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written to the non-dimensional form 

A3k3＝-t (A1K1) 2_ (A2応）（w1t) F (7) (2-7) 2 

(V1Il-4) 

In case of perpendicular waves, non,-dimensional coefficient is 
cal cu lated to be・ F (1) (2 -1) 

i, ~ 

:c =0.633. 



AppendixIX Analysis of Interaction Equations 

1 Construction of Single Equation 

We wright down again the interaction equations (3 -3 - 1)...... ( 

3 -3 -3) such that 

. d B t i △ t 
i :~ = [ T t 1 b t 2 + T 1 2 b 2豆 T13b32] B1+T1B1*B2B3ei ~ 

d t 

(IX-1 - 1) 

. dB  2 
= [T21b12+T22b2豆 T23b32] B2+T283町31 B 1 e 

-i△ t 
1 

d t 

(IX-1-2) 

and 

. dB  3 
[T31b12+T32b2豆 T33b□B3+T3B2町31 B 1 e 

-i△ t 
1 -=  

d t 

(IX-1-3) 

in which b n 2 = B n B n※ and △=W  1 + W 1―W2―w 3. Interaction 

coefficients Tn and symmetric matrix elements [Tk1J = [Tlk] are real 

constants to be calculated from wave-numbers. The method of solution 

adopted here is that used by McGold:rick(1972) for second order non-

linear equations in the context of capirally-gravity waves. 

Multi plying B 1※ to (IX-1 -1) we obtain 

d B i △ t ＊ 1 
[T11b12+T12b2豆 T13b3打 b12+T1B1町31町32 B 3 e. i B 1 ＝ 

d t 

Taking the complex conjugate of this equation such as 

dB ※ ー 1△ t 
-i B 1―=［ T t 1 b t 2 + T 12b22 + T t 3 b 3 2] b 1 2 + T t B t B 1 B 2町33※ e,

d t 

and subtracting this froni the former equation, it reduces to 

. d b 12 
i~ =T1(R-R※)． 

d t 
(IX-2 -1) 

In this expression, a complex quantity R is introduced such as 
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R = B 1町31町32 B s exp (i△ t). 

Similar relations are obtained by using (IX-1 -2), (IX-1 - 3) that 

. d b 22 
1 

d t 
-T2 (R-R芍

. d b 32 
l ―=  -Ts (R-R吟

d t 

(IX-2-2) 

(IX-2 - 3) 

From the relations (IX-2 - 1)....., (IX-2 - 3) we have three integrals 

b 1 2 / T 1 + b 2 2 / T 2 = cons t 1 =もげ／ T1十もげ／T2

b 1 2 / T 1 + b 3 2 / T 3 = cons屁＝もげ／ Tげも 32/T3 

b 22/T2-b 32/Ts=consts=も22/T2ーもs2/T3

(IX-3-1) 

(IX-3-2) 

(IX-3-3) 

whereもn=b n (0), (n=l. 2, 3), the initial value of b n (t). 

By use of these integral properties, a complex function Z (t) is 

introduced such as 

z (t) =（も 12 -b 1 2) / T 1 = (b 2:2ーも22)/T2= (b32ーも診）／ T3•

(IX -4) 

We can easily calculate that 

d Z/  d t = i (R -R※) ＝ -2 I m (R) (IX -5) 

In order to calculate the real part of R, we differentiate R with 

respect to t, that is, 

d R/  d t = 2 B 1※t B 1町32Bsexp (i△ t) + B 1 *2 B 2 t B 3 ex P (i△ t) 

+ B 1※2 B 2 B 3 t exp (i△ t) + i△ B1※2 B 2. B 3exp (i△ t). 

Substituting (JX-1-1),.._, (lX-1-3) to this expression, it is 

yielded that 



dR/d t =i△R+Zi [T11 b12+T12b22+T13b32] R+ZiT1 b12b22bs2 

-i [T21b12+T22b22+T23b32] R-iT2bげb診

-i [ T 31 b 1 2 + T 32 b託十 T33b32] R-iT3b14b22 

Taking the complex conjugate of this equation and adding them together, 

the result is expressed by 

d (R + R吟／dt = i△ (R-R翠）

+2i [T11b12+T12b22+T13b32] (R-R芍

-i [T21b12+T22b衣十 T23b32] (R-R吟

-i [T31b12+Ts2b託十 T33b32] (R-R芍

Considering the relation (IX-5), it is transformed to 

d(R+R芍／dt =｛△十↑1b 1 2:＋↑2 b 22十↑sb 32} d Z /d t 

where↑n= 2 T1n-T2n-T3n. Next, bn2 (n=l,2,3)is eliminated by use 

of (lX-4), and we have 

d(R+R吟／dt =｛△十↑1（も： 12-T,Z) ＋↑2（も 22+T2Z)

十↑3（も 32+1心 Z)}dZ/dt. 

In this formula, direct integration is possible such that 

2Re (R) =R+R※=H+ ｛△十↑1も12十↑占 22十↑3も32} z 

—+ ｛↑1 T 1―↑2T2-↑s T 3} Z 2 (IX-7) 

where H is a real constant determined by initial conditions. 

In order to fulfil the apparent equality that 

IR 12= {Re (R)} 2+ {Im (R)} 2, 
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The relations (IX-5) and (IX-7) are connected to 

4 （も 12-T1Z)2（も 22+T2Z) (;O衣十 T3Z)

= (H十ど Z+TJZ2) 2+ (d Z/d t) 2 

where どand7J are the coefficients determined in (lX-7) 

2 Analysis of Resonant Grow th 

(IX-8) 

In the case that tertiary wave component does not exist 
initially, we can set the constant H=O andも32=0in (IX-8) so that 
we investigate the equation of the form 

(d Z/d t) 2= f (Z) (]X-9) 

where f is a quaritic function of Z such as 

f (Z) =4（も 12-T1Z)2（も 22+T2Z) T3Z 

- ［ ｛△十↑1も12十↑2も2勺一す｛↑1T 1―↑2T2―↑3T3} Z] 2Z2. 

(lX - 1 0) 

In general, real solution Z exists and can be solved by means of a 
integration 

作t=zdx 
。 f。汀戸 (IX-11) 

if f (x) is positive at O<x~Z. 
In order to obtain a formal solution, we must rearrange the 

polynomial f (x) in its standard form such as (see Jeffreys & Jeffreys 
(1972)), 

f (x) =a0x4+a1x3+a2x2+a3x=¢ (x) 

and it is resolved to the factors such that 

¢ (x) =¢1 (x) ¢2 (x) 

where 



c/J 1 (X) = a X 2 + b X + C and c/J 2 (X) = X 2 +/3 x 

A bilinear transformation of the variable is performed by 

x=  (Ay+B) /y+l, 

in which A and B are real roots of the following equation, 

(b - a'/3) t 2 + 2 C (+ C /3 = 0. 

In this procedure, integrant of (IX--:-1 1) is transformed as 

d X 

v¢ (x) 

(A-B) dy 

VP  {y2+M}―｛い＋ N}

(IX-1 2) 

(IX-1 3) 

(IX-:-1 4) 

There are several cases according to the signs of P = ¢ (A), M = 

¢ 1 (B) / ¢ 1 (A) and N = ¢ 2 (B) / ¢ 2 (A) 

Case I ; P > 0, M = μ. 2 > 0, N =一、リ 2<0 

In this case, (IX-1 4) is rewritten by 

F (y) dy= 
(A-B) dy 

VP  {y2―干¢勺 {y2_'J) 2}. 
(IX-1 5) 

Transformation y 2 ='J)2/ (1 -u吟 isadopted and 

(A...:..B) du 
F (y) dy= 

VP  { μ 2十レ門 (1 -uり (1 -K 2 uり

(lX-1 6) 

results in the form of elliptic integral of first kind after some 

manipulation. In this formula, k 2= μ 2 / { μ丘ッ 2} is called the 

generatrix of the integral. 

Defining Q=vP {μ2+v勺／ （A・-B), integral (IX-1 1) reduces to 

and 

Q t=|u d Y 
u。V (1 -Vり (1-K 2 vり

(1X-1 7) 

u2= 1-v2 (A-Z) 2/ (B-Z) 2. (IX-18) 
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From (IX-1 7), we obtain 

u = s n (Q t + e ; k 2) 

and f rorn (IX - 1 8), 

(A -Z) / (8 -Z) = ll -l C Il (Q t + 0 ; k 2) 

in which s n and c n are the Jacobi's elliptic functions. 
Thus, the formal solution of (IX-9) is expressed by 

Z=  
A -s i g (B) B v -1 c n (Q t + 0 ; k 2) 

1 -s i g (B) lJ -t c n (Q t + 0 ; k 2) 

where s ig (B) means the si gnum of B. 

(IX-1 9) 

, (IX-2 0) 

To satisfy the initial condition that Z =O at t =O, constant 0 is 

determined by 

A -s ig (B) B vー1c n (0 ; k 2) = 0. (lX-21) 

An example of this solution is shown in Fig-A - 1. In this Figure, the 

variation of resonant wave amplitude A3 is described under the 
conditions that A1=4cm and A2=5cm initially with r =1.80. The solid 

line is the solution obtained by the method discussed here. The symbol 
0 is the numerical solution obtained in Chapter3 (Fig-3 -3 (c)). 

Both results which are obtained independently, coincide appreciably. 
Precision of the nu mer i ca 1 proc ed ur e adopted in Cha pt er 3 is confirmed 

to be suff i ci en t. 

CaseII; P>O, M=-μ 反 0, N=-1-,2<0 

In this case, (JX-1 4) is rewritten by 

G (y) dy=  
(A-B) dy  

VP  {y2 _ μ引 { y2 ＿レ勺

Transformation y2= v 2/u2 is adopted this time and 

(B-A) du  
G (y) dy=  

V P J,Jビ (1-u‘(l  -K可

(lX-2 2) 

(IX -2 3) 



results also in the form of elliptic integral and k2=μ2/}.i2. 

By the same procedure as in Case I, with Q = ✓戸／ （B -A) we have 

Z=  
A+Bv―1 s n (Q t + 0 ; k 2) 

1 + J) ―1 s n (Q t + 0 ; k 2) 
(IX-24) 

To satisfy the initial condition that Z =O at t =O, constant 0 is 

determined by 

A+Bv―1 s n (8 ; k 2) = 0. (IX -2 5) 

The transition from Caselto Casell occures under the condition of 

maximum growth of tertiary resonant wave which is clearly shown also by 

the numerical solution discussed in Ch3 of this paper. 

3 Non-Periodic Solution 

If we change the initial conditionも12。rも2氏 twotypes of 

solution appear as interpreted in the previous section. Although both 

types of solution are periodic, there exist an aperiodic solution just 

at the critical region between Case I and Case II. 

Returning to (IX-1 0), if the relation 

｛△十↑ 1 も 12 十↑ 2 も 2勺— t ｛↑1 T 1―↑2T2―↑3T3} も12/T1=0

(lX-2 6) 

is assumed to be realized, that is, the parameterも12, say, is sought 

so as to satisfy the following equation to the fixedも召． Tn, ↑冒n

(n=l, 2, 3) and△ 

△ =—↑ 2 も 22 -古｛↑1T 1•十↑汀 2 十↑ 3 い｝も 12/T1,

(JX-2 7) 

the equation f (Z) = 0 has a double root at Z =も 12 / T 1 = /3 and 

f (Z) is represented by 

f (Z) =-a Z (Z-/3) 2 (Z-r) (IX -2 8) 

where 
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and 

a=-4T12T2T3十ナ｛↑1T 1十↑2T2十↑3T3} 2>0, 

/3 ＝も 12/T1>0

r =4T12T3もげ／ a>O 

are the positive constants in this situation with/3 ＜ r. 
In this special case, (1X-9) is easily solved and the non-

periodic solution is obtained as follows, 

/3rtanh2入 t
Z = -

(r -/3） ＋ /3t an h 2入 t
(1X-2 9) 

where 入＝ ｛ a /3 ( 7 —/3 ) ｝1 /2/ 2. 

It is remarkable that Z approaches a constant/3when t goes 
to infinity and all・ the energy initially contained in the first primary 
wave is transferred monotonically to the other components. Note that 
maximum amplitude realized by tertiary resonant wave a 3 is determined 
only by the initial value of the first primary wave amplitude a 1 and is 
independent of a2 as discussed in Ch3. The condition (]X -2  7) is 
fulfiled even△ =0 (exact resonance r = 1. 736). In this condition, the 
ratio of amplitudes of two primary waves is determined a2/a 1=3.16 
55・・・・・． To the values computed nurner ical ly in Ch 3, it corresponds that 
a 1 = 1. 5795 ・・・・・cm and the asymptotic growth of tertiary wave would be 
a3=1.332・・・・・ cmwhich are consistent with the numerical results. 

For the case of wave instability problem, we can apply this 
theory by the following manner. This time b 2.  1.:: is a primary wave and 
b 22= b 32= b 52 are two side band components recognized as small 
perturbations. To the leading order,T1=T2=T3=T=k13/4冗 2'↑1=
↑2=↑3 = 0 and △=0 so that (]X -9) and (]X-1 0) are reduced to 

(d Z/d t) 2=4T4 (Z-/3) 2 (Z+r) 2. (IX-3 0) 

where /3 =も t2/ T, r =も註／ T and /3 ~r. This equation is easily 
solved as 

Z=r {exp(2/3T2t) -1} 



and evolution of the amplitude of side band compone,nts is expressed in 

terms of the steepness of primary wave such that 

a. s (t) = a. s 0 exp. { t. (:a 1 k. 1) 2 w 1 t } (IX-31) 

The growth rate of side band components t (a 1 k 1) 2w  1 obtained in 

this theory is. in accordance with t_he Benjamin-Feir (1967) th_eory. 
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2k1 -k2=k3 
2W1-W2=W3 
wf=glkil 

ー及k1 ¾k1 

For go• intersection, 
k,/k2= 3.0133 
叫／Wz=1.7356 From McGoldrick et.at.(1966) 

Fig. -1-1 
Resonance curve; 
Solutions to the resonance conditions. 
K1 : first-primary wave 
K2 : second-primary wave 
K3 : tertiary resonant wave 
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Fig. -2-1 
Plan of the basin. 
80m (length) X 80m (width) X 4.5m (depth) 

(325) 



76 

S H I P'S N R ~I E N RM I K E N T E I 
T NO =8 

n
n
.
8

笞
•
Q
.
n
l
)
"IJ 

弓
•
n
t•• 

nl) 
・o 

g
n
3
 7 

o
n
 ・
p
 

NUMBER OF 

否

•
R

＇ 

OF DATA 

．
 

6.9, 

n
r
:
P
o
7
'
n
n
 ・ii 

ー

．
 

p
 

s
 

ー

n

u

 

、

-

＿

g

T

苫

n
.
Q
.
g
.
0
-
6
.
g

OC. 

(CH  

Fig. -2-2 (a) 
Examples of the mesurement. 
first primary wave is generated. 
Upper six rows are wave records. 
Lower two rows are records of stroke 
of wave-makers. 
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Examples of the mesurement. 
second primary wave is generated. 
Upper six rows are wave record. 
Lower two rows are records of stroke 
of wave-makers. 
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Examples of the measurement. 
both primary waves are generated. 
Upper six rows are wave records. 
Lower two rows are records of stroke 
of wave-makers. 
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一U-1500 

Fig. -2-3 
Data collection system. 

WG (wave gauge), AMP (amplifier), AD. C (AD 

converter) 

D. R. (data recorder), P.R. (printer), PLOT(plotter) 

FDK (disquet) 
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Fig.-2-4 

Arrangement of the wave gauges (Case I) 

For analysing the short term growth and 

the direction of the resonant waves. 
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Fig. -2-5 

Arrangement of the wave gauges (Case II). 

For analysing the long term growth of 

the resonant waves. 
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Table-2-1 Elements of Mechanically 

Generated Waves 

I-ST PRIMARY胃AVE 2-ND PRIMARY胃AVE

PERIOD IAVB HEIGHT PERIOD WAVE HEIGHT 

0. 9 3 I. 897 

0. 9 6 3 ~ 1 3 1. 7 7 2 5 ~ 1 0 1 845 

0. 9 9 I. 793 

1. 0 2 1. 724 

I. 1 0 1. 898 

1. 1 5 3 ~ 1 3 2. 0 9 ~6 

1. 1 9 

PBRIOD(sec)．冑AVEHBIGHT(c●)． r=w1/w2 

E 

(crn2 x sec) 

1000 

100 

10 

゜
.
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l ↑ ↑ 2 
f2 ↑ 2f1-f2 ↑ 

f1 
212 2f1 

3
 

4
 

5 
f(Hzl 

Fig.-2-6 

An example of power spectrum. y = l. 793, d = 45m 
f1 : 1-st primary wave,, 2f1 : 2-nd harmonics 

も： 2-ndprimary wave, 2f2 : 2-nd harmonics 

2f1 -f2 : tertiary resonant wave 
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0.01 
1.0 1.5 Yo 

2.0 2.5 Y
 

Fig. -・2-7 
Growth rate of the tertiary resonant waves. 
G : the growth rate 
y8 : y of the most strong resonance 
The solid curves are due to detuning effect. 

Table-2-2 Observations of Initial Growth Rate 

G 7 d 

Lon guet-H i gg! ns (196 2) 0. uz I. 736 

theoretical value 

MacGoldrick et. al. 0. 57 1. 78 I 5 ■ 1 

experi■ent(1966) 

Tomita et. al. 0. 50 I. 79 20. 25 ■ 

experiaent(!986) 

#The distance is converted to the size or 

our exper !■en t. 
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Fig. -2-8 
The principle of wave direction 
measurement. 
Ch 1 ~ Ch 3 on the array in a 
obliquely incident wave 
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Coherence between wave data at the locations 1 and 3. 
f1 : 1-st primary wave 
f2 : 2-nd primary wave 
f 3 : tertiary resonant wave 
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Fig. -2-10 
Phase spectrum between wave data at the locations 1 and 3. 
fi : 1-st primary wave 
f2 : 2-nd primary wave 

f 3 : tertiary resonant wave 
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Fig. -2-11 
Phase differences along the linear array 
(a) 1-st primary wave 
(b) 2-nd prim虹ywave 
(c) tertiary resonant wave 

a : angle between the resonant wave and 1-st wave (333) 
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Fig. -2-12 
Long term variation of A3 (y=l.72) 
----~ -~ : Theory (Longuet-Higgins) 

□ :Experiment (cm) A1 =2.29, A2=2.51 
◇ :Experiment (cm) A1 = 2.84, A2 = 2.50 

Examples of linear growth of resonant waves 

Fig. -2-13 
Long term variation of A3 (y= 1.72) 
-------: Theory (Zakharov) 

□ :Experiment (cm) A1 = 4.06, A2 = 2.51 _______ 0------すーーロー石―---0---＿ 口
---=1. Example of weak resonance at the exact (linear) 一，6~ resonance condition 
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20 

Fig. -2-14 
Long term variation of A3 (y=l.79) 
□ :Experiment (cm) A1 = 1.80, A戸 5.29
◇ :Experiment (cm) A1 =2.49, A戸 5.03
△ :Experiment (cm) A1 =2.84, A戸 5.12←ー今‘--←一 Large resona;t wave appears at the off 

l l 
60 d(iml 

resonance'condition. 
40 
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Fig.-2-15 
Long term variation of A3(y= 1.79) 
-------: Theory (Longuet-Higgins) 

---------: Least square fitting 

□ :Experiment (cm) A1 = 3.36, A2 = 2.61 

An example of non-linear resonance 
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Fig.-2-16 
Long term variation of A3 (y=l.79) 

□ :Experiment (cm) A1 = 2.91, A戸 5.07

◇ :Experiment (cm) A1 =3.24, A戸 5.28

△ :Experiment (cm) A1 = 3.44, A戸 5.14
I 

60 dim) 
Decreasing of resonant wave amplitudes with fetch 
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Fig. -2-17 
Long term variation of A3 (y = 1.82) 

□ :Experiment (cm) A1 = 3.63, A戸 5.38

◇ :Experiment (cm) A1 = 3.78, A戸 5.40

△ :Experiment (cm) A1 =4.15, A戸 5.41

Evidences of recurrence phenomena 
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Fig. -2-18 
Long term variation of A3 ('.Y=l.82) 
□ :Experiment (cm) A1 =4.76, A戸 5.29
◇ :Experiment (cm) A1 =5.47, A戸 5.35

The largest amplitudes of resonant waves observed in the 
experiment. 
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Fig. -3-1 

Comparison of the Zakharov theory with the 
experiments by McGoldrick et. al. (1966) at the 
short fetch. 
0,△ ：Experiments (a, is one half in the latter) 
- : Theory 
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Fig. -3-2 (a) 
Solution of the Zakharov equation、{y=l.735)
Initial values : A戸 1.0cm

ふ＝5.0cm
ふ＝0.0cm

Growth of resonant wave is nearly straight. 
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Fig. -3-2 (b) 
Solution of the Zakharov equation (y=l.735) 
Initial values : A1 = 2.0cm 

ふ＝5.0cm
ふ＝0.0cm

Growth of resonant wave ceases at around 100 
sec. 
Initial growth rate coinsides with classical one. 

(340) 

Fig. -3-2 (c) 
Solution of the Zakharov equation (y= 1.735) 
Initial values : A1 =3.0cm 

ふ＝5.0cm
ふ＝0.0cm

Recurrence phenomena appear. 
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Fig. -3-2 (d) 
Solution of the Zakharov equation (y=l.735) 
Initial values : A1 = 4.0cm 

A戸 5.0cm
ふ＝0.0cm

Resonant wave amplitude does not increase 
proportional to the primary waves. 


