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Courant algebroid

There is a standard Courant algebroid structure on the direct sum
bundle TM ⊕ T ∗M. The standard Courant bracket is given by

JX + ξ,Y + ηK = [X ,Y ] + LXη − LY ξ +
1
2(diY ξ − diXη).

The nondegenerate symmetric pairing (·, ·)+ is given by

(X + ξ,Y + η)+ =
1
2(iXη + iY ξ), ∀ X ,Y ∈ X(M), ξ, η ∈ Ω(M).

Alternatively, one can also use the standard Dorfman bracket:

{X + ξ,Y + η} = [X ,Y ] + LXη − LY ξ + diY ξ.

Yunhe Sheng (p, k)-Dirac structures for higher analogues of Courant algebroids



Background and Motivation
(p, k)-maximal isotropic subspaces

(p, k)-Dirac structures

Courant algebroid

There is a standard Courant algebroid structure on the direct sum
bundle TM ⊕ T ∗M. The standard Courant bracket is given by

JX + ξ,Y + ηK = [X ,Y ] + LXη − LY ξ +
1
2(diY ξ − diXη).

The nondegenerate symmetric pairing (·, ·)+ is given by

(X + ξ,Y + η)+ =
1
2(iXη + iY ξ), ∀ X ,Y ∈ X(M), ξ, η ∈ Ω(M).

Alternatively, one can also use the standard Dorfman bracket:

{X + ξ,Y + η} = [X ,Y ] + LXη − LY ξ + diY ξ.

Yunhe Sheng (p, k)-Dirac structures for higher analogues of Courant algebroids



Background and Motivation
(p, k)-maximal isotropic subspaces

(p, k)-Dirac structures

Dirac structures

A Dirac structure is a maximal isotropic subbundle of TM ⊕ T ∗M,
which is also involutive under the standard Courant bracket
operation J·, ·K. Due to the relation

{X + ξ,Y + η} = JX + ξ,Y + ηK + d (X + ξ,Y + η)+ ,

an isotropic subbundle is involutive under the Courant bracket is
equivalent to be involutive under the Dorfman bracket.

Examples:

the graph Gπ] of a Poisson structure π ∈ X2(M) is a Dirac
structure;
the graph Gω\ of a presymplectic structure ω ∈ Ω2(M) is a
Dirac structure.
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Higher Courant algebroids

Consider the direct sum bundle Tp , TM ⊕ ΛpT ∗M.

Λp−1T ∗M-valued pairing (·, ·)+:

(X + ξ,Y + η)+ =
1
2(iXη+iY ξ), ∀ X ,Y ∈ X(M), ξ, η ∈ Ωp(M).

The higher Dorfman bracket {·, ·}p:

{X + ξ,Y + η}p = [X ,Y ] + LXη − LY ξ + diY ξ.

Anchor ρ is the projection:

ρ(X + ξ) = X , ∀ X + ξ ∈ Γ(Tp).

(Tp, (·, ·)+ , {·, ·}p, ρ) is called higher analogues of the standard
Courant algebroid.
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Theorem
(i) For any e1, e2 ∈ Γ(Tp), f ∈ C∞(M), we have

{e1, fe2}p = f {e1, e2}p + ρ(e1)(f )e2,

{fe1, e2}p = f {e1, e2}p − ρ(e2)(f )e1 + df ∧ 2(e1, e2)+.

(ii) The higher Dorfman bracket {·, ·}p is a Leibniz bracket:

{e1, {e2, e3}p}p = {{e1, e2}p, e3}p + {e2, {e1, e3}p}p.

Consequently, (Tp, {·, ·}p, ρ) is a Leibniz algebroid.
(iii) The pairing and the higher Dorfman bracket are compatible:

Lρ(e1)(e2, e3)+ = ({e1, e2}p, e3)+ + (e2, {e1, e3}p)+ .
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Higher Dirac (in the sense of Zambon)

Definition
A higher Dirac structure for the higher analogues of the
standard Courant algebroid (Tp, (·, ·)+ , {·, ·}p, ρ) is a maximal
isotropic subbundle with respect to the pairing (·, ·)+, which is
involutive under the higher Dorfman bracket {·, ·}p.

For any closed (p + 1)-form ω, the graph of the induced
bundle map ω] : TM −→ ΛpT ∗M, which we denote by Gω, is
a higher Dirac structure.

M. Zambon, L∞-algebras and higher analogues of Dirac
structures and Courant algebroids, J. Symplectic Geom. 10
(2012), no. 4, 563-599.
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Nambu-Dirac (in the sense of Hagiwara)

Definition
A subbundle L ⊂ Tp is said to be an almost Nambu-Dirac
structure of order p if (iXη + iY ξ)|Λp−1ρ(L) = 0, for any
(X , ξ), (Y , η) ∈ Γ(L) and Λpρ(L) = ρ(L>), where L> denotes the
annihilator of L with respect to the pairing
〈·, ·〉+ : Tp × Tp −→ C∞(M), in which Tp = ΛpTM ⊕ T ∗M and

〈(X , ξ), (Y , η)〉+ =
1
2(ξ(Y )+η(X )), ∀ (X , ξ) ∈ Tp, (Y , η) ∈ Tp.

An almost Nambu-Dirac structure is a Nambu-Dirac structure if
it is involutive under the higher Dorfman bracket.

Y. Hagiwara, Nambu-Dirac manifolds, J. Phys. A, 35 (5)
(2002), 1263-1281.
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Nambu-Dirac (in the sense of Hagiwara)

For any Nambu-Poisson structure π ∈ Xp+1(M), the graph
Gπ] is a Nambu-Dirac structure.

Recall that a (p + 1)-vector field π ∈ Xp+1(M) is a Nambu-Poisson
structure if and only if for f1, · · · , fp ∈ C∞(M), we have

Lπ](df1∧···∧dfp)π = 0.
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Motivation

Unify higher Dirac structures and Nambu-Dirac structures.
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Let V be a vector space, and V ∗ its dual space. Denote by

Vp , V ⊕ ΛpV ∗.

Let W be a subspace of V and denote by W 0 its null space, i.e.

W 0 = {ξ ∈ V ∗|〈ξ, u〉 = 0, ∀ u ∈W }.

Definition (Bi-S.)
Let L be a subspace of Vp and W = ρ(L). L is called a
(p, k)-isotropic subspace, where 0 ≤ k ≤ p− 1, if for any l1, l2 ∈ L
and u1, · · · , uk ∈W , we have iuk · · · iu1(l1, l2)+ = 0. L is called a
linear (p, k)-Dirac structure if L is (p, k)-maximal isotropic, i.e.

L = L⊥k , {e ∈ Vp|iuk · · · iu1(e, L)+ = 0, ∀ u1, · · · uk ∈W }. (1)
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Proposition

The following two statements are equivalent:
• L is a linear (p, p − 1)-Dirac structure in Vp;
• L is an almost Nambu-Dirac structure of order p in Vp.

Proof: It is obvious that the condition being isotropic are the
same. So we only need to show

L = L⊥p−1 ⇐⇒ ρ(L>) = Λpρ(L).

If L is isotropic, we have

0 = iup−1((u, ξ), (u, ξ))+ = iup−1 iuξ, ∀ (u, ξ) ∈ L, up−1 ∈ Λp−1ρ(L).
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Thus, we have

〈(u, ξ), (u ∧ up−1, iup−1ξ)〉+ =
1
2
(
ξ(u ∧ up−1) + iu iup−1ξ

)
= 0,

which implies that (u ∧ up−1, iup−1ξ) ∈ L>. Therefore, we have

Λpρ(L) ⊂ ρ(L>).

If L is a linear (p, p − 1)-Dirac structure, we have

L ∩ ΛpV ∗ = L⊥p−1 ∩ ΛpV ∗ = ρ(L)0 ∧ Λp−1V ∗.

For any (U, µ) ∈ L> ⊂ ΛpV ⊕ V ∗, we have

〈(U, µ), (0, α)〉+ = 0, ∀ α ∈ ρ(L)0 ∧ Λp−1V ∗,

which implies that U ∈ Λpρ(L). Thus, we have

ρ(L>) ⊂ Λpρ(L).

Therefore, we have ρ(L>) = Λpρ(L).
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We describe linear (p, k)-Dirac structures by characteristic pairs.
Let W be a subspace of V . Since W ∗ ∼= V ∗/W 0, we have the
natural projection π : V ∗ −→W ∗, and

0 −→W 0 i−→ V ∗ π−→W ∗ −→ 0. (2)

For any 0 ≤ m ≤ p, π also induces a projection
πp

m : ΛpV ∗ −→ ΛmW ∗ ∧ Λp−mV ∗ given by

πp
m(ξ1∧· · ·∧ξp) =

∑
1≤i1<···<im≤p

ξ1∧· · ·∧π(ξi1)∧· · ·∧π(ξim )∧· · ·∧ξp.

Denote by ιu : ΛmW ∗ ∧ Λp−mV ∗ −→ Λm−1W ∗ ∧ Λp−mV ∗ the
operator given for all wi ∈W ∗, ξ ∈ Λp−mV ∗ by

ιu(w1 ∧ · · · ∧wm ∧ ξ) =
m∑

i=1
(−1)i+1〈u,wi〉w1 ∧ · · · ŵi ∧ · · · ∧wm ∧ ξ.
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For any Ω ∈ Λp+1V ∗, set Ωp+1
k+2 = πp+1

k+2(Ω).

Theorem
For any subspace W ⊂ V satisfying dim(W ) ≤ dim(V )− (p − k),
or W = V , and Ω ∈ Λp+1V ∗, the subspace L(W ,Ωp+1

k+2) ⊂ Vp:

L(W ,Ωp+1
k+2) , {(u, ξ)|u ∈W , ξ ∈ ΛpV ∗, ιuΩp+1

k+2 = πp
k+1(ξ)}

is a linear (p, k)-Dirac structure.
Conversely, for any linear (p, k)-Dirac structure L ⊂ Vp, denote by
W = ρ(L), and define ω ∈W ∗ ⊗ (Λk+1W ∗ ∧ Λp−k−1V ∗) by

ιuω = πp
k+1(ξ), ∀ (u, ξ) ∈ L.

Then ω ∈ Λk+2W ∗ ∧ Λp−k−1V ∗. Choose Ω ∈ Λp+1V ∗ satisfying
πp+1

k+2(Ω) = ω, then L = L(W ,Ωp+1
k+2).
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We call the pair (W ,Ωp+1
k+2) a characteristic pair associated to the

linear (p, k)-Dirac structure L.

Corollary

Let L ⊂ Vp be a linear (p, k)-Dirac structure, and (W ,Ωp+1
k+2) its

characteristic pair, i.e. L = L(W ,Ωp+1
k+2). Then L can be described

by W and Ω as follows:

L = L(W ,Ωp+1
k+2) = {(u, iuΩ + α)|u ∈W , α ∈ Λp−kW 0 ∧ ΛkV ∗}.

Proof. Any (u, ξ) ∈ L satisfies

πp
k+1(ξ) = ιuΩp+1

k+2 = ιuπ
p+1
k+2(Ω) = πp

k+1(iuΩ).

Thus, we can assume that

ξ = iuΩ + α, α ∈ Ker(πp
k+1) = Λp−kW 0 ∧ ΛkV ∗.

Therefore, L can be described as above.
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(p, k)-Dirac structures

An almost (p, k)-Dirac structure in Tp is a subbundle L ⊂ Tp,
which is pointwise a linear (p, k)-Dirac structure.

Definition
A (p, k)-Dirac structure in Tp is an almost (p, k)-Dirac structure,
which is involutive under the higher Dorfman bracket {·, ·}p.
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Main Theorem

For an almost (p, k)-Dirac structure L of Tp, assume that
W = ρ(L) ⊂ TM is a regular distribution. L can be described by
W and some Ω ∈ Ωp+1(M) as follows:

L = {(X , iX Ω + α)|X ∈ Γ(W ), α ∈ Γ(Λp−kW 0 ∧ ΛkT ∗M)}.

Theorem (Bi-S.)

With the above notations, an almost (p, k)-Dirac structure L in Tp

is a (p, k)-Dirac structure if and only if
(a) W is an involutive distribution;
(b) πp+2

k+3(dΩ) = 0.
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Proof
For any (X , iX Ω), (Y , iY Ω) ∈ Γ(L), α ∈ Γ(Λp−kW 0 ∧ ΛkT ∗M),

{(X , iX Ω), (Y , iY Ω)}p = ([X ,Y ], LX iY Ω− iY diX Ω)

= ([X ,Y ], LX iY Ω− iY LX Ω + iY iX dΩ)

= ([X ,Y ], i[X ,Y ]Ω + iY iX (dΩ)),

{(X , iX Ω), α}p = LXα,

{α, (X , iX Ω)}p = −iX dα.

Thus, Γ(L) is involutive if and only if

[X ,Y ] ∈ Γ(W ), iY iX (dΩ) ∈ Γ(Λp−kW 0 ∧ ΛkT ∗M),

LXα ∈ Γ(Λp−kW 0 ∧ ΛkT ∗M), iX dα ∈ Γ(Λp−kW 0 ∧ ΛkT ∗M).

Obviously, for any X ,Y ∈ Γ(W ), [X ,Y ] ∈ Γ(W ) means that W is
an involutive distribution.
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Proof
Under the condition that W is an involutive distribution, it is not
hard to deduce that

LXα ∈ Γ(Λp−kW 0 ∧ ΛkT ∗M), iX dα ∈ Γ(Λp−kW 0 ∧ ΛkT ∗M).

The condition

iY iX (dΩ) ∈ Γ(Λp−kW 0 ∧ ΛkT ∗M)

is equivalent to that

πp
k+1(iY iX (dΩ)) = 0, ∀X ,Y ∈ Γ(W ).

Since ιY ιXπp+2
k+3 = πp

k+1iY iX , this is equivalent to

ιY ιXπ
p+2
k+3(dΩ) = 0, ∀X ,Y ∈ Γ(W ),

and hence to πp+2
k+3(dΩ) = 0.
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