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A NOTE ON p-UPPER CONTINUOUS FUNCTIONS
STANISEAW KOWALCZYK — KATARZYNA NOWAKOWSKA

ABSTRACT. In the present paper, we introduce the notion of classes of g-upper
continuous functions. We show that g-upper continuous functions are Lebesgue

measurable and, for p < %, may not belong to Baire class 1. We also prove that

a function with Denjoy property can be non-measurable.

1. Preliminaries

First, we shall collect some of the notions and definitions which appear fre-
quently in the sequel. We apply standard symbols and notation. By R we denote
the set of real numbers, by N we denote the set of positive integers. By denotes
the set of all Baire class 1 functions. The symbol |-| stands for the Lebesgue mea-
sure on the real line and also for the absolute value of a real number. Throughout
the paper we consider only real-valued functions defined on an open interval.

Let E be a measurable subset of R and let x € R. The numbers

E
dY(E, z) = liminf M
t—0+ t
and
- E
37, z) = limsup 202+ 4l
t—0t t

are called the right lower density of E at z and right upper density of F at x.
The left lower and upper densities of E at = are defined analogously. If

d'(E,2)=d(E,z) and d(E,2)=d (E,xz),
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then we call these numbers the right density and left density of E at x, respec-
tively. The numbers

- ENnfz—t k
d(E,:I:):limsup| v =t 2+ k]
t—0+ k+t
k=0t
t+k#0

and

E —t k
gl(E,x):liminf‘ Ne—tz+ k|
t—07T k+t
k—0t
k0

are called the upper and lower density of E at z, respectively. If d(E, z) =d(FE, x),
we call this number the density of E at x and denote it by d(E, z).
When d(FE, x) = 1, we say that x is a density point of E.

DEFINITION 1.1. Let E be a measurable subset of R. Let z € R and 0 < o < 1.
We say that the point x is a point of g-type upper density of E if d(E,x) > o.

DEFINITION 1.2. A real-valued function f defined on an open interval [ is called
o-upper continuous at x provided that there is a measurable set E C I such that
x is a point of g-type upper density of F, x € E and f|F is continuous at x. If f
is p-upper continuous at every point of I, we say that f is p-upper continuous.

We will denote the class of all g-upper continuous functions defined on an
open interval I by UC,. The notion of p-upper continuity is an example of so
called path continuity, which was widely described in [2].

2. Main results

THEOREM 2.1. Let 0 < p < 1. If f € UC,, then f is measurable.

Proof. Let f: I — R. Assume that f € UC, and suppose that f is not mea-
surable. Then there exists a number a € R for which the set {z € I': f(z) < a}
is non-measurable. Denote

A={zel: f(z)<a}, B={zel: f(z)>a}.

It is obvious that B = I\ A is also non-measurable. Consider a measurable sets

A1 C A, By C B such that A\ A; and B\ B; do not contain a set of positive

measure. Therefore, A\ A; and B\ By are non-measurable sets. If
F=(A\A)U(B\B1)=1\(A1UBy),

then F' is a measurable set of positive measure. Let L(F) be a set of all den-
sity points of the set F. By the well-known Lebesgue Density Theorem [I],
|F'\ L(F')| = 0. Therefore, there exists zo € (A \ A1) N L(F).
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Since f is g-upper continuous at zo, it follows that there exists a measur-
able set E C I such that o € E, d(F,z9) > ¢ and f|F is continuous at zg.
As zg € A, we have f(xg) < a. Therefore, it is possible to find § > 0 such that

Eﬂ(.%‘o—(i[l?o-f—(” C A.
Let

E = Eﬂ(ibo —5,[130-1—5).
Hence z¢ € F’, f|E’ is continuous at xg, E' C A and

d(E;z0) = d(E,z0) > 0 > 0. (2.1)
We have
E' =(E'NA)U(E'N(A\A)).
Since E' and E’ N A; are measurable, £’ N (A \ A;) is measurable, too. Hence,
|E' N (A\ Ay)| = 0. Moreover,
E(ElﬂAl,xo) =1 —Q(I\ (ElﬂAl),xo) S 1 —Q(F,.’ﬁo) =1-1= 0,
because (E' N A;) N F = (. It follows that
d(E',x9) < d(E' N Ay, 20) +d(E' N (A\ A1), 29) =0+0=0,

contradicting (2.I)). Thus, the assumption that f may be non-measurable is false.

O

DEFINITION 2.1. We say that a real-valued function f defined on an open
interval I has Denjoy property at zo € I if for each ¢ > 0 and § > 0 the set
{z € (x9—6,20+0): | f(x)— f(z0)| < €} contains a measurable subset of positive
measure. We say that f has Denjoy property if it has Denjoy property at each
point x € I.

Remark 2.1. Let 0 < p < 1. If f € UC, then f has Denjoy property.

THEOREM 2.2. There exists a non-measurable function with Denjoy property.
Proof. First, we will construct inductively a sequence {A,,: n > 1} of measur-
able sets such that

(1) AinA; =0 for each i # j,

(2) |An| > 0 for each n > 1,

(3) Y(a,p)ck Inen Azn—2U Azp—1 U Az, C (a,b).
Let {(an, b")}n N be a sequence of all open intervals with rational endpoints.

Consider (a1, b;). There exists a closed interval [ay, 81] C (a1, b1) and there exist
pairwise disjoint closed subintervals I3, I3, I} of [ay, £1]. Let C;1 be a perfect
J

nowhere dense set with positive measure such that Cj1 C 1 ]1 for j =1,2,3. Let
J

AIZCI%v A2:Clzla A3:CI§'
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Since the set C2 U Cp U Cy is nowhere dense, there exists a closed interval
[z, B2] such that

az < P2 and [az, B2] C (az,b2) \ (Crp UC UCH).

Moreover, one can find pairwise disjoint closed subintervals I7, I3, I3 of [az, (2].
Let C 12 be a perfect nowhere dense set with positive measure such that C' 2 C Ij2
for j =1,2,3. Denote

Ay =Cp, As=Cp, As=0Cp.

Assume that sets the sets Ay, A, ..., Agp,—1) are already chosen and the
conditions (1) and (2) are fulfilled. Also, assume that

Agi—o U Agi—1 U As; C (ay,b;) for every ¢ <n—1.
Since A1 U...U A3z(,_1) is a nowhere dense set, there exists [y, Br] such that
an < Bn and  [an, Bn] C (an,by) \ (A1 U...uU A3(n_1)).

Fix any three closed pairwise disjoint nondegenerate intervals I, I3, I3 C
[, Bnl- LetCIJn be a Cantor set with positive measure such that C'Ijn c Iz
for j =1,2,3. Let

A3n—2 = CI{”v A?m—l = CI;”v A?m = C]:’;%

So, by recursion, we can construct a sequence {A,,: n > 1} of measurable sets
such that A; N A; = 0 for each i # j, |A,| > 0 for each n > 1 and

Asp—o U Azp—1 U Asy, C (ap,by) for every n € N.

Choose any interval (a,b) C R. There exists ng such that (an,,bn,) C (a,b).

Hence,
A3n072 U A3n071 U A3no C (anoa bno) C (CL, b)

Let B C UZO:1 As,_9 be any non-measurable set. Define F = BUUZO:1 Aszp_1
and let f: R — R be a characteristic function of the set F.

Let x € R. We consider two cases.

If x ¢ E, then f(x) = 0. Then for each € > 0 we have

{150 = f@) <2} > | A
Since

>0

(a, b) N D Agn
n=1

for each (a,b) C R, we have that for each ¢ > 0 and § > 0 the set {t €
(x — 6,34 0): |f(t) — f(z)] < e} contains a measurable set of positive measure.
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If x € E, then f(x) = 1. Then for each € > 0 we have

{t:17(t) ~ f@) <<} > | s

Since .
(a, b) n U Aszp_1| >0
n=1

for each (a,b) C R, we have that for each ¢ > 0 and § > 0 the set {t €
(x—6,z+6): |f(t)— f(x)| < e} contains a measurable set of positive measure.

Hence, f has Denjoy property at x. Since x was arbitrary, we conclude that f
has Denjoy property.
Certainly, the set E is non-measurable and f is non-measurable. O

THEOREM 2.3. UC, ¢ B, for every o < %

Proof. We will construct a function f such that f € UC, for every p < % and f
is not in Baire class 1.

Let C' C [0,1] be a perfect nowhere dense set with positive measure such that
for arbitrary interval (a,b), if C' N (a,b) # 0, then |C' N (a,b)| > 0. Let

A—{xEC:d(C,x)>%}.

From Lebesgue Density Theorem, |C'\ A| = 0. In particular, A is dense in C. On
the other hand, ends of ambiguous intervals do not belong to A. Hence, the set
C'\ Ais dense in C, too. Let f: R — R be a characteristic function of the set A,
f = xa. Since A and C \ A are dense in C, we deduce that f is discontinuous
at each point z € C. Hence, f is not Baire 1 function.

We will show that f € UC, for every o < %

If x € A, then f|A is constant, so it is continuous at x and

d(A,z) =d(C,z) > d(C,z) >
because |C'\ A| = 0.
If x € R\ C, then f|(R\C) is continuous at  and R\ C'is an open subset of R.
Hence,

>0

N~

dR\C,z) =1>p.
If v € C'\ A, then f|(R\ A) is continuous at x. Since z ¢ A, we have that
d(C,z) < L. 1t follows that

AR\ A) =1 d(Az)=1-d(C) 21~ L= >0

1
2
Hence, f € UC, for every p < % O
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