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Problem 37. Let K be the operator from Exercise 12 or 36. Show:

1. For T = 1−K, kerT is closed.

2. kerT is finite dimensional.

3. The image of T = 1−K is closed and has finite codimension.

Problem 38. For m > 1
p , let im,p : wm,p → `p be the embedding x 7→ x. Show

that im,p is well defined and im,p(Bwm,p

1 (0)) ⊆ `p is relatively compact.

Problem 39. Let O(n) be the group of orthogonal matrices in Rn×n. For
f ∈ Lp(Rn;R), set

A.f(x) = f(A−1x).

Show that the set {A.f | A ∈ O(n)} is compact in Lp(Rn).

Problem 40. Let X be a B-space over K. Show:

1. X is reflexive, iff X ′ is reflexive.

2. If X is reflexive, any closed subspace Y ⊆ X is reflexive.

Exercises are due on June 21, 2016.
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Space of the week
Name: Orlicz spaces Lϕ(Ω;X), (Ω,A, µ) σ finite measure

space, X B-algebra, ϕ : R+ → R+ convex,
limx→0

ϕ(x)
x = 0, limx→∞

ϕ(x)
x =∞

Definition:
{
f : Ω→ X

∣∣ f measurable,
∫

Ω ϕ(‖f(ω)‖X) dµ <∞
}

Norm: ‖f‖Lϕ(Ω;X) = sup
{
‖fg‖1

∣∣ ∫
Ω ϕ(‖g(ω)‖X) dµ ≤ 1

}
Dual space:
Dual space of:
Reflexive:
Criterion for com-
pactness:
Criterion for weak
convergence:
Additional aspects: generalization of Lp spaces
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