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ALGEBRAIC TOPOLOGY — EXERCISE 13 SKETCH OF SOLUTIONS

(1) Compute the homology of R*\ 4, where A is the upper hemisphere of the unit sphere S?
in R3.

Solution: Note that A deformation retracts to {x} for any point = € A, so their complements
in R? are homotopy equivalent. (Why?) By homotopy invariance of homology, we need
to understand the homology groups of R*\{z}. Removing one point from R? is homotopy
equivalent to S2, so we get

Z, n=0,2,
0, otherwise.

H,(RMA) = H,(S?) = {

(2) Compute the reduced homology of the Klein bottle using the given cover.

Solution: Similarly to the Mayer-Vietoris sequence we have seen in class, one can obtain
a reduced version of the Mayer-Vietoris sequence. In more detail, the long exact sequence
follows from a short exact sequence of the certain chain complexes (c.f. the proof), so we only
need to check that the analogous chain complexes for reduced homology, given by extending
the chain complexes by a copy of Z in degree -1 (c.f. Exercise 4 on Sheet 12), also form a short
exact sequence. Do this! It follows that we have a long exact sequence of the form

0« ﬁO(K) A ﬁO(Xl) @ﬁo(Xg) — ﬁ[o(Xl N X3) « ﬁl(X) - ... (1)

In this exercise both X7 and X5 are Mobius bands, and the same is true for X3 = X7 n Xo.
We have seen in class that a Mobius band deformation retracts to S! (recall the argument),
so for i € {1,2,3} we have that

~ ~ Z, n=1
H,(X;) = H,(S')=<{"
n(Xi) n(5") {0, otherwise.

First we note that since Ho(X1) @ Hy(X2) = 0 by exactness of we have that Ho(K) = 0.

The same argument also ensures that Hy,(K) = 0 when n > 2. Substituting the known homol-
ogy groups of X; into the long exact sequence for n = 1,2 we have the exact sequence

0 Hy(K) < H(X)®H(X2) 2 Z@Z ) [ (X, A Xo) 2 Z — Ho(K) — 000,
(2)

We need to understand the maps in the long exact sequence to find the unknown homology
groups. We have inclusions ¢; : X1 n X9 — X;. Consider a loop in X; n X5 which is a
generator of its first homology group. Under the inclusion into X; this is sent to a loop
running twice along a generator of the first homology of X;, so on the level of homology



groups we have Hi(t1,19)(1) = (2, 2) Hence, the kernel of this map is 0, so the image of the

map ﬁIQ (K) — Z in the long exact sequence is the zero map, but since it is also injective
by exactness, we find that

Exactness of also tells us that ker(g) = im(Hi(t1,12)) = Z(2,2). Note that Z(2,2) #

~

27 @ 27! In addition im(g) = ker(0) = H;(K). Hence we find that
H(K) = (Z(1,0) ®Z(0,1))/Z(2,2) = (Z(0,1) ®Z(1,1)) /2Z(1,1) = ZD Z/2Z.

Remark. The fact that Hy(K) =~ Hy(K) = 0 implies that K is a “non-oriented surface”.
We briefly talked about orientability in connection with triangulations of surfaces. You may
like to think about (or look up) the connection if you are interested.

(3) Use the Mayer-Vietoris Theorem to compute H(Fy).

Solution: Choose X; and X as in the Figures below, i.e. X1 = Fy;\{small disk in the center of Fy}
and Xy = slightly bigger disk, chosen such that it covers the disk that is removed in X;.

as by ay as by ay

First we saw in class (recall the argument for this!) that X; deformation retracts onto the
boundary of F, which is a wedge sum of circles, i.e. X; ~ \/?il S1. Secondly, we have that
Xy~ D? ~ {x} and X1 n X5 is the complement of a disk in another disk, which deformation
retracts to S1 (Why?). Thus, since homology is homotopy invariant,

Z n=>0
) ’ Z, n=0, Z, n=01,
Ho(X1) =R7%, n=1  Hy(Xo)=x {0 olse: Hy (X1 0 Xo) = {0 olse
0, else; ’ , ’ |

We use the Mayer-Vietoris sequence for the cover of F given by X; and Xo.
As in the previous exercise, for n > 2, the exact sequence reads
0~ Hn—l(Xl N Xg) «— Hn(Fg> «— Hn(Xl) @Hn(XQ) = 0@0,

so by exactness, for n > 2, we have H,(Fy) = 0.

1Dependimg on how you choose X; 2 S* you can also run along X; in the opposite direction and hence map
1 to e.g. (2,-2) but this does not affect the computation, as long as you are consistent with your choices.



To compute Hy(F}), consider the following terms in the Mayer-Vietoris sequence:

Hi(e
e Hi(Fy) — Hi(X1) ® Hi(X2) <2 1 (X) A Xa) « Ha(F,) < 0@®0 « -

First, note that by exactness, Ha(F,) injects into H;(X; n X3). To compute its image, we
compute the kernel of Hj(¢1).

Since H1(X2) = 0 the map Hy(:1) reduces to a linear map 7 : Hy (X1 n Xo) = Z — 729 ~
H;(X1) induced from including a loop close to the edge into X;. On homology, this gives
i(1) = [ag, bg] - - - [a1,b1] = 0, where the last equality follows from the fact that H; is abelian.
Thus, from the long exact sequence we have that Ha(Fy) = Hi (X1 n X2) = Z.

Continuing the long exact sequence

Ho(ty,t
- Ho(X1) @ Ho(Xa) o(t1,t2)

Ho(X1 N XQ) <« Hl(Fg) <« Hl(Xl) @Hl(XQ) (0_ e

Including X7 n X3 ~ S' into X7 and X, induces the map Ho(t1,:2)([1]) = ([1],[1]) on the
zeroth homology (Why?). In particular this is an injective map with trivial kernel, so by
exactness we deduce that Hi(F,) =~ Z29.

Finally, we saw in class that Hy of a topological space simply counts connected components,
of which Fj only has one. Hence, Hy(F,;) = Z. Summarizing, we computed

Z, *
H*(Fg) = Z2ga * =
%

0,2,
1,
0, 3.

\Y

(4) Compute the homology groups of the torus 7. Hint: Use Mayer-Vietoris, for example
with two overlapping cylinders as indicated in the below Figure.

[|A =8B EHaAnB

Solution: One can simply plug in g = 1 in the results of the previous exercise and we are
done. However, practice makes perfect so here we go:

For the given cover we have that A and B are homeomorphic to S! times some interval such
that the two cylinders slightly overlap. Their intersection A n B is homeomorphic to the
disjoint union of two copies of S' times a small interval. All intervals could be open or closed,
but let’s chose them to be closed. Hence we already know all of their homology groups since
St x [a,b] deformation retracts onto S' (Why?), and we saw in class that the homology of a



disjoint union is the direct sum of the homologies. Concretely,

Z, n=0,1
0, else

Z®7Z, n=0,1

H,(A) = H,(B) = { 0 else.

H,(An B) = {

As in the the previous exercises we find that H,(T) = 0 for n > 2 (you could have also used
a dimension argument here). Thus, the interesting calculations concern n = 0,1,2. First we
consider the following part of the Mayer-Vietoris sequence

o Hy(T) —— Hi(A)@ H1(B) £ H{(A~ B) «"— Ho(T) «°— Hy(A)@ Hy(B) — ---

|2 |2 |=

YASY/ YASY/ 00

We now start by considering the map induced by the inclusions i and j of A n B into A and
B, respectively. Since AN B is a disjoint union of two cylinders it has two generators, one for
each cylinder. Denote these two loops by a and 5. Similarly, we have one generator each for
Hy(A) and Hy(B) (draw this!). We choose the directions of the loops in the following way.
(What does this mean in the picture?) We view them in H;(A) @ Hi(B) by concatenating
with the inclusion and denote them by the generators (1,0) and (0,1) in Z @ Z, respectively.
Again using the concatenating with the inclusion into Hi(A) @ H1(B), we have that

This depends on the choices of directions of the two loops, and one has to be consistent in
these choices. With other choices, signs will appear. The computation on homology does not
depend on these choices.

Note that with our choices the two generators a and 5 are mapped to the same generating
circle. Then we have that

Hi (i, 5) () = (1,1) = Hi(i, ) (P)

and hence Hy(i,j)(k-a+1-5) = (k+1,k+1). Hence, we have that im(H,(i,7)) = Z(1,1) = Z
and ker(Hi(7,j)) = Z(a — B) = Z. Another way of understanding this map is to note that
H;(i,7) corresponds to the following matrix

1 1
<1 1) AV ASYA

This gives us enough information to calculate Hy(T'). First, since the part of the long exact
sequence above starts with a trivial group we know that r is injective. Exactness gives us
im(r) = ker(Hy(4,j)) = Z, so it follows that Ho(T) = Z.

To calculate Hy(T') and H;(T') we need further pieces of the long exact sequence. To simplify
calculations we will work with reduced homology (which only differs from ordinary homology
in the zeroth degree). Thus, we consider



0+ Hy(T) +—— Ho(A)® Hy(B) +—— Ho(An B) «2— H(T) " g4 @ HI(B) 207 .

B i i
00 Z YASY/

It follows by exactness that Ho(T) = 0. One can also find Ho(T) by noting that the torus
only has one connected component so Hy(T') = Z.

The inclusion of A and B into 1" are denoted by f and g respectively, and determine the map
from the direct sum H;(A) @ H1(B) to Hi(T). From exactness we have ker(H;(f — g)) =
im(H1(i,j)) = Z. Hence,

ker(d) = im(Hy(f — g)) = Z® Z/ker(Hy(f — g)) = Z.

Moreover, we know that ¢ is surjective (Why?). So the short exact sequence of the map 0
becomes

0 — ker(d) —— H1(T) —— im(d) —— 0
Z Z
As Z is a free abelian group this short exact sequence splits and we can conclude that H (T) =~

ASY/i!

Aside: If you want to solve this without resorting to reduced homology you need to work out
the map induced by the inclusions on zeroth homology. It basically works the same way as
Hi(i,7), so if you find it necessary to practice these calculations I highly encourage you to
work it out that way as well!

(5) Let the topological space M be Hausdorff and locally Euclidean of dimension d > 1 (for
example, M could be a manifold).

(a) Use excision to compute Hy, (M, M\{x}) for any point x € M.

(b) Consider the case when M is an open Mobius strip, i.e.has no boundary. Pick a
generator p, € H, (M, M\{z}) = Z and describe what happens with u, if one walks
along the meridian of the Mobius strip.

Solution: Pick an arbitrary point x € M. Since M is locally Euclidean we can find a small
neighborhood U, c M for any z such that U, ~ R?, where cﬁ is the dimension of the space.
The subset M\U, c M\{z} satisfies the condition for excision (check them!), so we have the
following isomorphism of homology groups

Ho (M, M\{z}) = Hy (M), (M\@@)\(M\U,) ) = o (U, Us\{z}).

By construction we have that U, is homeomorphic to R%. In addition U,\{z} = R {z} which
we have seen in class to deformation retract onto S?~!. Hence, by homotopy invariance,

Z, n=0 Z, n=0,d—1
H,(U;) = H,(U;\{z}) =
0, else, 0, else.

2Note that this (fortunately) agrees with what we would have gotten by setting g = 1 in the previous
exercise. It is a good habit to always double-check your answer when you can!
3Note that we changed the notation for the dimension from n to d to avoid a confusion with the indices].



We use the long exact sequence for relative homology for U,\{z} < U,.

For n > 2 we find that H, (U, U, \{z}) = H,—1(U,\{z}) = H,_1(S%!) since the (surround-
ing) homology groups of U, are trivial. For the lower degrees we have

0 «—— Ho(Us, Up\z}) —— Ho(Uy) <o

Z Z 0
The inclusion ¢ : Up\{z} — U, induces an isomorphism Hy(¢) on the zeroth homology
groups (Why?). Hence, from exactness of the sequence we learn that H;(U,,U,\{z}) =
0 = Hy(U,,U;\{z}). Summarizing, we have
Z, n=d

Hn(M, M\{x}) x>~ Hn(Uxa Uz\{x}) = {0 else.

For part (b) pick a point # € M and choose a 2-simplex a : A? — M such that da €
Ci1(M\{z}). In particular this 2-simplex comes with an orientation! Walking along the
meridian of the Mdbius band reverses the orientation of the 2-simplex (One illustration of
this only with a crab instead of a 2-simplex can be found at: Ilustration). This shows that
the Mobius band is non-orientable.

(6) Prove the following properties of the degree map:

(a) Let f® : 8" — S" be the map (g, Z1,...,Tn) — (=20, 1, ..., T,). Show that f)
has degree -1.

(b) Show that for f,g:S™ — S™ we have
deg(F'o (f v g) oT) = deg(f) + deg(g).

Solution: Recall from the computation of the homology groups of spheres (lecture on Tuesday
28.01) that we have isomorphisms

H'n—l (L)_1

Hp(S™) S Hip (S" 1 x (0,1) 2 Hy_1(S™).
We denote this composition by D, i.e. D := H,,_1(¢)"! 0.

Let po := [+1] — [-1] € Ho(S°) and py € H{(S1) = 7r1(Sl)E| be the degree one map (i.e. the
class of the identity on S! which corresponds to the class of the loop t — €>™). Define the
higher p,, as Dy, = pin—1. Then p, is called the fundamental class in H, (S™).

We prove the claim by induction. First,
FO0) = FO([+1] - [-1]) = [-1] - [+1] = —4o.
The morphism D is natural, so we have

H”(f(n))ﬂn = Hn(f(n))D_lﬂnfl = D_lanl(fn_l)Mnfl (i) D_l(_/ﬁnfl) = —Hn,

4Here the fundamental group is abelian, so in particular it is equal to its abelianization. This isomorphism
is not true in general, c.f. Exc 5 Sheet 11.

—— Ho(Uy\{z}) «—— H1(Up,U;\{z}) «—— H1(Ug) — -~


https://en.wikipedia.org/wiki/M%C3%B6bius_strip#/media/File:Fiddler_crab_mobius_strip.gif

where step (x) follows from the induction hypothesis. Thus, we can conclude that the degree
of f(M ig —1.

For part (b) we note that the map Efn(T) sends iy, t0 (ln, fn) € f[n(S”) @ fIn(S") ~
H,(S™ v S™), where the isomorphism follows from the fact that our spaces are well-pointed
(i.e., they satisfy the conditions for excision). Under the isomorphism the map H,(f v g)

~ ~

corresponds to (fin, ttn) — (Hp(f)tin, Hn(g)pn) and this yields (deg(f)pn, deg(g)py). Under
the fold map this is sent to the sum, which is exactly what we wanted to show.

Note that this construction gives a generalization of the additivity relation deg(w” * w’) =
deg(w") + deg(w’) which follows from concatenation of paths in the case of S!.

(7) (a) Let SX denote the suspension of a topological space X. Show by a Mayer-Vietoris
sequence that for all n there are isomorphisms H,(SX) =~ H,_1(X).

(b) For f:S™ — S™ show that suspension leave the degree invariant, i.e.

deg(S(f)) = deg(f)-

Conclude that for every integer k € Z there is a continuous map f : S — S” with
deg(f) = k. Hint: Recall that for X = S™ we have SX =~ S"*1,

Solution: Recall that the suspension of a topological space is defined as SX = X x
[0,1]/(X x {0}, X x {1}). The suspension of a space can be seen as two cones glued to-
gether at their bases. Denoting the upper cone by C'; X and the lower cone by C_ X, we have
SX = C, X ux C_X. Their intersection is homeomorphic to the topological space X. The
Mayer-Vietoris sequence becomes

i Hy(C4X) D Hp(C_X) 2 0@ 0 «— Hy(X) « Hp1(SX) — 00 «— -

since cones are contractible and hence have trivial homology groups. Exactness of the sequence
then gives the desired isomorphism.

For part (b) we first recall that the suspension of S™ is S"*! which together with the isomor-
phism from (a) gives H,1(SS™) = H,1(S") =~ H,(S™).

Note that the isomorphism in (a) comes from the connecting homomorphism § which in
particular is functorial (Proposition 1 in Lecture nr 25). Also, it sends pin41 € Hpy1(S™H)
to tuy, € Hy(S™). We have the commuting diagram

Ho (871 == H, (88" ™SR, (857 = 0 (S7H)

s s
Ao (sm) D fpsm)

By tracing +ptni1 € Hpi1 (SS™) through the diagram we find that tdeg(f)u, = +deg(Sf)un,
with the same sign. Hence, suspension leaves the degree of the map f invariant. Recall that we
have maps of any degree k of S! (what are they?), so by using the isomorphism $S" ~ §7+!
and the result of this exercise it follows that the same is true for any S™ as well.



(8) We define the Euler characteristic x(X) as the alternating sum x(X) := >,(—1)*Rank(C;).
Show that

X(X) := Y (=1)" Rank(H, (X))

n

Solution: The proof is exactly the same as that of Theorem 2.44 in Hatcher. Hatcher uses the
chain complex from a CW complex structure on the topological space X, but the argument
is purely algebraic and works exactly the same way when working with the chain complex
coming from a A-complex structure on X.

In particular, this means that x(X) only depends on the homotopy type of X and is inde-
pendent of the choice of A-structure (or CW-complex structure) on X!

(9) (a) Let X be a path-connected, locally path-connected, and simply connected topological
space. Let p: E — B be a covering with E contractible. Prove that every continuous
map f : X — B induces only zero maps in reduced homology, i.e.for all n € Ny we
have H,(f) = 0.

(b) Show that for n,m € N with m > 2, any map S” — T" = (SY)" induces the zero
map on all reduced homology groups. Give a counterexample for m = 1.

Solution: Here, for every continuous map f : X — B there exists a map f (why?) such that
the below diagram commutes

{/H ip
x 1B

Since F is contractible we know that H,(FE) = 0 for all n > 0, which implies that H,(p) = 0.
On the level of homology we have H,,(f) = H,(po f) = Hy(p) o H,(f) since H, is functorial.
Hence H,(f) must also be trivial for all n > 0. Finally, for n = 0 we simply use that X is

path-connected so Hy(X) = 0 which ensures that Ho(f) = 0 as well.

In part (b) we note that when m > 2 the sphere S™ is path-connected, locally path-connected
and simply connected. Also, T™ has the covering p : R” — T"™ given by (¢1,....,0n) —
(€1 ..., e"™*n). We know that R is contractible, so for this situation the result in part (a)
applies.

For the case m = 1 we can e.g. consider the identity map id : S — T'' which gives H; (id) =
H,(id) = id,,. This is non-trivial and hence gives a counterexample.



