in format F8.2. The distances (r) 
to the observation wells (maximum of nine) are 
coded next, in monotonic increasing order 
(smallest r first, largest r last), in columns 
9-16, 17-24, 25-32, 33-40, 41-48, 49-56, 
57-64, 65-72, and 73-80, all in format F8.2. If 
two or more observation wells have the same 
distance, this common distance should be coded 
only once, the function values will apply to all 
wells at the same distance from the control 

well. If the number of observation wells is less 
than nine, the remaining columns on the card 
should be left blank. 

The integral in equation 4 is approximated 
by 

r 
Jo 

f(u,a,rir/B) du 

8000 
v / ' ( - A M / 2 + iAu,a,rJB) An 

i = 1 
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This expression is a composite quadrature with 
equally spaced abscissas. The abscissas are 
chosen at the midpoints of the intervals instead 
of the ends because the integrand is singular at 
u =0. The value of A;< used is related to a and is 
Au *s 10~:7 Va~. The rJB values then selected 
by the program satisfy r„./B s? 10 Aw. These two 
constraints, though empirical, are related to 
the behavior of the integrand; the first con
straint is related to the term e """'as u becomes 
large, and the second to w/(u- + (r„/S)2) as u 
becomes small. 

The Bessel functions K„{rlB), K„{rn.IB) are 
evaluated by the IBM subroutine BESK. A de
scription of this subroutine may be found in the 
IBM Scientific Subroutine Package. 

The Bessel functions of the second kind in 
the integrand, Y„(u) and Yn(urlru.), are evalu
ated using IBM subroutine BESY, which is 
discussed in IBM SSP manual. The Bessel 
functions J , ,(M) and J„(ur/r„.) are evaluated for 
arguments less than four by a polynomial ap
proximation consisting of the first 10 terms of 
the series expansion 

J„(x) =I(-l)"(x-/2)"/(n\V. 
«-o 

For arguments greater than or equal to four, 
the asymptotic expansion is used 

J„(x) = P cos (x - 77/4) + Q sin (x - 7r/4). 

P and Q are calculated by the algorithm used 
in IBM subroutine BESY. 

The output from this program consists of ta
bles of function values, an example of which is 
shown in figure 7.4. 

Solution 8: Constant discharge 
from a fully penetrating well of 

finite diameter in a nonleaky 
aquifer 

Assumptions: 
1. Well discharges at a constant rate, Q. 
2. Well is of finite diameter and fully pen

etrates the aquifer. 
3. Aquifer is not leaky. 
4. Discharge from the well is derived from 

a depletion of storage in the aquifer 
and inside the well bore. 

Differential equation: 

d2s/dr- + (l/r)ds/dr = (SlT)dsldt, r^r„. 

This different ia l equa t ion describes 
nonsteady radial flow in a homogeneous iso
tropic aquifer in the region outside the pumped 
well. 

Boundary and initial conditions: 
s(r„.,t) = s„.(t),t>0 (1) 

s(=c,*) = 0, t>0 (2) 
sir, 0) = 0,r^r,, (3) 

s„.(0) = 0 (4) 
(2irrHT)ds(r„., t)ldr ~(irr;)ds„.(t)/dt 

= -Q,t>0 (5) 

Equation 1 states that the drawdown at the 
well bore is equal to the drawdown inside the 
well, assuming tha t there is no entrance loss at 
the well face. Ecftfation 2 states that drawdown 
is small at a large distance from the pumping 
well. Equations 3 and 4 state that, initially, 
drawdown in the aquifer and inside the well is 
zero. Equation 5 states that the discharge of 
the well is equal to the sum of the flow into the 
well and the rate of decrease in storage inside 
the well. 

Solution (Papadopulos and Cooper, 1967; 
Papadopulos, 1967): 

s = (QI4irT)F{u,a,p), 

where 

r 
F(u,a,p) = (8a/ir) I 

JO 

[(l-exp(-ffVr/4M)] [«/„(j3pM(/3)-y„(j3p)fl(j3)] 

and fi(/8) 
4(/3) 

u 
a 

P 

= /3J„(/3)-
= pY„[p)-
= r-SIATt 
= r-SIrl, 
= r/r„.. 

2aJ,((3), 
-2ay,(j8), 

J,, and Y,„ J, and Y,, are zero-order and 
first-order Bessel functions of the first and sec
ond kind, respectively. 



Z<ALPHA,K/KWiRW/B)t R/RW = 100. 

I RW/8 
ALPHA 1 

0 . 1 0 0 E 
0 . 1 5 0 E 
0 . 2 0 0 E 
0 . 3 0 0 E 
0 . 5 0 0 E 
0 . 7 0 0 E 
0 . 1 0 0 E 
0 . 1 5 0 E 
0 . 2 0 0 E 
0 . 3 0 0 E 
0 . 5 0 0 E 
0 . 7 0 0 E 
0 . 1 0 0 E 
0 . 1 5 0 E 
0 . 2 0 0 E 
0 . 3 0 0 E 
0 . 5 0 0 E 
0 . 7 0 0 E 
0 . 1 0 0 E 
0 . 1 5 0 E 
0 . 2 0 0 E 
0 . 3 0 0 E 
0 . 5 0 0 E 
0 . 7 0 0 E 
0 . 1 0 0 E 

0 5 
0 5 
0 5 
0 5 
0 5 
0 5 
0 6 
0 6 
0 6 
0 6 
0 6 
0 6 
07 
07 
0 7 
0 7 
07 
0 7 
0 8 
0 8 
0 8 
0 8 
08 
0 8 
0 9 

0 . 1 0 E - 0 3 0 
0 . 1 1 4 
0 . 1 4 2 
0 . 1 6 1 
0 . 1 8 8 
0 . 2 2 1 
0 . 2 4 2 
0 . 2 6 3 
0 . 2 8 5 
0 . 3 0 0 
0 . 3 2 1 
0 . 3 4 5 
0 . 3 6 0 
0 . 3 7 5 
0 . 3 9 1 
0 . 4 0 2 
0 . 4 1 7 
0 . 4 3 5 
0 . 4 4 5 
0 . 4 5 6 
0 . 4 6 7 
0 . 4 7 4 
0 . 4 8 3 
0 . 4 9 2 
0 . 4 9 7 
0 . 5 0 1 

• 1 S E - 0 3 
0 . 1 1 4 
0 . 1 4 2 
0 . 1 6 1 
0 . 1 8 8 
0 . 2 2 1 
0 . 2 4 2 
0 . 2 6 2 
0 . 2 8 5 
0 . 3 0 0 
0 . 3 2 1 
0 . 3 4 5 
0 . 3 6 0 
0 . 3 7 5 
0 . 3 9 1 
0 . 4 0 1 
0 . 4 1 6 
0 . 4 3 2 
0 . 4 4 2 
0 . 4 5 2 
0 . 4 6 1 
0 . 4 6 7 
0 . 4 7 3 
0 . 4 7 9 
0 . 4 8 2 
0 . 4 8 3 

0 . 2 0 E - 0 3 0 
0 . 1 1 4 
0 . 1 4 2 
0 . 1 6 1 
0 . 1 8 8 
0 . 2 2 1 
0 . 2 4 2 
0 . 2 6 2 
0 . 2 8 5 
0 . 3 0 0 
0 . 3 2 0 
0 . 3 4 4 
0 . 3 5 9 
0 . 3 7 4 
0 . 3 8 9 
0 . 4 0 0 
0 . 4 1 4 
0 . 4 2 9 
0 . 4 3 8 
0 . 4 4 6 
0 . 4 5 4 
0 . 4 5 8 
0 . 4 6 2 
0 . 4 6 5 
0 . 4 6 6 
0 . 4 6 7 

• 3 0 E - 0 3 
0 . 1 1 4 
0 . 1 4 1 
0 . 1 6 1 
0 . 1 8 8 
0 . 2 2 1 
0 . 2 4 1 
0 . 2 6 2 
0 . 2 8 4 
0 . 2 9 9 
0 . 3 1 9 
0 . 3 4 3 
0 . 3 5 7 
0 . 3 7 1 
0 . 3 8 6 
0 . 3 9 6 
0 . 4 0 8 
0 . 4 2 1 
0 . 4 2 7 
0.43.% ; 
0 . 4 3 7 
0 . 4 3 9 
0 . 4 4 0 
0 . 4 4 0 
0 . 4 4 0 
0 . 4 4 0 

0 . S 0 E - 0 3 0 
0 . 1 1 3 
0 . 1 4 1 
0 . 1 6 1 
0 . 1 8 8 
0 . 2 2 0 
0 . 2 4 1 
0 . 2 6 1 
0 . 2 8 3 
0 . 2 9 8 
0 . 3 1 7 
0 . 3 3 9 
0 . 3 5 2 
0 . 3 6 4 
0 . 3 7 6 
0 . 3 8 4 
0 . 3 9 2 
0 . 3 9 9 
0 . 4 0 1 
0 . 4 0 3 
0 . 4 0 3 
0 . 4 0 4 
0 . 4 0 4 
0 . 4 0 4 
0 . 4 0 4 
0 . 4 0 4 

I . 7 0 E - 0 3 0 
0 . 1 1 3 
0 . 1 4 1 
0 . 1 6 1 
0 . 1 8 8 
0 . 2 2 0 
0 . 2 4 0 
0 . 2 6 0 
0 . 2 8 1 
0 . 2 9 5 
0 . 3 1 3 
0 . 3 3 3 
0 . 3 4 4 
0 . 3 5 b 
0 . 3 6 4 
0 . 3 6 8 
0 . 3 7 3 
0 . 3 7 6 
0 . 3 7 6 
0 . 3 7 7 
0 . 3 7 7 
0 . 3 7 7 
0 . 3 7 7 
0 . 3 7 7 
0 . 3 7 7 
0 . 3 7 7 

. 1 0 E - 0 2 0 
0 . 1 1 3 
0 . 1 4 1 
0 . 1 6 0 
0 . 1 8 7 
0 . 2 1 8 
0 . 2 3 7 
0 . 2 5 7 
0 . 2 7 7 
0 . 2 8 9 
0 . 3 0 5 
0 . 3 2 2 
0 . 3 3 0 
0 . 3 3 7 
0 . 3 4 2 
0 . 3 4 4 
0 . 3 4 5 
0 . 3 4 6 
0 . 3 4 6 
0 . 3 4 6 
' ) . 3 4 6 
0 . 3 4 6 
0 . 3 4 6 
0 . 3 4 6 
0 . 3 4 6 
0 . 3 4 6 

FIGURE 7.4.—Example of output from program for constant drawdown 

1 S E - 0 2 
0 . 1 1 2 
0 . 1 4 0 
0 . 1 5 9 
0 . 1 8 4 
0 . 2 1 4 
0 . 2 3 2 
0 . 2 5 0 
0 . 2 6 7 
0 . 2 7 7 
0 . 2 8 9 
0 . 2 9 9 
0 . 3 0 3 
0 . 3 0 5 
0 . 3 0 6 
0 . 3 0 7 
0 . 3 0 7 
0 . 3 0 7 
0 . 3 0 7 
0 . 3 0 7 
0 . 3 0 7 
0 . 3 0 7 
0 . 3 0 7 
0 . 3 0 7 
0 . 3 0 7 
0 . 3 0 7 

0 . 2 0 E - 0 2 
0 . 1 1 2 
0 . 1 3 8 
0 . 1 5 7 
0 . 1 8 1 
0 . 2 0 9 
0 . 2 2 5 
0 . 2 4 0 
0 . 2 5 4 
0 . 2 6 2 
0 . 2 6 9 
0 . 2 7 5 
0 . 2 7 6 
0 . 2 7 7 
0 . 2 7 7 
0 . 2 7 7 
0 . 2 7 7 
0 . 2 7 7 
0 . 2 7 7 
0 . 2 7 7 
0 . 2 7 7 
0 . 2 7 7 
0 . 2 7 7 
0 . 2 7 7 
0 . 2 7 7 
0 . 2 7 7 

0 . 3 0 E - 0 2 
0 . 1 0 9 
0 . 1 3 4 
0 . 1 5 1 
0 . 1 7 3 
0 . 1 9 6 
0 . 2 0 8 
0 . 2 1 8 
0 . 2 2 5 
0 . 2 2 8 
0 . 2 3 1 
0 . 2 3 2 
0 . 2 3 2 
0 . 2 3 2 
0 . 2 3 2 
0 . 2 3 2 
0 . 2 3 2 
0 . 2 3 2 
0 . 2 3 2 
0 . 2 3 2 
0 . 2 3 2 
0 . 2 3 2 
0 . 2 3 2 
0 . 2 3 2 
0 . 2 3 2 
0 . 2 3 2 

0 . 5 0 E - 0 2 
0 . 1 0 2 
0 . 1 2 2 
0 . 1 3 5 
0 . 1 5 0 
0 . 1 6 2 
0 . 1 6 7 
0 . 1 6 9 
0 . 1 7 0 
0 . 1 7 1 
0 . 1 7 1 
0 . 1 7 1 
0 . 1 7 1 
0 . 1 7 1 
0 . 1 7 1 
0 . 1 7 1 
0 . 1 7 1 
0 . 1 7 1 
0 . 1 7 1 
0 . 1 7 1 
0 . 1 7 1 
0 . 1 7 1 
0 . 1 7 1 
0 . 1 7 1 
0 . 1 7 1 
0 . 1 7 1 

0 . 7 0 E - 0 2 0 
0 . 0 9 1 
0 . 1 0 7 
0 . 1 1 5 
0 . 1 2 3 
0 . 1 2 8 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 
0 . 1 3 0 

I . 1 0 E - 0 1 
J . 0 7 4 
0 . 0 8 2 
0 . 0 8 6 
0 . 0 8 8 
0 . 0 8 9 
0 . 0 8 9 
0 . 0 8 9 
0 . 0 8 9 
0 . 0 8 9 
0 . 0 8 9 
0 . 0 8 9 
0 . 0 8 9 
0 . 0 8 9 
0 . 0 8 9 
0 . 0 8 9 
0 . 0 8 9 
0 . 0 8 9 
0 . 0 6 9 
0 . 0 8 9 
0 . 0 8 9 
0 . 0 8 9 
0 . 0 8 9 
0 . 0 8 9 
0 . 0 8 9 
0 . 0 8 9 

a well in a leaky artesian aquifer. 
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The drawdown inside the pumped well is ob
tained at r = rw and can be expressed as 
(Papadopulos and Cooper, 1967, p. 242): 

sw = (Q/4nT)F(uw,a), 

where F(uu,,a) = F(u,a,l), 

and UK = r*S/4tT. 

Comments: A cross section through the dis
charging well is shown in figure 8.1. The 
geometry, except for the region of the well bore, 
is the same as for solution 1 (Theis solution). It 
is apparent from figure 8.2 and 8.3 (on plate 1) 
t h a t F(u,a,p) approaches W(u), the 
Theis solut ion, as t ime be'eomes -large. 

Papadopulos (1967, p. 161) stated that for 
<>2.5xlO : !r r /T, or apVu>lO>, the function 
F(u,a,p) can be closely approximated by 
F(u,a,p) = W(u). Papadopulos and Cooper 
(1967, p. 242) stated tha t for <>2 .5x l0 2 r,.77\ 
or aluw >10 :1, the function F(u„.,a) can be 
closely approximated by F(u„.,a) = W(uK). An 
examination of the type curves and function 
values indicates tha t Fiu^^^Wiu,,.) (less 
than 5-percent error) for a/u,(.>102,and hence t 
should only be greater than 25 r,.'-/T for draw
down in the pumped well. 

Figures 8.2 and 8.3 were prepared from func
tion values given in Papadopulos and Cooper 
(1967) and Papadopulos (1967), which are Re
produced in tafcle 8.1. For drawdown observa
tions m t h e pumped well, the method of 
analysis is-fosplei drawdown-versus time and • 

FIGURE 8.1.—Cross section through a discharging well of finite diameter. 
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FIGURE 8.2.—Five selected type curves of F(uu.,a), and the Theis solution, versus l/u„ 

then superimpose the plot on figure 8.2. After 
match points of (s,t) and (F(u,c,a), \luu.) are 
chosen, the transmissivity can be computed 
from the relation T = (Q/4-rrs) F(uu.,a). Then, 
the storage coefficient can be determined from 
S = (4 77/r,*)/(l/«„;). 

For observations not in the pumped well, two 
procedures are available for analyzing the 
data. To analyze the data from a single obser
vation well, a family of type curves of F(u,a,p) 
versus \lu for different values of a can be plot
ted for the p value appropriate for the observa
tion well, using values in table 8.1. This proce
dure produces a family of type curves similar to 
that shown for p = l in figure 8.2. If p for the 
observation well is between p values in table 
8.1, function values can be interpolated. Using 
this approach, the data for the observation well 
are plotted as drawdown versus time and 
matched to the best-fitting member of the plot
ted type curves. Transmissivity and storage 
coefficient can be calculated from T = (Q/4TTS) 

F(u,a,p) and S = (4Ttlr2)/(llu). 
Drawdowns at more than one observation 

point may be combined by preparing a compos
ite plot of the drawdowns at each observation 

well versus tlr2. This composite plot would be 
analyzed by matching it to a family of type 
curves ofF(u,a,p) versus l/« for constant a. An 
example of such a type-curve family for a = 10 -4 

is shown in figure 8.3. This method requires 
multiple sheets of type curves, one sheet for 
each value of a. When the data curves are 
matched to the type-curve family, care should 
be taken to insure that the data for each well 
fall on the type curve having the appropriate p 
value. This will be possible for all the data for 
only one value of a. Transmissivity and storage 
coefficient are calculated from T = (Q/4ns) 
F(u,a,p) and S=4T(t/r2)/(l/u). 

In both of these methods of plotting and com
paring data, an alternate computation of stor
age coefficient is S=r2.a/r*. However, as 
pointed out by Papadopulos and Cooper (1967, 
p. 244), the shapes of type curves differ only 
slightly when a changes by an order of mag
nitude, therefore the determination of S is sen
s i t ive to choosing the "cor rec t " curve. 
Papadopulos and Cooper (1967, p. 244) suggest 
that if S can be estimated within an order of 
magnitude, the value of a to be used for match
ing the data can be decided. 



TABLE 8.1.—Values of the function F(u,a,p) 
[Values for p = 1 from Papadopuioa and Cooper, 1967. Other values from Papadopulos, 1967] 

u 

2 x 10° 
1 
5 x 10-' 
2 
1 
5 x 10"2 

2 
1 
5 x 10"3 

2 
1 
5 x 10"4 

2 
1 
5 x 10"s 

2 

2 x 10° 
1 
5 x 10"' 
2 
1 
5 x 10"2 

2 
1 
5 x 10"3 

2 
1 
5 x 10< 
2 
1 
5 x 10"5 

2 
1 
5 x 10"6 

2 
1 

l 

4.88 x 
9.19 
1.77 x 
4.06 
7.34 
1.26 x 
2.30 
3.28 
4.26 
5.42 
6.21 
6.96 
7.87 
8.57 
9.32 

10.24 

4.99 x 
9.91 
1.97 x 
4.89 
9.67 
1.90 x 
4.53 
8.52 
1.54 x 
3.04 
4.55 
6.03 
7.56 
8.44 
9.23 

10.20 
10.87 
11.62 
12.54 
13.24 

10"2 

10"' 

10° 

10"3 

10"2 

10"' 

10° 

2 

1.96 x 10"2 

7.01 
1.95 x 10"' 
5.78 
1.11 x 10° 
1.84 
2.97 
3.81 
4.60 
5.58 
6.30 
7.01 
7.93 
8.63 

2.13 x 10"3 

7.99 
2.40 x 10"2 

8.34 
1.93 x 10"' 
4.16 
1.03 x 10° 
1.87 
3.05 
4.78 
5.90 
6.81 
7.85 
8.59 
9.30 

10.23 
10.93 
11.63 

s 

1.75 x 
9.55 
3.21 x 
9.42 
1.60 x 
2.33 
3.28 
4.00 
4.70 
5.63 
6.33 

2.11 x 
1.32 x 
5.40 
2.33 x 
5.67 
1.18 x 
2.42 
3.48 
4.43 
5.52 
6.27 
6.99 
7.92 
8.63 

10"2 

10"' 

10° 

10"3 

io-2 

10"' 

10°* 

p 

10 

For a = 10"' 

2.41 x 10"2 

1.41 x 10"' 
4.44 
1.13 x 10° 
1.76 
2.43 
3.34 
4.03 
4.72 
5.64 

For a = IO"2 

3.52 x 10"3 

2.69 x 10"2 

1.21 x 10"' 
5.12 
1.12 x 10° 
1.95 
3.11 
3.90 
4.65 
5.61 
6.31 
7.01 
7.94 

20 

3.48 x 10"2 

1.85 x 10"' 
5.20 
1.19 x 10° 
1.80 
2.46 
3.35 

7.47 x 10"3 

6.12 x 10"2 

2.63 x 10"' 
9.15 
1.58 x 10° 
2.32 
3.29 
4.00 
4.71 
5.63 
6.33 

50 

4.24 x 10~2 

2:*09 x 10-' 
5.49 
1.22 x 10° 

2.03 x 10"2 

1.42 x 10-' 
4.65 

i.re x io° 1.78 
2.44 
3:34 
4.03 
4.72 
5.64 

100 

4.48 x 10"2 

2.14 x 10"' 
5.55 

3.44 x 10"2 

1.91 x 10-' 
5.31 
1.20 x 10° 
1.81 
2.46 
3.35 

200 

4.50 x IO"2 

2.15 x 10-' 
5.59 

4.35 x 10"2 

2.11 x 10"' 
5.51 
1.22 x 10° 
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TABLE 8.1.—Values of the function F(u,a,p)—Continued 

u 

2 x 10° 
1 
5 x 10-' 
2 
1 
5 x IO"2 

2 
1 
5 x 10"' 
2 
1 
5 x 10-' 
2 
1 
5 x 10-* 
2 
1 
5 x 10-° 
2 
1 
5 x 10-' 
2 
1 

2 x 10° 
1 
5 x 10-' 
2 
1 
5 x IO"2 

2 
1 
5 x 10"' 
2 
1 
5 x 1 0 * 
2 
1 
5 x I O 5 

2 
1 
5 x 10-° 

l 

5.00 x 
9.99 
2.00 x 
4.99 
9.97 
1.99 x 
4.95 
9.83 
1.95 x 
4.73 
9.07 
1.69 x 
3.52 
5.53 
7.63 
9.68 

10.68 
11.50 
12.49 
13.21 
13.92 
14.84 
15.54 

5.00 x 
1.00 x 
2.00 
5.00 
1.00 x 
2.00 
5.00 
9.98 
1.99 x 
4.97 
9.90 
1.97 x 
4.81 
9.34 
1.77 x 
3.83 
6.25 
8.99 

io-* 

10"' 

io-2 

10"' 

10° 

io-* 
io-* 

10"' 

I O 2 

10"' 

10° 

2 

2.15 x 
8.11 
2.45 x 
8.71 
2.07 x 
4.66 
1.29 x 
2.70 
5.47 
1.31 x 
2.39 
3.98 
6.44 
7.95 
9.02 

10.12 
10.88 
11.59 
12.53 
13.23 
13.93 

2.17 x 
8.15 
2.47 x 
8.76 
2.09 x 
4.72 
1.32 x 
2.81 
5.88 
1.53 x 
3.10 
6.18 
1.48 x 
2.72 
4.65 
7.87 
9.92 

11.23 

io-* 

10"' 

IO"2 

10"' 

10° 

IO"5 

io-* 

10"' 

io-2 

i o -

10° 

5 

2.15 x 
1.37 x 
5.77 
2.67 x 
7.16 
1.74 x 
5.05 

io-* 
10"' 

IO"2 

1 0 -

1.04 x 10* 
1.96 
3.81 
5.34 
6.57 
7.77 
8.55 
9.28 

10.22 
10.93 
11.62 
12.54 
13.24 

2.18 x 
1.38 x 
5.81 
2.71 x 
7.34 
1.82 x 
5.56 
1.23 x 
2.64 
6.89 
1.36 x 
2.53 
4.95 
7.03 
8.65 

10.02 
10.83 
11.57 

10"5 

10"* 

10"' 

IO"2 

10"' 

10° 

p 

10 

For a == 10"' 

3.70 x IO"* 
2.96 x IO-1 

1.42 x IO"2 

7.24 
2.01 x 10"' 
4.87 
1.31 x 10° 
2.38 
3.68 
5.23 
6.13 
6.92 
7.90 
8.61 
9.31 

10.24 

For a = 10"' 

3.73 x IO"5 

2.98 x 10-' 
1.45 x IO"3 

7.54 
2.16 x IO'2 

5.55 
1.74 x 10"' 
3.86 
8.13 
1.97 x 10° 
3.44 
5.26 
7.33 
8.37 
9.20 

10.19 
10.91 
11.62 

20 

8.35 x 
7.58 x 
3.90 x 
2.03 x 
5.41 
1.19 x 
2.52 
3.59 
4.50 
5.55 
6.28 
7.00 
7.93 
8.63 

8.46 x 
7.77 x 
4.10 x 
2.27 x 
6.69 
1.74 x 
5.36 
1.14 x 
2.17 
4.14 
5.61 
6.71 
7.82 
8.57 
9.29 

10.23 
10.93 
11.63 

1 0 ' 
io-' 
io-2 

io-' 

10° 

IO"5 

IO'* 
io-' 
IO"2 

1 0 -

10° 

50 

3.05 x 
2.81 x 
1.54 x 
6.59 
1.38 x 
2.27 
3.22 
3.96 
4.69 
5.63 
6.32 
7.02 

3.16 x 
3.23 x 
1.80 x 
1.03 x 
2.97 
7.30 
1.87 x 
3.08 
4.25 
5.47 
6.24 
6.98 
7.92 
8.62 
9.32 

10.24 

io-» 
IO"2 

-' 
10° 

1 0 * 
1 0 ' 
IO"2 

1 0 -

io-° 

100 

8.38 x 
7.56 x 
3.23 x 
1.02 x 
1.70 
2.40 
3.32 
4.02 
4.72 
5.64 

9.56 x 
1.01 x 
5.62 
3.04 x 
7.92 
1.62 x 
2.95 
3.84 
4.63 
5.60 
6.31 
7.01 
7.94 

10"' 
IO"2 

10"' 
10° 

10"* 
IO"2 

1 0 -

10° 

200 

1.50 x IO"2 

1.47 x 10"' 
4.78 
1.17 x 10° 
1.79 
2.45 
3.35 

3.83 x 10"' 
3.42 x IO"2 

1.75 x 10"' 
7.10 
1.43 x 10° 
2.24 
3.28 
4.02 
4.71 
5.63 
6.33 



x 10" 

x 10 

11.74 
12.91 
13.78 
14.79 
15.51 
16.22 
17.14 
17.84 

12.40 
13.17 
13.90 
14.83 
15.53 
16.23 

12.52 
13.23 
13.93 

12.54 
13.24 

For a 

x 10" 

x 10" 

x 10 

x 10" 

x 10" 

x 10" 

x 10 

x 10" 

x 10" 

x 10" 

5.00 x 
1.00 x 
2.00 
5.00 
1.00 x 
2.00 
5.00 
1.00 x 
2.00 
5.00 
9.99 
2.00 x 
4.98 
9.93 
1.98 x 
4.86 
9.49 
1.82 x 
4.03 
6.78 

10.13 
13.71 
15.13 
16.05 
17.08 
17.81 
18.51 
19.40 
20.15 

10"" 
10"5 

1 0 " 

10-3 

10 -' 

10"' 

10" 

2.27 
8.36 
2.51 
8.87 
2.11 
4.77 
1.34 
2.84 
5.96 
1.56 
3.20 
6.54 
1.66 
3.34 
6.62 
1.59 
2.95 
5.15 
9.08 

11.76 
13.41 
14.68 
15.46 
16.20 
17.14 
17.84 

x 10" 

x 10" 

x 10" 

x 10" 

x 10 

x 10" 

x 10" 

2.48 x 10 " 
1.44 x 10"5 

5.94 
2.74 x 1 0 " 
7.42 
1.84 x 10-1 

5.64 
1.26 x 10"2 

2.74 
7.43 
1.55 x 10"' 
3.20 
8.08 
1.58 xlO" 
2.93 
5.86 
8.53 

10.67 
12.28 
13.12 
13.88 
14.83 
15.54 

4.19 x 
3.07 x 
1.47 x 
7.61 
2.18 x 
5.65 
1.80 x 
4.09 
9.03 
2.47 x 
5.15 
1.04 x 
2.45 
4.28 
6.63 
9.36 

10.60 
11.48 
12.49 
13.21 
13.92 
14.85 

10"' 
10~s 

1 0 " 

10"3 

10"2 

10"' 

10" 

9.00 x 
7.89 x 
4.14 x 
2.31 x 
6.85 
1.82 x 
5.92 
1.36 x 
3.01 
8.06 
1.60 x 
2.96 
5.58 
7.54 
8.90 

10.10 
10.86 
11.59 
12.53 
13.23 
13.93 

10 " 
10"5 

1 0 " 
10-1 

10 2 

10"' 

10" 

3.21 x 
3.27 x 
1.84 x 
1.08 x 
3.30 
8.90 
2.89 x 
6.49 
1.35 x 
3.03 
4.75 
6.31 
7.71 
8.52 
9.21 

10.22 
10.92 
11.62 
12.54 
13.24 

10 5 

1 0 " 
1 0 " 
lO'2 

1 0 " 

10" 

9.77 x 
1.04 x 
6.02 
3.61 x 
1.10 x 
2.92 
8.91 
1.80 x 
3.14 
5.01 
6.06 
6.90 
7.89 
8.61 
9.31 

10.24 

lO""' 
1 0 " 

10"2 

10"' 

10° 

3.15 x 10 
3.44 x 10 
2.00 x 10 
1.19 x 10 
3.50 
8.57 
2.12 x 10' 
3.34 
4.40 
5.52 
6.27 
6.99 
7.93 
8.63 
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The early parts (short time) of the curves in 
figure 8.2 are straight lines. According to 
Papadopulos and Cooper (1967, p. 244), these 
represent conditions under which all the water 
pumped is derived from storage within the 
well. The straight lines approached by the 
curves satisfy the equations 

F(uw,a) = a/uw 

and 

Sw = Qtl-nrl = 
volume of water discharged 

area of well 

Therefore, as pointed out by Papadopulos and 
Cooper (1067, p. 244), data that fall on this 
straight part of the type curves do not indicate 
information about the aquifer characteristics. 

Table 8.2 is a listing of two FORTRAN pro
grams by S. S. Papadopulos that evaluate 

F(uw,a) and F(u,a,p). The input data to both 
programs consists of cards coded in specified 
format (readers unfamiliar with FORTRAN 
language format should refer to a FORTRAN 
language manual). Input to the programs is 
one or more groups of data, each group of data 
consisting of two cards. The first card contains 
one value of alpha in columns 1-10, coded in 
format E10.5. The program to evaluate 
F(u,a,p) also requires a value of rho on this 
card in columns 11-20. This value of rho, 
which must be greater than one, is also coded 
in format E10.5. The second card contains 16 
values of u coded in columns 1-5, 6-10, . . . , 
75-80 in format 16F5.0. The F(u„.,a) or 
F(u,a,p) values will be printed in the order 
that the u values are coded. If less than 16 val
ues of u are desired, the remaining columns on 
the card may be left blank. Outputs from these 
two programs are shown in figures 8.4 and 8.5. 

W.ALPHA) FOR 

UW 

2 . 0 0 0 0 0 E 00 
I .OOOOOE no 
5 . 0 0 0 0 0 E - 0 1 
2 . 0 0 0 0 0 E - 0 1 
1 . 0 0 0 0 0 E - 0 1 
5 . 0 0 0 0 0 E - 0 2 
2 . 0 0 0 0 0 E - 0 2 
1 . 0 0 0 0 0 E - 0 2 
5 . 0 0 0 0 0 E - 0 3 
2 . 0 0 0 0 0 E - 0 3 
1 . 0 0 0 0 0 E - 0 3 
5 . 0 0 0 0 0 E - 0 4 
2 . 0 0 0 0 0 E - 0 4 
1 . 0 0 0 0 0 E - 0 4 
5 . 0 0 0 0 0 E - 0 5 
2 . 0 0 0 0 0 E - 0 5 

ALPHA= I.OOOOOE 

INTEGRAL 

1 . 5 4 2 1 0 E 
3 . 0 S 4 12F 
6 . 1 6 7 8 9 E 
1 . 5 4 1 8 4 E 
3 . 0 8 3 3 1 E 
6 . 1 6 5 2 9 E 
1 . S 4 0 6 1 E 
3 . 0 7 9 1 9 E 
6 . 1 5 1 3 8 E 
1 . 5 3 3 3 4 E 
3 . 0 5 3 6 7 E 
6 . 0 6 0 8 5 E 
1 . 4 8 4 7 5 F 
2 . 8 R 0 7 2 E 
5 . 4 5 3 5 2 E 
1 . 1 8 0 6 5 E 

03 
0 3 
03 
04 
04 
04 
05 
05 
05 
06 
06 
06 
07 
07 
07 
08 

- 0 4 

INTEGRAL ERROR 

- 6 . 9 8 8 4 4 E - 0 2 
- 1 . 3 9 R 1 7 F - 0 ! 
- 2 . 7 4 7 7 5 E - 0 1 
- 6 . 9 7 5 3 3 E - 0 1 
- 1 . 3 9 7 1 5 E 00 
- 2 . 7 1 3 6 4 E 00 
- 6 . 9 7 1 1 2 E 00 
- 1 . 3 9 3 8 3 E 01 
- 2 . 7 8 7 6 7 E 01 
- 6 . 8 2 7 5 7 E 01 
- 1 . 3 8 6 5 8 E 02 
- 2 . 7 6 4 5 8 E 02 
- 6 . 7 9 2 2 0 F 02 
- 1 . 3 0 7 8 0 E 03 
- 2 . 5 0 9 6 0 E 03 
- 5 . 4 0 0 2 6 E 03 

F(UW.ALPHA) 

4 . 9 9 9 9 1 E - 0 5 
9 , 9 9 9 5 6 F - 0 5 
1 . 9 9 9 8 0 E - 0 4 
4 . 9 9 9 0 7 E - 0 4 
9 . 9 9 6 9 5 E - 0 4 
1 . 9 9 8 9 6 E - 0 3 
4 . 9 9 5 0 7 E - 0 3 
9 . 9 8 3 5 9 E - 0 3 
1 . 9 9 4 4 5 E - 0 2 
4 . 9 7 1 5 2 E - 0 2 
9 . 9 0 0 8 3 E - 0 ? 
1 . 9 6 5 0 9 E - 0 1 
4 . B 1 3 9 7 F - 0 ] 
9 . 3 4 0 0 B E - 0 1 
1 .7 f t918E 00 
3 . 8 2 8 0 0 E 00 

X(PEAK) 

5 . 9 6 5 6 1 E - 0 3 
^ . Q f t ' i M F - m 
5 . 9 6 5 6 1 E - 0 3 
5 . 9 6 5 6 1 E - 0 3 
5 . 9 6 5 6 0 E - 0 3 
S . 9 6 5 5 9 E - 0 3 
5 . 9 6 5 5 9 E - 0 3 
5 . 9 6 5 5 4 E - 0 3 
5 . 9 6 5 4 9 E - 0 3 
5 . 9 6 5 2 7 E - 0 3 
5 . 9 6 4 9 3 E - 0 3 
5 . 9 6 4 2 S E - 0 3 
S . 9 6 2 2 3 F - 0 3 
5 . 9 5 R B 6 E - 0 3 
5 . 9 5 2 3 7 E - 0 3 
5 . 9 3 4 1 5 E - 0 3 

Y(PEAK) 

5 . 5 5 8 8 6 E 
1 . 1 1 1 7 7 F 
2 . 2 2 3 5 3 E 
5 . 5 S B 7 5 E 
1 . 1 1 1 7 3 E 
2 . 2 2 3 3 5 E 
5 . 5 S 7 6 4 E 
1 .11128F. 
2 . 2 2 1 5 7 E 
5 . 5 4 6 5 2 E 
1 . 1 0 6 8 4 E 
2 . 2 0 3 8 9 E 
S . 4 3 7 1 2 F 
1 . 0 6 3 8 0 E 
2 . 0 3 7 3 4 E 
4 . 4 9 1 9 6 E 

0 5 
n*. 
06 
06 
07 
07 
07 
08 
08 
08 
09 
09 
09 
10 
10 
10 

FIGURE 8.4.—Example of output from program for drawdown inside a well of finite diameter due to constant discharge. 

F(U, ALPHA, RHO) FOR Al_PHA= 1 . 0 0 0 0 0 E - 0 5 , RH0= 2 .00000E 00 

u 
9 . 9 9 9 9 9 9 0 0 E - 0 4 
5 . 0 0 0 0 0 0 0 0 E - 0 4 
1 . 9 9 9 9 9 9 0 0 E - 0 4 
1 . 0 0 0 0 0 0 0 0 E - 0 4 
5 . 0 0 0 0 0 0 0 0 E - 0 5 
2 . 0 0 0 0 0 0 0 0 E - 0 5 
9 . 9 9 9 9 9 9 0 0 E - 0 6 
4 . 9 9 9 9 9 9 0 0 E - 0 6 
1 . 9 9 9 9 9 9 0 0 E - 0 6 
1 . 0 0 0 0 0 0 0 0 E - 0 6 
4 . 9 9 9 9 9 9 0 0 E - 0 7 
1 . 9 9 9 9 9 9 0 0 E - 0 7 

INTEGRAL 

6 . P 9 2 7 3 6 0 0 E 
1 .28359500E 
3 . 2 6 3 7 6 7 0 0 E 
6 . 5 S 4 2 3 0 0 0 E 
1 .30015800E 
3 . 1 1 6 9 2 5 0 0 E 
5 . 7 9 5 0 5 7 0 0 E 
1 .01023500E 
1 .78237100E 
2 . 3 0 8 9 7 6 0 0 E 
2 . 6 3 2 2 2 1 0 0 E 
2 .8R201f t00E 

02 
03 
03 
03 
04 
04 
04 
05 
05 
05 
05 
05 

INTEGRAL ERRO* 

5 . 4 5 0 9 6 7 0 0 E -
1 .11649700E 
2 . 4 7 4 0 2 2 0 0 E 
3 . 3 1 4 6 8 4 0 0 E 
3 . 5 3 7 5 0 7 0 0 E 
3 . 5 4 9 4 0 5 0 0 E 
3 . 5 4 6 0 2 2 0 0 E 
3 . 5 3 2 2 2 0 0 0 E 
3 . 6 2 1 8 0 4 0 0 E 
3 .66347000E 
3.6f l847000F. 
3 . 5 2 1 8 0 3 0 0 F 

-01 
00 
00 
00 
00 
00 
0 0 
00 
00 
00 
00 
00 

F ( U . A L P H A , R H O ) 

3 .20486300E-
6 .53728800E-
1 .66222200E-
3 .33803700E-
6 .62164900E-
1 .58743500E 
2 . 9 5 1 3 9 6 0 0 E 
5 . 1 4 5 0 8 3 0 0 E 
9 .07753300E 
1 .17595100E 
1.34057H0OF 
1 ,4(S77940DF 

-0? 
-02 
-01 
-01 
-01 
00 
00 
00 
00 
01 
01 
01 

FIGURE 8.5.—Example of output from program for drawdown outside a well of finite diameter due to constant discharge. 
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Solution 9: Slug test for a 
finite-diameter well in a nonleaky 

aquifer 

Assumptions: 
1. A volume of water, V, is injected into, or 

is discharged from, the well instan
taneously at t - 0. 

2. Well is of finite diameter and fully pen
etrates the aquifer. 

3. Aquifer is not leaky, and flow is in ra
dial direction only. 

Differential equation: 

d*h/dr* + (llr) dhldr = (SIT) dh/dt, r>rIL. 

This differential equa t ion descr ibes 
nonsteady radial flow in a homogeneous iso
tropic aquifer beyond the radius of the injected 
well. 

Boundary and initial conditions: 

h(rw,t)=H(t), t>0 
h(°°,t) = 0, t > 0 

o , r rMr^J) , BH(t) 
z u rir l nr,r , t>0 

(1) 
(2) 

(3) 
dr ' " ' dt 
/i(r,0) = 0, r>r , , (4) 

tf (0) = H„ = Vlirr* (5) 
Equation 1 states that the head change in 

the aquifer at the face of the well is equal to 
that inside the well; one assumes that there is 
no exit loss at the well face. Equation 2 states 
that the head change approaches zero as dis
tance from the discharging well approaches in
finity, a condition which will be approximated 
if boundaries of the aquifer are sufficiently dis
tant from the discharging well. Equation 3 
states that near the well the radial flow is 
equal to the rate of change in volume of water 
inside the well. Equations 4 and 5 state that 
initially the head change is zero in the aquifer, 
and the head increase or decrease inside the 
well is equal to H„. 
Solution (Cooper and others, 1967): 

h = (2HJTT)S0
X {exp(-(3uVa){j„{urlr„.) 

•[uY„(u)~ 2«y , («) ] -Y„(ur/r„.) 
[uJn(u)- 2aJ, («)]} / A ( K ) ) du, (6) 

where 

and 

a 

/3 

ri,S/r?, 
• Ttlr?, 

A(u) = [uJa(u)~2aJl(u)]2 

+ [«y0(M)-2ay,(w)]s 

J„and Y0, J, and Y,, are zero-order and first-
order Bessel functions of the first and second 
kind, respectively. 

The head, H, inside the well, obtained by 
substituting r =/•„. in equation (6) is 

HIHu=F(f3,a),. 

where 

F(P,a) = (8a/ 
Jo 

(exp{-[iu'-/a)/uA(u)) du 

and where a, y3, &(u) are as defined previously. 
Comments: Figure 9.1 is a cross section show
ing geometric configuration along the well 
bore. The volume of water injected into or dis
charged from the well is Trr?H0. The water-
level data in the injected well, expressed as a 
fraction of Hu, is plotted versus time on semi-
logarithmic graph paper. This plot is superim
posed on figure 9.2, keeping the baselines the 
same and sliding horizontally until a match or 
interpolated fit is made. A match point for /?, t, 
and a is picked from the two graphs . 
Transmissivity is calculated from T = /3r,? It and 
storage coefficient from S = ar'flr} . As pointed 
out by Cooper, Bredehoeft, and Papadopulos 
(1967, p. 267), the determination of S by this 
method has questionable reliability because of 
the similar shape of the curves, whereas the 
determination of T is not as sensitive to choos
ing the correct curve. Figure 9.2 on plate 1 is 
plotted from data in table 9.1, which contains 
original material from two sources (Cooper and 
others, 1967; and Papadopulos and others, 
1973). 

Table 9.2 is a listing of a FORTRAN program 
by S. S. Papadopulos that evaluates F(fl,a). 
Input to the program consists of cards coded in 
a specific format (readers unfamiliar with 
FORTRAN formats should refer to a FOR
TRAN language manual). Input consists of two 
or more cards, each containing a single value of 
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Ground surfaces 

Static level 

H(tj 

!—r 
Wo 

Aquifer 

7 7 7 T 7 / 

rc -» 

•rw-

? 7 7 7— 

Impermeable bed 

/ / / , 

/ / / / / 
7 7 7 7 7 7 T 

Impermeable bed / / / 
_Z /! / / L L— 

7 7" 
/ / / 

FIGURE 9.1.—Cross section through a well in which a slug of water is suddenly injected. 

a coded in format F16.5. The first a « 0 will 
signal program termination. Output from the 
program is shown in figure 9.3. 

Solution 10: Constant discharge 
from a fully penetrating well in an 
aquifer that is anisotropic in the 

horizontal plane 

Assumptions: 
1. Well discharges at a constant rate, Q. 
2. Well is of infinitesimal diameter and 

fully penetrates the aquifer. 
3. Aquifer is anisotropic in the horizontal 

plane. 
4. Aquifer is not leaky. 
5. The transmissivity of the aquifer, T, is 

a two-dimensional symmetric tensor. 

Differential equation: 

Txx d2s/dx2 + 2Txu&
isldxdy + Tmd*s/dy2 

+ Q8(x)8(y) = Sds/dt. 

This different ial equa t ion describes 
nonsteady flow in a homogeneous anisotropic 
aquifer with a constantly discharging well at 
x=y=0. The Dirac delta function is represented 
as 8(z) and has the following properties: 8(z)=0 
if 2 ^ 0 a n d / * 8(z)dz = l. 

Boundary and initial conditions: 

s(x,y,0) = 0 
s(±<»,j,f)=0 
s(x, ±octt)=0 

(1) 
(2) 
(3) 
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TABLE 9.1.—Values of H/H„ 

Ttlr,* 

IO"3 

IO"2 

10-' 

10° 

10' 

IO2 

TtlrS 

IO"3 

10"2 

10"' 

10° 

10' 

102 

a 

1.00 
2.15 
4.64 
1.00 
2.15 
4.64 
1.00 
2.15 
4.64 
1.00 
2.1-5 
4.64 
7.00 
1.00 
1.40 
2.15 
3.Q0 
4.64 
7.00 
1.00 
2.15 

Or 

1 
2 
4 
6 
8 
1 
2 
4 
6 
8 
1 
2 
4 
6 
8 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
8 
1 
2 

From Cooper, 

10"' 

0.9771 
.9658 
.9490 
.9238 
.8860 
.8293 
.7460 
.6289 
.4782 
.3117 
.1665 
•Q7415 
Q4j§25 
03¥65 
,.62092 
.01297 
.009070 
.005711 
.003722 
.002577 
.001179 

Bredehoeft, and Papadopulos, 1967 

io-* 

0.9920 
.9876 
.9807 
.9693 
.9505 
.9187 
.8655 
.7782 
.6436 
.4598 
.2597 
.10B6 
.06204 
.08^0 

.0figM5 
003*|f9 
."003809 
.002618 
.001187 

From Papadopulos, Bredehoeft, 

io-« 

0.9994 
.9989 
.9980 
.9972 
.9964 
.9956 
.9919 
.9848 
.9782 
.9718 
.9655 
.9361 
.8828 
.8345 
.7901 
.7489 
.5800 
.4554 
.3613 
.2893 
.2337 
.1903 
.1562 
.1292 
.1078 
.02720 
.01286 
.008337 
.006209 
.004961 
.003547 
.002763 
.001313 

io-' 

0.9996 
.9992-
.9985 
.9978 
.9971 
.9965 
.9934 
.9875 
.9819 
.9765 
.9712 
.9459 
.8995 
.8569 
.8173 
.7801 
.6235 
.5033 
.4093 
.3351 
.2759 
.2285 
.1903 
.1594 
.1343 
.03343 
.01448 
.008898 
.006470 
.005111 
.003617 
.002803 
.001322 

io-1 

0.9969 
.9949 
.9914 
.9853 
.9744 
.9545 
.9183 
.8538 
.7436 
.5729 
.3643 
.1554 
.08519 
•04f21 
02844 
.OfflS 
.0aj%(>' 
.00§Hl 
.003̂ 84 
'.002853 
.001194 

and Cooper, 1973 

io-" 

0.9996 
.9993 
.9987 
.9982 
.9976 
.9971 
.9944 
.9894 
.9846 
.9799 
.9753 
.9532 
.9122 
.8741 
.8383 
.8045 
.6591 
.5442 
.4517 
.3768 
.3157 
.2655 
.2243 
.1902 
.1620 
.04129 
.01667 
.009637 
.006789 
.005283 
.003691 
.002845 
.001330 

10 ' 

0.9985 
.9974 
.9954 
.9915 
.9841 
.9701 
.9434 
.8935 
.8031 
.6520 
.4364 
.2082 
.1161 
.06355 
.03492 
.01723 
.01083 
.006319 
.003962 
.002688 
.001201 

io-» 

0.9997 
.9994 
.9989 
.9984 
.9980 
.9975 
.9952 
.9908 
.9866 
.9824 
.9784 
.9587 
.9220 
.8875 
.8550 
.8240 
.6889 
.5792 
.4891 
.4146 
.3525 
.3007 
.2573 
.2208 
.1900 
.05071 
.01956 
.01062 
.007192 
.005487 
.003773 
.002890 
.001339 

io-> 

0.9992 
.9985 
.9970 
.9942 
.9883 
.9781 
.9572 
.9167 
.8410 
.7080 
.5038 
.2620 
.1521 
.08378 
.04426 
.01999 
.01189, 
.006S54 
.004046 
.002725 
.001208 

io-° 

0.9997 
.9995 
.9991 
.9986 
.9982 
.9978 
.9958 
.9919 
.9881 
.9844 
.9807 
.9631 
.9298 
.8984 
.8686 
.8401 
.7139 
.6096 
.5222 
.4487 
.3865 
.3337 
.2888 
.2505 
.2178 
.06149 
.02320 
.01190 
.007709 
.005735 
.003863 
.002938 
.001348 
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F(BFTA,ALPHA) FOR Al_PHA= 1 . 0 0 O - 0 1 

RETA 

1.000-•03 
2.000-03 
4.00O-
6.000-
8.00O-
1.000-
2.00O-
4.000-
6.000-
B.OOD-
1.000-
2.00O-
4.0 00-
6.000-
8.0 0O-
1.000 
2.000 
3 . 0 0 0 
4 . 0 0 D 
5.0 00 
6 . 0 0 0 
7.00O 
8 . (J 0 0 
9.0 0O 
1.000 

a. ooo 
3.0 00 
4.0 00 
5.0 00 
6.00 0 
7.0 00 
8.000 
9.0 00 
1 . 0 0 0 

P.oon 
4.000 
6,000 
8.000 
1.000 

•03 
•03 
•03 
•0? 
•0? 
-0? 
•0? 
•02 
•01 
-01 
•01 
-01 
•01 
00 
00 
00 
00 
00 
0 0 
00 

oo 
00 
01 
01 
01 
01 
01 
01 
0 1 
01 
01 
0? 
0? 
0? 
0? 
0? 
0 3 

ri/HO 

0.9769 
0.9670 
0.9528 
0.9417 
0.9322 
0.9238 
0.8904 
0.8421 
0.8048 
0.7734 
0.7459 
0.6418 
0.5095 
0.4227 
0.3598 
0.3117 
0.1786 
0.1196 
0.0876 
0.0681 
0.0553 
0.0463 
0.0 3^6 
0.0346 
0.0306 
0.0141 
0.0091 
0.0067 
0.0053 
0.0044 
0.0037 
0.0 0 32 
0.0029 
0.0026 
0.0013 
0.0006 
0.0004 
0.0003 
0.0003 

FIGURE 9.3.—Example of output from program to compute 
change in water level due to sudden injection of a slug of 
water into a well. 

Equation 1 states that, initially, drawdown 
is zero. Equations 2 and 3 state that the draw
down approaches zero as distance from the dis
charging well approaches infinity, a condition 
which will be approximated if boundaries of 
the aquifer are sufficiently distant from the 
discharging well. 

3URCES INVESTIGATIONS 

Solution (Papadopulos, 1965, p. 23): 

s = (Q/4irVTxxTuy-Tx%) W(uxu ), (4) 

where 

W(u) =1 (e~ulv)dv 
J u 

and 
uxu = (S/4t)(Txxy

2 + Tmx* 
- 2Txuxy)/(TxxTyU - T*u). (5) 

If the coordinate axes x andy are the same as 
the principal axes e and 17 (fig. 10.1) of the 
transmissivity tensor, the preceding equation 
for drawdown becomes 

s =(Q/4nVTtt Tm)W{u^\ 
where 

u„ = {S/4t)(T(t n* + Tw e2)ITtf Tm . 

Comments: The method of type-curve solution 
as outlined by Papadopulos (1965, p. 26) re
quires observation of drawdown in at least 
three observation wells. First, choose a conve
nient rectangular coordinate system with the 
pumped well at the origin. Then, plot the ob
served drawdown versus t on logarithmic 
paper. Match these plots to the W(u) type curve 
given in solution 1. Choose a match point of 
(t,s) and (lluxu, W(uX!/)) for each well and com
pute T„Tyy-T$y = (QW(uxv)/4TTS)2 for each 
well. Match points for all observation wells 
should yield approximately the same value of 
(TXXTUU-T*U). Usually they will not and 
judgment must be used to obtain an "average" 
value. Substituting this value and the three 
values of (x,y) in equation 5 gives three equa
tions in three unknowns STXX, STUU, and STXU. 
These equations are of the form 

y2(STxx) + x\STm) - 2xy(STxu) 

= 4tuxu(TxxTuu - T2
U ). 

Solve these three equations to determine Txx, 
Txu, and Tuu in terms of S, and S may be de
termined from 
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FIGURE 10.1.—Plan view showing coordinate axes. 

S = V (STXXS7V„ - (STxumTxxTuu - Tx\). 

Then, compute Txx, Tuu, and Txu from STXX, 
STUU, and STXU. Tft , T„„ , and G (the angle 
between the x and the e axis) may be calculated 
from the relations (Papadopulos, 1965, p. 28) 

Ttt = V2(TXX + Tuu+ ((Txx 

T,n = II2(TXX + Tm -((Txx 

Q = arctan ((T„ - TXX)ITXII) 

T )2 

+ 4T*y'*) 
T )* 

+ 4TA)"2) 

Solution 11 : Variable discharge 
from a fully penetrating well in a 

leaky aquifer 
Assumptions: 

1. Well discharge changes as a specified 
function of time. 

2. Well is of infinitesimal diameter and 
fully penetrates the aquifer. 

3. Aquifer is overlain, or underlain, 
everywhere by a confining bed hav
ing uniform hydraulic conductivity 
(K') and thickness (b1). 
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4. Confining bed is overlain, or underlain, 
by an infinite constanthead plane 
source. 

5. Hydraulic gradient across confining bed 
changes ins tan taneous ly wi th a 
change in head in the aquifer (no re
lease of water from storage in the 
confining bed). 

6. Flow in the aquifer is two-dimensional 
and radial in the horizontal plane 
and flow in the confining bed is verti
cal. This assumption will be approx
imated closely where the hydraulic 
conductivity of the aquifer is suffi
ciently greater than tha t of the con
fining bed. 

Differential equation: 

d^i + 1 ds 
dr- r dr 

sJC 
TV 

Sds 
T dt 

This is the differential equation describing 
nonsteady radial flow in a homogeneous iso
tropic aquifer with leakage proportional to 
drawdown. 

Boundary and t-it,t,t,t,\^,v c w ndi, 

lim r „ 
r - 0 dr 

s(r,0)=0 
s(°°,*) = 0 

ds _ _ Q(t) 
2nT 

t 3= 0 

(1) 
(2) 

(3) 

Equation 1 states that , initially, drawdown 
is zero. Equation 2 states that drawdown is 
zero at large distances from the pumped well. 
Equation 3 states that near the pumped well 
the radial flow is equal to the discharge of the 
pumped well, which is a function of time. 

Solution: 
Solutions for certain discharge functions 

have been published by Abu-Zied and Scott 
(1963), and Werner (1946) for a nonleaky 
aquifer, and by Hantush (1964a) for both leaky 
and nonleaky aquifers. For arbitrary discharge 
functions for leaky aquifers, a solution using 
the convolution integral has been presented by 
Moench (1971, eq. 3): 

s = (1/477-T) J (Q(f)l(t-f)) 

exp {-Al{t-t') - {t-t')K'ISb')dt', (4) 

where Q(t) is the discharge function of time 
and A = r'2S/4T. A numerical integration 
scheme is generally necessary to evaluate the 
above equation. 

For type curves, a more useful form of equa
tion 4 is 

s = (Qr/4nT)f' [Q(t')/Qr (t-f)] 

• exp [-AI{t-t')-{t-f)K'lSb']df, (5) 

or 
s = {Qrl4irT) SO(t), (6) 

where SO(t), read "system output function," 
represents the integral expression in equation 
5, and Q r is an arbitrary discharge that elimi
nates dimension from the integral expression. 
For example, Qr could be the initial, final, or 
average discharge, according to the needs of 
the user. 
Comments: Figure 11.1 is a cross section 
through the discharging well. This situation is 
the same as for solution 4, except for the vary
ing discharge of the well. The effect of finite 
well radius (r„) was investigated by Hantush 
(1964b, p. 4224), who concluded that for 
t>25r'i-SIT and ru./Vfb'IK' < 0.1 the draw
down could be represented closely by the con
volution integral. 

Figure 11.2 on plate 1 shows a selected set of 
type curves for linear change in discharge in a 
nonleaky aquifer. The solution for this type of 
discharge function has been presented by 
Werner (1946, p. 706). The discharge function 
for figure 12.2 is Q{t) = Qu(l+ct), and the re
sulting drawdown is 

s = (Q0/4irT)W(u){l+ct[u+l-e-'IW{u)]}, 

where W(u) is the well function of Theis. Sub
stituting Alu for t in the above expression gives 

s = (QJ4ITT) W{U) 

• ( 1 + C A { 1 + (1/U) [l-e-"/W(u)]}), 
or 

s = (Q0/4irT)SO(t), 

where SO{t) represents 

W ( u ) ( l + c A { l + (l/u) [ l - e - " /W(u) ]} ) . 
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/ / / / / / / /'TerraVd/ / / / / / / 
FIGURE 11.1.—Cross section through a well with variable discharge. 

This substitution permits the plotting of a 
family of type curves, each curve specified by a 
value of cA. 

Table 11.1 is the listing of a FORTRAN pro
gram designed to evaluate the above convolu
tion integral for five different discharge func
tions. Three of these discharge functions are 
those devised by Hantush (1964a, p. 343, 344), 
who presented solutions for drawdown result
ing from these functions. These three discharge 
functions are: 

(a) Q(t) = Qx[l + 8exp(-tft*)], 

(b) Q(t) = Q,[l + 5/(1 +t/t*)], 

and (c) Q(t) = Qs[l + 8/Vl + t/t*], 

where Qs is the ultimate steady discharge and 8 
and t* are parameters defining a particular 
function. The first discharge function, for an 
exponentially decreasing discharge (case "a" of 
Hantush, 1964a) is virtually the same as the 
discharge function of Abu-Zied and Scott 
(1963). Besides the three functions of Hantush, 
the program also includes discharge as a fifth-

degree polynomial of time, Q(t)= I, a,Y', where 

the a, are the coefficients of the polynomial, 
and as a piecewise linear function of time with 
eight segments, 

for 

Qtt )=a j - r& j ( * - * ,_ , ) 

tj.,<t^tj,j = l,2,. . . , 8 , 

where a, and 6, are parameters defining t h e j , h 

line segment. The program uses a different, but 
equivalent to equation 4, expression for the 
convolution integral 

s = (1/4 TTT)\ 

Jo 
(Q(t-f)lf) 

•exp(-Alt'-t'K'/Sb')dt'. 

The program uses a sum to approximate the 
convolution integral. It chooses a start ing 
value o f f that satisfies r*S/4Tt' +K't'/Sb' = 
100. If such a value oft' does not exist, that is, 
(r-S/471) (AT7S6')>2500, then a value of zero is 
assigned for the integral value. The ending 
point of the interval is picked as 10 times the 
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starting point. The integral over this interval 
is approximated by a trapezoidal sum using. 
500 subdivisions of the interval. A new inter
val is then constructed using the previous end 
point as a new starting point and a new ending 
point equal to 10 times the new starting point. 
This new interval is again evaluated by a 
trapezoidal sum of 500 segments. This summa
tion procedure over intervals that are succes
sively an order of magnitude larger continues 
until either t' = t or (r2S/47V) + (K't/Sb') 
>101. Input to this program consists of cards 
coded in specific formats. Readers unfamiliar 
with FORTRAN formats should refer to a 
FORTRAN language manual. Input consists of 
one or more groups of data, each group consist
ing of the following. First, one card containing 
the beginning time of the period of analysis in 
columns 1-10, coded in format E10.3; the end
ing time coded in columns 1311-20, in format 
E10.3; and a discharge index (a number from 1 
through 5) coded in column 25, in format II; 
and a reference discharge, QR, coded in col
umns 31-40, in format E10.3. The discharge 
index, IQ, selects a discharge function, Q(t), in 
the following manner. If /Q = 1. the discharge 
function is exponentially decreasing, 

Q(t) = Qs[l + 8exp(-t/t*)]. 

This is case (a) of Hantush (1964a, p. 343). If 
IQ - 2, the discharge function is hyperbolically 
decreasing, 

Q(t) = Qs[l + 8/(l+t/t*)]. 

This is case (b) of Hantush (1964a, p. 344). If 
IQ = S, the discharge function is the same as 
case (c) of Hantush (1964a, p. 344), 

Q(t) = Qs[l + 8lVl+t/t*]. 

If IQ = 4, the discharge function is a fifth-
degree polynomial of time, 

5 
Q(t) = 1 a-,V. 

i=Q 

IflQ = 5, the discharge function is a piecewise-
linear function of time with eight or less seg
ments, 

Q(t) = aj+bj(t-tJ..l) 
for tj.,<t^tj,j = l,2,...,S. 

The reference discharge, QR, is used to deter
mine the form of the output from the program: 
If QR is coded as zero (or blank), the output 
shows t, s (as defined by eq. 4), and Q(t). If a 
value greater than zero is coded for QR, the 
output shows II u, SO(t) (as defined by eq. 6), 
and Q(t)/QR. 

Second, there are one or more cards contain
ing parameters of the discharge function. If 
IQ = 1, 2, or 3, then it consists of one card con
taining: QST, the ultimate steady discharge, 
coded in columns 1-10, in format E10.3; DE
LTA, a rate parameter, coded in columns 
11-20, in format E10.3; TSTAR, a time param
eter, coded in columns 21-30, in format E10.3. 
If 7Q = 4, it is one card containing the six 
polynomial coefficients. They are coded in the 
order a„, a,, , . . , a:,, in columns 1-10; 11-20, 
. . . , 51-60 all in format E10.3. If/Q = 5, then 
the program requires four cards, each card con
taining t}, Oj, 6j, tj-u a,, i, 6j4.i; the four cards 
representing,/' = 1, 3, 5, 7. The last part of each 
set of data consists of two or more cards con
taining coded values for: distance from pumped 
well, in columns 1-10; storage coefficient, in 
columns 11-20; transmissivity, in columns 
21-30; and ratio of hydraulic conductivity to 
thickness for the confining bed, in columns 
31-40, all in format E10.3. A blank card is 
used to signal the end of each set of data. Out
put from this program is shown in figure 11.3. 
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R««2»S/(4*TRANS>= 1.000E-04. K«/(S*B»)= 2.500E 03. QR = 1.257E 05 

1/U 

1.0 
1.5 
2.0 
3.0 
5.0 
7.0 

1/U»10»» 0 
S0(T) 
0.185 
0.317 
0.421 
0.566 
0.715 
0.780 

1/U*10«« 1 l/U»10«-» 2 
Q(T)/QR 
1.000E 00 
1.000E 00 
1.000E 00 
1.000E 00 
1.000E 00 
1.000E 00 

SO(T) 
0 . 8 1 9 
0 . 8 3 7 
0 . 8 4 1 
0 . 8 4 2 
0 . 8 4 2 
0.842 

Q(T)/QR 
1.000E 00 
1.000E 
1.000E 
1.000E 
1.000E 
1.000E 

00 
00 
00 
00 
00 

SO(T) 
0.842 
0.842 
0.842 
0.842 
0.842 
0.842 

Q (T)/QR 
1.000E 
1.000E 
1.000E 
1.000E 
l.OOOE 
l.OOOE 

00 
00 
00 
00 
00 
00 

1/U 

1.0 
1.5 
2.0 
3.0 
5.0 
7.0 

1/U*10»» 0 
SO 
0 
0 
0. 
0 
1 
1. 

»(T) 
.219 
.397 
,558 
.826 
.216 
.495 

1/U»10»» 1 
Q(T)/QR 
l.OOOE 00 
l.OOOE 
l.OOOE 
l.OOOE 
l.OOOE 
l.OOOE 

00 
00 
00 
00 
00 

SO(T) 
1.805 
2.167 
2.427 
2.793 
3.244 
3.530 

Q(T)/QR 
l.OOOE 00 
l.OOOE 
l.OOOE 
l.OOOE 
l.OOOE 
l.OOOE 

1/U*10«« 2 
SO(T) Q(T)/QR 

l.OOOE 00 
00 
00 
00 
00 
00 

3.815 
4.111 
4.296 
4.515 
4.708 
4.785 

OOOE 
OOOE 
OOOE 
OOOE 
OOOE 

00 
00 
00 
00 
00 

1/U»10*» 3 
SOU) 
0.842 
0.842 
0.842 
0.842 
0.8«2 
0.842 

Q(T)/OR 
l.OOOE 00 
l.OOOE 
l.OOOE 
l.OOOE 
l.OOOE 
l.OOOE 

00 
00 
00 
00 
00 

R*«2«S/(4«TRANS)= l.OOOE-04. K«/<S«B«>= 2.500E 01. 0R= 1.257E 05 

1/U*10*« 3 
SO(T) Q(T)/QR 
4.829 l.OOOE 00 
4.849 l.OOOE 00 
4.853 l.OOOE 00 
4.854 l.OOOE 00 
4.854 l.OOOE 00 
4.854" l.OOOE 00 

R»«2»S/(4*TRANS)= l.OOOE-04. K»/(S*B«)= 2.500E-01. QR = 1.257E 05 

1/U 

1.0 
1.5 
2.0 
3.0 
5.0 
7.0 

1/U»10*« 0 
SO(T> 
0.219 
0.398 
0.560 
0.829 
1.223 
1.507 

0(T)/QR 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 

1/U»10«« 1 
SO(T) 
1.823 
2.196 
2.468 
2.857 
3.354 
3.684 

Q(T)/QR 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE -00 
l.OOOE 00 
l.OOOE 00 

1/U*10»* 2 

som 
4.036 
4.437 
4.721 
5.123 
5.627 
5.958 

0(T)/OR 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 

1/U»10»» 3 
SO(T) 
6.307 
6.70O 
6.975 
7.356 
7.820 
8.110 

Q(T)/QR 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 

R»«2»S/(4*TRANS>= l.OOOE-04, K«/(S«B»)= 2.500F-03. 0R= 1.257E 05 

1/U 

1.0 
1.5 
2.0 
3.0 
5.0 
7.0 

1/U«10»« 0 

som 
0.219 
0.398 
0.560 
0.829 
1.223 
1.507 

Q(T)/QR 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 

1/U*10«» 1 

som 
1.823 
2.197 
2.468 
2.857 
3.355 
3.686 

Q(T)/QR 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 

1/U«10*« 2 
SO(T) 
4.038 
4.440 
4.726 
5.130 
5.639 
5.975 

0(T)/QP 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 

1/U»10»» 3 

som 
6.332 
6.737 
7.024 
7.429 
7.939 
8.275 

Q(T)/OR 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 
l.OOOE 00 

FIGURE 11.3.—Example of output from program to compute the convolution integral for a leaky aquifer. 
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TABLE 2.1.—Listing of program for partial' penetration in a nonleaky artesian aquifer 

t ************************»***************************************#PPN 

PURPOSE 
TO COMPUTE TYPE CURVE FUNCTION VALUES FOR PARTIAL PENETRATION 
IN A NONLEAKY AQUIFER USING EQUATIONS 1 ANO 9A OF HANTU3H,M,S,,PPN 
1961,DRAWDOWN AROUND A PARTIALLY PENETRATING wELH HYDRAULIC 
DIV, JUUR,, AM, SOC, CIVIL ENGINEERS PROC,# P, 83-98, 

INPUT DATA 
1 CAKD - FORMAT ( JF5,1, 15, 2E 1 0 , 4) 

B • AQUIFER THICKNESS 
L • DEPTH, BELOW TOP OF AQUIFER, TO BOTTOM UF PUMPING 
MELL SCREEN 
D - DEPTH, BELOW TOP OF AUUIFER, TO TOP OF PUMPING WELL 
SC REE N 
H\)%.m NUMBER OF OBSERVATION WELLS OR PIEZOMETERS TIMES 
NUMBER OF VALUES OF KZ/KR, 
SMA'LL • SMALLEST VALUE OF t/U FOR WHICH COMPUTATION IS 
DESIRED 
LAfr&C • LARGEST VALUE OF J/U FOR "HICH COMPUTATION IS 
DESIRED 

NUM CARDS (ONE FOR EACH OBS, wELL OR PIEZOMETER AND FOR EACH 
VALUE OF R*SQRT(KZ/KR), - FORMAT (3F5.1) 
R • RADIAL DISTANCE FROM PUMPED WELL TIMES SQRTCKZ/KR), 
LPRIME - DEPTH, BELOW TOP OF AQUIFER, TO BOTTOM OF UBS, 
WELL SCREEN (ZERO FOR PIEZOMETER) 
DPRIME . DEPTH, BELOW TOP OF AQUIFER, TO TOP OF OBS. WELL RPN 
SCREEN (TOTAL DEPTH FOR PIEZOMETER) 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED 
DQL12,SERIES,BESK,FCT,L,F,EXPI 

* * * * « * * * » * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * P P N 
RE*L*S U 
REALM L>LB,LPB,LPRIHE,LARGE 
DIMENSION ARRAY(13,12), IARG(12), AHG(13), A(12), C(12) 
DATA ARC/1,,1,2,I,5,2,,2,5,3,,3,5,4,,5,,6,,7,»8.,9,/ 
DATA A/12* < N*"/,C/12*'10*<»'/ 
IRD«5 
IPT»6 
READ (IRD,6) 8,L,D,NUM,SMALL,LARGE 
LB»L/B 
DB'O/B 
IBEGINaALUGlO(SMALL) 
IEND«ALOGlO(LARGEm, 
JLI^ IT 'UND- IBEGIN 
IF (JLIHIT,GT,12) JLIMIT"12 
DO 5 K«1,NUM 
READ (IRD,6) H,LPRlME,DPRIME 
RB"R/B 
LPBPLPRIME/B 
DPB«DPRIME/B 
DO 1 1*1,13 
ARGIBARG(I) 
DO 1 J»1,JLIMJT 
IARG(J)«IBEGlN*J.t 
Y » A R G I * 1 0 , * * ( I 8 E G I N * J - 1 ) 
U«l,/Y 
X»U 
CALL EXPI(X,wu,DUMMY) 

1 ARRAY(I,J)«*U+F(U,RB,LB,D9,LPB,DPB) 
IF (LPB-0.) 2,2,3 

PPN 
PPN 
PPN 
,PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PpN 
PPN 
PPN 
P I * 

if?fft 
PPN 
PPN 
PPN 
PPN 
P?\ 
PPN 
PPN 
PPN 
PPN 

*PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 
PPN 

2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
IS 
16 
17 
16 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
36 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
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TABLE 2.1.—Listing of program for partial penetration in a nonleaky artesian aquifer—Continued 

2 WRITE (IPT»7) DPB,RB,LB,DB PPN 
GO TO 4 PPN 

3 WRITE <IPT,fl) LPB,DPB,RB,LB,DB PPN 
4 WRITE (IPT,9) (A(I),C<I),IARG<I),I«1,JLIMIT) PPN 

DO 5 I»l,i3 PPN 
WRITE C IPT# 103 ARG(I),(ARRAY(1,J),J"1,JLIMIT) PPN 

5 CONTINUE PPN 
STOP PPN 

PPN 
PPN 

t> FORMAT (3F5,1,I5,2E10,4) PPN 
7 FORMAT C't>,'wCU)*FCU,R/B,L/B,D/B,Z/B), Z/B»»,F5,2, •, 3QRTCKZ/KR)*PPN 
1 R / B « I , F 5 , 2 , S L/B«>,F5,2,", D/B»•,F5,2,», U«l/Nt) PPN 

B FORMAT <'1','WCU)*F(U,R/B,L/B,0/B,L"/B,D»>/B), L " /B"»,F5,2.•, D'PPN 
ll/B»',F5,2,i, 3aRT(KZ/KR)*R/B«>,P3t2,', L/B-',F5,2,', 0/B"',F5,2,'PPN 
2, U«l/N') PPN 
9 FORMAT (•0',2X,,Ni,iX,12(2A4,I2)) PPN 
0 FORMAT ((' ',F4,1,12(F9,4,1X))) PPN 

END PPN 
REAL FUNCTION F*tt(U,RB,LB,DB,LPB,0PB) 

FUNCTION F 

PURPOSE 
TO COMPUTE 0EPARTURE8 FROM TMEIS CURVE CAUSEO BY PARTIAL 
PENETRATION OF PUMPED WELL, 

USAGE 
C f i i D U i a n o l o c i n o Q \ 

DESCRIPTION OF PARAMETERS 
ALL REAL, U DOUBLE PRECISION 
U • R**2*S/4#T*TIME (RADIAL DISTANCE SQUARED * STORAGE 

COEFFICIENT / a*TRAN3MISSIVITY * TIME 
RB • R/B ( RADIAL DISTANCE / AQUIFER THICKNESS ) 
LB • L/B ( FRACTION OF AQUIFER PENETRATED BY PUMPED WELL) 
DB » D/B ( FRACTION OF AQUIFER ABOVE PUMPED "ELL SCREEN) 
LPB - L'/B (FRACTION OF AQUIFER PENETRATED BY OBS, WELL, ZERO 

FOR PIEZOMETER) 
UPB - D"/B (FRACTION OF AQUIFER ABOVE OBS, HELL SCREEN, TUTAL 

DEPTH FOR PIEZOMETER) 
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED 

DQL12,SERIES,BE3K,FCT,L 
METHOD 

3UMS THE SERIES THROUGH NoPItR/B EQ 20 

•a**************************************************************** 
REAL«8 U,V 
RE*L*« L,N,LB,LPB 
SOMBQ, 
NoO, 
PIRB«3,141593*R8 
PILB»i,l«i593*LB 
PIDB«3,141593*DB 
IF (LPB-0.) 1,1,4 
CHECKS FOR "ELL OR PIEZOMETER 

1 PIZB«3,141593»DP'B 
2 N«N*1, 

V B N » P I R B / 2 , 
IF (V.GT.IO.) GO TO 3 
TRUNCATES SERIES WHEN V>10 
X»L(U,V)/N 
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TABLE 2.1.—Listing of program for partial penetration in a nonleaky artesian aquifer—Continued 

3 U M s S U M > ( 3 I N ( N * P I L B ) - 8 I N ( N * P I D 8 ) ) * C 0 3 ( N * P I Z B ) * X 
CO TO 2 

3 F » , 6 3 6 6 1 9 6 * S U M / ( L B » D B ) 
GO TO 7 

U PILPB»J,1<J1593*LP8 
PIDPB«3,iai593*DPB 

5 HmU*\ 
V»N*PIRH/2, 
IF CV.GT.10,) GO TO 6 
TRUNCATES SERIES WHEN V>10 
XsL(U»V)/N 
3UM«3UM*CSIN{N*PILB)-8IN(N*PIC>B))*C3In(N*PJL''B)«>3INCN*PIDPB))*X/N 
GO TO 5 

6 F«,202642a*3UM/C(LB-OB)*(LPB-DPB)) 
T RETURN 

END 

REAL FUNCTION L*«(U,V) 
A * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

FUNCTION L 

PURPOSE 
TO COMPUTE THE INTEGPALC EXP(-Y«V**2/Y>/Y) SUMMED OVER Y FROM 
U TO lNFINITY(wELL FUNCTION FOR LEAKY AQUIFERS), 

DESCRIPTION OF PARAMETERS 
BOTH DOUBLE PRECISION 
U « R**2*S/4*T*TI*E (RADIAL DISTANCE SQUARED * STORAGE 

COEFFICIENT / 4*TRANSMIS3IVITY * TIME 
V • R/2*3GRT(Ki/(T*8,))»»ONE-HALF RADIAL DI3TANCE*SQUARE ROOT 

CHYD. CONO, OF CONFINING BED/TRANSMI38IVITY*THICKNES9 
OF CONFINING BED) 

SUBROUTINES AND FUNCTION SUBPROGRAMS REOUIREO 
DQL12,SERIES,BE8K,FCT 

METHOD 
IN THE FOLLOWING F«EXP(-Y«V**2/Y)/Y 

(1) U>»1, USES A GAUSSIAN-LAGUERRE QUADRATURE FORMULA TO 
EVALUATE INTEGRALCF) FROM U TO INF, 

(2) V**2<U<1, USES THE G-L QUADRATURE TO EVALUATE INTEGRALCF) 
FROM ONE TO INF AND A SERIES EXPANSION TU EVALUATE INTEGHALCF) 
FROM U TO ONE, 

(3) U<i, U<«V**2, USES THE REPRESENTATION INTEGRALCF) FROM U 
TO INF, « 2*K0(2»V)«INTEGRAL(F) FROM V#*2/U TO INF, 
EVALUATES THE ZERO ORDER MODIFIED BE33EL FUNCTION OF SECOND 
KIND WITH IBM SUBROUTINE* EVALUATES INTEGRAL BY G»L QUAD, 

A * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

EXTERNAL FCT 
REAL»S U,V,Z,F,VV,SERIES 
COMMON /CI/ VV#Z 
vv»v 
IF (U-l.) 1,2,2 
CHECKS IF U<1 

1 ZsV*V/U 
IF CZ-1.) 3,«,4 
CHECKS IF V**2/U < I 

2 Z«u 
CALL DULU(FCT.F) 
L»F 
INTEGRAL U TO INF, EVALUATED BY GAUSS-LAGUERRE QUADRATURE 
GO TO 5 

3 Z»l, 
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CALL DQL12CFCT.F) U 46 
L»F+SERIESCU,V) L 47 
INTEGRAL 1 TO INF, BY G-L QUAD,, INTEGRAL U TO 1 BY SERIES Exp, L 48 
GO TO 5 L 49 
TwOV«2,*V L 50 
CALL 8ESK(TWOV#0»BK,IER) L SI 
CALL 0QL12CFCT.F) L 52 
La2,»8Kt>F L 53 
2K0t2V)-lNTEGRAL V**2/U TO INF, L 54 
RETURN L 55 
END L 56" 

REAL FUNCTION SERIES*8(U,V) SER 1 
**************************************<i*»*it***********************SER 2 

SER 3 
FUNCTION SERIES SER 4 

SER 5 
PURPOSE SER 6 

TO EVALUATE 3(1>-S(U), WHERE 3 IS A SERIES EXPANSION OF 8ER 7 
INTEGRAL(EXP(«Y"Vi»*2/Y)DY/Y) GIVEN BY! 3» SUM, M«0 TO INFINITY,SER 8 
(F(M)*8UM, N«0 TO INF,, (V**(2*N)/((M)*(M + N)D) WHERE FCM)« SER 9 
LOG(U) IF M»0 AND • ((•l)«*M/M)*(U**M-(V**2/U)«*M) IF M > 0 , SER 10 

DESCRIPTION OF PARAMETERS SER 11 
BOTH OOUBLE PRECISION SER 12 
U - R**2*S/4*T*TIME (RADIAL DISTANCE SQUARED * STORAGE SER IS 

COEFFICIENT / 40TRANSMIS3IVITY » TIME SER 14 
V «. R/2*3QRT(Ki/(T*6»))-"ONE-HALF RADIAL DI3TANCE*SUUARE ROOT SER 15 

(HYD, CONO, OF CONFINING BE O / T R A N S M I S S I V I T Y * T H I C K N E 3 3 SER 16 
OF CONFINING 8E0) SER 17 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED SER 18 
NONE " ' " SER 19 

METHOD SER 20 
SUMMATION IS TERMINATED FOR THE INNER SERIES WHEN A TERM SER 21 
BECOMES LESS THAN 5.E-7/N AND FOR OUTER SERIES "MEN A TERM SER 22 
BECOMES LESS THAN 5.E-7 SER 2J 

SER 24 
********#****o************************«*ii^********************«**3ER 29 
REAL*8 DLOG,DABS«8(2)»VUM,UU SER 26 
REAL*8 TEST#U,UM,EM,EN,8UMl,SUM,SIGN,V,VS0,VSQU,RMULiTERM,TERMi 8ER 27 
TEST»5,0-07 SER 28 
VSO»V*V SER 29 
UU«U 3ER 30 
DO 6 I*i,2 SER 31 
EVALUATES 8ERIE3 FOR LOWER LIMIT • U AND UPPER LIMIT • I SER 32 
IF CI,Eli,2) U«l, SER 33 
UM«1, SER 34 

SER 35 
SER 36 
SER 37 
SER 38 
SER 39 
SER 40 
SER 41 
8ER 42 
SER 43 
SER 44 
SER 45 
8ER 46 

VUM»0, SER 47 
SER 48 
SER 49 
SER 50 

EM»-1, 
SUMlaO, 
SIGNi-1, 
VUM«l, 
VSUUsVSQ/U 
E H « E M * I , 

IF (EH.,1) 2,3,3 
CHECKS FOR M«0 
RMUL«DLOG(U) 
TERM1-1, 
GO TO 4 
UM«UM*U 
IF (VUM.LT,1,0-30) 
VUMOVUM*V3UU 
R M U L « ( U M » V U M ) / E M 

TERMJ»TERM1/EM 
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4 SIGN*.SIGN SER 51 
3UM«TERM1 SER 52 
TENMiTERMl 3ER 53 
EN«0, 8ER 54 

5 EN«£hM, SER 55 
TERM«TERM*V88/(EN*(EN«|M)) 3ER 56 
3UM»3UMtTERM 3£R 37 
IF CTEST,LE,DAB3(R»UL*EN*TERM)) GU TO 5 SER 5* 

C TRUNCATES INNER SERIES IF OUTER TERM»N*INNER TERM < 5.E-7 SER 59 
SUMl»3UMltSICN»RMUL*3UM SER 60 
IF (EM.LT.,1) CO TO 1 SER 61 
IF (TE3T,LE,DA63(RMUl*SUM)) CO TO 1 3ER 62 

C TRUNCATES OUTER SEHIES IF OUTER TERMINER SUM < 5,E»7 SER 61 
6 SdJaSUM} a E R 6 4 

UiUU SEfi 65 
SERIES«S(2)-3(1) 8€R 66 
RETURN 3 E H 67 
END S£R b 8 . 
REAL FUNCTION FCT*8(X> FCT I 

C ""A*************************************************************F£T 2 
c F̂g-T 3 
C FUNCTION FCT FCT 4 
c FCT 5 
C PURPOSE FCT 6 
C TO COMPUTE FCT(X)«exP(«Z»V**2/CX*Z))/CXtZ) FCT 7 
C DESCRIPTION OF PARAMETERS FCT 3 
C X • THE DOUBLE PRECISION VALUE OF X FOR WHICH FCT IS COMPUTEO FCT 9 
C SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED FCT 10 
C NONE F C T U 
C METHOO FCT l 2 

C FORTRAN EVALUATION OF FUNCTION FCT 13 
c FCT 14 
C ***************************************************************«**FCT 15 

REAL*8 X,V,Z,P,DEXP FCT lb 
COMMON /Cl/ V,Z FCT 17 
IF (X) 1,2,2 FCT 18 

1 FCT»0. FCT 19 
60 TO U FCT 20 

2 P B Z + V * * 2 / ( X + Z ) FCT 21 
IF CP-5.01) 3,3,1 FCT 22 

3 FCT»DEXP(.P)/(X+Z) FCT 23 
« RETURN FCT 24 

END FCT 25-
SU8ROUTINE DBLt2(FCT,r) DL12 380 

DL12 10 
.....,...,,.,,,,,..,,., ,.,•!. ... ..,...,.,., ,DL 12 20 

DL12 30 
SUBROUTINE D0L12 0L12 40 

DL12 50 
PURPOSE 0L12 60 

TU COMPUTE INTECRAL(EXP(»X)*FCT(X), SUMMED OVER X DL12 70 
FRON 0 TO INFINITY), 0L12 80 

0LI2 90 
USAGE 0L12 100 

CALL 00L12 (FCT,Y) OL12 liU 
PARAMETER FCT REUUIRES AN EXTERNAL STATEMENT DL12 120 

DL12 130 
DESCRIPTION UP PARAMETERS DL12 140 

FCT - THE NAME OF AN EXTERNAL DOUBLE PRECISION FUNCTION 0L12 150 
SUBPROGRAM USED, 0L12 160 

Y . THE RESULTING DOUBLE PRECISION INTEGRAL VALUE, DL12 170 
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REMARKS 
NONE 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQU 
THE EXTERNAL DOUBLE PRECI8I0N FUNCTION 
MUST BE FURNISHED BY THE USER, 

METHOD 
EVALUATION IS DONE BY MEANS OF 12-POlN 
QUADRATURE FORMULA, "HICH INTEGRATES E 
WHENEVER FCT(x) IS A POLYNOMIAL UP TO 
FOR REFERENCE, SEE 
SHAO/CHEN/FRANK, TABLES OF ZEROS AND G 
CERTAIN ASSOCIATED LAGUERRE POLYNOMIAL 
GENERALIZED HERMITE POLYNOMIALS, IBM T 
TROO.UOO (MARCH 1964), PP,24-25, 

IKED 
SUBPROGRAM FCT(X) 

T GAUSSIAN.LACUfcRRE 
XACTLY, 
DEGREE 23, 

AUSSIAN WEIGHTS OF 
3 AND THE RELATEO 
ECHNICAL REPORT 

DL 
DL 
DL 
DL 
DL 
DL 
DL 
OL 
DL 
DL 
DL 
DL 
OL 
DL 
OL 
DL 
DL 
DL 

, DL 
DL 
DL 
DL 
OL 
OL 
DL 
DL 
DL 
OL 
DL 
DL 
DL 
DL 
DL 
DL 
DL 
DL 
DL 
DL 
DL 
OL 
OL 
DL 
DL 
DL 
OL 
DL 
DL 
DL 
DL 
OL 
BESK 
BESK 

, BESK 
BESK 
BESK 
BESK 

VEN ARGUMENT ANO ORDER8ESK 
BESK 
BE8K 
BESK 

DOUBLE PRECISION X,Y,FCT 

X " , J 7 0 
Y=,B1« 
X a , 2 8 4 
Y*Y + , 5 
X a , 2 2 l 
Y » Y * , 1 
Xs.171 
Y»Y+,1 
X a . 1 3 0 
Y « Y * , 8 
Xo ,962 
Y » Y * , 2 
X a , 6 8 4 
Y » Y t , 2 
X a , 4 5 9 
Y » Y * , 2 
X s . 2 8 3 
Y « Y * , 9 
Xn,151 
Y » Y * , 2 
X a , 6 U 
Y « Y * , 3 
X » , U 5 
YaY+,2 
RETURN 
END 
SUBROU 

9912104446692 
807746742624 0 
8796725098400 
06160163503502 
5109037939701 
34239103051500 
1685518746226 
66849387654091 
0605499330635 
36505585681980 
1316842U56B7 0 
03231592662999 
4525453115177 
66397354186531 
9227639418348 
01023811546341 
3751337743S07 
04492222116809 
2610269776419 
44082011319877 
7574845151307 
77759275673138 
7221173580207 
64731371055443 

D2 
•15*FCT(X) 
D2 
1 D-ll*FCT(X) 
02 
4 D-8*FCT(X) 
02 
0 D-6*FCTCX) 
02 
D-5*FCT(X) 
I 
4 D-3*FCT(X) 
01 
6 0-2*FCTCX) 
Dl 
0 D«1*FCT(X) 
01 
D«1«FCT(X) 

Dl 
6 00*FCT(X) 
00 
0 D0*FCT(X) 
00 
2 D0*FCT(X) 

TINE BESK(X,N,8K,IER) 

SUBROUTINE BESK 

COMPUTE THE K 8E38EL FUNCTION FOR A CI 

USAGE 
CALL BESMX,N,BK,IER) 
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DESCRIPTION OF PARAMETERS 
X -THE ARGUMENT OF THE K 8ES3EL FUNCTION DESIRED 
N -THE ORDER OF THE K BESSEL FUNCTION DESIRED 
BK -THE RESULTANT K BESSEL FUNCTION 
IER-RESULTANT ERROR CODE HHERE 

IERaO NO ERROR 
IER«l N IS NEGATIVE 
IER»2 X IS ZERO OR NEGATIVE 
IER»3 X ,GT, 170, MACHINE RANGE EXCEEDED 
IER«4 BK ,GT, 10**70 

REMARKS 
N MUST BE GREATER THAN OR EQUAL TO ZERO 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED 
NONE 

METHOD 
COMMUTES ZERO ORDE« AND FiRST ORDER B-E38EL FUNCTIONS USING 
SERIES APPROXIMATIONS AND THEN COMPUTES N TH ORDER FUNCTION 
USING RECURRENCE RELATION, 
RECURRENCE RELATION AND POLYNOMIAL APPROXIMATION TECHNIQUE 
A3 DESCRIBED Br A,J,M,HITCHCOCK,•POLYNOMIAL APPROXIMATIONS 
TO BESSEL FUNCTIONS OF ORDER ZERO ANO ONE AND TO NELATED 
FUNCTIONS', «,T,A,C,, V,U,19S7,PP,86-88, AND G.N, WAT80N, 
•A TREATISE ON THE THEORY OF BE3SEL FUNCTIONS', CAMBRIDGE 
UNIVERSITY PRESS, 1958, P, 62 

DIMEN8ION T(12J 
BK«,Q 
IFCNUO,11*11 

10 IER«1 
RETURN 

11 IFCXJ12,12,20 
12 IER»2 

RETURN 
20 IF(X-170.0)22,22,21 
21 IE««3 

RETURN 
22 IER»0 

IF(X-1,J36,36,25 
25 AaEXP(-X) 

Bal./X 
CaSURT(B) 
TC1)«8 
DO 26 L»2»12 

26 TCL)»TCL-1)*B 
IF(N.1)27#29,27 

COMPUTE KO USING POLYNOMIAL APPROXIMATION 

27 G0«A»(l,2533l«l-,lS666«2*TCl>*.068m28oTC2)-,09139095*T(3> 
2*. 1344596*T(«)«,2299650*TC5)*,3792«I0#TC6)-,5247277«T(7) 
3+ I5575368*TC8)-,4262633*TC9)+,2184Sl8*TCl0)-,06680977*TCll) 
4+,009169383*T(12))*C 
IF(NJ20»28,29 

28 BK'GO 
RETURN 

BESK 100 
BE8K 110 
BESK 120 
8ESK 130 
BESK 140 
B'ESK 190 
BESK 160 
BE*8K 1?0 
BESJK 18S) 
BESfK 190 
BESK 20 0 
BESK 210 
BESK 22$ 
6ESK mo 
B*»K 240 
BE$K 25i0 

2j6:0 
>94 
300 
310 
320 

BESK 330 
BESK 340 
BE8K 350 
BESK 360 
BESK 370 
BESK 360 
BESK 390 
BESK 400 
BESK 420 
BESK 430 
BESK 440 
BESK 450 
BESK 460 
BESK 470 
BESK 480 
BESK 490 
BE8K 500 
BESK 510 
BESK 520 
BE8K 530 
BESK 540 
BESK 550 
BESK 560 
BESK 570 
BESK 580 
BESK 590 
BESK 600 
BESK 610 
BESK 620 
BESK 630 
BESK 640 
BESK 650 
BESK 660 
BESK 670 
BESK 660 
BESK 690 
BESK 700 
BESK 710 
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COMPUTE «1 USING POLYNOMIAL APPROXIMATION 

29 Gl»A*(l,2533141+,4699927*TCl)-,1468S83*T(2)*,t2e0427*TC3) 
2»,l736432*TC4)*,28«76i8*T(5}»,4594342*T(6)*t6283381«T(7) 
3»,6632295*T(8)*,S030239*T(9).,2581304*TUO) + , 07880 OOUT(ll) 
4-.010824ie*T(l2))*C 
IMN.1)20,30, 51 

30 8K«G1 
RETURN 

FROM KO,Kl COMPUTE KN USING RECURRENCE RELATION 

31 DO 35 J«2,N 
GJ*2,*(FLOAT(J).1,)*G1/X*G0 
IFCGJ-1,0E70)33,S3,32 

32 IER»4 
GO to 34 

33 G0>G1 
35 G1»GJ 
34 BK«GJ 

RETURN 
36 B-X/2, 

A»,5772l57»ALOG(B) 
C»8*B 
IF(N»1)37,43,37 

COMPUTE KU USING SERIES EXPANSION 

37 G0«-A 
X2J»1, 
FACT«1, 
HJa.O 
DO 40 J»l,6 
RJ"l,/FLOAT(J) 
IFCX2J.LT,I.E.40) X2J«0, 
PREVIOUS STATEMENT ADDED TO IBM SUBROUTINE TO CORRECT UNDERFLOW 
PROBLEM ON aATFOR COMPILER 
X2J«X2J*C 
FACT«FACT*RJ*RJ 
HJ«HJ*RJ 

U0 G0»G0+X2J*FACT*(HJ-A) 
IFCN)43,42,43 

42 BK«G0 
RETURN 

COMPUTE Kl USING SERIES EXPANSION 

43 X2J»B 
FACT«l, 
HJ»l, 
Gi"l,/X*X2J*(,5*A-HJ) 
DO 50 J«2,8 
X2J»X2J»C 
RJ«i,/FLOAT(J) 
FACT»FACT*RJ*RJ 
HJ«HJ*RJ 

50 Gi«Gl*X2J*FACT*(.5+(A-HJ)*FL0AT(J)) 
IFCN.1)31,52,31 

52 BKaGl 
RETURN 
END 

BESK 720 
8ESK 730 
BESK 740 
BESK 750 
BESK 760 
BESK 770 
BtSK 780 
BESK 790 
BESK 800 
BESK 810 
BESK 820 
BESK 830 
BESK 640 
BESK 850 
BESK 860 
BESK 870 
BESK 880 
BfeSK 890 
BESK 900 
8ESK 910 
BESK 920 
BESK 930 
BESK 940 
BESK 950 
BESK 960 
BESK 970 
BESK 980 
BESK 990 
BE3K1000 
BESK1010 
BESK1020 
BESK1030 
BESK1040 
BESK1050 
BESK1060 
BE3K1061 
BESK1062 
8E3K1063 
BE3K1070 
BESK1080 
BE3K1090 
BE3KU00 
BE3K1110 
BE3K1120 
BESKH30 
BE8KM40 
BESK1150 
BESK1160 
BE3K1170 
BE3K1160 
BESK1190 
BE3K1200 
8ESK1210 
BESK1220 
BESK1230 
BESK1240 
BESK1250 
BESK1260 
BESK1270 
BESK1280 
BESK1290 
BESK130* 
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SUBROUTINE EXPl(X,R£3»AUX) £ x p l 350 
EXPI 10 

. , , , , , , , , „ , , , , , , , , . . . , . . , . . . . . E X P I 20 
EXPI 30 

SUBROUTINE EXPI EXPI 40 
EXPI 50 

PURPOSE EXPI 60 
COMPUTES THE EXPONENTIAL INTEGRAL •EI(-X) EXPI 70 

EXPI 80 
tlSAGE EXPI 90 

CALL EXPICX.RES) EXPI 100 
EXPI 110 

DESCRIPTION Or PARAMETERS EXPI 120 
X - ARGUMENT OF EXPONENTIAL INTEGRAL EXPI 130 
RES - RESULT VALUE EXPI 140 
AUX • RESULTANT AUXILIARY VALUE EXPI ISO 

EXPI 160 
REMARKS EXP't 1-70 

X GT 170 (X LT -174) MAY CAUSE UNDERFLOW (OVERFLOW) £X#I l'BO 
WITH THE EXPONENTIAL FUNCTION E X M 190 
FUR X m 0 THE RESULT VALUE IS 8ET TO -1.E75 EXP* 200 

FXPI 210 
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED EXPI 220 

NONE EXPI 230 
EXPI 240 

METHOD EXPI 250 
DEFINITION EXPI 260 
RES«INTEGRAL(EXP(«T)/T, SUMMED OVER T FROM X TO INFINITY), EXPI 270 
EVALUATION EXPI 260 
THREE DIFFERENT RATIONAL APPROXIMATIONS ARE USED IN THE EXPI 290 
RANGES 1 LE X, X LE -9 AND »9 LT X LE »3 RESPECTIVELY, EXPI 300 
A POLYNOMIAL APPROXIMATION IS USED IN -3 LT X LT 1, EXPI 310 

EXPI 320 
,.,,.,.,, EXPI 330 

EXPI 3^0 
IF(X«l,)2,l,l EXPI 360 

1 Y«l,/X EXPI 370 
AUX«l,-Y»(({Y*3,377358EO)*Y*2,05215bEO)*Y+2,709479E-n/{(((Y* EXPI SS0 

H,072553E0*5,7l6943E0)*Y+6,945239E0)*Y*2,593868E0)*Yt2,709496E»l) EXPI 390 
RE8«AUX*Y*EXP(«X) EXPI 400 
RETURN EXPI 410 

2 IF(X+3,)6,6«3 EXPI 420 
3 AUX«{(((((C7,122452E-7*X»1,766345E-6)*X+2,928433E-5)*X»2,335379E«4EXPI 430 
1 )»X*1,664156E-3)*X-1,041576E-2)*X*5,555682E«2)*X-2,500001E-1)*X EXPI 440 
2+9.999999E-1 EXPI 450 
RES»«1,E75 EXPI 460 
IF(X)4,5,4 EXPI 470 

4 RESBX«AUX-AL0G(ABS(X))-S 1772157E*1 EXPI 480 
5 RETURN EXPI 490 
6 IPU*9,)8,6,7 EXPI 500 
7 AUX«t,-(C(t5,l76245E-2*X+3,06t037E0)*X*3,243665El)*X+2,24423aE2)*XEXPI 510 
l+2,486697E2)/((((X+3,99bl6lE0)*Xt3,893944El)*X»2 i263818El)*X EXPI 520 
2+1.807837E2) EXPI 530 
GOTO 9 EXPI 540 

8 Y«9,/X EXPI 550 
AUX«l.-Y*(((Y +7,659824E«l)*Y-7,271015E-n*Y»l,080693EO)/((((Y EXPI 560 

1*2,518750EO*t,122927£l)*Y+S,921405EO)*Y-8,666702EO)*Y*9,724216EO) EXPI 570 
9 RES»AUX*fcXP(-X)/X EXPI 580 

RETURN EXPI 590 
END EXPI 60-
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*************************************************************** 

PURPOSE 
TO CUMPU 
FUNCTION 
NON-STEA 
GEOPHYS, 

INPUT DATA 
1 CARD • 

USM 
DE3 
ULA 
DES 

2 CARDS 
UDA 

SUBROUTINES 
I,SERIES 

TE A TABLE OF VALUES OF THE 
- W(U,R/B) • HANTUSH,M,S,, 

DY RADIAL FLO* IN AN INFINI 
UNION TRANS,, V, 36* NO, 1 

FORMAT(2EtO,5) 
ALL - SMALLEST VALUE OF 1/U 
IRED, 
RGE • LARGEST VALUE UF 1/U 
IRED, 
• FORMAT(8E10,5) 
T - 12 VALUES OF R/B FOR TA 
AMD FUNCTION SUBPROGRAMS R 
»FCT,BESK,D0L12 

LEAKY AQUIFER WELL 
AND JACOB,C,E,, 195S# 
TE LEAKY AQUIFERI AM, 
, P, 95-100, 

FOR WHICH COMPUTATION IS 

FOR WHICH COMPUTATION IS 

BLE, 
EQUIRED 

A * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

REAL*4 L 
REAL*B U,V 
DIMENSION ARRAY(73,12)» YC73), BDATC12), YNUM(6) 
DATA YNUM/1,,1,5,2.,3,,5.,7./ 
IRD"5 
IPT»6 
READ (IRQ,6) U3MALL,ULAHGE 
READ (IRD,b) BOAT 
IBEGINBALOG10CU3MALL) 
IEND«ALOG10(ULAHGE)+,99999 
TI TMT T« t Trun.mcr .Tk i < i i . i i 

************************* 

ILIMIT«73 

GO TO 2 

IF (ILIMIT,ttT,7J) 
DO 1 1*1*12 
IF (BDAT(I).EQ.O.) 

1 CONTINUE 
NB-12 
GO TO 3 

2 N8*IM 
3 11*0 

DO 4 I«1,ILIMIT 
II«II+1 
IF (II.GT.6) II.1 
IEXP-IBEGINt(l-i)/6 
Y(I)«YNUM(H)*10,»«IEXP 
U»1,/Y(I) 
DO 4 J*1,N8 
V«B0AT(J)/2, 

4 ARRAY(I,J)«L(U#V) 
WRITE CIPT#7) (BDAT(I),I»1,NB) 
DO 5 I«1,ILIMIT 

5 WRITE CIPT,8> V(I),(ARRAY(I#J),J*i,NB) 
STOP 

6 FORMAT (8E10.5) 
7 FORMAT (•tl»,w(U|R/B)>/l0>»10X,< I R/B»/» ',6X,»1/U l',12£10,2) 
8 FORMAT (' ',E10,3»12F10,4) 

END 

REAL FUNCTION L*4(U,V> 
A * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * , l r * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

FUNCTION L 

***WUB 
WUB 
WUB 
WUB 
WUB 
WUB 
WUB 
WUB 
WUB 

0 WUB 
WUB 
WUB 
WUB 
WUB 
WUB 
WUB 
WUB 
wUB 

***wu8 
WUB 
WUB 
WUB 
WUB 
WUB 
WUB 
WUB 
wuB 
wUB 
WUB 
Idl I D 
••WW 

WUB 
wuB 
WUB 
WUB 
wuB 
wuB 
wUB 
WUB 
WuB 
wuB 
WUB 
WUB 
WUB 
WUB 
WUB 
"UB 
WUB 
WUB 
WUB 
WUB 
WUB 
WUB 
WUB 
WUB 
WUB 
WUB 
WUB 

*** L 

1 
2 
3 
4 
5 
6 
7 
6 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
32 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57-
1 
2 
3 
4 
5 
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TABLE 4.3—Listing of program for radial flow in a leaky artesian aquifer—Continued 

PURPOSE 
TO COMPUTE THE INTEGRAL( 
U TO I*PINITY(NEII FUNCTI 

DESCRIPTION OF PARAMETERS 
BOTH DOUBLE PRECISION 
U • R**2«8/4*T*TIME (RADI 

COEFFICIENT / ««TRAN8 
V - R/2*8QRT(K»/(T*B«)) 

(MYD, COND, OP CONFIN 
OF CONFINING BED) 

SUBROUTINES AND FUNCTION SUB 
0QL12,SERIES,BESK,FCT 

METHOD 
IN THE FOLLOWING F«EXPl«Y 

(1) U>»1, USES A GAUSSIAN.L 
EVALUATE INTEGRALCF) FROM 

C2) V*»2<U<1, U8ES THE G«L 
FROM ONE TO INF AND A SER 
FROM u TO ONE, 

(3) U<1, U<»V*»2, USES THE 
TO INF, • 2*K0(2*V)>INTES 
EVALUATES THE ZERO ORDER 
KIND *ITH IBM SUBROUTINE, 

EXP(»Y«V**2/Y)/Y) SUMMED OVER Y FROM 
ON FOR LEAKY AQUIFERS), 

AL DISTANCE SQUARED * STORAGE 
MI53IVITY * TIME 
ONE-HALF RADIAL DI3TANCE#8QUARE ROOT 
ING BED/TRANSMISSIVITY*THICKNE8S 

PROGRAMS REQUIRED 

•V**2/Y)/Y 
AGUERRE QUADRATURE FORMULA TU 
U TO INF, 
QUADRATURE TO EVALUATE INTEGRAL(F) 
IES EXPANSION TO EVALUATE INTEGHAL(F) 

REPRESENTATION INTEGRAL(F) FROM J 
R»L(P) PROM V**2/U TO INF, 
MODIFIED BtSS'PL FUNCTION OF SECOND 
EVALUATES INTEGRAL BY G«L UUAO, 

EXTERNAL FCT 
REAL*8 U,V,Z,F,VV,SERIES 
COMMON /CI/ VV»Z 
VV»V 
IF (U-l.) 1,2,2 
CHECKS IF U<1 

1 2»V*V/U 
IF (Z-l.) 3,4,4 
CHECKS IF V*«2/U < 1 

2 Z»U 
CALL DQL12(FCT,P) 
L«F 
INTEGRAL U TO INF, EVALUATED BY GAUSS»LAGUERRE QUADRATURE 
GO TO 5 

3 Z»lt 
CALL DQL12(FCT,F) 
L»F+SERIE3(U,V) 
INTEGRAL 1 TO INF, 8V G-L QUAO,, INTEGRAL U TO 1 BY SERIES EXP, 
GO TO 5 

4 TNOVa2,*V 
CALL BESK(TNOV,0,BK,IER) 
CALL DUL12CFCT,F) 
L«2,»BK»F 
2K0(2V)"lNTEGRAL V«*2 /U TU I N F , 

5 RETURN 
END 
REAL FUNCTION 3ERIES*BCU,V) 
A * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

FUNCTION SERIES 

PURPOSE 
TO EVALUATE S(l)-SCU), WHERE S IS A SERIES EXPANSIUN OF 
INTEGRAL(EXP(«Y-V**2/Y)DY/Y) GIVEN BYl 3* SUM, M«O TU INFINITY 
CF(M)*SUM, N«0 TO INF.,(V*»(2*N)/((NJ)«(M*N)J)) WHERE F ( M ) I 
LOG(U) IF MiQ ANO • (C-n**M/M)*(U**M-(V**2/U)**M) IF M>0, 

DESCRIPTION OF PARAMETERS 
BOTH DOUBLE PRECISION 
U - R*»2*3/4*T*TIME (RADIAL DISTANCE SQUARED * STDHAGE 

COEFFICIENT / 4*TRANSMI8SIVITY * TIME 
V - R/2*SQRT(K«/(T*B"))«ONE-HALF RADIAL DISTANCE*SQUAH£ ROOT 

(HYD, COND, OF CONFINING BED/THANSMISSIVITY*THICKNESS 
OF CONFINING BED) 

SER 
• SER 
SER 
SER 
SER 
SER 
SER 
,SER 
SER 
SER 
SEP 
SER 
SER 
SER 
SER 
SER 
SER 

6 
T 
8 
9 
10 
11 
12 
13 
14 
15 
16 
IT 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56-

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
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TABLE 4.3—Listing of program for radial flow in a leaky artesian aquifer—Continued 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED SER 18 
NONE 3£« 1' 

METHOD 8ER 20 

SUMMATION IS TERMINATED FOR THE INNER SERIES WHEN A TERM SEP 21 
BECOMES LESS THAN 5,£»7/N AND FOR OUTER SERIES WHEN A TERM 3ER 22 
BEtOMES LESS THAN S.E-7 3ER 23 

3ER 2« 
*«********»**»***********************»****************************8ER 25 
RE*L*8 DLO6,0ABS,S(2)»VUM,UU 3ER 26 
REAL*B TESTfU,UM,EM,EN,8UMl,SUM,8ICN,V»VSU.VSUU»RMUL,TERM #TERMj 3ER 27 
TEST»5,D-07 SfcR 28 
VS0"V*V 8t" 29 
UU«U 8ER 5° 
00 6 I«l,2 3ER 51 
EVALUATES SERIES FOR LOWER LIMIT • U AND UPPER LIMIT P 1 SER 32 
IF (I.EB.2) U«l. 8feR 33 

UMal, SEW 31 
EM8-1, 8ER 35 
SUM1»0, SER 5* 
S I C N B - 1 , 8 E " 37 

VUM»J, SER 38 
VSOUeVSQ/U 8 E R 3* 

1 E M - E M + 1 , SER «<> 
IF (EM-.J) 2,3,3 «« <*[ 
CHECKS FOR M»0 8tH "2 

2 RMUL-DLOGCU) 8 E R «3 
TERM1.1, 8ER 4U 
CO TO <i S« a5 

3 UM»UM*U 8ER "* 
IF (vUM.LT sl.n»?0) V U M » 0 ; 8£S 07 
VUM«VUM*VSUU* SER "8 

RMUL«CUM»VUM)/EM SER «9 
TERM1»TERM1/EM SER 50 

U S I C N B - S I G N 8 ^ R 51 
3UM»TER*l 8Efl 52 
TERM«TE«Mi SER 51 
EN-0, SER 5a 

5 E N " E N * t , S E R 55 

TERM»TERM»VSQ/(EN*(EN*EM)) SER 56 
8UM«SUM«TERM SER 57 
IF (TEST,LE,DAB8(RMUL*EN*TEHM)) GU TO 5 SER 58 
TRUNCATES INNER SERIES IF OUTER T E R M * N * I N N E R TERM < 5,E»7 SER 59 
SUM1«3UM1+SIGN*RMUL*SUM SER 60 
IF (EM,LT,,1) GO TO 1 SER 61 
IF (TEST,LE,DAB3(RMUL*3UM)) GO TO 1 3fcR 62 
TRUNCATES OUTER SERIES IF OUTER T E R M I N E R SUM < 5,fc«7 SER 63 

6 3(I)"SUM1 3ER 6« 
U*UU SER 65 
8ERIES»S<2)-S(1) SER 66 
RETURN SER 67 
END SER 68" 
REAL FUNCTION PCT*8(X) FCT 1 
•••A*************************************************************»*FCT 2 

FCT 3 
FUNCTION FCT FCT « 

FCT 5 
PURPOSE FCT 6 

TO COMPUTE FCT(X)«EXP(-Z-V*#2/(X*Z))/(X*Z) FCT 7 



7 
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TABLE 4.3—Listing of program for radial flow in a leaky artesian aquifer—Continued 

DESCRIPTION OF PARAMETERS FCT 8 
X • THE DOUBLE PRECISION VALUE OF X FOR WHICH FCT IS COMPUTED FCT 9 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED FCT 10 
NONE FCT 11 

METHOD FCT 12 
FORTRAN EVALUATION OF FUNCTION FCT 13 

FCT 14 
•************4********************»*********************»*********FCT IS 
REAL*8 X,V,Z,P,DEXP FCT 16 
COMMON /CI/ V,Z PCT 17 
IF CX) 1,2,2 FCT 18 

1 FCT»0, FCT 19 
GO TO 4 FCT 20 

2 P*Z*V**2/(X*Z) FCT 21 
IF (P-5,01) 3,3,1 FCT 22 

3 FCT«OEXP(-P)/(X*Z) FCT 23 
4 RETURN FCT 24 

END FCT 25-
SUBROUTINE U0L12(FCT,Y) DL12 380 

D,L 12 10 
• 11.. .... i. i............... t *J*t 12 20 

D.112 30 
SUBROUTINE DQL12 DL12 a0 

0L12 50 
PURPOSE DL12 60 

TO COMPUTE INTEGRALCEXP(-X)*FCT(X), SUMMED OVER X DL12 70 
FROM o TO INFINITY), DL12 80 

DL12 90 
USAGE DL12 100 

CALL DQL12 (FCT,Y) DL12 110 
PARAMETER FCT REQUIRES AN EXTERNAL 8TATEMENT DL12 120 

DL12 130 
DESCRIPTION OF PARAMETERS DL12 H O 

FCT • THE NAME OF AN EXTERNAL DOUBLE PRECISION FUNCTION DL12 150 
SUBPROGRAM USED, DL12 160 

Y . THE RESULTING DOUBLE PRECISION INTEGRAL VALUE, 0L12 170 
DL12 180 

REMARKS D H 2 190 
NONE DL12 200 

DL12 210 
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED DL12 220 

THE EXTERNAL DOUBLE PRECISIUN FUNCTION SUBPROGRAM FCT(X) 0L12 230 
MUST BE FURNISHED BY THE USER, DL12 2U0 

DL12 250 
METHOD 0L12 260 

EVALUATION IS DONE BY MEANS OF l2«POlNT GAUSSIAN-LAGUERRE OL12 270 
QUADRATURE FORMULA, WHICH INTEGRATES EXACTLY, 0L12 280 
WHENEVER FCT(X) IS A POLYNOMIAL UP TO DEGREE 23, DL12 290 
FOR REFERENCE, SEE 0L12 300 
SHAO/CHEN/FRANK, TABLES OF ZEROS AND GAUSSIAN WEIGHTS UF DL12 310 
CERTAIN ASSOCIATED LAGUERRE POLYNOMIALS AND THE HtLATED 0L12 320 
GENERALIZED HERMITE POLYNOMIALS, IBM TECHNICAL REPORT DL12 330 
TROO.UOO (MARCH 196a), PP,2a-2S, DL12 340 

DL12 350 
,,, , ,,, , ,,.,.,,, ,, DL12 360 

OL12 370 
0L12 390 
DL12 400 

DOUBLE PRECISION X,Y,FCT DL12 410 
DL12 420 

X«,3709912104446692 D2 DL12 430 
Y«,814807746742624 D»15*FCT(X) DL12 440 
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TABLE 4.3—Listing of program for radial flow in a leaky artesian aquifer—Continued 

X«,284879672So98400 D2 DL12 1*0 
Y»Y*.3061601635035021 0-ll*PCTCX) DL12 460 
Xs,2215109037939701 02 DL12 470 
Y»Y*.1342391030515004 D-6*FCT(X) 0L12 480 
XB,1711685518746226 D2 DL12 490 
YBY*,1668493876540910 0-6*FCT(X) DL12 500 
X«,130060S4993306J5 02 0L12 510 
Y»Y*.836505585681980 D-5*FCT(X) 0L12 520 
X»,962131684245687 01 DL12 530 
Y«Y*,2032315926629994 0-3*FCT(X) DL12 540 
X«.6844525453lt5177 01 DL12 530 
YsY*.2663973541865316 0-2*FCT(X) DL12 560 
X*.4599227639418348 Dl DL12 570 
Y»Y+,2010238115463410 D-1*FCT(X) DL12 580 
X«,2833751337743507 01 D H 2 590 
Y«Y*,904492222U6809 0-l»FCT(X) 0L12 600 
XB,1512610269776419 Dl DL12 610 
Y»Y+,2440820113198776 D0*FCT(X) 0L12 620 
X«,6H7574845lSl307 00 0112 630 
Y«Y+,3777592758731380 D0*FCT(X) 0112 640 
X»,llS722ll73580207 00 DL12 650 
YBY+,2647313710554432 00*FCTCX) 0L12 660 
RETURN DL12 670 
END UL12 68» 
SUBROUTINE 8ESKCX,N,BK,IER> BfcSK 410 

6fc.SK 10 
,,, , ,,.,,,....,....,...,..,. tti.BESK 20 

BESK 30 
SUBROUTINE BESK BESK 40 

BESK 50 
COMPUTE THE K BESSEL FUNCTION FoR * GIVEN ARGUMENT AND QRDER8ES* 60 

BESK 70 
USAGE BESK 80 

CALL BESKCX,N,8K,IER> BESK 90 
BESK 100 

DESCRIPTION DF PARAMETERS BESK 110 
X -THE ARGUMENT OF THE K BESSEL FUNCTION DESIRED BESK 120 
N -THE ORDER OF THE * BESSEl FUNCTION DESIRED BESK 130 
BK .THE RESULTANT K BESSEL FUNCTION BESK 140 
IER-RESULTANT ERROR CODE WHERE BESK 150 

IERB0 NO ERROR BESK 160 
IER«1 N IS NEGATIVE BESK 170 
IER32 X IS ZERO OR NEGATIVE BESK 180 
IER«3 X ,GT, 170, MACHINE RANGE EXCEEDED BESK J90 
IER'4 BK ,GT. 10**70 BESK 200 

BESK 210 
REMARKS BfcSK 220 

N MUST BE GREATER THAN OR EQUAL TO ZERO BESK 230 
BESK 240 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED BESK 250 
NONE BESK 260 

BESK 270 
METHOD BESK 280 

CUMPUTES ZERO ORDER AND FIRST ORDER BESSEL FUNCTIONS USING BESK 290 
SERIES APPROXIMATIONS AND THEN COMPUTES N TH URDER FUNCTION BESK 300 
USING RECURRENCE RELATION, BESK 310 
RECURRENCE RELATION AND POLYNOMIAL APPROXIMATION TECHNIQUE BE8K 320 
AS DESCRIBED BY A,J,M,HITCHCOCK,•POLYNOMIAL APPROXIMATIONS BESK 330 
TO BESSEL FUNCTIONS OF ORDER ZERO AND ONE AND TO RELATED BESK 340 
FUNCTIONS!, M.T.A.C,, V,11,1957,PP,86-88, AND G.N, WATSON, BE8K 350 
'A TREATISE ON THE THEORY OF BESSEL FUNCTIONS', CAMBRIDGE BESK 360 
UNIVERSITY PRESS, 1958, P, 62 BESK 370 
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TABLE 4.3—Listing of program for radial flow in a leaky artesian aquifer—Continued 

C 
C , ,,,,, 
c 

DIMENSION T 112) 
BK«,Q 
IF(N)10,il.lt 

10 I£R«1 
RETURN 

It IF (X)12,12,20 
12 IER«2 

RETURN 
20 IF(X-170,0)22,22,2t 
21 IER»3 

RETURN 
22 IER»0 

IMX-I.)3b, 36,25 
25 A»EXP(»X) 

Bs't./X 
C«SQRUB) 
T(l)sB 
00 26 L>2,12 

26 T(L)«T(L«l)*b 
IF(N.1)27,29,27 

C 
C COMPUTE KO USING POLYNOMIAL A P P R O X I M A T E 
C 

27 GO»A*Ct.2533l41«t1566642*TCn*,08B11128*T(2)-,0913909S*T(3) 
2*,1344596*TC4).,2299«50*T(5)*,3792410*TC6)-,S247277*T(7) 
3+,557536B*TC8)»,4262633*T<9) + ,21845l8*Tn0)-,06680977*TUl) 
«*,009189383*T(t2))*C 
IF(N)20,28,29 

28 BK«G0 
RETURN 

C 
C COMPUTE Kl USING POLYNOMIAL APPROXIMATION 
C 

29 G1»A*(1,25331«1t,4699927*TC1)-,1468583*T(2)•,1280427*T(3) 
2«,1736432*TC4)+,2847618*7<5)-,4594342*T(6)*,6283361*T(7) 
3-l6632295*T(8)+15050239*T(9J«,25et300*T(lO)*,07880001*T(tl) 
4-,01082«l»*1(l2))*C 
IF(N-i)20,30,31 

30 BK»G1 
RETURN 

C 
C FROM KO,Kt COMPUTE KN USING RECURRENCE RELATION 
C 31 DO 35 J"2,N 31 DO 35 J"2,N 

GJs2,*CFLCJ*TCJ)-l,)*G 
IFCGJ-1,0670)33,33,32 

32 IER«« 

G1/X+G0 

GO TO 34 
33 GOaGl 
35 Gl'GJ 
34 8K«GJ 

RETURN 
36 B>X/2, 

Ai,5772t57*ALOG(B) 
CsB*B 
IF(N-1)37,«3,37 

C 
C COMPUTE KL) USING SERIES EXPANSION 

8ESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
8ESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
B£SX 

fyyi^ 
BwX 
B & $ K 

aes* 
BESK 
BESK 
8ESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 
BESK 

380 
390 
4,00 
420 
430 
440 
450 
460 
470 
# 0 
4-90 
500 
SilO 
520 
530 
540 
550 
*M 
%m 
580 
590 
600 
610 
620 
630 
640 
650 
660 
670 
680 
690 
700 
710 
720 
730 
740 
750 
760 
770 
780 
790 
800 
810 
820 
830 
840 
850 
860 
870 
880 
890 
900 
910 
920 
930 
940 
950 
960 
970 
980 
990 
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TABLE 4.3—Listing of program for radial flow in a leaky artesian aquifer—Continued 

37 G0«-A 
X2J»L 
F*CT»1, 
MJ«,0 
DO «0 J«l»6 
RJ«1,/FL0AT(J) 
IF(X2JfLT,l,E«.«0) X2J«0, 

C PREVIOUS STATEMENT ADDED TU IBM SUBROUTINE TO CORRECT UNDERFLOW 
C PROBLEM ON KATFOR COMPILER 

X2J»X2J«C 
FACT»FACT*RJ*RJ 
HJsMJ+RJ 

HO G0»G0*X2J*FACT*(HJ»4) 
IF(N)a3»«2,a3 
B K B C O 42 

43 

RETURN 

COMPUTE KJ USING SERIES EXPANSION 

X2J"B 
FACTal. 
HJ»t, 
Gl»l./XtX2J*(,5*A-HJ) 
DO 50 J»2,S 
X2J«X2J*C 
RJ«l,/FLOAT(J) 
FACT«FACT*RJ*RJ 
HJ»MJ*RJ 

50 Gl»Gl+X2J*FACT*(.5*(A-MJ)*FLOAT(J)) 
IF(N-i)3l,52,31 

52 BK«G1 
RETURN 
END 

BESK1000 
BESK1010 
8ESM020 
BE3K1030 
8ESK10U0 
BESK1050 
BESK1060 
BESK1061 
BESK1062 
BESK1063 
BESM070 
BE3M0B0 
BESK1040 
8ESK1100 
bE3K1110 
BESKM20 
BESM130 
BESKliaO 
BfcSMlSO 
BESKU60 
BESK1170 
BESK1180 
BESM190 
BESK1200 
BESK1210 
BESK1220 
SESM230 
BESK12U0 
BESK1250 
BESK1260 
BE8K1270 
BE8K12B0 
BE3K1290 
BESKiJO-

TABLE 5.2—Listing of program for radial flow in a leaky artesian aquifer with storage of water in the confining beds 

PURPOSE. 
TU C U K P U T T TYPE CURVE F U N C T I O N V A L U E S FOR M ( U , B E I A ) -• 
M A N T U S N , » , S , , 1 9 6 0 , M O D I F I C A T I O N UF THE 1HEURV UF LEAKY 
A U U I F E R S I JOUR, G E U P H Y S , R E S , , V, 6 5 , NO, 11, P. 3 7 1 3 - 3 7 2 5 
THE C O M P U T A T I O N A L A L G O R I T H M *AS D E V I S E D A M ) P K U G K A H M T O BY 
S . S . P A P A D O P U L U S , 

INPUT DATA 

1 CARD - FciRMATt2eiO,b) 
USMALL - S M A L L E S T ( B E G I N N I N G ) VALUE UF 1/U, 
ULAHGE • LAHGESTtENUING) VALUE UF l/u, 
D8 • FURMAT(8E10,5> 
BOAT • 12 VALUES UF BETA (ZtRtj 0» BLANK VALUES AKt 
PERMISSIBLE JF LESS THAN 12 DESIRED, «ILL TERMINATE 
AT FIRST ZERO OR BLANK VALUE). 
NES A«.D FUNCTION SUBPROGRAMS REQUIRED 
J2,HUM,»I • MUST BE INCLUDED IN DECK, 
,DfcXP,DlRFC,OLOG « MUST BE IN COMPUTER LIBRARY, 

2 CAR 

SUBROuU 
M,0QG 
USSRT 

REAL*S U,BETA,h 
DIMENSION ARRAY(7J,12), Y(71)» BDATtlJ), VNuM(6) 
DATA YNUM/1,,1,5,2,,5,,5,,7,/ 
IRD«5 
!PT»6 
REAU (IRD.6) USMALL,ULAHGE 
READ CIRD.6) BOAT 
IBEGINBALQGIO(USMALL) 
IENOiALUGlOtULARGE)*,99999 
ILIMIT»(IfcND-I8EGIN)«6»l 
IF lILIMir,GT,7i) I L I M I T « 7 J 

DU 1 1*1,12 
IF (dDAT(I).EO.O,) GO TU 2 

1 CONTINUE 
Nb»12 

LST 
LST 
LSI 
LST 

. LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 

«»A»LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 

1 
2 
J 
u 
5 
6 
7 
8 
9 
10 
11 
12 
U 
1« 
15 
16 
17 
18 
19 
20 
21 
22 
21 
2« 
25 
26 
27 
28 
29 
50 
31 
J2 
Jl 
3« 
}5 
36 
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TABLE 5.2—Listing of program for radial flow in a leaky artesian aquifer with storage of water in the confining beds-
Continued 

GO 10 J 
2 N B « 1 - 1 

I I « o 
3 DO « I ' l f l L I M j ! 

U X P a I B E S ! N » ( t > n / t 
I I " I I * 1 
IF UI,(.T,6) [Ii| 
Y ( I ) « Y N U M U I ) « I O , * « I E X P 
U«1./Y(I) 

oo u J«I,NB 
BfcTAlBDATU) 

It ARRAY(I,J)»M(u,8ETA) 
WRITE <IPt,7) (BDAr(I),I»|,NB) 
DO 5 I«1,1LI«IT 

5 WRITE U P T . B ) Y(I),(ARRAY(I,J),Jll,NB) 
STOP 

6 FORMAT IBE10.5) 
7 FUHMAT t'1','H(U,SET«)'/'O'.IOX,'I BET*'/' ',6X,I]/U I',12E10,2) 
8 FORMAT (' ',E10,J,12F10.H) 

E N O 

DOUBLE PRECISION FUNCTION M(U iB ) 

FUNCTION H 
PURPOSE 

TO COMPUTE 
£XP(-Y)«EM 
FROM U TO 

DESCRIPTION u 
BOTH DOUBL 
U • R««2*S 
CUtFFICItN 
B - (R/u) 

K',3 

K " , S 

METHOD 
I. FOR U < 
II. FO* B» 
III. M(U,B 

1, U 
2. B 

ERFCtA 
FOR u 
SINCE 
ERFCt 
WHERE 
IF uu 
IF UU 

IV, 

T M E INTEGRAL OF 
FCCB«3O«T(U)/S0RT(Y«(Y«U)))/Y 3UMMEO OVER Y 
INFINITY (FUNCTION M(u,B£TA) OF MANTU8M), 
F PARAMETERS 
E PRECISION 

/C««T«TIME), CRAOIAL DISTANCE 30UAREP » STORAGE 
T / (u • TRANSMISSIVITY t TIME). U MuST BE > l.D-60, 
(SURT(K'«S'/(B'«T«S)»«' • » 9 " / ( B , l » T * 3 ) ) a 

,B' - HYD, CUND,, STORAGE COEFF,, THICKNESS UF 
UPPER CONFINING BED, 

B'1 • HYD, COND,, STORAGE CUEFF,, THICKNESS UF 
LOwER CONFINING BED, 

l.D»60. NO COMPUTATION IS MADE. 
0, M(u,0)««(U) (THEIS «ELL FUNCTION), 
)•<) IF 

> 10, 
> 1 ANO B««2tu > 300, 
»G)»0 FOR ARG > UO AND M(U,B) • H(uB,B) 

< Y < UB WHERE UB IS THE U CORRESPONDING TO AHG • « 
M(UB,B) < w(UB) THEN FOR UB > 10, H(U,B) » 0, 

ARG) > 1 FOR ARG < 2.E-10 AND H(UUB.B) • w(uUB) 
UUB IS THE U CORRESPONDING TO ARG • 2,E»10, 

B > 10, M(U.B) » INTEGRAL FROM UB TO 10, 

B < io, H(U,B) » INTEGRAL FROM UB TO UUB • wcuuB) 

IMPLICIT KEAL.8(A-h,D-Z) 
COMMON UUU.BBB 
EXTERNAL HUB 
UUUIU 
8B8»B 
IF CU.G!,1,U.60) GO TO 1 
WRITE (6,7) 
STOP 

1 IF (B.EU.U.0) CO TO 5 
IF (U.GT.10.0) GO TO 6 
BU»B«B«U 
IF (B,GT.1,0,»ND,8U,GE,300,0) GO TO 6 
H1«0,0 
UP«10,0 
UB»0,S«U«(1,0»DSQRT(1,0»0.025«B»B/U)) 
IF (uB,GT,UP) GO TO 6 
UuB»0,5«U«(l ,0*DSORT(1 ,0»1,D20«B«B/U)) 
IF (UUB.G1.UP) GO TO 2 
H1««(UUB) 
UPBUUB 

2 «2«0.0 
XL*UB 

3 XU«10,«XL 
IF (XU.GE.UP) Xi)«UP 
CALL 1)UG321XL,XU,HUB,AREA) 
H2»H2*ARt» 
XL»XU 
IF (XL.tU.UP) GU TO U 

GU IO 3 
a HiHl«H2 

RETURN 
5 H»w(u) 

RETURN 

LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 
LST 

H 
H 
H 
M 
H 
H 
h 
M 
H 
M 
H 
M 
H 
H 
H 

H 
H 
H 
H 
M 
H 
H 
H 
H 
H 
H 
M 

H 
H 
H 

M 
H 
H 
H 
H 
H 
H 
M 
H 
M 
H 
H 
H 
H 
H 
H 
H 
H 
H 
H 
M 
H 
M 
H 

M 
H 
H 
H 
H 
H 

H 
H 
H 
H 
H 

37 
38 
39 
U0 
«1 
«2 
«3 
uu 
US 
116 
«7 
US 
a<J 
50 
41 
52 
53 
5« 
55 
56 
57 
1 
2 
3 
a 
5 
6 
7 
8 
9 

10 
11 
12 
13 
t« 
IS 
16 
17 
18 
19 
20 
21 
22 
23 
2a 
25 
26 
27 
28 
29 
30 
31 
32 
33 
3« 
35 
36 
37 
38 
39 
HO 
ttl 
"2 
43 
UU 
US 
(16 
U7 
US 
U9 
50 
51 
52 
53 
5« 
55 
56 
57 
58 
59 
60 

61 
62 
63 
6U 
65 
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TABLE 5.2—Listing of program for radial flow in a leaky artesian aquifer with storage of water in the confining beds-
Continued 

6 HaO.O 
RETURN 

7 FORMAT C'0',i|j TOO SHALL FOR COMPUTATION') 
END , 

SUBROUTINE DQG32(XL,XU,FCr,Y) 

SUBROUTINE DUG32 

PURPOSE 
TO COMPUTE INTEGRAL(FCT(X), 3UHMED OVER X FROM XL TU XU) 

USAGE 
CALL DQG32 (XL.XU,FCT,Y) 
PARAMETER FCT REQUIRES AN EXTERNAL STATEMENT 

DESCRIPTION OF PARAMETERS 
XL 
XU 
FCT 

REMARKS 
NONE 

- DOUBLE PRECISION LONER BOUND OF THE INTERVAL. 
• DOUBLE PRECISION UPPER BOUND OF THE INTERVAL. 
• THE NAME OF AN EXTERNAL OOUBlE PRECISION FUNCTION 

SUBPROGRAM USED, 
• THE RESULTING OOUBLE PRECISION INTEGRAL VALUE, 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED 
THE EXTERNAL DOUBLE PRECISION FUNCTION SUBPROGRAM FCT(X) 
MUST BE FURNISHED BT THE USER, 

METHOD 
EVALUATION IS DONE BY MEANS OF J2-POINT GAUSS QUADRATURE 
FORMULA, WHICH INTEGRATES POLYNOMIALS UP TO DEGRET 63 
EXACTLY, FOR REFERENCE, SEE 
V,I,KHYLOV, APPROXIMATE CALCULATION OF INTEGRALS, 
MACMILLAN, NE« YORK/LUNDON, 1962, PP.100-111 AND 337-J40, 

DOUBLE PRECISION XL,XU,Y,A,B,C,FCT 
A»,5O0»(XU»XL> 
B«XU-XL 
C«,49863193092«7408DO«B 
Y « . 3 5 0 9 3 0 5 0 0 4 7 3 5 0 4 8 D - 2 « ( F C T ( A * 
C».4928057557726342D0«B 
V«Y»,8137l97365452B40«2«(FCT(A 
C«,4823»l127793753200-8 
V«Y«,12696012654631030-I«(FCT( 
C«.467453037968869600*8 
Y»Y«,17136931456510 72D-I*<FCT( 
C»,448160577883026100*8 
Y«Y*,214179490111tS34D»l*{FCT( 
C«,424683806866285000*8 
V»Y*,25499029631188090-1*(FCT( 
C«,397241897963971200*8 
Y«Y»,29342046739267770-1«(FCT( 
C«,366091059370144800*B 
Y«Y»,329111H38818092D»1«(FCTC 
C»,33152213346510 7600*8 
Y«Y*,36l72S97oS4424i5D-l*(FCT( 
C«,2938578786203812D0*B 
Y«Y«,39096947893535150-1*(FCT( 
C«.2534499544661147D0*B 
Y«Yt,41655962113473380-1*(FCT( 
C",21067S638065317 7D0*B 
Y-Y», 4382604650220 191D-1M FCT ( 
C».165934 301141063800*8 
Y«Y*,45586939347881940-1*(FCT( 
C»,119643681126068500*8 
Y»V*,46922199540402280-1*(FCT( 
C«,7223598079139820-1«B 
Y»Y»,47819360039637430-1*(FCT( 
C*.24153832843869160-1*B 
Y»B»(Yt,4»27004425736390D-l*(F 
RETURN 
END 
DOUBLE PRECISION FUNCTION HUB(X) 

C)*FCT(A.O) 

•C)*FCT(A-C)> 

A»C)»FCT(A-C>) 

A*C)*FCT(A-C)) 

A«C)«FCT<A-C)) 

A«C)»FCT(A-C)) 

A»C)*FCT(A-C)) 

A»C)*FCT(A-C)J 

A»C)*FCT(A«0) 

A*C)»FCT(A-C)) 

A*C)*PCT(A-C)> 

A»C)*FCT(A-C)J 

A»C)»FCT(A-C)) 

A*C)*FCT(A-C)> 

A«C)»FCT(A-C)) 

CT(A*C)*FCT(A-C))) 

FUNCTION HUB 
PURPOSE 

TO COMPUTE VALUES OF THE INTEGRAND OF H(U,B) 
DESCRIPTION OF PARAMETER 

X • DOUBLE PRECISION, POINT AT KHICH INTEGRANO IS EVALUATED, 

H 
H 
H 
H 
H 

DUG 
DUG 
DUG 
DOG 
UUG 
DUG 
DUG 
DUG 
DUG 
DUG 
DuG 
DUG 
OQG 
DUG 
DUG 
DQG 
OUG 
DUG 
OQG 
DUG 
UUG 
OUG 
OQG 
DUG 
OUG 
OUG 
DUG 
OUG 
OQG 
OUG 
OQG 
DUG 
DUG 
OQG 
OUG 
OUG 
OUG 
DUG 
DUG 
UUG 
DQG 
DUG 
DQG 
OuG 
DUG 
DUG 
OuG 
OUG 
OuG 
DBG 
DOG 
OfiG 
OUG 
DUG 
OQG 
OUG 
UUG 
OUG 
OQG 
OUG 
UUG 
DUG 
DUG 
DUG 
DUG 
DQG 
DUG 
OUG 
DUG 
DuG 
DUG 
DUG 
DUG 

HUB 

HUB 
HUB 
HUB 
HUB 
HUB 
HUB 

66 
67 
68 
69 
70« 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 

se 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 

1 
2 
3 
4 
5 
6 
7 
6 
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TABLE 5.2—Listing of program for radial flow in a leaky artesian aquifer with storage of water in the confining beds— 
Continued 

HUB 10 
MuH 11 

12 

M l T H O U 
F 'UKTkAv E V A L U A T I O N Of F ' U N C T J U N , . - . -

M U H 11 
. . . • • > . . . • . . < . < • . < . t . . . . t . . . . . . « . . . . H U 8 12 
IMPLIC IT K t » L « B ( A » M , 0 " Z ) *UB 15 
COMMON UUU.BU3 Miiij | « 
AWb"DSUKT C (B>iH*BMb«m.>u)/(X*X..x«uUL') ) H L H 15 
MUtf«uEXP(.-X)»OERF t ( A N G ) / X «UB 16 
PETUWN hu8 17 
E N O mm I f i" 

UiilidLt PRECISION FUNCTION * I U ) • " t 
I . I . . . I I . 1 . . . I I . . . I . . . I I . 1 I . . . O O . I i n . . . . . . » • « • • « « « » « « • • • « » . t « » . « u i 

*U 3 

FUNCTION -

OS 

o 
p 

U - POL 

PURPOSE 

TO EVALUATE THE »tLL FUNCTION UF T H U S , 

0ESCW1PT II.IM [IF P A K A H E T E W 

U - DOUBLE PRECISION, A N G U M E N T F U R »ELL FUNCTION, 

wu 

fcU 

»U 

1 E 

1 

• . • • • • • • • . • • • . A * * * * * * * * * * . * . * * . * * * . . * * * * * . * * * * * * * * * * * * * * * * * * * * . . * . 

IMPLICIT *EAL.H C » - H , C W ) 

IF Cu.LE.0,0) GO TO 2 

IF lu.GT,IOC.) GO TO 3 

IF (U.Gt.1,0) GO TO 1 

»»».57 7ilbb6*u*C.<»<»<Ji>9193*lJ*C-,?a99 1055«U*C,05Sl«<»bti*U«C-,Ou,»7bOO<i 

l»,0U107bb7»U)))J-DLOCCU) - - .= 

GO TO « "O 17 

E M J M » u i x P ( » u ) « ( ,2&77 7}7iu}»u.(8,*3«7608<>2S*U«( 18,0 5 V 0 1 6 S 7 J O * U « t « , S «U 18 

7 3 3 2 S 7 « 0 1 » U ) )) ) »U 1"» 
OEN*u»C3,»5Hui)()<i22S«u*l21,0^<>(>bii'e27tt)i>(?S,b32

<)S61 ubb»u« (1,S733223 »u 20 

1<I5«*U)>1> »l' 21 

h i E N U " / D E N -•' •" 

GU TO « 

2 wRITE <b,5) l 

STOP 

5 

6 

7 

6 

<» 
10 

11 

12 

13 

1" 

IS 

lb 

17 

3 «30.0 
II RETUWN 

5 FUKKAT C ' 0 • , S X , • - ( U J uflT OEF 1 N fc 0 Hlk U» ' , fl'l 5 ,b) 

E N U 

»u 22 

»U 23 

wu 2a 

»u 2b 

Kf 26 

• u 27 

-U 2* 

•U 2"! 

• U 30« 

TABLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer 

A * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

PURPOSE 
TO COMPUTE 
IN A LEAKY 
HYDRAULICS 
VOL. II AC 

INPUT DATA 
1 CARD -

6 - A 
E - D 
NELL 
D - D 
SCREE 
NUM • 
N U M B E 

SMALL 
DESIR 
LARGE 
DESIR 

2 CARDS • 
BDAT 
FIRST 

NU^ CARDS 
VALUE 
R - R 
LPRIM 
WELL 
DPHIM 

TYPE CURVE FUNCTION VALUES FUR PARTIAL P£N£THATIUN 
AQUIFER USING EO, 73 UF MANTU9H,M,S,, 1964, 
OF WELLS IN CHOW, VEN TE, ADVANCES IN HYORUSCIENCt, 

ADEMIC PRESS, NEw YURK, P, 281-442. 

FORMAT 
QUIFER T 
EPTH, BE 
SCREEN 
EPTH, BE 
N 
NUMBER 

R OF VAL 
- SMALL 

ED 
• LARGE 

ED 
FORMATC8 
- 12 VAL 
, HILL T 
(ONE FOR 
OF R*SQ 

ADIAL Dt 
E • DEPT 
SCREEN ( 
E - DEPT 

(3F5,1,I5,2E10,4) 
HICKNESS 
LUw TUP UF AQUIFER, TO BOTTOM UF PUMPING 

LOw TOP OF AQUIFER, TO TOP OF PUMPING wELL 

OF OBSERVATION WELLS OR PIEZUMETEHS TIMES 
UES OF KZ/KR, 
E8T VALUE OF I/O FOR WHICH COMPUTATION IS 

ST VALUE OF 1/U FOR WHICH CUMPUTATIUN IS 

E10.5) 
UES OF R/BR, NON ZERO VALUES SHOULD BE 
ERMINATE AT FIRST ZERO (OR BLANK) VALUE, 
EACH 0B8, WELL OR PIEZOMETER AND FOR EACH 

RT(KZ/KR) • FORMAT (3F5.1) 
STANCE FROM PUMPED WELL TIMES SQHTCKZ/KR), 
H, BELOw TOP OF AQUIFER, TU BOTTUM UF UB3, 
ZERU FOR PIEZOMETER) 
H, BELOW TOP OF AQUIFER, TU TUP OF OBS. WELL 

*PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 
PPL 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
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SCREEN (TOTAL DEPTH FUR PIEZOMETER) PPL JO 
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED PPL 31 

DQL12,SERIES,BE3K,FCT,L,FL PPL 32 
PPL 33 

*************t**«*****#***«****«***»***»*******»******************PPL 30 
REAL*« UiV PPL 35 
REAL*0 L,LB,LPB,LPHIME,LARGE PPL 36 
DIMENSION ARRAY(5S.l2), ARG(6), BDAT(l2), Y(55) PPL 37 
DATA ARG/l,,l,S,2,,3t,5,,7,/ PPL 38 
DATA ARRAY/660*0,/#Y/55*0,/ PPL 3' 
IRD»5 PPL 00 
IPT«6 PPL 01 
READ (1KD,9) B,E,D,NUM,SMALL,LARGE PPL «2 
READ (IKD,10) BDAT PPL 03 
DO 1 1«1,12 PPL 00 
IF (BDAT(I).EQ,0,) GO TO 2 PPL 05 

1 CONTINUE PPL It 
NBtl2 PPL 07 
GU TO 3 PPL 08 

2 N B « I - 1 PPL 09 
3 L8«E/8 PPL 50 

DB»D/B PPL 51 
IBECIN8ALOG10CSMALL) PPL 52 
IENDiALCJGlO(LARGE) + ,l PPL 53 
JLlwlT»ItNO-lBEGIN PPL 50 
IF (JLIMIT.GT.9) JLIMITs9 PPL 55 
ILlwiT"6*JLlMlTtl PPL 56 
DO 6 K«1,NUM PPL 57 
READ (IRD,9) R , L P R I ^ E , D P R I M E PPL 58 
RB»H/B PPL 5« 
LPB»LPRi«t/B PPL 60 
DPB»DPWIMfc/« "PL fcl 
DO 4 I H I I L I M I T PPL 62 
INDEX»(I-l)/6 PPL 63 
I E X P » I B E U I N » I N O E X PPL 60 
II«I-INOEX*o PPL 65 
Y(n«ARG(II)*10,**IEXP PPL 66 
U»1,/Y(I) PPL 67 
DO 0 J B 1 , N B PPL 6ft 
B E T A » B D A T t J J PPL 69 
V B B E T A / 2 , PPL 70 

0 A R R A Y ( I , J ) » L ( U , V ) * F L ( U , H 8 , B E T A , L B , D B , L P B « 0 P B ) PPL 71 
IF (LPB-0.) 5,5,6 PPL 72 

5 WRITE (IPT,10) DPB,KB,LB,DB PPL 73 
GO TO 7 PPL 70 

b WRITE (IPT,11) LPB,DPB,RB,LB»OB PPL 75 
7 NRITE (IPT,12) (BDAT(I),I=1,NB) PPL 76 

DO 6 I»l,ILIMIT PPL 77 
"RITE (IPT,13) YCI),(ARRAY(I,J),J«1,NB) PPL 78 

6 CONTINUE PPL 79 
STOP PPL 80 

C PPL 81 
C PPL 82 

9 FORMAT (3F5,l,I5,2ElO,0) PPL 63 
in FORMAT ('1•,'w(U,R/BR)*F(U,H/B,R/BR,L/B,D/B,Z/B), Z/B«',F5,2, • , 8QPPL 60 

1RT(KZ/KR)*R/B«',F5.2,•, L/B«•,F5,2,', D/B«',F5,2) PPL 85 
U FORMAT (•!'» •w(U,R/8R)*F(U,R/B,R/BR,1/8,0/8^' '/6,D' >/B) , L"/B«',PPL 86 

lF5,2,t, D"/Bi',F5.2,', SORT(KZ/KH)»R/Bi•,F5.2,', L/B»•,F5.2,', D^PPL 87 
2Bs',F5,2) PPL 88 

12 FORMAT ('0',9X,'I R/BH'/' ',5X,«1/U I',12E10.2) PPL 89 
13 FORMAT (' l,El0,3,12F10,O) PPL 90 
10 FORMAT (8E10.5) PPL 91 

END PPL 92" 
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TABLE 6.1.—Listing of program for partial penetration in a leaky artesian aquifer—Continued 

RIAL FUNCTION FL*« (U,RB,8ETA, LB, DB,LPB,DPB) 

FUNCTION FL 

PURPOSE 
TO CO 
CAUSE 

USAGE 
FLCU, 

DE3CRIPT 
ALL R 
U • H 

C 
RB -
BETA 

MPUTE DEPARTURES FROM HANTUSH-JACOB LEAKY AQUIFER CURVE 
0 BY PARTIAL PENETRATION OF PU*PED "ELL. 

LB * 
OS • 
LPB -

DPS • 

RB,BET 
ION OF 
EAL, U 
»*2»S/ 
OEFFIC 
R/B ( 
• R*8Q 

(HYO 
BED 

L/B ( 
D/B ( 
L'/B 
FOR P 
O'/B 
DEPTH 

NES AN 
,3ERIE 

A , L B , D B , L P B , 
PARAMETERS 
DOUBLE P.REC 

4 * T * T I M E (RA 
IENT / 4*TRA 
RADIAL DISTA 
R T ( K « / 8 I T ) 
, COND, OF C 
* TRAN3MISSI 
FRACTION Of 
F I U C T 3 % QF 
(FMACTTON Of 
IEZ0METEJO 
(FRACTION OF 

FOR PIEZOME 
D FUNCTION S 
S ,BE3K,FCT,L 

SUBHOUTI 
0QL12 

METHOD 
SUMS THE SERIES THHOUGH N*PI*J»/B EO 20 

OPB) 

ISION 
DIAL DISTANCE SQUARED * STORAGE 
NSMISSIVITY * TIME 
NCE / AQUIFER THICKNESS ) 
(RADIAL OI3TANCE * SQUARE ROUT 

ONFJNING BED/fKlCKNESS OF CONFINING 
VITY OF AQUIFER)) 
AQUIFER PENETRATED BY PUHPEP HELL) 
AftiHrtj ABOVJE PUMR&D WELL. SCREEN) 
A'dttlft'l* PEHEtRim BY" ' JSfc, « a . ZERO 

AQUIFER ABOVE DBS, WELL SCREEN, TOTAL 
TER) 
UBPRUGRAM3 REQUIRED 

RE*L*8 U,V,D3QRT 
REAL*" L,M,LB,LPB 
SUM'O, 
NaO, 
BETSQ«BETA*BETA 
PIR8SQa9,e6960 4*RF}*RB 
PILB"3,141593*LB 
PIUBa3,l41593*DB 
IF (LPB-0.) 1,1,4 
CHECKS FUR WELL OR PIEZOMETER 

1 PIZB»3,14t593*DPB 
2 N»N+1, 

VaSQRT(6ETSU+N*N*PIRBSQ)/2, 
IF (V.GT.10,) GO TO 3 
TRUNCATES SERIES WHEN V>10 
XaL(U,V)/N 
SUMa8UM*(SIN(N«PILB)-SIN(N»PIDB))*C03(N*PlZB)*X 
GO to 2 

3 FLa,636619a*SU*/(LB-0a) 
GO TO 7 

4 PILPBB3,l<il593*LPB 
PIDPBa3,iai593»DPB 

5 NaN+1 
V«SQRT(8ErSU*N*N»PlRBSQ)/2, 
IF (V.GT.IO.) GO TO 6 
TRUNCATES SERIES *H£N V>10 
XoL(U,V)/N 
SUMa8UM+(SIN(N*PILB)«SIN(N*PlDB))*(SlN(N*PlLPB)-SlN(N*PIDPB))*X/N 
GO tO 5 

6 FL«.2C2642<I*SUM/((LB*DB)*CLPB*DP6)) 
7 RETURN 

ENU 

FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 

FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 
FL 

1 
2 
3 
4 

s 
6 
7 
e 
9 
10 
11 
12 
13 
14 
15 
16 
17 
IS 
19 
20 
21 
22 
23 
24 
25 
26 
27 
26 
29 
30 
31 
32 FL 33 

FL 34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
4b 
47 
4B 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 

FL 59 
FL 60 
FL 
FL 

61 
62 
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REAL FUNCTION l * « ( U , V ) 

FUNCTION L 

PURPOSE 
TO COMPUTE THE INTEGRAL* EXPC-Y-V«*2/Y)/Y) SUMMED OVER Y PRUM 
U TO iNFlNlTYtWEU FUNCTION FOR LEAKY AQUIFERS), 

DESCRIPTION OF PARAMETERS 
BOTH DOUBLE PRECISION 
U • R«*2*3/<i*T*TIME (RADIAL DISTANCE SQUARED * STORAGE 

COEFFICIENT / «*TRAN8MI8SIVITY * TIME 
V - R/2*SGRT(Kl/CT*B'))-»ONE-HALF RADIAL DI3TANCE*SUUARE ROOT 

(HYO, COND, OF CONFINING BED/TRANSMISSIVITY*THICKNES3 
OF CONFINING BED) 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED 
OQL12,SERIES,BESK.FCT 

METHOD 
IN THE FOLLOWING F»EXPC-Y«V**2/Y)/Y 

(1) U>»1, USES A GAUSSIAN-LAGUtRRE QUADRATURE FORMULA TO 
EVALUATE INTEGRAL(F) FROM U TO INF, 

(2) V**2<U<1, USES THE G-L QUADRATURE TO EVALUATE INTEGHAL(F) 
FROM ONE TO INF AND A SERIES EXPANSION TO EVALUATE INTEGRALCF) 
FROM u TU ONE, 

(3) U<1, U<«V**2, USES THE REPRESENTATION INTEGRAL(F) FROM U 
TO INF, • 2*K0(2*V)«INTEGRAL(F) FROM V**2/U TO INF, 
EVALUATES THE ZERO ORDER MODIFIEO BE33EL FUNCTION UF SECOND 
KIND WITH IBM SUBROUTINE, EVALUATES INTEGRAL BY G-L QUAD, 

A * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

EXTERNAL FCT 
REAL*B U,V,Z,F,VV,SERIES 
COMMON /CI/ VV,Z 
VV«V 
IF (U-l.) 1,2,2 

C CHECKS IF U<1 
1 Z«V*V/U 

IF CZ-1.) 1,U,U 
C CHECKS IF V**2/U < 1 

2 Z«U 
CALL DQL12(FCT,F) 
L«F 

C INTEGRAL U TO INF, EVALUATED BY GAUSS-LAGUERRE QUADRATURE 
GO TO 5 

3 Z*l, 
CALL D0L12(FCT,F) 
L«F*3ERIE3(U,V) 

C INTEGRAL 1 TU I N F , 8V G-L QUAO., INTEGRAL U TU 1 BY SERIES EXP, 
GO TO 5 

4 T*Uvi2,*V 
CALL BESK(TWOV,0,BK,IER) 
CALL DQL12(FCT,F) 
L«2,*BK«F 

C 2K0(2V)-INTEGRAL V*»2/U TO INF, 
5 RETURN 

END 
REAL FUNCTION SERIE3*8(U»V) 3E 

C ******************************A************«**********************SEt 
C SE 
C FUNCTION 3EHIES SE 
C SEP 
C PURPOSE SER 
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C 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

TO EVALUATE 
INTEGRALCEX 
IF(M}*SUM, 
LOG(U) IF M 

DESCRIPTION OP 
BOTH DUUBLE 
U * R**2*3/ 

CUEFFIC 
V • R/2*SQP 

(HYO, C 
OF CUNF 

SUBROUTINES AN 
NONE 

METHOD 
SUMMATION I 
BECOMES LES 
BECOMES CESS THAN 5.E-7 

3C1)«S(U), NHERE 8 IS A SERIES EXPANSION OF 
P(.r«V**2/Y)0V/Y) GIVEN BYl S* SUM, MfO TO INFINITY 
NaO TO INF.f (V**(2*N)/((NJ)*(M*N)D) WHERE F(M). 
»0 AND « ((•>)**M/M}*(U**M»(V**2/U)**M) IF H>0, 
PA^METERS 
PRECISION 

«*T*TIME (RADIAL DISTANCE SQUARED * STORAGE 
IENT / 4*TRANSMI33IVITY * TIM€ 
T(Ki/(T*B"))-»ONE-HALF RADIAL pISTAN.CE*SGUAKE MOOT 
OND, OF CONFINING BED/TRANSMI3SIVITY*TH1C«NES3 
ININC BED) 
0 FUNCTION SUBPROGRAMS REQUIRED 

S TERMINATED FOR THE INNER Jfc«H$ WHEN 
S THAN 5.E-7/N A NO FOR OUTER SCRIES WHS,N 

A TERM 
A TERM 

ft*******************************************************,** 

REAL»B 0LOG,l>ABS»SC2),VU>M.,UU 
REAL»8 TE8T»U,UM,EM,EN,SUM1,SUM,SIGN,V#VSU» VSUU, RMUL«.*4'R*f» 
TE3T»5,D«07 
VS0«V*V 
UU»U 
DO 6 I«l,2 
EVALUATES SERIES FOR LO^ER LIMIT • U AND UPPER LIMIT * I 
IF (I.EQ.2J U>1, 
UM=1, 
£M«»1, 
3UM1»0, 
SIGNs-1, 
VUM»1, 
VSUUaVSQ/U 

1 EM»EM*J, 
IF CEM-,1) 2,3,3 
CHECKS FOR M»o 

2 RMU L « D L O G ( U ) 
TERMt»l, 
GO TO a 

J (JM«UM«U 
IF (VUM,LT,i,D-30) VUMBO, 
VUM«VUH#VSOU 
RMUL»(UM»VUM)/EM 
TERMl*TERMl/EM 

4 SIGNS-SIGN 
SUM«TERM1 
TERM«TERMl 
E N B O , 

5 EN«tN+i, 
TERMS TERM* vS(J/( EN* (EN + EM)) 
3UMBSUM+TERM 
IF (TEST,LE,DABS(RMUL*fcN*TERMn GO TO 5 
TRUNCATES INNER SERIES IF OUTER TERM*N*INNER TERM < 5.E-7 
SUMlsSUMl*SIGN*RMUL*SUM 
IF (EM,LT,,i) GO TO 1 
IF ( T E S T , L E , 0 A 8 S C R M U L * S U M ) ) GO TO 1 

TRUNCATES OUTER SERIES IF OUTER TERMINER SUM < 5,£-7 
6 S(I)«SUM1 

UBUU 
SERIESBS(2)-S(n 
RETURN 
ENO 

SER 
,3ER 
SER 
SER 
SER 
S£R 
9£R 
SER 
SER 
SER 
SER 
SER 
SER 
SER 
SER 
S£.R 

SER 
SSR 
SE.R 
SE;R 
StR 
SER 
SER 
SER 
SER 
SER 
SER 
3ER 
SER 
SER 
SER 
SER 
SER 
SER 

SER 
SER 

SER 
SER 
SER 
SER 

7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
25 
24 

& 
.& 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 

SER 46 
SER 47 
SER 48 
SER 49 

50 
51 

SER 52 
SER 53 
SER 54 
SER 55 
SER 56 
SER 57 
SER 58 
SER 59 

60 
61 
62 
63 

SER 64 
SER 6S 
SER 66 
SER 67 
SER 68-
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REAL FUNCTION FCT*8(X) FCT I 
******************************»*****************«***********«*****FCT 2 

FCT 3 
FUNCTION FCT FCT 4 

FCT 5 
P U R P O S E FCT 6 

TO C O M P U T E F C T ( X ) A E X P ( « Z - V * * 2 / ( X * Z N / ( X * Z ) FCT 7 
DE S C R I P T I O N OF PARAMETERS FCT 6 

X - THE UUUBLE P R E C I S I O N VALUE OF X FOR WHICH FCT IS C U M P U T E D FCT 9 
S U B R O U T I N E S AND FUNCTION S U B P R O G R A M S R E Q U I R E D FCT IO 

NONE FCT 11 
METHOD FCT 12 

FORTRAN EVALUATION OF FUNCTION FCT 13 
FCT 1« 

•**************************t****4****»*******»********************FCT IS 
REAL*6 X,V,Z,P,DEXP FCT 16 
COMMON /CI/ V,Z FCT 17 
IF (X) 1,2.2 FCT 18 

1 F C T = 0 , F C T 19 
G O T O H F C T 20 

2 P«Ztv**2/CxtZ) FCT 21 
IF CP-S.D1) 3,3,1 FCT 22 

3 FCTsDfcXP<.P)/(X*Z> FCT 23 
a RETURN FCT 24 

END FCT 25-
SUBROUTINfe OQLia<FCT,Y) DL12 380 

0L12 10 
,.,.,., DL12 20 

DL12 30 
SUBROUTINE DQL12 DL12 «0 

0L12 SO 
PURPOSE DL12 60 

TO COMPUTE INTEGRALCEXP(-X)*FCT(X), SUMMED OVER X DL12 70 
FROM O TO INFINITY), DL12 80 

DL12 90 
USAGE 0L12 100 

CALL D0L12 (FCT,Y) 0L12 110 
PARAMETER FCT REQUIRES AN EXTERNAL STATEMENT DL12 120 

DL12 130 
DESCRIPTION OF PARAMETERS DL12 1«0 

FCT - THE NAME OF AN EXTERNAL DOUBLE PRECISION FUNCTION DL12 ISO 
SUBPROGRAM USED, DL12 160 

V • THE RESULTING DOUBLE PRECISION INTEGRAL VALUEt 0L12 170 
DL12 180 

REMARKS DL12 190 
NONE DL12 200 

DL12 210 
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED 0L12 220 

THE EXTERNAL DOUBLE PRECISION FUNCTION SUBPROGRAM FCT(X) DL12 230 
MUST BE FURNISHED BY THE USER, 0L12 240 

DL12 250 
METHOO 0L12 260 

EVALUATION IS DONE BY MEANS OF 12-POINT GAUSSIAN-LAGuERRE DL12 270 
QUADRATURE FORMULA, WHICH INTEGRATES EXACTLY, DL12 280 
WHENEVER FCTCXJ IS A POLYNOMIAL UP TO OEGREE 23, DL12 290 
FOR REFERENCE, SEE DL12 300 
SHAQ/CMEN/FRANK, TABLES OF ZEROS AND GAUSSIAN WEIGHTS OF DL12 310 
CERTAIN ASSOCIATED LAGUERRE POLYNOMIALS AND THE RELATED DL12 320 
GENERALIZED MERMITE POLYNOMIALS, IBM TECHNICAL REPORT DL12 330 
TR00.1100 (MARCH 196U), PP.2U-25. DL12 300 

DL12 50 
• •••••....... DL12 360 
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C DL12 370 
C D112 3*0 
C 0112 400 

DOUBLE PRECISION X,Y,FCT 01.12 410 
C DL12 420 

X«,3709912104446692 02 DL12 430 
Y».014607746742624 D-15*FCTCX) 0U12 440 
XB.264a7967250994.00 02 0L12 45.0 
Y»Y+,3061601655035021 D-il*FCT(X) DL12 460 
X»,2215109037939701 02 DL12 470 
Y«Y*.1342391030515004 D-8*FCT(X) DU12 460 
X*,17116855}8746226 02 0L12 490 
Y«Y+i166S«9J876540910 D-6*FCTCX) DL12 500 
X«,1300605499330635 02 0L12 510 
Y»Y*IB365055eS681980 0-5*FCT(X) • 0L12 520 
X»i962t31664245687 01 0LJ2 530 
Y»Y*,203231592#6299<»4 D-3*FCTCX> 013,2 *f0 
X»,6844525f53115177 Dl 0i$Z. §50 
Y«Yt,26639-735'44«6«3l6 D-2*FCT(X) O f t S601 

X»,45992276394l8348 Dl °'™$ 5704 

Y«Y*.2010236115463410 D-1*FCT(X> DL12 560 
Xs,2833751337743507 01 0L12 590 
YBY*,904492222116809 D-1*FCT(X) 0112 600 
X«,1512610269776419 01 0U12 610 
Y«Y*.2440820113196776 00*FCT(X) 0L12 620 
X«,6117574B45151307 00 DL12 630 
Y«Y+,3777592758731380 00*FCT(X) DL12 640 
X»,1157221173580207 00 0L12 650 
Y»Y+,26473l37t05544J2 00*FCT(X) DL12 660 
RETURN 0112 *70 
END OL12 68-
8U6ROUTINE B£SK(X,N,BK,IER) BESK 410 

BE8K 10 
,,,,,,, ,,,,, ,,,,, , ,,,, , .......BESK 20 

BESK 30 
SUBROUTINE BESK BESK 40 

BESK 50 
COMPUTE THE K BE33EL FUNCTION FOR A GIVEN ARGUMENT AND ORDERBESK 60 

BESK 70 
USAGE BESK 80 

CALL BESK(X,N,BK,IER) BESK 90 
BESK 100 

DESCRIPTION OF PARAMETERS BESK 110 
X -THE ARGUMENT OF THE K BESSEL FUNCTION DESIRED BESK 120 
N -THE ORDER OF THE K BESSEL FUNCTION DESIRED BESK 130 
BK -THE RESULTANT K BESSEL FUNCTION BESK 140 
IER-RESULTANT ERROR CODE "HERE BESK 150 

IER»0 NO ERROR BESK 160 
IER«1 N IS NEGATIVE BESK 170 
IER»2 X IS ZERO OR NEGATIVE BESK 180 
IER«3 X ,GT. 170, MACHINE RANGE EXCEEDED BESK 190 
IER«4 BK ,GT, 10**70 BESK 200 

BESK 210 
REMARKS BESK 220 

N MUST BE GREATER THAN OR EUUAL TO ZERO BESK 230 
BESK 240 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED BESK 250 
NONE BESK 260 

BESK 270 
METHOD BESK 280 

COMPUTES ZERO ORDER AND FIRST ORDER BESSEL FUNCTIONS USING 8ESK 290 
SERIES APPROXIMATIONS ANO THEN COMPUTES N TH ORDER FUNCTION BESK 300 
USING RECURRENCE RlLATION, BESK 310 

http://XB.264a7967250994.00
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RECURRENCE RELATION AND POLYNOMIAL APPROXIMATION TECHNIQUE BESK 320 
AS DESCRIBED BY A,J,M.HITCHCOCK,•POLYNOMIAL APPROXIMATIONS BESK 330 
TO 9ESSEL FUNCTIONS OF ORDER ZERO AND ONE AND TO RELATED BESK 3U0 
FUNCTIONS!, M.T.A.C,, V,il,1957,PP,86.88, AND G.N. KATSON, BESK 350 
•A TREATISE ON THE THEORY OF 8ESSEL FUNCTIONS", CAMBRIOGE BESK 360 
UNIVERSITY PRESS, 1958, P, 62 BESK 370 

bESK 380 

. I t . t t t t I • • « , , , , , t • • t • t • * , , I I M M M M t H I . M M . M I < 9 E S K 3 9 0 

' BESK 000 
OIMEN3ION T C12) B^SK 020 
BK»,0 B E S K «50 
I F ( N ) 1 0 , 1 1 , 1 1 BfcSK 040 

10 IER«1 BESK "50 
RETURN & « « 460 

U I F C X H 2 , 1 2 , 2 0 ' B " K 070 
12 IER»2 e t S K 080 

RETURN BESK 090 
20 I F ( X » 1 7 0 , 0 ) 2 2 , 2 2 , 2 1 8E3K 500 
21 IER«3 8t8K 510 

RETURN BESK 520 
22 IER«0 BtSK 530 

IF(X-1,)36,36,25 8 " K 540 
25 A«EXP(-X) 8ESK 550 

B«l,/X BESK 560 
CaSURTCB) BESK 570 
TC1)«B BESK 580 
DO 26 L»2,12 B " K 590 

26 T(L)»TCL-1)*B BESK 600 
IF(N.i)27,29,27 3t3K 610 

B*9K 620 
C COMPUTE KO USING POLYNOMIAL APPROXIMATION BESK 630 
C BESK 600 

27 GO«A*(l,253JlOt.,l566602*TCl)»,08eili28*T(2)-,0913<>095*T(3) BESK 650 
2*.1300596*T(0).t2299850*T(5)*,3792010*T(6)»,52a7277tT(7) BE8K 660 
3+,5575368*TC8)-,O262633*T(9)*,2l8O5l8«T(i0)-,06680977*T(ll) BESK 670 
0*.009189383*T(12))*C BtSK 680 
IFCN)20,28,29 BESK 690 

28 BK«G0 BESK 700 
RETURN BESK 710 

C BESK 720 
C COMPUTE Kl USING POLYNOMIAL APPROXIMATION BESK 730 
C BESK 740 

29 Gl«A*(l,2S33101+,0699927*T(l)«,1068S83*T(2)*,t280«27*T(3) BESK 750 
2-,l7S6U32«TCO)+,28U76ie*TC5)-,«S903U2*T(6)t.6283SBl*TC7) BESK 760 
3«,6632295*T(8)*,5050239*TC9)«,258130«*T(10) + ,0788000 1*T(11) BESK 770 
0-,010B2018«T(12))*C BfcSK 780 
IF(N.1)20,30,31 BE3K 790 

30 8K«G1 BESK 800 
RETURN BESK 810 

C 8ESK 820 
C FROM KQ,K1 COMPUTE KN USING RECURRENCE RELATION BESK 830 
C BESK 840 

31 DO 35 J»2,N BESK 850 
GJ«2,*(FLOAT(J)»1,)*G1/X«GO BESK 860 
IF(CJ-1,0E70)33,33,32 BESK 670 

32 I£R»4 BESK 880 
GO TO 30 BESK 890 

33 G0"G1 BESK 900 
35 Gl'GJ BESK 910 
30 BK«GJ BESK 920 

RETURN BESK 930 
36 BaX/2, BESK 900 

C 
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c 
c 
c 

c 
c 

c 
c 
c 

37 

UO 

42 

43 

50 

52 

A«,5772157*ALOG(B) 
C«B*B 
IF(N.1)37,U3,J7 

COMPUTE KO USING SERIES EXPANSION 

G0«"A 
X2J"1, 
FACTil, 
HJ«,0 
00 40 J»l,6 
RJ»1,/FL0AT(J) 
IFCX2J,LT,l,E-40) X2J«0, 
PREVIOUS STATEMENT AD0E0 TU ISM SUBROUTINE TO CORRECT UNDERFLOW 
PROBLEM ON wATFOR COMPILER 
X2J«X2J*C 
FACtiFACT*RJ*RJ 
HJ»HJ*RJ 
G0»G0+X2J»FACT*(HJ.A) 
IF(N)43,42,43 
BKPGO 
RETURN 

COMPUTE Kl USING SERIES EXPANSION 

X2J»B 
FACT»l, 
HJ»l, 
Gl«l,/XtX2J*(,5*A.HJ) 
DO 50 J«2,8 
X2J«X2J*C 
RJ»i,/PLOAT(J) 
FACT»FACT»RJ*RJ 
HJ»HJ>RJ 
C1»G1*X2J*FACT*(,5«(A-MJ)*FL0AT(J)) 
IF(N-1)3J.52»31 
BK»G1 
RETURN 
END 

BESK 950 
BESK 960 
BESK 970 
BESK 980 
BESK 990 
BESK1000 
BESK1010 
BESK1020 
8ESK1030 
BESKloao 
BESMOSO 
BE3K1060 
BE SKI 061 
BESK1062 
BESK1063 
BE.3K1070 
BESK1 OS 0 
BE>3;Kt090 
BiBS&llQQ 
« | 4 > 0 
B03* 1126 
BESK1130 
BESKUaO 
BESK1150 
BESK1160 
BESK1170 
BESK1180 
BESK1190 
BESK1200 
BE3K1210 
BESK1220 
BESK1230 
BESK1240 
BESK1250 
BESK1260 
BESK1270 
BESK1260 
BESK1290 
8ESK130-

TABLE 7.2.—Listing of program for constant drawdown in a well in an infinite leaky aquifer 

C ft***************************************************************** 

C 
C PURPOSE 
C TO COMPUTE A TABLE OF FUNCTION VALUES FOR DRAWDOWN IN A 
C LEAKY ARTESIAN AQUIFER IN RESPONSE TO A STEP CHANGE IN 
C rfATER LEVEL IN THE CONTROL WELL, FUNCTION VALUES ARE 
C EXPRESSED AS A FRACTION OF DRAwOOWN IN CONTROL WELL C3/3"), 
C REFERENCE - HANTUSH,M,3,, 1959, NONSTEADY FLOW TO FLOWING 
C NELLS IN LEAKY AQUIFERS! JOUR, GEOPHYS, RESEARCH, V, 64, 
C NO, B, P, 1043*1052, 
C INPUT DATA 
C 1 CARD • FORMATC2E10.5) 
C TSMALL • SMALLEST VALUE OF ALPHA FOR WHICH COMPUTATION 
C IS DESIRED. 
C TLARGE • LARGEST VALUE OF ALPHA FOR WHICH COMPUTATION 
C IS DESIRED. 
C 1 CARD • FORMAT(13P5,0) 
C BOAT - 13 VALUES OF Rw/B, NON ZERO VALUES SHOULD BE G£ 1 
C AND LT 10. FIRST ZERO (OR BLANK) WILL TERMINATE THE 
C LIST, AT LEAST ONE NON ZERO VALUE MUST BE CUOED, INPUT 
C VALUES ARE MULTIPLIED BY POWER OF TEN DETERMINED BY 
C PROGRAM FROM ALPHA, 

1 
2 
3 
4 
5 
6 
7 
0 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
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C 1 CARD • FORMATC10F8.2) 
C Hw - RADIUS OF CONTROL WELL. 
C HDAT • 9 VALUES QF RADIAL DISTANCE OF OBSERVATION P U I N T S 
C FROM CONTROL "ELL, SHOULD BE COOED wlTH SMALLEST NUMBER 
C FIRST, THEN BY INCREASING DISTANCE, THE FIRST ZERO 
C (UR BLANK) VALUE "ILL TERMINATE COMPUTATION, 
C METHOD 
C EVALUATES EU, 13 OF HANTU3H, EVALUATION OF BES8EL FUNCUUNS 
C BY SUBROUTINES BESK AND HESY AND FUNCTION JO, EVALUATES 
C INTEGRAL BY SUM, I»l TO 8000, F((DELTA U)»(I-.5))*(OELTA U ) , 
C CHOOSES INITIAL DELTA U » , 001/SORT(SMALLEST ALPHA) AND USES 
c THIS VALUE FOR ALL H*/B GE IO*IDELTA UJ, FOR SMALLER R*/B, 
C OIVIDES DELTA U BY 10 AND MULTIPLIES SMALLEST ALPHA BY 100, 
C REMARKS 
C SMALLEST Rw/3 <SE , 01/SURT (SMALLEST ALPHA) 
C SUBROUTINES A N D FUNCTION SUBPROGRAMS REQUIRED 
C BESK,BESY,J0 
C 
C *******«*«»***#«******#***********«*«******************»****»***** 

REAL*8 SUM1,SUM2 
REAL*« KOBP,KOB,J0iJOPU,JQU,Y(8000),J(8000)iP(8000),FTC 8000)i 
1 FB(8000),RDAT<9),TDAT(b),BOATU3),ARRAY(2S,9,13)>B(l3),Tl2S> 
DATA FT/8000*0,/#FB/8000*0,/ 
DATA RDAT/9*1,/ 
DATA ARRAY/2925*0,/,TDAT/l,,l,5,2,,3,,9,,7,/ 
IRD«5 
IPT«6 
READ (IHD,2tt) TSMALLiTLARGE 
READ (IRD,23) BOAT 
READ (IRD,22) RW,RDAt 
IBE5IN=ALOGi0(TSMALL) 
IEND«ALOG10(TLARGE)f,<>9999 
IF ((IBEGIN/2*2),LT,IBEGIN) I B £ G I N « I 8 E G I N - 1 
ISPAN»IEND»IBEGIN 
MLlHIT«(ISPAN+l)/2 

C COMPUTES INITIAL DELTA U (DU) « , 001/SORT(SMALLEST ALPHA) 
DU».001/SORT(TDAT(l)*10,**IBEGlN) 

C EXPONENT (JBEGlN) OF SMALLEST R*/B IS COMPUTED FROM EXPONENT 
C (IBEGIN) OF SMALLEST ALPHA, 

JBEGIN»»IBEGlN/2-2 
DO 1 lo1,13 
IF (BDAT(I),EO,0.) GO TO 2 

1 CONTINUE 
Nti»lJ 
GO TO 3 

2 NB'I-1 
3 CONTINUE 

DO 4 Isl,9 
IF CRDAT(I),EO,0.) GO TO S 

4 RDAT(I)»R0AT(I)/Rw 
NR»9 
GO TO 6 

5 NRoI-l 
6 00 21 M«1,MLIMIT 

NuMiBOOO 
3TART»-DU/2, 
U*START 
DO 7 I"t,NUM 
U«UtDU 
CALL BESY(U#0,Y(I)#IDUMY) 

7 J(I)«J0(U) 
DU 19 IR«1,NH 
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RMO«R0ATCIR) 
U«8TAHT 
00 8 I»1,NUM 
U»U+DU 
CALL BE8Y(RHO«U,0,VOPU,IDUMY) 
JOPU»J0(RHO*U) 

V0U»Y(I) 
8 FCI)«<JUPU*YOU-YOPU*JUU)/(J0U»J0U*YOU*Y0U) 

00 19 IT»l,25 
lN0EX«(IT-l)/6 
iexp«i6eGiN*iN0Ex 
II«IT-IND£X*6 
TAU»TDAT(II)*10,**IEXP 
T(IT)=TAU 
U B S T A R T 
N(JMT"NUH 
00 9 IPI.NUMT 
UaUtOU 
FTE8T»F(I) 
IF CAB3CFTEST),LT,l,E-30) 00 TO JO 
XTfc8T"-TAU*U*U 
IF CXTE3Tt69.) 10,10,9 

9 FT(I)«FTE8T»EXPCXTEST) 
CO TO 11 

10 NilMT«I«l 
FT(I)"0, 

11 DO 19 10*1,13 
JN0EX»(IB-1)/NB 
JEXP»JBEGIN*jN0EX 
JJ«IB»JND£X*NB 
BETA«BDAT(JJ)*10.**JEXP 
8CIB)»8ETA 
U B S T A R T 
B3Q=BET**BtTA 
NUMBaNUMT 
00 12 I»1,NUM« 
U«U*DU 
FTE8T»FT(I) 
IF UBSCFTEST),LT,1,E»30) CO TO li 

12 FBCJ)»FTEST/(U*830/U) 
CO TO H 

13 NUMBoI-1 
FB(I)»0, 

la 3UM1«0, 
S U M 2 » 0 , 

00 IS I«1,NUMB,2 
SUM1»SUM1+F8(I) 

15 3U«2»8UM2+FB(I*1) 
XINT«(SUMltSUM2)*DU 
CALL BESK(RMO*BETA,0,KUBP,I0UHY) 
CALL BESK(8ETA,0,KOB, JDUMY) 
RATIO»0, 
IF CKOBP.6T.0,) HATIO-KOBP/KOB 
XTEST«-TAU*B3tJ 
IF (XTEST+30.) 16,17,17 

16 XPT«0, 
GO tO 18 

17 XPT«EXPIXTEST) 
18 ZaR*Tl0+,6366l98*XPT*XINT 

IF <CZ.LT,0,),AN0,CZ,GT,-5,E-5)) Z«0,i0 
19 ARRAY(IT,JR,IB)"Z 
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OU 20 Kttt,NH 
WRITE (IPT,25) RDAT(K),B 
WRITE CIPT,26) CT<I),CARRAYCI,K,L),L«1»13),I«1,25) 

20 CONTINUE 
EXPONENT OF SMALLEST Rw/B DECREASED BY ONE EACH TIME THROUGH LOOP 
JBEGINaJBEGlN-1 
EXPONENT OF SMALLEST ALPHA INCREASED BY TWO EACH TIME THROUGH LOOP 
IBEGlNaIBEUIN+2 
OELTA U (DU) 18 DIVIDED BY 10 EACH TIME THROUGH THE LOUP 

21 DU»,1*DU 
STOP 

22 FORMAT U o F B , 2 ) 
23 FORMAT C1JF5,Q) 
24 FORMAT C2E10.5) 
25 FORMAT C l ' i • ZC*LPHA,H/RW #RwyB> # R/RW«•,F6,0/•0•,9X» • I Rtf/B'/C •, 

U X , ' A L P H A l»,i3E9,2)) 
26 FORMAT (' ',ElQ,3,13F9,3) 

END 
REAL FUNCTION J0*«(X) 
••••A************************************************************* 

FUNCTION JO 

PURPOSE 
TO COMPUTE THE ZERO OHOER J BESSEL FUNCTION FOR A GIVEN 
ARGUMENT, 

USAGE 
J 0 ( X ) 

DESCRIPTION OF PAHAMETER 
X - REAL*4, ARGUMENT OF JO BESSEL FUNCTION DESIRED, 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIREO 
NONE, 

METHOD 
POLYNOMIAL APPROXIMATION FOR X<4 AND ASYMPTOTIC SERIES FUR 
X GE 4, THE POLYNOMIAL APPROXIMATION IS THE FIRST 10 TERMS OF 
THE POWER SERIES *OR J0(X) (MILLER, K,ST, 1957, 
ENGINEERING MATHEMATICSI RINEHART AND CO,, INC., NEW YOR*# 
P, 120), THE ASYMPTOTIC EXPANSION OF J0(X) 13 GIVEN ON P, 82 
OF BUWMAN, FRANK, 195B, INTRODUCTION TO BESSEL FUNCTIONSI 
DOVER PUBLICATIONS INC,# NEW YORK, THE TERMS P P A * P 0 ' ) ANQ 
Q C-B*Q0') OF THE ASYMPTOTIC EXPANSION ARE COMPUTED BY AN 
ALGORITHM FROM IBM SUBROUTINE BESY, 

****************************************************************** 
IF (x-u.) 1,3,3 
COMPUTE JO BY FIRST 10 TERMS OF POWER SERIES 

1 Aa-X*X/4, 
Bel, 
DO 2 1=1,10 
Call,-I 

2 B » l , * B * ( A / ( C * C n 
J0«B 
GO TO a 
COMPUTE JO BY ASYMPTOTIC SERIES 

3 Tl"4,/X 
T2"tl*Tl 
P O » U C ( « . 0 0 0 0 0 3 7 0 4 3 * T 2 + , 0 0 0 0 1 7 3 5 6 5 ) * T 2 » . 0 0 0 0 4 8 7 6 1 3 ) * T 2 + , 0 0 0 1 7 3 4 3 ) * JO 

1T2",001753062)*T2*.3989423 
O0«((((.0000032312*T2-,0 000142078) *T2*.0000 342468)*T2«,0 00 0869791) JO 

t*T2*.0004564324)*T2-,01246694 
A»2,0/SURT(X) 

z 
z 
z 
z 
z 
z 
z 
z 
z 
z 
z 
z 
z 
z 
z 
z 
z 
z 
z 

JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 
JO 

147 
148 
149 
150 
151 
152 
153 
154 
155 
156 
157 
158 
159 
160 
161 
162 
163 
164 
165« 

1 
2 
3 
4 

l/l
 

6 
7 
6 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
23 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
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R»A*T1 JO 44 
C«X»,7853982 JO US 
J0«A*P0»CUS(C)-B*Q0*3lN(C) JO 46 

4 RETURN JO 47 
END JO UB« 

SUBROUTINE BESY(X,N,BV,IER) BESY 410 
BESY 10 

, ,,,., M M ,,,,,,,,,,,,,,, I,,,,,8"? 20 
BESY JO 

SUBROUTINE 8E3Y BEST 40 
BESY 50 

PURPOSE BESY 60 
COMPUTE THE V 8ESSEL FUNCTION FOR A GIVEN ARGUMENT AND ORDERBESY 70 

BESY 60 
USAGE BESY 00 

CAUL BESY(X,N,BY,IER) BES.Y 100 
8*#Y 110 

DESCRIPTION OF PARAMETERS BESY 120 
X -THE ARGUMENT OF THE Y BESSEL FUNCTION OESIRE4) BfcSY 130 
N -THE QRD^R OF THE Y BES3EL FUNCTION OES I H E D BEi'Y 140 
BY -THE RESULTANT Y 8ESSEL FUNCTION BESY 150 
IER-RESUITANT ERROR CODE WHERE BESY 160 

IER«0 NO ERROR BESY 170 
IER*l N 18 NEGATIVE BESY ISO 
IER«2 X IS NEGATIVE OR ZERO BESY 190 
IER»3 BY HAS EXCEEDED MAGNITUDE OF 10**70 BESY 200 

BESY 210 
REMARKS BESY 220 

VERY SMALL VALUES OF X MAY CAUSE THE RANGE OF THE LIBRARY BESY 230 
FUNCTION ALOG TO BE EXCEEDED BESY 240 
X MUST BE GREATER THAN ZERO BESY 250 
N MUST BE GREATER THAN OR EQUAL TO ZERO BESY 260 

BESY 270 
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED BESY 280 

NONE BESY 290 
BESY 300 

METHOD BESY 310 
RECURRENCE RELATION AND POLYNOMIAL APPROXIMATION TECHNIQUE BESY 320 
A3 DESCRIBED BY A,J.M.HITCHCOCK,'POLYNOMIAL APPROXIMATIONS BESY 330 
TO BES8EL FUNCTIONS OF UROER ZERO AND ONE AND TO RELATED BESY 340 
FUNCTIONS** M.T.A.C,, V,11,1957,PP,86-86, AND G.N, NATSON, BESY 350 
•A TREATISE ON THE THEORY OF BEsSEL FUNCTIONS', CAMBRIDGE BESY 360 
UNIVERSITY PRESS, 1958, P, 62 BESY 370 

BESY 380 
,..t.,.. •.,..,, .,....,...«,. •,..,• ti. t.t.nBESY 390 

BESY 400 
BESY 420 

CHECK FOR ERRORS IN N AND X BESY 430 
BESY 440 

IF(N)180,10,10 BESY 450 
0 ICR'O BESY 460 

IF(X)190,190,20 BESY 470 
BESY 480 

BRANCH IF X LESS THAN OR EQUAL 4 BESY 490 
BESY 500 

0 IFCX-4,0)40,40,30 BESY 510 
BESY 520 

COMPUTE YO ANO Yl FOR X GREATER THAN U BESY 530 
BESY 540 

0 T 1 M . 0 / X 8E3Y 550 
T2»T1*T1 BESY 560 
PO"((((«.0000037043*T2f,0000173565)*T2»10000487613)*T2 BESY 570 
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1 •, 000 17343)»T2», 00 1753062) «T2+,396942 J 
Q0«((((,0000032312*T2-,0000142078)*T2+,0000342468)*T2 
1 -,0000669791)*T2+,0 0 0156U324)*T2.,01246694 
Pl"((((i00000424l4*T2-t0000200920)*T2+,0000580759)*T2 
1 -, 000223203)*T2+.0 02921626)*T2+,3989423 
Ql"((<(«t0000036594*T2+,00001622)*T2-t0000396706)*T2 
1 +,0001064741)*T2»,0006390400)*T2+,03740084 
Aa2,0/SURT(X) 
B B A * T 1 

C«X»,7853982 
Y0«A*P0*SIN(C)+B*Q0*COS(C) 
Y1«.A*P1*C0S(C)*B*U1*3IN(C) 
(iU TO 90 

C 
C COMPUTE Y0 AND Yl FOR X IE3S THAN OR EQUAC TO 4 
C 

40 XX«X/2, 
X2«XX*XX 
T«AL0G(XX)*,5772157 
3UM»0, 
TERMoT 
Y0«T 
00 70 L«1#15 
IF(L«t)50,60,50 

50 Sl)Ma3UM+l,/FLOATCI."l) 
60 FU«U 

T3"T»3UM 
IF(AB3(TfcRM),tE,i,E-40) TERM»0, 
TERMaCTEKfnAC-x25/FL**2)*(l,'i./£F!.*T8)i 

70 Y 0 » Y 0 * T £ R M 

TERM • XX*(f-t5) 
S U M B O , 
Y1«TERM 
DO 80 L«2,16 
SUM»SUM*l,/FLOAT(L-l) 
FU»L 
FL1«FU-1. 
T 3 » T - 8 U M 

IF(ABSlTERM)§LE,l,E-40) TERMmO, 
TERM«(TfcRM*(»X2)/(FLl*FL))*C(T3-,5/FL)/CTS+,5/FLl)) 

80 Yl«YltTERM 
PI2«,636619b 
Y0»PI2*YO 
Yl»-PI2/XtPI2*Yl 

C 
C CHECK IF ONLY Y0 OR Yl 13 DESIRED 
C 

90 IF(N»1)100,100,130 
C 
C RETURN EITHER Y0 OR Yi AS REQUIRED 
C 

100 IF(N)1JO,120,110 
110 BY«Y1 

GO TO 170 
120 8Y»YQ 

CO TO 170 
C 
C PERFORM RECURRENCE OPERATIONS TO F1NR YN(X) 
C 

130 YA«YQ 
YB"Y1 
K»l 

•Continued 

BESY 
BE3Y 
BE8Y 
BESY 
BESY 
BESY 
BESY 
BE8Y 
BESY 
BESY 
BESY 
BESY 
BESY 
BESY 
BESY 
BESY 
BESY 
BESY 
8ESY 
BESY 
BESY 
BESY 
BESY 
BESY 
BE8Y 
BESY 
BESY 
BESY 
BESY 
BE3Y 
&E3Y 
BESY 
BESY 
BESY 
BE3Y 
BESY 
BESY 
BE3Y 
BESY 
BESY 
BESY 
BESY 
BESY 
BESY 

580 
590 
600 
610 
620 
630 
640 
650 
660 
670 
660 
690 
700 
710 
720 
730 
740 
750 
760 
770 
780 
790 
800 
810 
820 
B30 
840 
841 
850 
860 
870 
880 
890 
900 
910 
920 
930 
940 
941 
950 
960 
970 
980 
990 

BE3Y1000 
BE3Y1010 
WE3Y1020 
HE3Y1030 
BE3Y1040 
BESY1050 
BE3Y1060 
BE3Y1070 
8ESY1080 
BESY1090 
BE3Y1100 
BESYU10 
BESY1120 
BE3YH30 
8E3YU40 
BE8Y1150 
BE3YH60 
Bfc'SYll70 
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140 T«FLQAT(2*K)/X 6ESY1180 
YC"T*YB»YA 8E8Y1190 
IF(ABS(YC)-1,OE70)145,145,141 9E3Y1200 

1U1 IER*3 BESY1210 
RETURN BE3Y1220 

145 KoKti BESY1230 
IF(K-N)150»160#150 BE8Y1240 

150 YA»YB BE3Y12S0 
YB»YC BE3Y1260 
60 TO 1«0 BESY1270 

160 BY»YC BE3Y1280 
170 RETURN 8E8Y1290 
180 IER»l BESY1300 

RETURN BESYtiiO 
190 IER»2 aESYlJJtO 

RETURN BE8Y1330 
ENO BE3Y134-
SUBROUTINE BESK(X,N,8K,IER) BgSK 410 

C BF8* 10 
C ,,,, ,...,,... i t .,..,.,,......... BRS* 20 
C BESK 30 
C 8UBRUUTINE 8E3K BESK 40 
C BESK 50 
C COMPUTE THE K BESSEL FUNCTION FOR A GIVEN ARGUMENT AND ORDERBESK 60 
C BE8K 70 
C USAGE BESK 80 
C CALL BESK(X,N,BK,IER) BESK 90 
C BESK 100 
C DESCRIPTION OF PARAMETERS BESK 110 
C X -THE ARGUMENT OF THE K BESSEL FUNCTION DESIRED BESK 120 
C N .THE ORDER OF THE K BESSEL FUNCTION DESIRED BESK 130 
C BK -THE RESULTANT K BESSEL FUNCTION BESK 140 
C IER-RE3ULTANT ERROR CODE WHERE BE3K 150 
C IER«0 NO ERROR BESK 160 
C I6R"1 N IS NEGATIVE BESK 170 
C IER«2 X IS ZERO OR NEGATIVE BE8K 180 
C IER«3 X ,GT, 170, MACHINE RANGE EXCEEDED BESK 190 
C IER»4 BK ,GT, 10**70 BE3K 200 
C BESK 210 
C REMARKS BESK 220 
C N MUST BE GREATER THAN OR EQUAL TO ZERO BESK 230 
C BESK 240 
C SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED BESK 250 
C NONE BESK 260 
C BESK 270 
C METHOD BESK 280 
C COMPUTES ZERO OROER AND FIRST ORDER BESSEL FUNCTIONS USING BESK 290 
C SERIES APPROXIMATIONS AND THEN COMPUTES N TH ORDER FUNCTION BESK 300 
C USING RECURRENCE RELATION, BESK 310 
C RECURRENCE RELATION AND POLYNOMIAL APPROXIMATION TECHNIQUE BESK 320 
C AS DESCRIBED BY A,J.M.HITCHCOCK,•POLYNOMIAL APPROXIMATIONS BESK 330 
C TU BESSEL FUNCTIONS OF ORDER ZERO AND ONE AND TO RELATED BESK 3«0 
C FUNCTIONS', M.T.A.C,, V,11,1957,PP,86-88, AND G,N, *ATSON, BESK 350 
C "A TREATISE ON THE THEORY OF BESSEL FUNCTIONS', CAMBRIDGE BESK 360 
C UNIVERSITY PRESS, 195B, P. 62 BESK 370 
C BESK 380 
C , . ,, ,.,....•...,,.,. B£SK 390 
C BESK 400 

DIMENSIUN T(12) BESK 420 
BK»,0 BESK 430 
IF(N)10,11,11 BESK uno 

10 IER»1 B E S K US0 
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TABLE 7.2. Listing of program for constant drawdown in a well in an infinite leaky aquifer—Continued 

RETURN B E 8 K 4 6° 
IF(X) 12,12»20 8 e 3 K a70 

" RETURN B"K 490 
20 IFCX. 170, 0)22, 22,2V «•* *?° 
21 IE**3 

RETURN 

26 

26 

BESK S10 
BESK S20 
BESK 530 11 IER«0 

IFCX»l,)36,36,25 BESK 540 
25 A«EXP(-X) BESK 550 

B«l,/X BESK 560 
C«SURTCB) BESK 570 
T(l)»b BESK 580 
00 26 1=2.12 BESK 590 
T(L)=TCL-1)*B BESK 600 
IF(N-l)27,29,27 BESK 610 

C BESK 620 
C COMPUTE KG USING POLYNOMIAL APPROXIMATION BESK b30 

BESK 640 
27 G0"A*Ct,2533l4l«.,l566642*T(n*,088Ut28*TC2)-,09l39095*TC3) BESK 650 

2t,l344596*TC4)»,2299850*TC5)*,3792410*T(6)-,5247277*TC7) BESK 660 
3*.5575366«T(B)-,«262633*T(9)t,2184518«T(l0)-,06680977*T(ll) BESK 670 
4*,009189363*T(12))*C BESK 680 
IF(N)20,28,29 BESK 690 
B K B G O BESK 700 

BESK 710 
R E T U R N BESK 720 

L BESK 730 
BESK 740 

BESK 760 
BESK 770 
BESK 780 

., ...... BESK 790 
BK«Gl" ' " BESK 800 
RETURN BESK 810 

C BESK 820 
C FROM KO,Kl COMPUTE KN USING RECURRENCE RELATION BESK 830 

BESK 840 
31 DO 35 J«2,N BESK 850 

GJ»2,*(FLUATU)«1,)#G1/X*G0 BESK 860 
IF(GJ«l,0E70n3,33,32 BESK 870 

32 IEH»tt BESK 880 
GO TO 34 BESK 890 

35 G0"(Jl BESK 900 
35 GlsGj BESK 910 
Stt BK"GJ BESK 920 

RETURN BESK 930 
36 B«X/2, BESK 940 

A«,5772157+ALOG(B) BESK 950 
C»B*B BE8K 960 
IF(N-l)37,43,37 BESK 970 

C BESK 980 
C COMPUTE KO USING SERIES EXPANSION BESK 990 

BESK1000 
37 G0»-A BESK1010 

X2J»1, BESK1020 
F A C T B I , BE3K1030 
MJB.O BE3K1040 
00 40 Jsl,6 BESK1050 
RJ«l,/FLOATU) BESK1060 
IFCX2J.LT, I.E.40) X2J«0, BE3K1061 
PREVIOUS STATEMENT ADDED TO IBM SUBROUTINE TO CORRECT UNDERFLOW BE3K1062 
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PROBLEM ON WATFOR COMPILER BE3M063 
X2J»X2J*C BE3K1070 
FACrnFACT«RJ*Rj BE8K108Q 
HJ«HJ*RJ BESK1090 

<10 G0»G0*X2J»FACT*(HJ-A) BE3K1100 
IF(N)«3#«2,«3 BE3KJU0 

42 B K B Q O BE9K1120 
RETURN BESM130 

BESKliaO 
COMPUTE Kl USING SER1E3 EXPANSION BE8K1150 

BE3K1160 
43 X2J«8 BE3K1170 

FACT«1, BESKU80 
HJBJ, BE8K1190 
G l « l , / X * X 2 J * ( , 5 * A - H J ) BE8K1200 
DO SO J»2#8 BE 8*121-0 
X2J«X2J#C BES;M220 
R J « l . / F L O A T ( J ) BE|«1230 
FACT»FACT*RJ*RJ BE,#<12<HP 
HJ*HJ*RJ B E ^ t 2 * 6 

50 G1«G1*X2J*FACT*(,S+(A-HJ)*FL0AT(J)) 8£Sfcl26Q 
I F ( N - l ) 3 I » S 2 i 3 1 BE3K1270 

52 BK-Cl BESM280 
RETURN 8E8K1290 
END BESK130-

TABLE 8.2.— Listing of programs for constant discharge from a fully penetrating well of finite diameter 

• t * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * ^ * 1 ' l 

FAR 2 
PURPOSE F A q 3 

COMPUTES FUNCTION VALUES OF F(U,ALPHA,RHu) FoR WHO > 1 - FAR u 
PAPA0OPULas,I,3. AND COOPER,M,H,,JR., 1967, DRAWDOWN IN FAR S 
A WELL OF LARGE DIAMETER! HATER RESOURCES RESEARCH, V, 3, FAR 6 
NO, 1, P, 2<U-2««. £*" 7 

PROGRAM BY S,S,PAPA0OPULO3, fAH 8 
INPUT DATA - ONE OR MORE GROUPS, fcACH GROUP CODED AS FOLLOWS FAR 9 

1 CARD - FORMAT(2E10,5) F A H 10 
ALPHA - Rw**2«3/RC**2 - RADIUS OF wELL (SCREEN FAR 11 

OR OPEN BORE IN AQUIFER) SQUARED » STORAGE FAR 12 
COEFFICIENT / RADIUS OF CASING (OVER INTERVAL OF FAR U 
WATER LEVEL CHANGE) SQUARED, F A R 1/4 

RHO • R/Rw - DISTANCE FROM P U M P E D WELL / RADIUS OF FAR 15 
wELL (SCREEN OR OPEN BORE IN AUUIFER). *UST BE FAR lb 
GREATER THAN ONE, PAR 17 

1 CARD • FORMAT(16£5,0) *** >8 

U- 16 VALUES OF U - R**2*S/ («*T*TIME) - 0I3TANCE FRUM FAR 19 
PUMPED WELL SQUARED * STORAGE COEFFICIENT / FAR 20 
U * TRANSMISSIVITY * TIME. IF LESS THAN 16 DESIRED, FAR 21 
BLANK OR ZERO VALUES MAY BE CODED FOR THE REST, FAR 22 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED FAR 23 
PEAK,SIMP,APEKE»EXB3Li#JY0,JYl,RUOTS • MuST BE I* DECK, FAR 2H 

FAR 25 
DIMENSION V(«0#<*0)#U( 16) £*tt 27 
COMMON XPK,YPK f*" 2 8 

C0MM0N/PBLK/A,8,RH0 FA* 29 
EXTERNAL EXBSLl *** 50 

I READ (5#16,END»15) ALPHA,RHO PAR 31 
IF (ALPHA) 15,15,2 fA* 3* 
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2 WRITE (6,17) ALPHA,RHO 
WHITE (6,18) 

3 READ (5,1^) U 
DO 14 11*1,16 
IF cu(ll)) 1,1,a 

a A«ALPHA*ALPHA 
B«0,25/U(II) 
CALL APEKE(EXBSLl) 
CALL PEAKCEXBSL1) 
IF (XPK»1,0E«8) 5,6,6 

5 WRITE (6,20) XPK,U 
GO TO 3 

6 IF (XPK-3,0) 8,7,7 
7 WRITE (6,21) XPK,U 

GO TO 3 
6 EP8»0.000001 

HBAR»0,007*XPK 
CALL SIMPS(0,0,XPK,EP3,HBAR,SUM,DtL,EXB3Li) 
XMl»((3,l«159265*7.0)/(e.0*(RHO.l,))tl.E-6)*RHO/2. 
OXl=XMt«(1.0E-6)*HHO 
DXN«(2.0*3,1«159265*RHO)/(5,*(RHO-1,)) 
0L«3,l«159265*RHO/(RMO"l.) 
CALL ROOTS(XM1,OX1,RT1,EX8SL1) 
HBAR»0,007*(RT1-XPK) 
CALL 3IMPS(XPK,RT1,EP3,H6AR,TRM1,ERR1,EXBSL1) 
3UM83UM+THM1 
DELaOEL+ERHl 
Xi»RTl 
I»l 

9 XMBXt+UL 
CALL RC)UT5(XM,0XN,X2,EXB3L1) 
HBAR«0.007*(X2»Xt) 
CALL 3IMP3(X1,X2,EP3,HBAR,TRM I£HR,EXB8H) 
V ( 1 , I ) » A B 3 ( T R M ) 

OEL»DEL*ERR 
I-I + l 
IP (I-ao) 10,10,11 

10 X1«X2 
GO TO 9 

11 E3T«0,0 
DO 12 K=2,«0 

00 12 J « 1 , M 
12 V(K,J)«V(K-i,j+n»V(K-l,J) 

DO 13 N«l,40 
L»N«1 
OELV3(-0,b)**L*«(N#lJ 

13 E9T»EST+(0,5)*DELV 
SUM*SUM-E8T 
PUARn4,0*A*RHO*SUM/3,14159265 
WRITE (6,22) LlCII),8UM,DEL,PUAR 

14 CONTINUE 
GO TO 1 

15 STOP 

16 FORMAT (2E10.5) 
17 FORMAT ('1',IF(U,ALPHA,RHO) FOR ALPHAs•,1PE13,5, ' , 
lb FORMAT (1H0,12X,1HU,16X,8HINTEGRAL,9X,14HINTEGRAL 

1ALPHA,RH0)/IH ) 
19 FORMAT C16E5.0) 

RHUni 
ERRUR, 

FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FA« 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 

FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 
FAR 

,1E13,5) FAR 
i6X,14HF(U,PAR 

FAR 
FAR 

33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
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Listing of programs for constant discharge from a fully penetrating well of finite diameter—Continued 

FAB 93 
FAR 9U 
FAR 95 
FAN 9 6 ' 

TABLE 8.2.—Listing of programs for constant discharge from a fully penetrating ux 

20 FORMAT ( 5 H X P K « , E 1 5 , 8 , 3 X , 1 6 H T 0 0 SMALL FOR Ux,E10,3) 
21 FORMAT (5H X P K » , E 1 5 , 8 , 3 X , 1 6 H T G 0 L A R G E FOR U = , E l O , 3 ) 
22 FORMAT (1H ,1P4E20.8) 

END 

FUNCTION E X b S L K X ) £81 1 
* * * * * * A * * * * * * « # * * * » * * * * * * * * * * * * » * * » * * * * * * * * * 4 * * * * * * * * * * * * * * * * * * * * * * * * * * E B 1 2 

EB1 3 
PURPOSE Eyt « 

COMPUTES VALUES OF THE I N T E G R A N O FOR F(U,ALPHA,PHO) Ebl 5 
DESCRIPTION OF PARAMETER Ertl * 

X. HEAL - ARGUMENT OF INTEGRAND EB1 7 
Ebl 8 

********»***************»************#»****»**************«*»**********Ebl 9 
COMMON/PbLK/A,B,R EB1 10 
IF (X) 1,1,2 E81 11 

1 EXbSLl»0, EB1 12 
GO TO 8 EB1 13 

2 H«X/R EB1 14 
IF CH-1.0E7) 4,4,3 EB1 IS 

3 F N U » A * C O S ( w * C R - l , 0 ) ) - w * S l N ( W * ( R » l , o n EB1 16 
D E « ( * « H « S Q R T ( R ) ) * ( w * w * A * A ) Ebl 17 
E X B 3 L 1 « F N U / D E EB1 18 
GO TO b EB1 19 

U Y«B*X*X EB1 20 
IF CV-0,01) S,5,6 Ebl 21 

5 EXPO»Y*C1.0-Y*CO,5>Y*CC1,0/6,0)-Y*<1,0/24,0)))) Ebl 22 
GO TU 7 E»l 23 

6 EXPO»1,0»EXP£-Y) EB1 24 
7 CALL JYO(*,wJ0»*Y0) Ebl 25 

CALL JYl(w,*Jl.*Yn EB1 2b 
Aw«rt*NVO-A*»Yl Ebl 27 
Bw»w*»'J0»A**Ji EH1 28 
CALL JY0CX,8J0»8Y0) Ebl 29 
FNuM«ExPO*(Aw*BJ0-8w*BY0) EB1 30 
DEN»X*X*(Aw*AW+b**bw) Ebl 31 
E X B 8 L 1 « F N U M / D E N Ebl 32 

8 RETURN EB1 33 
END Ebl 34-
SUBROUTINE R00TS(XM,OX,ROOT#F) Rtii) 1 

* * * * * * * * * » * * * * * * « * * * * « * * * * * * « * * * * * * * » * * * * * * * * * * # » * * * * * * * * * * * « * * * * * * * * * * R f . i O 2 
ROD 3 

PURPOSE ROO a 
SEARCHES FOR ROOT OF F IN THE INTERVAL XM-DX TO XM*DX, RuO 5 

DESCRIPTION OF PARAMETERS • ALL REAL ROO 6 
XM • CENTER OF INTERVAL SEARCHED, ROO 7 
ox - HALF WIDTH OF INTERVAL SEARCHED, ROO 8 
ROOT • RETURNED HOOT LOCATIUN, RUU 9 
F • FUNCTION REFERENCE, ROO 10 

ROO 11 
•A******************************»********«**»***********************i»**WOO 12 

XL*XM«DX RUO 13 
XR«XM+DX ROO 14 
YL«F(XL) ROO 15 
YR»F(XR) ROO 16 
EP»O,0O000t*ABS(YL) ROO 17 
DO 9 I«l,200 RUO 18 
YM»F(XM) ROU 19 
UP»AB3(YM) RUU 20 
IF (UP,LT,EP,AN0,UP.LT,l,0D»7) CO TO I ROO 21 
IF (YM) 2,1,2 ROO 22 



94 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 
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J RUOTaXM "00 23 
GO TO 10 ROO 24 

2 IF Cr«*YU 7,3.4 ROU 25 
3 R0UT»XL «"0 26 

GO TO 10 RUU 27 
4 IF (YM*YR) 8,5,6 RUO 28 
5 H00T=XR R0O 29 

GO TO 10 RUO 30 
6 *RITE (6,11) XL,XR ROO 31 

STOP ROD 32 
7 XRBXM R0O 33 

yp»YM ROO 34 
GO TO 9 RUO 35 

8 XL»XM ROU 36 
YL"YM ROO 37 

9 XHP(XL*XR)/2,0 ROO 36 
ROOTaXM ROD 39 

10 RETURN ROO 40 
C ROO 41 

U FORMAT C1H ,10X,27HNO ROOT IN INTERVAL XM-0X a, 1PE20,8,SX,11HAN0 XROO 42 
1M + 0X »,1PE20,8/) ROO Hi 
END ROO HH* 
SUBROUTINE APEKE(EXBSL) APE 1 

C*******A***************************************************************APE 2 
C APE 3 
C PUKP08E APE 4 
C GETS FIRST APPROXIMATION TO PEAK POSITION APE 5 
C APE 6 
C**.********************* *************** ************* *******************APE 7 

COMMON XPK,TKK APE 8 
XPK80.0 APE 9 
YPK«0,0 APE 10 
00 2 Ial,t7 APE 11 
XaJ0,0**(I«9) APE 12 

APE 13 
APE 14 
APE 15 
APE 16 
APE 17 
APE 18 
APE 19-
PEA 1 

******•*•**«**•**.*********«*******************************************PEA 2 
PEA 3 

PURPOSE PEA 4 
ATTEMPTS TO PINO POSITION UF MAXIMUM FOR INTEGRAND PEA 5 

PEA 6 
********************.**************************************************PEA 7 

COMMON XPK,YPK PEA 8 
YPK"EXBSL(XPK) PEA 9 
00 13 Lai,200 PEA 10 
OXaO.OUXPK PEA 11 
XL'XPK-DX PEA 12 
YLaEXBSLCXL) PEA 13 
XRBXPK+DX PEA 14 
YRaEXBSL(XR) PEA 15 
OENayR+YL-YPK.YPK PEA 16 
IF (DEN) 1,9,1 PEA 17 

1 XaXPK-0.5*(YR-YL)*OX/OeN PEA 18 
2 IF (X) 3,4,4 PEA 19 

YaEXBSL(X) 
IF (Y-YPK) 

1 XPKBX 
YPKay 

2 CONTINUE 
3 RETURN 
END 
SUBROUTINE 

3,3,1 

PEAK(EXBSL) 
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TABLE 8.2.—Listing of programs for 

3 
4 

5 

6 
7 

e 
9 

10 

11 

12 

IS 
11 

X3Q.Q 
Y«EX63L(X) 
I F (YH-Y) 6, 
Y"YH 
X»XR 
I F ( Y L - Y ) 8, 
Y«YL 
X»XL 
I F (Y-YPK) 1 
IF (YR-YPK) 
X«XPK*DX*DX 
GO TU 2 
X*XPK-DX»0X 
GO TO 2 
YPK«Y 
XPK«X 
CONTINUE 
RETURN 
ENO 

>6,5 

. 8 , 7 

l « , 1 4 , 
11*10 

12 
f 10 

Listing of programs for constant discharge from a fully penetrating well of finite diameter—Continued 

PEA 20 
PEA 21 
PEA 22 
PEA 23 
PEA 24 
PEA 25 
PEA 26 
PEA 27 
PEA 28 
PEA 29 
PIA 30 
PEA Jl 
PIA 32 
PEA 33 
PEA 3« 
PEA 35 
PEA 36 
PEA 37 
P6A J8« 

SUBROUTINE SI M P S ( O , R , E P S , H B A R , A R E A , 0 E L > F ) SIM 1 

C*************************************»*********************************3IM 2 
C 8IM 3 
C PURPOSE SIM 4 
C TO DETERMINE THE INTEGRAL OF A FUNCTION, F, FROM Q TU R, SIM 5 
C USING SIMPSON'S RULE, SIM 6 
C DESCRIPTION OF PARAMETERS SIM 7 
C ALL REAL SIM 8 
C O - LUwER LIMIT OF INTEGRAL 3IM *> 
C R • UPPER LIMIT OF INTEGRAL SIM to 
C EPS - OE3IREO ACCURACY SIM 11 
C "BAR - MINIMUM DIVISION OF THE INTERVAL SIM J2 
C AREA - COMPUTED VALUE OF INTEGRAL BETWEEN 0 AND R SIM 13 
C DEL - COMPUTED ESTIMATE OF ERROR SIM l« 
C F» THE INTEGRAND (FUNCTIUN REFERENCE) 8IM 15 
C METHOD SIM J6 
C USES SIMPSON'S RULE TO COMPUTE A SUM APPROXIMATING THE I*TEGRALS1M J7 
C USES I"H!Al Hs(R.lO/2, COMPUTES A SEQUENCE OF SUMS BY HALVING SIM IB 
C H EACH TIME, COMPUTES ESTIMATE OF ERROR (DEL) AS (PREVIOUS SIM 19 
C SUM • CURRENT S U M ) / 1 5 , COMPUTATlUN STOPS «H£N I) H<HBAR, SJM 20 
C 2) AB5(OEL)<ABS(EP3*tURRENT SUM), IF HBAR IS LE 0, SIM 21 
C THEN H8AR«,007*(R«U), SIM 22 
C SIM 23 
C***********************»***********************************************SIM 24 

H»H-Q SIM 25 
IF (H) 1,1,2 SIM 26 

1 AREA«0,0 SIM 27 
DEL=0,0 SIM 28 
GO TO 10 SIM 29 

C R MUST BE GREATER THAN U SIM 30 
2 SP»1,0E35 SIM 31 

S3«0,0 SIM 32 
S1«F(Q)*KR) SIM 3J 
IF (HbAR) 3,3,4 SIM 3« 

J HBAK=0,007*H SIM 35 
4 32=0,0 SIM 36 

X«(J*0,5*H SIM 37 
5 S2*S2*4,0*F(X) SIM 38 

X«x*H SIM 39 
IF (X»R) 5.5,6 SIM 40 

6 SC«(S1+S2*S3)*H*0,16666667 SIM ui 
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DEl*0,066666667*(SP-SC) 3IH 42 
IF lAbSC0El)-ABSCEPS*3C)) 7>8,8 SIM 43 

7 AREA»3C»DtL SIM 44 
GO TO 10 SIM 45 

8 S3«S3*0,5*S2 SIM 46 
H»0,5*H SIM 47 
IF (H-HBAR) 7,«»,9 SIM 48 

9 SP»SC SIM 49 
GO TO 4 SIM SO 

10 RETURN SIM 51 
END SIM 52* 
SUBROUTINE JYcCX,J0,Y0) JYO 1 

************************************«****************»<^***************JY0 2 
JYO J 

PURPOSE JYO 4 
COMPUTES BESSEL FUNCTIONS UF THE FIRST AND SECOND KINO, JYO 5 
ZERO ORDER, FOR POSITIVE ARGUMENTS, JYO 6 
SEE NBS AMS 55, P, 369-370, JYO 7 

DESCRIPTION OF PARAMETERS - ALL REAL JYO 8 
X- ARGUMENT, MUST BE >0 JYO 9 
JO • RETURNED FUNCTION VALUE* JOCX) JYO 10 
YO • RETURNED FUNCTION VALUE, YOCXJ JYO 11 

JYO 12 
* » » * * * * * * * * * * * * * * * * « * * » * * * * * » » » » * * A * * * * * * * » * * # * * # * * * * * * * * * * * * * * * * * * * » * * J Y 0 13 

REAL JO JYO ia 
IF (X-3,0) 1,2,3 JYO 15 

1 IF (X) 4,4,2 JYO 16 
17 
18 

I j<*44<4"0,0002i*Z)) j} ) JYO 19 
- - - - - - - - - - - - - - - - - - - - - - 2() 

0 21 
22 
23 
24 
25 

125 + Z*C0.00029333-0.0001i558*Z)nn JYO 27 
0»3uHT(l,0/X) JYO 28 
JO»U*F*COS(X»p) JYO 29 
YO«Q*F*SIN(X-p) JYO 30 
RETURN JYO 31 
END JYO 32" 
SUBROUTINE JY1(X,J1,V1) JY1 t 

2 
JY1 3 

PURPOSE JY1 4 
COMPUTES BESSEL FUNCTIONS OF THE FIRST AND SECOND KIND, JY1 5 
FIRST ORDER, FOR P08ITIVE ARGUMENTS, JYJ 6 
SEE NBS AMS 55, P, 370, JY1 7 

DESCRIPTION OF PARAMETERS • ALL REAL JY1 8 
X- ARGUMENT, MUST BE >0 JY1 9 
Jl - RETURNED FUNCTION VALUE, J1CX) JY1 10 
Yl - RETURNED FUNCTION VALUE* Y1CX) JY1 11 

JY1 12 
* * * * * * * * « * * * * * * * * » * * * » * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * » * * * * * * * * * * * * * * J Y 1 13 

RE*L Jl JYJ 14 
IF (X-3.0) 1,2,3 JY1 15 

1 IF (X) 4,4,2 JY1 16 
2 Z»C0,33333333*X)**2 JY1 17 

2 Z»C0,S333S333*X)**2 JYO 
JOEl,0-Z*(2,2499997-Z*(l,26S6206«Z»(0,3163866-Z*(0,0444479-Z*(0(OOJYO 
li<*44<4"0,0002i*Z) i j) ) JYO 
YO«0,63661977*ALQG(0,5*X)*J0+0,36746691•Z*(0,60559366-Z*(0,7435038JYO 
14-Z*(0,25300U7-Z*(0,04261214.Z»(O,00tt279l6-0,00024846*Z))))) JYO 
RETURN JYO 

3 Z«3,0/X JYO 
F»0,79788456-Z*(0,7 7E-6+Z*(O.O0b3274tZ*(0,000095l2«Z«(0,0Ol37237-ZJY0 
1*(0,00072805-0.00014476*Z))))) JYO 
P»0,78539616 + Z*C0,04166397 + Z*(0,00003954«Z*(0,00262573»Z*(0,000541JYO 
125+Z*(0,00029333»Ot00013558*Z)))n JYO 

SUBROUTINE JY1(X,JI,Y1) JY1 
ft************************************************,,***,*****»**********JYl 

JY1 
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Jl«X*(0,5-Z*(0,56249985-Z*(0,21Q93573»Z*<0,03954289.Z*CO,004433t«.JYt IB 
1Z*(0,00031761.0,00001109*2)))))) JY1 19 
Yi«0,63661977*ALOG(0,5*X)*Jl*(-0,636619e*Z*(0,2212091*Z*C2,l682709jYt 20 
1-2* C1,3164827-Z*C0,S12395i-Z*(0,0400976-0,002787S*Z))))))/X JY1 21 
RETURN JY1 22 

3 Z-3.0/X JY1 23 
FBO,79788456+Z*(0,156e.5*z*(0,0l659667+Z*(0,000l7i05-Z*{0,002«9511JY1 24 
1-Z*C0,00113653.0,00020033*Z))))) JY1 25 
P»0,78539816-Z*(0,12499612*Z*(0,000O565.Z*(0,00637879.Z*(0,0007434JY1 26 
18+Z*(0,00079824.0,00029166*Z))))) JY1 27 
Q«SQRT(l,0/X) JY1 28 
Jl«Q*F*8lN(x.p) JY1 29 
Yl«»Q*F*COS(X.P) JY1 30 

4 RETURN JY1 31 
END JY1 32-

A****************************************************************»«****FUA 1 
FUA 2 

PURPOSE FUA 3 
COMPUTES FUNCTION VALUES OF F(UW,ALPHA) - FUA 4 
PAPADOPULOS,I,*. *>N0 COQPER,H,H,,J.ft,, 1967, WiAWDaHN IN FUA 5 
A WELL OF LARG% DIAMETERI WATER RESOURCES RESEARCH, V, 3, FUA 6 
NO, 1, P, 241.244, FUA 7 
PROGRAM BY S.S.PAPADOPULOS, FUA 8 

INPUT DATA • ONE OR MORE GROUPS, EACH GROUP C O D E D AS FOLLOWS FUA 9 
1 CARD • FORMAT (E10.5) FUA 10 

S . (ALPHA) . RM**2*S/RC**2 - RADIUS OF WELL (SCREEN FUA 11 
OR OPEN BORE IN AQUIFER) SQUARED * STOWAGE FUA 12 
COEFFICIENT / RADIUS OF CASING (OVER INTERVAL UF FUA 13 
WATER LEVEL C H A N G E ) SQUARED, FUA 14 

1 CAR0 • F O R M A T ( 1 6 E 5 , 0 ) FUA 15 
U- 16 VALUES OF UW • RW**2*S/(4*T*TIME) . RADIUS OF FUA 16 

PUMPED WELL SQUARED * STORAGE COEFFICIENT / FUA 17 
U * TRANSMISSIVITY * TIME, IF LESS THAN 16 DESIRED, FUA 18 
BLANK OR ZERO VALUES MAY BE CODED FOR THE REST. FUA 19 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED FUA 20 
PEAK,8IMP,APEKE»EXBSL2,JY0,JY1 - MUST BE INCLUDED IN DECK, FUA 21 

FUA 22 
A**********************************************************************FUA 23 

COMMON XPK,YPK FUA 24 
COMMON/PBLK/A,B FUA 25 
EXTERNAL EXBSL2 FUA 26 
DIMENSION U(16) FUA 27 
EP3«0,0001 FUA 28 

1 READ (5,13,END«12) S FUA 29 
IF (S) 1,1,2 FUA 30 

2 READ (5', 14) U FUA 31 
WRITE (6,15) 3 FUA 32 
DO 11 I»l,16 FUA 33 
UWBU(I) FUA 34 
IF (UW) 1,1,3 FUA 35 

3 B«0,25/Uw FUA 36 
A»S*S FUA 37 
CALL APEKE(EX8SL2) FUA 38 
CALL PEAKCEXBSL2) FUA 39 
IF (XPK-1.0E-8) 4,5,5 FuA 40 

4 WHITE (6,16) UW,8,XPK,YPK FUA 41 
GO TO 11 FUA 42 

5 IF (XPK.1.0E8) 7,7,6 FUA 43 
6 WRITE (6,17) UW,S,XPK,YPK FUA 44 

GU TO 11 FUA «5 
7 HBAR«O,OO7*XPK FUA 46 
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CAUL SIMPSCQ,0»XPK,EP3,HBAR,3UM,DEL#EX8SL2) FUA 47 
X23XPK Fu* 48 
DX«XPK FUA 49 

6 DX»10,0*DX FIJA 50 
X1SX2 FUA 51 
X2«XltDX FUA 52 
Y«EXBSL2(x2) FgA 53 
HBAR=0,007*DX FUA 54 
CALL SlMPS(Xl,X2,EPS,HBAR,TRM,ERR,EXB3L2) FUA 55 
SUM»8UM+T«M FUA 56 
DEL»DEL*fcHR FUA 57 
IF (X2-1.0E9) 9,10,10 FUA 58 

9 YTB1,5707963/X2**0 FUA 59 
IF CAB3CY-YT)/YT-0,5E-6) 10,8,8 FUA 60 

10 EST«0,52359678/X2**3 FUA 61 
SUMnSUM+EST FUA 62 
FU*8»3.2422779*3*3*3UM FUA 63 
WHITE (6,18) UW,9UM,l)EL,FUwS,XPK,YPK FUA 64 

IX CONTINUE FUA 65 
GO TO 1 FuA 66 

12 STOP FUA 67 
C FUA 68 

13 FORMAT (E10.5) FUA 69 
14 FORMAT (16E5.0) FUA 70 
15 FORMAT (•l'#'F(U^,ALPHA) FOR ALPHA!<,1PE14,5/" 0•,7X,•UH',12X,»INTEFUA 71 

1GRAL',5X,I INTEGRAL ERROR",5X,"FCU*,ALPHA)t,8X,'X(PEAK)1,1 OX,•Y(PEAFUA 72 
2K)l/' •) FUA 73 

16 FORMAT (1H ,1PE14,7,9X,34HVALUE3 OF DUMMY VARIABLE TOU SMALL.1PE25FUA 74 
1.7,1PE17,7) FUA 75 

* -m ' A f n i . * * . . > • _ r- . *• ^ M U v n u u i i u P o r\tf K u u u o u 4 n » * n i e T / t r t i 4 O r t « a r i c f f i n n i. 
X f r u n n e l \ I n M K & l ^ i ( f i A f ^>4nvAL,uc<) ur UU'""^T r e n i m j u u i wt-i u«™»*fc-#*rc.e. j iv« t w 

1,7,1PE17,7) FUA 77 
18 FORMAT (IM ,1PE1«,5,1PSE17,5) FUA 78 

END FUA 79« 
FUNCTION EXB3L2(X) EB2 1 

C*******A**********************************************************«****EB2 2 
C EB2 3 
C PURPOSE EB2 4 
C COMPUTES VALUES OF THE INTEGRAND FOR F(U*,ALPHA) EB2 5 
C DESCRIPTION OF PARAMETER EB2 6 
C X« REAL - ARGUMENT OF INTEGRAND fcB2 7 
C EB2 8 
C**********************t************************************************EB2 9 

COMMON/PBLK/A,8 E82 10 
IF (X) 1,1,2 EB2 11 

1 EXB3L2«0, E82 12 
GO TO 8 EB2 13 

2 IF (X-l.E+7) 0,4,3 EB2 14 
3 EXB3L2»1,5707963/X**4 EB2 15 

GO TO 8 EB2 16 
4 Y«B*X*X £tj2 17 

IF CY-,01) 5,5,6 EB2 IB 
5 FNUM«Y*(l,-Y*(,5*V«((l,/6,)oY*(l,/24,)))) EB2 19 

GO TO 7 EB2 20 
6 F N U M « I , - E X P C - Y ) EB2 21 
7 CALL JYO(X,HJO,BY0) EB2 22 

CALL JY1(X,BJ1,BY1) EB2 23 
DEN»((X*BJ0-A*BJ1)**2*(X*BY0«A*BY1)**2)*X**3 EB2 24 
E X 6 3 L 2 » F N U M / O E N Eb2 25 

8 RETURN EB2 26 
END EB2 27" 
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A * * * * * * * * * * * * * * * * * * * » * A * * * * * * * * * * * * * * * * * * * * * * * • * • * A * * * * * * * * * * * * * * * * * * * 

PURPOSE 

C O M P U T E S F U N C T I O N V A L U E S OF F ( B E T A , A L P H A ) - THE SLUG TEST 
F U N C T I O N - C O O P E R , H , H , , J R . , B R E O E H O E F T , J , D , , AND P A P A O O P U L O S , 
1,3,, 1 9 6 7 , R E S P O N S E OF A F I N I T E - D I A M E T E R MELL TO AN 
I N S T A N T A N E O U S C H A R G E OF WATEKL MATER R E S O U R C E S R E S E A R C H , 
V. 3, NO, 1, P, 263-269, 
PROGRAM BY S.S.PAPADOPULOS, 

INPUT DATA 
1 OR MORE CARDS • FORMAT(F16,5) 

A • (ALPHA) • RW**2*S/RC**2 • RADIUS OF WELL (SCREEN OR 
OPEN BORE IN AQUIFER) SOUARED * STORAGE COEFFICIENT 
/ RADIUS OF CASING (OVER INTERVAL OF MATER LEVEL 
CHANGE) SQUARED, 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED 
PRX,OJY0,DJYt,DSIMP3 - MUST BE INCLUDED IN DECK 

METHOD 
THIS PROGRAM CALCULATES THE SLUG TEST FUNCTION,, F (BET A, ALPHA ), 
FOR VALUES OF BETA RANGING FROM 0,001 W lOOg.0 6 Yv INCREMENT INGF8A 
BETA ACCORDING TO DATA ARRAY 98(1), AVWAG-E JwUTKTI-QN TIME 
IS ABOUT 30 SECONDS PER VALUE OF ALPHA ON IBM 360/155, 

A * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

DOUBLE PRECISION A,B,PI,Zl,EPS,Y,XI,X2,TERM,FAB,DATAN,DEL,HBAR 
DIMENSION Z Z U 0 ) , BB(39) 
COMMON A,8,PI 
EXTERNAL PRX 
DATA ZZ/0,0*0,l,D-10,l,D-9,1,0-8,1,0-7,1,0-6,1,0-5,1,0-4, 
1 l.D-3,1,0-2,1,0-1,2,D-l,3,0-1,4,0-I,5,0-1,6,D-1,7,0-1,8,D-i, 
2 9,D»l,l,D*0,2,0*0,3,0*0,4,D*0,5,D*0»6tD+0,7,D*0,8,0*0, 
3 9,D*0,1,0*1,2,0*1,3,0*1,4,0*1,5,0*1,6,0*1,7,0*1,8,0*1, 
a 9,0*1,I,0*2,1,250*2,1,50*2/ 
OATA BB/,001,,002,,004,,006,.008,,01,,02,,04,,06,,08,,1,,2,,4,,6, 
lB,l,,21,3,,4,,5,,6,,7,,8,,9,,10,,20,,30,,40,,50.,60,,70,,80,,90,,iFBA 
200,,200,,40 0,,600,,800,,1000,/ 
PlP«,*DATAN(l,00+00) 
EPS«0,00001 

1 READ (5,6) A 
IF (A.LE.0,0) GO TO 5 
WRITE (6,7) A 
WRITE (6,8) 
DO 4 Ial,)9 
B*BB(I) 
Y»0,0 
DO 2 L"i,39 
XliZZ(L) 
X2»ZZ(L*t) 
HBARaO, 
CALL DSIMPS(Xl,X2,EPS,HBAR,TERM,DEL,PRX) 
Y«V*TERM 
IF (L.GT,20,AND,TERM.LT.EPS) GO TU 3 

2 CONTINUE 
3 FAB»4,*A*Y/(PI*PI) 
4 WRITE (6,9) 8,FAB 

GO TO 1 
5 STOP 

6 FORMAT (F16,5) 
7 FORMAT ('1',«1X,'F(BETA,ALPHA) FOR ALPHA*',1PD9,2/) 
8 FORMAT (»0i,53X,I8ETA",13X,'H/H0I/) 
9 FORMAT (' ',5lX,lP08,2,tOX,OPF6,4) 

END 

FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
F8A 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
F8A 
F8A 
FBA 
FBA 
;FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
,FBA 
,FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FbA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FBA 
FbA 
FBA 
FBA 
FBA 
FBA 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
ai 
42 
43 
44 
45 
4b 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64-
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DOUBLE PRECISION FUNCTION PRX(X) PRX J 
C**************»*******«*********************************************** PCX 2 
C • PRX 3 
C PURPOSE P«* « 
C COMPUTE VALUES OF THE INTEGRAND FOR F(BETA,ALPHA) PRX 5 
C DESCRIPTION OF PARAMETER PRX 6 
C X - DOUBLE PRECISION . ARGUMENT OF INTEGRAND PRX 7 
C PRX 8 
C********************************************************************** PRX 9 

DOUBLE PRECISION A,B,PI,XX,X,C,F1,F2,JO,YOiJl,Yi PRX 10 
DOUBLE PRECISION QLOG,DSQRT,DEXP PRX U 
COMMON A,B,PI P«X 12 
XX«DSURT(A*X/8) PRX 13 
IF (X) 6,1,2 PRX 14 

t PRX»(PI*PI)/(16,*A*B> PRX 15 
GO TO 6 PPX 16 

2 IF (X.LT.150.) GO TO 3 PRX 17 
PRX»0,0 PKX 18 
GO TO 6 PRX 19 

3 IF (XX,GT,0,0001) GO TO 4 PRX 20 
C«DtXP(5,772156b490.0i)/2, PRX 21 
F1»PI*X*(1,-A) PRX 22 
F2»X*DL0G(C*C*A*X/B)+4,*B PRX 23 
PRX=CB*PI«PI*0ExP(-X))/(A*(Fl*Fl*F2*F2n PHX 24 
GO TO b pRX 25 

a IF (XX.LT.SO.) GO TO 5 PRX 2b 
PRX«(P1*DEXR(-X))/(2,*XX*(X*«.*A*B)) PRX 27 
GO TO b PRX 26 

5 CALL DJYO(XX,JO,Y0) PRX 29 
A I J u 

Fl«(XX*J0-2,*A*Jl) PRX 31 
F2«CXX*Y0«2,*A*Y1) pRX 32 
PRX«DEXP("X)/(X*(Fl*FitF2*F2)) PRX 33 

b RETURN PHX 34 
END PRX 35« 

SUBROUTINE UJY0(X,J0,Y0) DJO 1 
C**********************#************************************************DJ0 2 
C DJO 3 
C PURPOSE DJO « 
C COMPUTES BESSEL FUNCTION8 OF THE FIRST AND SECOND KIND, DJO 5 
C ZERO ORDER, FOR POSITIVE ARGUMENTS, DJO b 
C DESCRIPTION OF PARAMETERS - ALL DOUBLE PRECISION DJO 7 
C X- ARGUMENT, MUST BE >0 , DJO 8 
C JO » RETURNED FUNCTION VALUE, JO(X) DJO 9 
C YO • RETURNED FUNCTION VALUE, Y0(X) DJO 10 
C DJO 11 
C***********************************************************************DJ0 12 

DOUBLE PRECISION Z,JO,YO,F,P,Q,U,w,X,DL0G,DC03,DSIN,DSQRT DJO 13 
IF (X-3,0) 1,2,3 DJO 14 

1 IF CX) 4,4,2 DJO 15 
2 Z«(X/3,Q)**2 DJO lb 

J0«l,0-Z*(2,2499997»Z*(1,2656208«Z*(0.3I638bb-Z*(0,0444479-Z*(0,OODJO 17 
139444-0,0002UZ))))) DJO 18 
W«(0,5D0)*X DJO 19 
Y030,b3bbl977*DLOG(w)*JO*0,3b74b691*Z«(0,b05593bb-Z*(0,74 350364-Z*DJ0 20 
1(0,2530 0117»Z*(0.042b1214-Z*(0,004279lb-0,0002484b*Z)))n DJO 21 
RETURN DJO 22 

3 Z-3.0/X DJO 23 
F=0,7978e45b»Z*(0,7 7D-b*Z*(0,0 055274+Z*(0,00009512-Z*(0,00 137237-ZDJO 24 
l*(0,00072805-0,00014476*Z))))) DJO 25 
P«0,78539816*Z*(0,0 4166397*Z*(0,00003954-Z*(0,00262S73-Z*(0,000541DJO 26 
125*Z*(0,00029S33-Q.00013558*Z))>n DJO 27 
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Ua(l,0D0)/X OJO 26 
Q»DS«RT(U) OJO 29 
JO«Q*F*DCUS(X-P) OJO 30 
Y0»U*F*DSIN(X.P) DJO 31 

4 RETURN DJO 32 
END OJO 33-
SUBROUTlNE DJY1(X,J1,Y1) 0J1 1 

***********************************************************************DJ1 2 
DJ1 3 

PURPOSE DJ1 4 
COMPUTES 8ESSEL FUNCTIONS OF THE FIRST *N0 SECOND KINO, 0J1 5 
FIRST ORDER, FOH POSITIVE ARGUMENTS, DJ1 6 

DESCRIPTION OF PARAMETERS - ALL DOUBLE PRECISION DJ1 7 
X. ARGUMENT, MUST BE >0 DJ1 8 
Jl - RETURNED FUNCTION VALUE, J H X ) 0J1 9 
Yl • RETURNED FUNCTION VALUE, Y1(X) 0J1 10 

0J| 11 
***********************************************************************DJ1 12 

DOUBLE PRECISION X,J 1,Y1,Z,*,DLOG,F,P,U,Q,DSQRT,DSIN,OC03 DJ1 13 
IF (X-3,0) 1,2,3 DJ1 i« 

1 IF (X) 4,4,2 DJ1 IS 
2 Z«(X/3,0)**2 0J1 16 

Jl«X*(0,5-Z«CO,56249985-Z*(0,2t093573-Z*(0,03954289«Z*(0,0 0443319-DJl 17 
1Z*(0,00031761-0,00001109*Z)))))) 0J1 18 
w»(0,50Q)*X DJ1 19 
Yia0,6366l977*0L0GCiO*Jl*C"0>6366198+Z*C0,2212091*Z*C2,16e2709-Z*CDJl 2 0 
11,3164827-Z*(0.3123951-Z*(0.0400976-0,0027873*2))))))/X DJ1 21 
RETURN DJ1 22 

3 Z»3,0/X DJ1 23 
F»0,79788456*Z*(0,156D-5*Z*(0,01659667*Z«(0,000 1710b-Z*(0,00249511DJ1 24 
t-Z»(0,00113653-0,00020033*Z))))) DJ1 25 
PaO,78539816-Z*(0,124996l2*Z*(Ol0000565-Z*(0,00637879-Z*(Ot00074340Jl 26 
18*Z*(0,00079824-0,00029166*Z))))) 0J1 27 
U«C1,0D0)/X 0J1 28 
Q»DSORT(U) 0J1 29 
JI«Q»F*DSIN(X«P) DJ1 30 
Yl»-Q*F*DCOS(X-P) DJ1 31 

4 RETURN DJ1 32 
END 0J1 33-
SUBROUTINE DSIMP3(A,B,EPS,HBAR,AREA,DEL,F) DSI 1 

C***************»***»*************************»*************************USI 2 
C DSI 3 
C PURPOSE DSI 4 
C TO DETERMINE THE INTEGRAL OF A FUNCTION, F, FROM A TU B, DSI 5 
C USING SIMPSON'S RULE, DSI 6 
C DESCRIPTION OF PARAMETERS DSI 7 
C ALL DOUBLE PRECISION DSI 8 
C A . LOWER LIMIT OF INTEGRAL DSI 9 
C 8 - UPPER LIMIT OF INTEGRAL 03! 10 
C EPS - DESIRED ACCURACY DSI 11 
C MBAR • MINIMUM DIVISION UF THE INTERVAL DSI 12 
C AREA • COMPUTEO VALUE OF INTEGRAL BETWEEN U AND R DSI 13 
C DEL - COMPUTED ESTIMATE OF ERROR DSI 14 
C F» THE INTEGRAND (FUNCTION REFERENCE) DSI 15 
C METHOD DSI 16 
C USES SIMP80NIS RULE TO COMPUTE A SUM APPROXIMATING THE INTEGRALDSI 17 
C USES INITIAL H«(B-A)/2, COMPUTES A SEQUENCE OF SUMS BY HALVING DSI 18 
C H EACH TIME, COMPUTES ESTIMATE OF ERROR (DEL) AS (PREVIOUS DSI 19 
C SUM - CURRENT $UM)/15, COMPUTATION STOPS *H€N 1) H<HBAR, DSI 20 
C 2) AaS(DEL)<ABS(EPS*CURRENT SUM), IF HBAR 18 LE 0, DSI 21 
C THEN H8AR»,007*(B-A), OSI 22 
C 031 23 
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DOUBLE PRECISION H,HBAR,AREA,DEL,81,82,31,SC,8P,X 
C AREA OF F FROM A TO 8,EPS IS 0E3IRED ACCURACY, HBAR 
C ALLOCABLE INTERVAL, DEL THE ESTIMATE OF THE ERROR 

H«B>A 

***************ft*D8! 
,A,B,EPS,F|DABS D3I 
THE MINIMUM 

IF (H) 1,1,2 
1 AREABO.O 
OEL'0,0 
CO tO 10 

2 SP»l,003S 
33*0,0 
Sl«F(A)*F(b) 
IF (HBAR) 3,3,4 

3 HBAR«0,007*H 
4 32«0,0 

X«A»0,5*M 
5 S2«32+4,0*F(X) 

X«X*H 
IF (X-B) 5,5,6 

6 8CP(S1+32*S3)*H*0,16666666667 
DEL»0,06666666667*(3P»SC) 
IF IDABSCDEL)-DABSCEPS*SC)) 7 , 3 , 3 

7 AREA«3C*0EL 
GO TO 10 

6 S3"33*0,5*32 
H«0,5*H 
IF CH»HBAR) 7 , 9 , 9 

9 SP"3C 
CO TO 4 

I ) OPTiJOM 

ENO 

D8I 
DSI 
031 
DSI 
D3I 
031 
081 
081 
081 
031 
DSI 
081 
DSI 
031 
081 
D3I 
031 
031 
DSI 
DSI 
DSI 
031 
DSI 
DSI 
DSI 
031 
031 
031 
DSI 
OS! 
Dai 

24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
33 
39 
40 
41 
42 
43 
44 
45 
46 
47 
46 
49 
50 
51 
52 
53 
54 

TABLE 11.1.—Listing of program to compute the convolution integral for a leaky aquifer 

PURPOSE 
COMPUTES CHAN 
VARYING DISCH 
LEAKY AQUIFER 
FLUCTUATIONS 
V,9, NO,2,P,4 

INPUT DATA • ONE 
1 CARD • FORM 

TBEGIN • 
TEND > L 
IO • IND 

IUm 
HAN 
VEN 
ACA 
IQB 

GE3 IN HATER LEVEL, H 
ARCE USING THE CONVOL 
S - EU, 3 OF MOENCH,A 
IN RESPONSE TO ARBITR 

OR MORE GROUPS, EACH 
AT(2E10,5,4X,U,5X,E1 
SMALLEST VALUE OF TI 

ARCEST VALUE OF TIME 
ICATE8 FORM OF DISCHA 
1,2,3 REFER TO OISCHA 
TUSH,MtS,, 1964, MYDR 
TE, ED,, ADVANCES IN 

DEMIC PRESS INC,, NEw 
1, OCT) IS AN EXPONEN 
P, 343 OF HANTU8H, 

IQ«2, QCT) IS A HYPERBOL 
P, 344 OF HANTUSH, 

IQ«3, OCT) IS AN INVERSE 
CASE C, P, 344 UF H 

(R,T), IN RESPONSE TO 
UTION INTEGRAL FUR 
LU£N,1971, GROUND-HATER 
ARY PUMPACEl GROUND HATER, 

CROUP CODED A3 FOLLOHS 
0.5) 
ME FOR OUTPUT, 
FOR OUTPUT. 
RGE FUNCTION, U(T), 
RGE FUNCTIONS IN 
AULICS OF WELLS IN CHOW, 
HYDROSCIENCE, VOL, ll 
YORK, P, 281-442, 

TIAL FUNCTION, CASE A, 

IC FUNCTION, CASE B, 

SQUARE ROOT FUNCTION, 
ANTUSH. 

HRT 
HRT 
HRT 
MRT 
HRT 
HRT 
HRT 
HRT 
HRT 
HRT 
HRT 
HRT 
HRT 
HKT 
HRI 
HRT 
HHT 
HRT 
HRT 
HHT 
HRT 
HRT 
HRT 

1 
2 
3 
4 
5 
6 
7 
S 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
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IQ>4, OCT) IS A FIFTH-DEGREE POLYNOMIAL, HRl 
IQ»5, Q(T) IS A PIECENI3E LINEAR FUNCTION OF HRl 

TIME (EIGHT SEGMENTS), HRl 
OR • REFERENCE DISCHARGE, ZERO OR BLANK FOR PROJECTION, HRl 

1 OR 4 CARDS, DEPENDING ON 10, HR1 
IF IQ«1,2,3 • 1 CARD - FORMAT(3E10,3) HRl 

Q3T • EVENTUAL CONSTANT DISCHARGE, HR1 
DELTA - RATE PARAMETER, HR1 
TSTAR - TIME PARAMETER, HRl 

IF IQ«4 - 1 CARD • FORMAT(6E10,J) HRl 
AQ(fc) • 6 VALUES • THE POLYNOMIAL COEFFICIENTS HRl 

WITH AO FIRST AND A3 LAST, HR1 
IF IQ»5 • 4 CARDS • FORMATC6E10,3) HRl 

Tl(I),AI(I),BICI),TI(I + l),AI(IM>,BICIM),I»l,3,5,7 HRl 
PARAMETERS OF THE PIECEwiSE LINEAR FUNCTION M«1 
(8 SEGMENTS), CODED 2 SEGMENTS PER CARD, FIRST HR1 
AND SECOND SEGMENT8 ON FIRST CARD, THEN SEQUENTIALLY HR1 
ON SUCCEEDING CARDS, EACH SIGMfNT HAS THREE HR1 
PARAMETERS WHICH ARE IN CODING ORDER HR1 

TI • ENDING TIME OF TH& SgffiMENT, HR1 
AI • DISCHARGE AT BEGINNING OF SEGMENT, HRl 
BI - RATE OF CHANGE IN DISCHARGE DURING 8EG, HRl 

THE DISCHARGE FUNCTION IN EACH SEGMENT HAS THE HRl 
FORM 0(T) • AI(I)+BI(I)*(T»TI(I"1)). IF LESS THAN 8 HRl 
SEGMENTS ARE NEEDED, BLANKS CAN BE CODED FOR HR1 
SUCCEEDING SEGMENTS, HRl 

2 OR MORE CAROS • FORMAT(4E10,J) HRl 
R • RADIAL DISTANCE FRUM PUMPED WELL, BLANK OR ZERO HRl 

SIGNALS PROGRAM AS END TO GROUP OF DATA, HRl 
S - STORAGE COEFFICIENT HRl 
T - TRANSMISSIVITY HRl 
PM • (Pi/M') • MYO, COND, OF CONFINING BED DIVIDED HRl 

BY THICKNESS OF CONFINING BED, HRl 
SUBROUTINES ANO FUNCTION SUBPROGRAMS REQUIRED HRl 

CONV0L,0 - MUST BE INCLUDED IN DECK, HRl 
HRl 

***************************#*********************#*********#**«r******* HRl 
DIMENSION DU2),lEX(12),X(6),H(12,6),QS(12,6),CPn2),CT(12) HRl 
DIMENSION Hl(i2),H2(12),01(12),02(12) HRl 
0IMEN3ION H3(1?),H4(12),03(12),U4(12) MR! 
COMMON AQ(6),TI(9),AI(9),BI(9),Q3T,DELTA,TSTAR HRl 
DATA CP/12*' T*I/PCT/12*I1/U*•/* 0/12*<10**'/ HRl 
DATA Hl/12*t S('/,H2/12*»R,T)'/,01/12*1 '/,02/12*•0(T)'/ HRl 
DATA H3/12*' S'/,H4/12*'0(T)'/,U3/12*« 0(T'/,U4/12*')/OR"/ H«1 
DATA X/l,,l,5,2,,3.,5,,7,/ HRl 
T1(1)»0. HRl 
N«500 HRl 

1 READ (5,18,END"17) TBEGIN,TEND,IU,OR HRl 
IF (IU,LT,4) READ (5,19) OST,DELTA,TSTAR HRl 
IF (IG,EG,4) READ (5,19) AO HRl 
IF (IU.EU.5) READ (5,19) ( TI (I),A I(I),BI(I),I«2,9) HRl 
WRITE (6,24) HRl 

2 READ (5,19) R,S,T,PM HRl 
IF (R.EQ.O.) GO TO 1 HRl 
A»R«R*3/(4,*T) HRl 
BaPM/S HRl 
Y«ALOG10(TBEGIN) HK1 
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IF (Y) 3,5,a HRT 81 
3 Y»Y-,00l HRT 62 

GO TO 5 HRT 63 
4 YsY+,001 HRT 64 
5 IBESINBY HRT 65 

YaALUGlOlTEND) HRT 66 
IF (Y) 6,6,7 HRT 87 

6 YsY-,001 HRT 86 
50 TO 8 HRT 89 

7 Y«Y*,001 HRT 90 
8 IEND»Y HRT 91 

M»IEND-I8EGIN*1 HRT 92 
IF IM.CT.12) M»12 HRT 93 
00 10 I»1,M MRT 94 
IEX(I)aIBEGIN»I»l HRT 95 
Y«10,**(I8EGlN*I»l) HRT 96 
00 10 JB1,6 HRT 97 
TIME«X(J)*Y HRT 98 
IF (QR.GT.0.) TIME»A*TIME HRT 99 
CALL C0NVOL(TIHE,A,B,N,IQ,3UM) HHT 100 
IF (QR.GT.O.) GO TO 9 HRT 101 
HCI,J)«SUM/(12,566tt*T) HRT 102 
QSU,J)«QCT1ME,IQ) HRT 103 
GO TO 10 HRT 104 

9 H(I,J)"9UM/QR HRT 105 
Q3CI,J)»QCTIME,IQ)/QR HRT 106 

10 CONTINUE HRT 107 
K»M HRT 108 
IF (M.GT.6) Ka6 HRT 109 
IF (QR.GT.O.) GO TO 11 HRT U O 
'-.RITE (6,20) A,e,(CPCI),D(I),XEX(I),Isl,K) HRT 111 
WRITE (6,21) (Hl(n,H2(I),QUI),Q2(I),Iil,K) HRT 112 
GO TO 12 HRT 113 

11 WRITE (6,25) A,B,QR,(CT(I),Q(I),IEXCI),I»1,K) HRT 114 
WRITE (6,21) (H3U),H4(I),Q3(I),<3<I(I),I«1,K) HRT U S 

12 DO 13 J»l,6 • HRT 116 
WRITE (6,22) X(J),(H(I,J),QS(I,J),Ial,K) HRT 117 

13 CONTINUE HRT 118 
IF (H.LE.6) GO TO 2 HRT 119 
KliK+1 HRT 120 
IF (QR.GT.O.) GO TO 14 HRT 121 
WRITE (6,23) (CP(I),0(I),IEX(I),I-KI,N) HRT 122 
WRITE (6,21) (H1(I),H2(I),01(1),82(1),IiKl,M) HRT 123 
GO TO 15 HRT 124 

14 WRITE (6,26) (CT(I),D(I),IEX(I),I»K1,M) HRT 125 
WRITE (6,21) (H3(I),H4(!),Q3(X),Q4(I),XaKl,H) HRT 126 

15 DO 16 J«l,6 HRT 127 
WRITE (6,22) X(J),(H(I,J),QS(I,J),I«K1,M) HRT 128 

16 CONTINUE HRT 129 
GO TO 2 HRT 130 

17 STOP HRT 131 
HRT 132 

18 FORMAT (2E10,5,4X,I1,5X,E10,5) HRT 133 
19 FORMAT (6E10.3) HRT 134 
20 FORMAT ('01,•R**2*3/(4*TRAN3)«,,1PE10,3,•, K•»/(3*B••)•«,E10,3/'0»HRT 135 

1,2X,'T',5X,6(2A«,12,9X)) HRT 136 
21 FORMAT (• *,4X,6(2A4,2X,2A4,1X)) HRT 137 
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TABLE 11.1.—Listing of program to compute the convolution integral for a leaky aquifer—Continued 

22 
23 
2a 
2S 

26 

FORMAT (I >,F4,1,6(0PF8.3,1PEU,3)) 
FORMAT ('0i,2x,'T'#5X|6(2A4,I2,9X)) 
PORMAT (1MI) 
FORMAT CO','R**2*8/(4*TRANS)»MPE10,3, ', K'•/(S*B'1)•' , i10,J,I, 
lQR«',E10,3/'Q',lX,,l/U',4X#ft(2A4,I2,9X)) 
FORMAT (I0<,1X»«1/U<,«X,6(2A«,I2,9X)) 
END 

SUBROUTINE C0NV0L(TIME,A,B,N,IQ,3UM) 
C***********»**************************»*****************«******t****** 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

PURPOSE 
COMPUTES VALUES OF THE CONVOLUTION INTEGRAL FUR LEAKY 
AQUIFERS, THE INTEGRAL IS# FROM 0 TO T, OF 
8CT-T')/TI*EXP(-A/T'-8*T'}*DT' , 

DESCRIPTION OF PARAMETERS 
A,B,3UM ARE REALj N,IQ ARE INTEGER. 
A • ft**2*S/(4*T) - RADIAL DISTANCE SQUARED * STORAGE 

COEFFICIENT / 4 * TRANSMiSSIVITY, 
B • P'/(8«Ml) - HYD, CONK, OF CONFINING BED DIVIDED BY 

AQUIFER STORAGE COiFFICICNJ * THICKNESS OF CONF, BED, 
N - NUMBER OF INCREMENTS FOR EACH INTERVAL OF THE SUM, 
IQ • INOICATES FORM OF DISCHARGE FUNCTION, 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED 
Q 

METHOD 
APPROXIMATES INTEGRAL BY SUMMING THE TRAPEZOIDAL RULE APPLIED 
TO A SEQUENCE OF SEGMENTS, LO*ER LIMIT OF FIRST SEGMENT IS 
PICKED AT POINT *HERE EXPONENT > -100 , 
IF SUCH A POINT DOES NOT EXIST (A*B > 2S00) A FUNCTION VALUE 
UF 0 IS RETURNED, UPPER LIMIT • 10 * LOWER LIMIT FOR EACH 
SEGMENT, USES INCREMENT OF OELTA Ti • (U-D/N WHERE N IS THE 
NUMBER OF INCREMENTS IN THE CALL, CEASES 8UMMATIUN "HEN 
EXPONENT < -101 , 

c******«***********»**»****************»****»********#*»«*«***«*»»***#* 

c 

c 

c 

1 

2 

3 

u 

REAL*S DSUM 
REAL*4 NEwT,N£WTP,N£WX#NEwF 
D3UM«0,D+0 
IS»0 
INITIAL T' COMPUTED FROM A,B 
AB«A*B 
IF (AB,GE,2500.) GO TO 7 
IF CB.GT.O.) GO TO 2 
0L0T«,0t*A 
GO TO 3 
OLDT«(1,-SQRT(1,-AB/250 0,))*50,/B 
IF (OLDT.EQ.O.) GO TO 1 
INITIAL T-T» 
OLDTP«TIME-OLDT 
OLDX«-A/OLDT-B*OLDT 
OLDF«Q(QLDTP#IQ)*EXP(OL0X)/OLDT 
END OF SUMMATION SEGMENT IS 10 TIMES THE BEGINNING 
E N D T » 1 0 , * O L D T 
IF (ENDT.LT.TIME) GO TO 5 
IF (OLDT.GE.TIME) GO TO 7 
IS»1 
ENDT«TIME 

HKT 
HKT 
HKT 
HRT 
HKT 
HKT 
HRT 

CON 
CON 
CUN 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CUN 
CON 
CUN 
CON 
CON 
CON 
CUN 
CON 

138 
139 
UO 
141 
142 
143 
UK 

1 
2 
3 
a 
5 
6 
7 
8 
9 
10 
11 
12 
13 
1« 
15 
16 
17 
18 
19 
20 
21 
a 
23 
24 
25 
2b 
27 
28 
29 
30 
31 
32 
33 
34 
3S 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
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TABLE 11.1.—Listing of program to compute the convolution integral for a leaky aquifer—Continued 

C DELTA T" 13 COMPUTED FROM LENGTH AND NUMBER OF INCREMENTS 
5 DEUT«(ENDT-OLDT)/N 

DO 6 I»1,N 
C T> IS INCREMENTED BY DELTA T» 

N E K T « O L D T * D E L T 
NEWXa«A/N£«T»B*NEwT 

C TERMINATES SUMMATION W H E N EXP(-A/T'»B*T•) < 1.37E-44 
IF (NEwX.LT.-lOl.) GO TO 7 
NE*TP»TlM£»NEwT 
N E W F B Q ( N E > * T P « I O ) * E X P ( N E W X ) / N E H T 
D S U M « D S U M + C N E W F * O L D F ) * D E L T 

OL0T«NE"T 
OLDF«NEwF 

6 CONTINUE 
IF CIS.GT.O) GO TO 7 

C IF T< < T, BEGINS A NEW SEGMENT 
GO TO 4 

7 SUM»DSUM/2,D*0 
RETURN 
END 

FUNCTION i4(TlME,I(J) 
C*******«*******«********************»********************************* 
C 
C PURPOSE 
C COMPUTES THE DISCHARGE FUNCTION, Q(T) 
C DESCRIPTION OF PARAMETERS 
C TIME m REAL - ELAPSED TIME SINCE BEGINNING OF DISCHARGE, 
C IQ • INTEGER • INDICATES FORM OF DISCHARGE FUNCTION, 
C IU»1,2»3, CASES A,«,C, RESPECTIVELY, OF HANTUSH,M,3,» 
C 1*64, HYDRAULICS OF wELLS IN CHOW, VEN TE, ED,, 
C ADVANCES IN HYDROSCIENCE, VOL, ll ACADEMIC PRESS, 
C NErt YORK, P, 343,344, 
C IQ«4, DISCHARGE IS A FIFTH DEGREE POLYNOMIAL OF TIME, 
C IU«5, DISCHARGE IS A PIECEwlSE LINEAR FUNCTION OF UP TO 
C S SEGMENTS, 
C METHOD 
C FORTRAN EVALUATION OF FUNCTIONS, 
C 

c**********************»***************«******************************* 
COMMON A<j(6),Tl(9)»AK9),BI(9),QST#DELTA,TSTAR 
GO TO (1,2*3,4,5), 10 

1 Q«Q8T*U,*DELTA»EXPC-TIME/TSTAH)) 
RETURN 

2 Q«Q8T«rCl,*DELTA/(l,*TIME/T8TAR)> 
RETURN 

3 0«08T*(1,•DELTA/SORT(1.•TIME/TSTAR)) 
RETURN 

4 Q»AU(l)»TIME*(AQ(2)+TIME*(AQ(3)»TIME*(AQ(4)tTIME*(AQ(5)»TlME*A0(6) 
1)))) 
RETURN 

5 00 6 I»2,9 
IF (TIME.LE.TKI)) GO TO 7 

b CONTINUE 
I»9 

7 0"AI(I)*B1(I)«(TIME-TI(I-1)) 
RETURN 
END 

CUN 
CON 
CON 
CON 
CON 
CON 
CON 
CON 
CUN 
CON 
CON 
CON 
CUN 
CON 
CON 
CON 
CON 
CON 
CON 
CUN 

0 
u 
u 
Q 
Q 
0 
0 
Q 

3 
0 
Q 

0 
0 
0 
Q 
Q 
Q 

u 
(J 
CI 
Q 
Q 

0 
Q 
b 
Q 

0 
0 
Q 
0 
0 
Q 
0 
Q 
U 
Q 
Q 

51 
52 
53 
54 
55 
5b 
57 
58 
59 
60 
bl 
62 
63 
64 
65 
bb 
67 
68 
69 
70-

1 
2 
3 
a 
5 
6 
7 
e 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37» 
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