| THEOREM OF THE DAY
The Polya—Redfield Enumeration TheoremDenoteby Z(G, Q; s, .. ., &) the cycle index of a permuta-

tion group G acting on a set Q. For a set of distinct invariantsL = {Xy, .. ., X,}, denoteby x® k= 1,...,t,
the formal sum x‘i + ...+ xK. Then the number of different waysin which Q may be labelled with elements

of L up to symmetry under the action of G is enumerated by Z(G, Q; x, x?, . . .,

We construct the cycle index f@2y, the set of vertices of the regular tetrahedron, and¥er its set of edges. The group acting on these sets will be tia¢igoal
symmetries of the tetrahedron, which is the alternatingigiy,. As an abstract groug\, may be defined as multiplication of the twelve even permaitetof{1, ..., 4}:
(1)(2)(3)(4) (12)(34) (13)(24) (14)(23) (123)(4) (132)(4) (124)(3) (142)(3) (134)(2) (143)(2) (1)(234) (1)(243)
(‘even’ by virtue of their numbers of disjoint cycles havitig same parity as the permuted set, given that 1-cyclested,las above). If the vertices are labelled 1, 4,
as above left, then our even permutations directly reptdberrotational symmetries of the tetrahedron: for examdl®)(3 4) is a half-rotation about an axis through
the midpoints of edgea andd. The cycle index encodes these symmetries in terms of thelie tengths:s records cycles of length hences! records a permutation
of four 1-cycles (i.e. (1)(2)(3)(4)); & records three pairs of 2-cycless;8; records eight permutations with a 1-cycle and a 3-cycle. Amally Z(A4, Qv; Si, S2, S3)
averages these over the whole group to %33(8‘1‘ + 3s5 + 8s153). Now we may enumerate, say, in how many ways the verticeshmayloured red;, and bluep, up
to symmetry:Z(As, Qu;r + b,r2 + b, r® + b%) = b* + b% + b?r2 + brd + r*. The codficient ofb'r! counts colourings with blue vertices and red ones: we see that
the colouring of the tetrahedron above centre is uniqueplgymmetry. When the tetrahedral symmetries act on edge=achef vertices the group is sti, but the
disjoint cycle structures have changed and this is refldotadlifferent cycle index (see above left again; this time 1-cyde®anitted for conciseness):

1, (ad)(be), (ad)(cf), (be)(cf), (abc)(def), (abf)(cde), (acb)(dfe), (ace)(bdf), (aec)bfd),(afb)ced), (afe(bdc)— %2(5? + 35S + 853).
This time the calculation reveals that the half-red-h&lfelcolouring, above right, is one of four possibilities osymmetry.
The 1937 rediscovery by Georgeélia of this neglected 1927 result of J. Howard Redfield tdriheto a classic of combinatorics.

Web link: crypto.stanford.edpbgnoteg; the Redfield storymatch.pmf.kg.ac.fsontent46.htythearticle by E. Keith Lloyd.

- _ ‘ Further reading: Combinatorics: Ancient and Modern by Robin J. Wilson and John J. Watkins, OUP, 2013, Chapter 12.
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