THE DIRICHLET PROBLEM FOR BAIRE-TWO FUNCTIONS
ON SIMPLICES

JIRf SPURNY

ABSTRACT. We show that solvability of the abstract Dirichlet problem for
Baire-two functions on a simplex X cannot be characterized by topological

properties of the set of extreme points of X.

1. INTRODUCTION

Let X be a compact convex subset of a locally convex space, 2A(X) stand for
the space of all continuous affine functions on X and let ext X denote the set of all
extreme points of X. If f is a bounded function on ext X, we may ask under what
conditions f admits an affine extension that preserves as many properties of f as
possible. This question is called the abstract Dirichlet problem (cf. [5, Theorem
3.17]).

The question of solvability of the abstract Dirichlet problem naturally leads to a
geometric notion of a simplex (see [5, Section 3]). If X is a simplex, every bounded
continuous function defined on ext X can be extended to an affine continuous func-
tion on X if and only if ext X is closed (see [5, p. 615] or [1, Satz 2]).

An analogous problem for Baire-one functions on simplices was solved in [16,
Theorem 1], namely, every bounded Baire—one function defined on ext X is ex-
tendible to an affine Baire—one function on X if and only if ext X is a Lindeldf
H —set.

Both these conditions characterize solvability of the abstract Dirichlet problem

for certain classes of functions purely by a topological condition imposed on ext X.
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In particular, if X;, X5 are simplices whose sets of extreme points are homeo-
morphic, the abstract Dirichlet problem for continuous (or Baire-one) functions is
always solvable on X7 if and only if it is always solvable on Xs.

These results prompt a natural question whether it is possible to provide such
a characterization for functions of higher Baire classes. Since affine functions of
Baire class two need not satisfy the barycentric formula, it is more reasonable to look
for Baire-two strongly affine extensions. (We recall that a universally measurable
function f € U(X) on a compact convex set X satisfies the barycentric formula (or
is strongly affine), if u(f) = f(r(n)), p € M*(X), where r(u) is the barycenter of
a probability measure p on X. It is easy to see that any strongly affine function is
bounded, see, e.g., [8, Satz 2.1].)

The aim of our paper is to show that simplices, whose sets of extreme points are
homeomorphic, may behave quite differently from the point of view of the abstract
Dirichlet problem for Baire-two functions. We even get a stronger result in the

following theorem.

Theorem 1.1. There exist metrizable simplices X1, Xo and a homeomorphism
Q: ext X1 — ext Xo such that
(a) p(ext X1) = ext Xo;
(b) there exists a bounded Baire—two function on ext Xy that cannot be extended
to a Baire—two affine function on Xy,
(¢) if @ € [2,w1), any bounded Baire—« function on ext Xo can be extended to

a function of affine class o on Xs.

If F is a set of real-valued functions, we inductively define the following sets of
functions: we set Fyp = F and having Fg, 8 < «, already defined for an ordinal
number a € (0,w; ), we define F,, to be the space of all pointwise limits of bounded
sequences of functions from [ J s<a Jp- 1f X is a topological space, we write B(X) =
(C(X))q for the space of all bounded Baire functions of class o, a € [0,wq). If
F = A(X), the space Ay (X) = (A(X))q is called the functions of affine class a.

The proof of Theorem 1.1 is a modification of the construction used in [14],
where a simplex with peculiar properties was presented. The main tool was to find
a suitable function space and transfer its properties to a compact convex set. (By

a function space H on a compact space K we mean a linear subspace of the space
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C(K) of all continuous functions on K such that H contains constants and separates
points of K.) The idea of the construction used in [14] was to start with a simple
function space and inductively increase its complexity. At the end the projective
limit of the constructed function spaces was taken.

It has turned out that a variant of this construction can be used to produce
examples required by Theorem 1.1. The inductive construction goes as follows: we
start with a simple function space Hy on the unit interval [0, 1] and a set A C [0, 1]
and increase the complexity of Hj in two different ways. Roughly speaking, the first
modification ensures that points of A are split up infinitely many times, the second
modification splits the points up only once. But both procedures provide function
spaces with the same Choquet boundaries. At the end we take the projective limits
of constructed spaces to get a pair of function spaces on a compact space that give
rise to the required examples.

Since a rather detailed survey of function spaces and their properties is presented
n [14], for the sake of brevity we will follow the notation and definitions from [14].

We just recall that U°(K) stand for the space of all bounded universally measur-
able functions on a compact space K (i.e., functions that are fi—measurable with
respect to the completion 77 of any Radon measure p € M*(K)). If F C U*(K),
we write F for the space of all measures u € M(K) with pu(f) = 0 for each f € F,
and F1+ for the space of all bounded universally measurable functions f satisfying

u(f) =0 for each p € F*.

2. AUXILIARY RESULTS

The following notion will be useful in the main construction.

Definition 2.1. We say that a function space H on a compact space K is Baire—one

complemented if there exists a mapping x — pu., € K, such that
oy € M(K) and sup{||ps] : ¢ € K} < o0
e 1, (h) = h(x) for each z € K and h € H;
o if f € BY(K) and h(z) = p.(f), z € K, then h € BY(K)nH*L.

Remark 2.2. If x — p,, x € K, is the mapping from Definition 2.1, the mapping
P : Bi(K) — BY(K)NH*t defined as Pf(z) = p.(f), » € K, f € BYK), is a
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projection of BY(K) onto By (K)NH*YL. Since it follows from [9, Theorem 5.1] that
B(K)NH*++ = Hy, the projection P maps B¢(K) onto Hj.

As in [14, Lemma 3.3], we start with the following classical family of sets (see

[11, pp. 82-86] or [6, Lemma 2.3]).

2.1. Family of sets. Let {F, : s € N<N} be a family of subsets of [0, 1] such that
(a) Fy = [0,1];
(b) {Fsnn, : n € N} is a disjoint family of nonempty nowhere dense perfect
subsets of F;
(¢) U{Fsrn :n € N} is dense in Fy;
(d) diam F, < 2= (s1tFs1:1) 5 ¢ N<N,

We remark that the set (2, Ujsjzn Fs € I13([0,1]) \ =5([0,1]) (we refer the reader

to [7, Chapter II, Section 11.a] for the notation concerning Borel classes of sets).

Lemma 2.3. Let H be a Baire—one complemented function space on a compact

space K. Then BS(K)NHY+ = H,.

Proof. Assume that P : BY(K) — H, is the projection given by a mapping @ — ji,
x € K, that satisfies the properties from Definition 2.1.

Given f € BY(K) N HYE, let {f,} be a bounded sequence of functions from
BY(K) pointwise converging to f. Then Pf, € Hi, n € N, and Pf, — Pf by the
Lebesgue dominated convergence theorem. Thus f = Pf € Ho. |

Before proceeding, we recall that a probability measure p on a compact space

K is termed discrete if = >, ane,, , where the sum is either finite or infinite,

o0

ne1@n = 1 and points z, lie in K. We mention the

numbers a,, are positive, >

following well known easy observation.

Lemma 2.4. Let f be an affine bounded function on a compact conver set X and

€ MYX) be discrete. Then u(f) = f(r(p)).

3. CONSTRUCTION OF FUNCTION SPACES

The construction of suitable simplicial function spaces will be done by a modi-

fication of the method used in [14].
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Assume that H is a simplicial function space on a metrizable compact space K
such that A.(H) = H. Let T be the kernel associated with the mapping x +— d,,
x € K. (We recall that §, is the unique H—maximal measure H-representing a
point z € K. We refer the reader to [2, p. 38| for the definition of a kernel.)
Assume that T'f € By(K) for each bounded Baire—two function f on K.

Let {F} : k € N} be a pairwise disjoint family of compact subsets of Chy K and
let n € (0,1).

Let H be Baire—one complemented by a projection P with || P|| < 3 such that
Pf=fon UZil B

We define sets L1, Ly, L C K X R as

= U B (/i) U (A x {1/

[j B x {2/k}) U (Fy x {=2/k})

k=1

L=(Kx{0})UL UL, .

Let p : L — K denote the natural projection. Then L is a metrizable compact space
with the topology inherited from K x R and K can be considered as a subspace of
L via the mapping = — (z,0), z € L. Let
H'={feC(L): flx €H and
(1)
f(Z,O) - Cf(lL',]./k) + (1 7C)f($7*1/k)7x € Fkak € N} )
H?> ={fe€C(L): flx €H and
2f(x,0) = f(z,2/k) + f(x,—2/k),x € Fy,,k € N} .

Let S denote the kernel on L associated with the mapping

™

z s JTEL\UZile
T — zelL.

2(Equ2/k) + Ew—2/k)) 5 r = (u,0),u € Fr,k €N,

Lemma 3.1. The following assertions hold:
(a) both H' and H? are simplicial function spaces (fori = 1,2, let §% denote the
unique H'~mazimal measure for x € L and let T be the kernel associated
with the mapping x +— 6., v € L);
(b) H' = Ac(H"), i =1,2;
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(¢) Chys L =Chyp2 L =(L\ K)U (Chy K\ Upe; Fr);

(d) the mapping h — hop, h € H, provides an isometric embedding of H into
H' NH?;

S0, =62, v € K;

e)
) T2f € BS(L) for each f € BY(L);
)
)

(
(f
(g) if f € UP(L) satisfies equations (2) and f|x € A(H), then f € A(H?);

(h) ‘H? is Baire-one complemented by a projection Q with ||Q| < 3 such that,
for each f € BY(L),

(h1) (@f)lx = P(flx), and

(h2) (@), = flz,-

Proof. Since the proof is a slight modification of [14, Lemma 5.1], we point out only

the differences that have to be made.

First we notice that (a), (b), (c) and (d) can be proved in exactly the same way

as in [14, Lemma 5.1].

If z € K, then Sd, is carried by Chye L and S6, € M, (H?). Thus
S6, = 62 .

This proves (e).
Next we verify (f). Assuming that Tf € B5(K) for each f € BS(K), let f be a
bounded Baire-two function on L. We need to show that 7% f € B5(L). We notice

that Sf € BS(L).

By (e), for each x € K we get

(T2f)(w) = 63(f) = (56:)(f)
= 02(5f) =T((Sf)lx)(x) -

Since T'f € BY(K) for each f € B5(K) by our assumption, T2f is a Baire-two
function on K. Since T2f = f on the open set L\ K, T?f € B5(L).

For the verification of (g), let f € U(L) satisfy the hypothesis. Given z € K,
(e) implies

52(f) = (S02)(f) = 6:(Sf) = 6.(f) = f(=) -

Obviously, 02(f) = f(z) for every z € L\ K. Using [14, Lemma 2.7] we conclude
that f € A(H?).
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For the proof of (h), let  — u,, x € K, be the mapping that generates the
projection P guaranteed by the assumption. By our hypothesis, u, = €, for every
x € U;ozl Fy.

We extend this mapping on the whole space L by setting

Ha s reK,
(3) pe=1e,, 2 € LU (LyN (K x (—00,0)))
2€(4,0) = €(u,~2/k) = (u,2/k),u € F,k € N.
Then
Qf(@) = (), =zeL. feBi(L),
is the required projection.

Indeed, it is easy to verify that Qf € BY(L) for f € BY(L) and ||Q| < 3. Also
conditions (hl) and (h2) are satisfied.

To show that Qf € A(H?), we realize that Qf satisfies the assumptions of (g).
Indeed, Qf|x € A(H) by (hl) and (3) yields validity of equations (2) for Qf. As
H? is simplicial and H? = A.(H?), [14, Theorem 2.6(b2)] yields Qf € (H?)++.

This concludes the proof. O

3.1. Inductive construction. Let {F : s € N<N} be the family of perfect sets in
[0,1] provided by Lemma 2.1 and let A =, Usj=n Fs- Let {n,} be a sequence
of numbers in (0,1) such that

oo

(4) > (1-m) <oo.

i=1
For every n > 0, we construct by induction
e simplicial function spaces H}, H2 on a metrizable compact space K, C
R"*! such that Chyyi Ky, = Chyyz K, and H? is Baire-one complemented
by a projection P, of norm at most 3;
e closed subsets L., L2 of K,;
e a countable family F,, = {F,, (k) : k € N} of pairwise disjoint compact sets
in Chyy: K, and
e a continuous surjection py,41 : K41 — K, as follows.
In the first step, let Ko = L} = L2 = [0,1], H} = H3 = C([0,1]), Py be the
identity mapping and Fy = {F; : |s| = 1}.
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Assume that the objects have been defined for each k = 0,...,n. To construct
H2 4, we use Lemma 3.1 for K,,, Fy, 0, and H;, to get Kyq1, Ly, L2 1, Ppy1 -
K,+1 — K, and new simplicial function spaces ﬁl, 7/'22 on K,.1. We set H}H_l =
Hi.

Since Chyy Ky = Chy2 Ky, we can use Lemma 3.1 again for the same objects,
we only replace H} by H2 and get another pair of simplicial function spaces Hj,
Hs on K, 11. In this case we set H%H = Ho.

If the family F,, was enumerated as F,, = {F(k) : k € N}, for each k € N and a

sequence s € N2 of length n + 2 we consider the following couple of sets

F(s,k4) = {z = 2(0),...,x(n+1)) € Kpi1 :
o) Pn1(z) = (2(0),...,2(n)) € F(k),z(0) € Fy,x(n+1) = 1/k} ,
F(s,k,—) = {z = (2(0),...,z(n+1)) € Kpy1 :
Pni1(@) = (@(0),...,x(n)) € F(k),z(0) € Fy,z(n+1) = —1/k} .
We set
Fni1 = {F(s,k,+),F(s,k,—) : s ¢ N"*2 L € N}.

Let

Py BY (K1) = BY(Knp1) N (Hp )t
be the projection from Lemma 3.1(h). This finishes the inductive step.
3.2. Definition of function spaces. We define the function spaces similarly as

in [14, Section 5.2]. We have obtained sequences {H% }, i = 1,2, of simplicial spaces

on compact metrizable spaces { K, } together with surjective mappings p,,, shortly
(6) Ko & Ky &2 Koy e -

Let K = lim K,, be the limit of the inverse system (6) (see [4, Chapter 2.5]) of

the sequence {K,}, i.e.,

K={z={z,} € H K, ppnt1(Tpy1) = xp,n > 0}

n=0

with the product topology.



THE DIRICHLET PROBLEM FOR BAIRE-TWO FUNCTIONS ON SIMPLICES 9

Then K is a metrizable compact space and we can consider each compact space

K,, homeomorphically embedded in K via the mapping

en: K, — K,

n—th

= ((pro-—op)(@),...,(Pn-10pn)(@),pn(x), © ,z,...).
Conversely, we can define retractions of K onto K,, as
rn K — Ky,
{zn}— (o, oy, Tty Ty Ty T o+ - )

Using these mappings we can regard each function space H:, i = 1,2, to be a

subspace of C(K), more precisely we use the mapping
hishor,, heHH , i=12.

In the sequel we will use these identifications without explicit mentioning.
We fix n > 0. For # = (x9,21,22,...) € K, we write z,, € K,, C R"™ in

coordinates as
Ty = (n(0),2,(1),..., 2z (n)) .

We define a “coordinate” function ¢, : K — R as
(7) en(z) =x,(n), zeK.

We define function spaces H;, i = 1,2, on K as

H=|JH,, i=12.
n=1
As in [14, Lemma 6.1], we get the following properties.

Lemma 3.2. Let H', H? be the spaces defined above. Then
(a) HY, i = 1,2 are well-defined simplicial function spaces on K;
(b) H' = A(HY), i=1,2;
(¢) Chyp K =Chyz K = K\ U,y U Fn.

3.3. Maximal measures. Given n > 0, z € K,, and i = 0,1, let 527,1 denote the
unique H! -maximal measure representing z. For z € K and i = 1,2, let 6. denote

the H'-maximal measure representing x.
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3.4. Cantor set. As in [14, Section 6.1, Lemmata 6.2 and 6.3], for every point
a € A we get a homeomorphic copy

Cy, ={z = (xg,21,22,...) € K\ UKn:mgza}

n=0
of the Cantor set {0,1}". The homeomorphism ¢, : {0, 1} — C, is provided by

the mapping
cp(l : {07 1}N - Cﬂ i

(t1, 72y ..., ) —x = (a,21,%2,...),
defined as
>0, 7,=1,
en(z) = zp(n) neN.
<0, 7,=0,

For any n € N, a € |J{Fs : |s| =n} and t € {0,1}" we define a point
Tat = (Ta,t(0),244(1),...,zq:(n)) € K, C R
by setting
Za,t(0) =a and Zq,t(1) i=1,...,n.
<0, t;=0,
Let S be a countable subset of {0, 1}V defined as

S ={r€{0,1}" : 7, = 0 for at most finitely many natural numbers n} .

Let pin, n € N, be measures on {0, 1} defined as

pn({0}) =1—m, and  pn({1}) =, , nelN.
Let 1 € M1 ({0,1}Y) denote the product measure 11 ; pi,,.

For each t € {0,1}", let

771', lftZ:].,

a; =17 1b; , where b =

1—7]1*, ifti:O.

It ¢ e {0,1}7, let
U; = {T S {0,1}N : Tlm = t}

denotes the standard clopen set in {0,1}" determined by ¢. Then u(U;) = ay.

Lemma 3.3. Let a be a point in A. Then
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(a) pap =3 (here pou denotes the image of the measure p);
(b) da(pa(S)) =1.

Proof. For the proof of (a), we notice that the measure @, u is carried by Chy1 K
(see Lemma 3.2(c)). We claim that p,u € M, (H?).
Indeed, let h be a function in H}, for some m > 0. If ¢ € {0,1}™, then h = h(zq,)

on e (Uy), and thus

(¢ap)(h)

(o pa)

hooyd
Z/Utwu

te{0,1}m

h(wa,) d(TT2 i)

tefo,1ym YUt

> wU)h(za,)

te{0,1}™

Z ath(l‘a7t)

te{0,1}m

where the last equality follows from the construction (see equations (1)). Thus
alt € My(HY). Since p,p is carried by Chyr K and H! is simplicial, p,pu = §L.
To verify (b), we notice that (a) yields

52 (0a(9)) = (@ap)(palS)) = pu(S) .

Hence it is enough to show that u({0, 1}\ S) = 0. But this follows from (4), since

u({o,l}N\a:u(ﬂ U{Te{o,l}N:m=0}>

n=1k=n

nllngou (D {re{o,1}:7, = O})
k=n

nh_)rrgo Z n({re{0,1}V: 7, =0})

<
k=n

= nhjgo Z(l )
k=n

=0.

This finishes the proof. U
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Lemma 3.4. Let x be a point of K,,. Then

(a) 6:%,n+1 = 53:!

(b) if f € UP(K) satisfies f|k, € A(H2), n >0, then f € A(H?).

Proof. Tt is easy to see that 02 ., is an H? representing measure for z.

Further, by virtue of Lemma 3.1(c) and Lemma 3.2(c), 62, , is supported by
L2, U (Chye Kp \|JFn) C Chype K

Hence 62 ,,,, is H*-maximal and 02, ; = 67. This proves (a).

For the proof of (b), let f € U*(K) be as in the premise. By (a),

(8) 62(f) = f(x) for each = € U K, .
n=1
As K\ U, , K, C Chye K, (8) holds for every z € K \ J,~, K,, as well. By
[14, Lemma 2.7], f € A(H?). O

Lemma 3.5. For any f € B5(K), the function
i 02(f), reK,
i a Baire—two function on K.
Proof. Let f be a bounded Baire-two function on K. By Lemma 3.4(a),

6:%<f):5§,n+1(f)7 QTEKn.

Thus the function = +— §2(f), = € K, is Baire-two on each K, by virtue of
Lemma 3.1(f).

By Lemma 3.2(c), f(z) = 02(f) for z € K\{U,—, K,. It follows from [14, Lemma
3.4] that f is a Baire-two function on K. O

Lemma 3.6. The space H? is Baire-one complemented by a projection of norm at

most 3.

Proof. According to the inductive construction, for each n € N,

) (P, s = Poa(flk, ) and (Pn.f)

Ly = f|L}L , f€ B?(Kn) .

Further, L = U>—, L2 is an open subset of K.

n
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By (9), the mapping

e R 2= 10
fzx), v e K\U,Zo Kn ,

is well defined and Pf € B}(K) for each f € B}(K).

Indeed, it follows from Lemma 3.1(h) that Pf|.2 € B{(L2), n € N. Thus Pf is
a Baire-one function on L. As Pf = f on K\ L, Pf € BY(K).

Given a function f € BY(K), then Pf|k, is H2-affine for each n > 0. By
Lemma 3.4(b), Pf € A(H?).

Finally, as || P,| < 3, we get ||P|| < 3 by the very definition. This concludes the
proof. O

4. PROOF OF THEOREM 1.1

Now we can prove the main result. Let H!, H? be the simplicial function spaces
on the metrizable space K constructed in Section 3. For i = 1,2, let X; be the state
space of H' and ¢; : K — X; be the standard homeomorphic embeddings from [14,
Section 2.5]. Then X7, X5 are metrizable simplices and ¢ qu;l restricted to ext X;
is the homeomorphism required by Theorem 1.1(a).

If i = 1,2 and s € X;, let §¢ stand for the unique 2(X;)-maximal measure
2(X;)-representing s.

For the proof of Theorem 1.1(b), let f = xx\yx= , k, and

F(s) = f(o71(s)), se€extX;.

Then f € Bb(ext X;) and there is no affine Baire-two function on X; extending 7.
Indeed, assume that 1 is such a function. By [12, Théoréme 3] or [3, Proposition

9, % is bounded. We pick a point a € A. By [10, Proposition 3.2],
1_ 31
¢)15a — 5¢1(a) .

Thus (%l(a) is a discrete measure (see Lemma 3.3). According to Lemma 2.4 and
[15, Lemma 4.2],
h(91(a)) = 05, (a)(h) = (¢185) (D)

=01(ho¢1) = 6L(f o ¢1)
=0,(f) -
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As 6} is carried by K \ U, K, (see Lemma 3.3),

Ga(f)=1.

On the other hand, if a € Ky \ A, then

~

h(¢1(a)) = f(¢1(a)) = f(a) =0.
Thus
0, on¢i(Ko\ A,

1, on d)l(A) .

By choice of A, } is not a Baire—two function.
For the proof of (c), let T2 be the kernel on X, associated with the mapping
5 53, s € X2. We remark that

(10) T?g € Ape(X2), g€ B(ext Xy) .

(Since any function from B’ (ext X5) is the restriction of some function from B°(X3),
claim (10) follows from [9, Corollary 6.2].)

Let f be a bounded Baire-two function on ext X,. By extending f by 0 on
X \ ext Xo we may assume that ]?is defined on the whole X5. We claim that

(11) T?f € As(Xy) .
To this end, we notice that
W) =62(foge), weK,

is a Baire-two function on K (see Lemma 3.5). Using [9, Corollary 6.2], [14,
Theorem 2.6(c)] and Lemma 3.2(b) we get that h € (H?)*+. As H? is Baire-one
complemented, it follows from Lemma 3.6, Lemma 2.3 and Remark 2.2 that h is a
pointwise limit of a bounded sequence {h,,} of functions from B¢(K) N (H?)++ =
(H?)1.

Let I :UP(K) N (H?*)*L — Ape(X2) be the isometry from [14, Section 2.6]. By
[14, Theorem 2.5(e)], Th, — Ih and Ih € As(X3).

Since

TZJ?: Ih on ext Xy,
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T2f = Ih on X, (we use the minimum principle [13, Proposition 3.6]). Hence
T2f € Ap(X3).

If a € (2,w:), we observe that T2f, — T2f whenever {f, } is a bounded sequence
of Borel functions on ext X pointwise converging to f and use (11) as the starting
point for a straightforward transfinite induction. Hence, given f € B (ext X), the
function Tins the required extension of affine class a.

This concludes the proof.
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