Lecture notes in Theory of electrical engineering. Assoc. Prof. Dr. Boris Evstatiev

Mutually coupled inductors. Coupling coefficient. Power and energy
of mutually coupled inductors. Analysis of circuits with mutually
coupled inductor.

6.1. Equivalent circuits of mutually coupled inductors

As was already mentioned in the second topic, when the magnetic field of one coil reaches a second
one the two inductors are mutually coupled and are characterized by a coefficient of mutual
inductance M . Depending on the connection between inductors there are a number of equivalent
circuits which could be used to simplify the circuit analysis.

6.1.1. Mutually coupled inductors in series
Consider there are two inductors L; and L, in series, which are magnetically coupled and

have a mutual inductance M . The magnetic field of the two inductors could be aiding or
opposing each other, dependlng on their orientation (fig 6.1).
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Fig. 6.1. Mutually coupled inductors and dot convention: a) series aiding inductors; b) series
opposing inductors.

Aiding inductors in series as well as the dot convention are presented in fig. 6.1a. Since their

magnetic fields aid each other, the KVL for this situation is:
_ o dip di, di, di di,
v=v,+v,+v,+v, =L — T MI +L, G Md_ (L1+L2+2 M)W
In the above equation Vv, is the voltage drop caused by the mutual inductance M . There are
two voltage drops V) : one is produced by the additional magnetic flux coming from L, to
L, and the second one — by the magnetic flux coming from L, to L; . Then the equivalent
inductance is:
L.=L+L,+2M
The second situation is when the magnetic field of the two coils oppose each other (fig. 6.1b). Then
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the KVL law is:

v=v,—v,+v,—v, =L ——M—t+[,—E-M—L=(L+L,—2M|—=
1 M 2 M 1 dt dt 2 dt dt ( )

And the equivalent inductance is:

6.1.2. Mutually coupled inductors in parallel

Consider two inductors L, and L, are connected in parallel and are mutually coupled with
mutual inductance M . The voltage applied on the inductors is Vs . Once again there are two
possibilities: the magnetic fields of the two inductors could be aiding or opposing each other.
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Fig. 6.2. Mutually coupled inductors in parallel: a) aiding inductors; b) opposing inductors.

First, we accept that the inductors are aiding each other (fig. 6.2a) and write down two KVL
equations:

di, di,
vS_LlE-'-MW
di di
vs=L dt2+ Ttl
Next, the above system is written in matrix form:
di,
VS — Ll M . dt
vs| M Ly |di,
dt
The determinants are:
a=|t Mi=p 1w
M 2
A=s M =v(L,— M|
vs L, \
a=lFr Vsl=v(L,— M)
M v
The solutions for the current derivatives are:
diy_a, di, b,
dd A dt A
The KVL for the circuit is:
i=i+i,
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The above equation is differentiated:
di _di, + di, A+A, VS(LZ_M)"'VS(Ll_M) Li+L,—2.M

de” dt  dr A L,.L,—M - L.L,—M*
Then the equivalent inductance is:
dilt]  L;.L,—M* dilt|

t|=L = :
Vit Fdt L+L,—2.M" dt

or
_ L.L,—M*
EL+L,—2.M
In a similar manner can be proven that the equivalent inductance of parallel inductors whose
magnetic fields are oppose each other, is:
_ L.L,—M*
EL+L,+2.M

6.1.3. Elimination of mutual inductance

Consider the case when two coils are mutually coupled (fig. 6.3). They could be replaced with an
equivalent circuit without mutual inductance and three coils as shown in the figure. To prove this
we write the system of equations for the original circuit:

Then we write the system of equations for the equivalent circuit:
di, di,
v,=(L—M|—2+M "
=[L= M| dt dt
di di
_2 + M _0

ve=(Lo— M| dt dt
di, di, di
Considering d—tO:d—tl-FTtZ we obtain the same system of equations as for the original circuit:

i M)di1+Mdi1+Mdi2_L i, di,
ViTih dt dt de 'dt dt
v,=[L —M)@+M@+ME—L APV
2T dt dt dt  *dt dt

In a similar manner we can prove the circuit for the mutually opposing inductors.

L-M LM
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L+M  L+M

b)
Fig. 6.3. Equivalent circuit for: a) aiding inductors; b) opposing inductors.

Note that the nodes 1 and 2 of the original circuit may or may not be connected and that doesn’t
change the equivalent circuit.

6.1.4. General case

Consider two inductors with mutual inductance which may or may not have an electric connection.
If the two inductors are aiding each other, the equivalent circuit is presented in fig. 6.4. The mutual

di di
inductance is replaced by two dependent sources M d_z and M d_tl , which are opposing the
direction of the currents.

fl(f ig(f] il(f) Ll L, in(t)
f—
_f‘YW\_O
+
di» diq
vq(0) I L v-(1) v1(1) M—= — (1)
! L e 2 dr MG 2
o
Fig. 6.4.
The KVL eqations for both the original and the equivallent circuit is:
di di
t)=L,—+M—>
nlt=L, dt dt
di di
tl=L,—2+M—
vltl=L, dt dt
Next consider the two inductors are opposing each other (fig. 6.5.). The equivallent circuit is the
di, di
same however this time dependent sources are with a negative sign:. —M —— and —-M h .
dt dt
!1(1,' iz(f) ilm L Lo io(t)
— Y Y Y
+
v1(0) L1 L vo(t) (1) -M—= -M — vo(t)
! L=e 2 dt \= — dt 2
o
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Fig. 6.5.

The KVL eqations for both the original and the equivallent circuit is:

di di
Vl(t):le_tl_ th
di,  di,
t|=L,—2—M—2
valt)=L, dt dt

If the above time domain variables are replaced with phasors, the dependent sources in the

equivallent circuits becomes joM I, and joM iz for aiding inductors and _ joMI, and

— joM iz for opposing inductors (fig. 6.6).
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Fig. 6.6.

The KVL eqations in complex form for the circuits are:

\./1=ijllllijwM iz

\./ZijLZI.ZJ_riji1
where the plus sign corresponds to aiding inductors and the minus sign — to opposing inductors.
6.2. Energy in mutually coupled inductors

It was already demonstrated in the second topic that the energy stored in an inductor is:

WLZ%.L.I'Z

Let’s consider two mutually coupled inductors (fig. 6.7). The power transferred from the first to the
second coil is:
oo . di,
Pur2 (t,]:lz-VM:lz -M dar
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Fig. 6.7.

If we integrate the power from ¢ to ¢, the energy is:
t t. . I

\ c.o o di A B

WMu:f PMu(t]dt:f lZ.Md—tldt:f M.lz.dllzz.M.lllZ
5} t 0

The power transferred form the second to the first coil is:
. . di
Pun t)= I.vy=1;.-M d_t2

Then the transferred energy is:

L t . I
; p.o di A | ..
WMlzzprn(t]dt:fll.Md—tZdtZ_fM.zl.dlzzi.M.lllz
4 0

The energy stored in the two coils due to their self-inductance is:

1. . 1. .
WM:E.Ll.llz,W“:E.Lz.lzz

t

Then the total energy stored in two mutually coupled inductors is:

w=1 Ll.i12+%.L2.i22iM.i1i2

5 .
The plus sign corresponds to aiding inductors and the minus — to opposing ones.
Since energy usage is always positive we can rewrite the above equation (use equation for opposing
inductors) as:
1

E.Ll.ilz+l.Lz.izz—M.ilizzo

2
or

1)+ . Y I e

5(\/[,1.11—\/?212) +i,i, [V L,L,—M|>0
Considering (\/fl i 1—\/L_2i2)2 is always positive or zero, then the second term is also greater or
equal to zero:

VL, L,—M>0
This way is defined the coupling coefficient k

K M

LI
The coupling coefficient takes values in the range 0<k<1 and shows how good the coupling

between the two coils is. For coils which are not coupled, k=0 and in case of ideal coupling
(only possible in theory) k=1 .

6.3. Analysis of circuits with magnetically coupled inductors

6.3.1. Kirchhoff’s laws analysis

The analysis of circuits with magnetically coupled inductors could be achieved using an equivallent
circuit without magnetic couples. The analysis using the Kirchhoff’s laws includes creating the
equivallent circuit and analyzing it by writing a system of equation whose number is equal to the
number of unknown currents.
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Example: Estimate the currents for the circuit in fig. 6.8 using the Kirchhoff’s laws.
L]

10Q I,
| 1+—

10 30
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1V oV e
CD j2 Q i3 Q
IQ i’p
Fig. 6.8.

It can be seen that the mutual inductance jwM is given as mutual resistance:
joM=j0.5Q

First we are going to create an equivallent circuit by replacing the mutual inductance with
dependent source (fig. 6.9). Since both currents _.[1 and iz enterthe dots, the dependent
sources are with plus sign.
Next we write the system of equations:

I,=1,+1I,
1-j0.51,=101,+(1+j2|I,

jO.5I,—j0.5,=—(1+j2|I,+01,

In matrix form it becomes:

Li[-1 1 1 0
10 1+j2  jos|=|1
0 1+j1.5 jo0.5| |0
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The determinants are:
-1 1 1
A=[10 1+j2 j0.5|=—j0.5(1+j2/+10(1+j1.5/+j0.5(1+1.5/—j0.5%10=
0 1+j1.5 j0.5
=—j0.5+1+10+j15+0.5-0.75—j5=10.25+;10
0 1 1
A=|1 1+j2 j0.5 =1+j1.5—j0.5=1+j
0 1+j15 jO5

10 1
A,=]10 1 j0.5/=—j0.5
0 0 jO5
1 1 0
A= 10 1+j2 1|=1+j15
0 14j15 0
And the currents are:
C oD 14
[=—t=——*] _—0099+j0.001A
1TA T10.25+10 J
A .
L=-2=—"4% _ 0024—jo.0254
A 1025+ 710
. A .
=2= IS g 993450.0264
A~ 10.25+ )10

6.3.2. Nodal analysis

The nodal analysis cannot be applied if dependent sources are used. However in certain situations
where the mutual inductance could be eliminated, the nodal analysis can be applied.
Example: Estimate the currents for the circuit in fig. 6.8 using nodal analysis.
Considering the two coils have a common end, the mutual inductance could be replaced with an
equivallent circuit with three coils (fig. 6.10). Their resistances are:

joL,=j2—j0.5=j15Q

joL,=j3—j0.5=j2.5Q

joL,=j0.5Q
100 1, V,
10 i3 0
Y
C’) 150 i2.50
Fig. 6.10.

Now we can apply nodal voltage analysis. The KCL is:
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R Vv, Vv,
L=l+l=i—— =t —
10+j0.5 1+j1.5 —j0.5
The node voltage then becomes:
1
’ 10+j0.5 0.100— j 0.005 :
V.= = =0.013—;0.062
U1 1,1 0407+j1533 /
1+j1.5 j0.5 10+,0.5
And the currents are:
1,=0987+]0.062 _ 499, 70,0014
10+0.5
1,=0013-J0.062 4055 j0.0254
1+j15
I,= 0.013 _,é 2'062 =0.124+j0.026 A
_J .

6.3.3. Mesh analysis

The mesh analysis method can be applied for analysis of circuits with mutual indcutance. However
in order to do that the dependent sources should be expressed with the mesh currents. Once this is
done the equations are written according to KVL.

Example: Estimate the currents for the circuit in fig. 6.8 using mesh analysis.

First we should estimate the branch currents with the mesh currents:

I1,=1"
}2 :iilkﬁ_l.;k\
I=1%
Then the equivallent dependent sources become (fig. 6.11):
j0.51,=j0.5|TH—1¥

j0.51,=j0.51

100 I,
10 i3Q
1V
+ ° . . .

(k) (k)

(_) @ j2Q @ j3Q
jo.s1,Y j0.501,°-L,%)
L
Fig. 6.11.

The two KVL equations are:
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1-josI¥=1M10+1+2)—1F(1+]2)

1=1/(11+2)-IF(1+j 1.5
and

jOSIS =051 +j0.5I =) 1+j2+j3—j3]—1)(1+]2]
0=—1IF[1+j1.5+I¥(1+])

b

=11+j11+j2-2—1—j1.5—j1.5+2.25=(10.25+ j 10

In matrix form the equations are:

11+j2  —[1+j1.5)
—(1+j1.5| 1+

K]
Il

Jild
2
The determinants are:
| 11+j2 —(1+j1.5]
“|—(1+j1.5) 1+j

A= 1 —(1+j;.5) 14
0 1+
o mej2 o1l
—(1+j15] 0
And the mesh currents are:
. A 1+
[M=—t=— 2] 0099+ j0.001
' TA T10.25+10 J
.‘ ' A -
pi="2= 1S 69934 50,006
A~ 10.25+10

Then the branch currents are:
1,=1=0.099+ j0.001 A
1.'2 =0.099+;0.001-0.123—;0.026=-0.024—j0.025 A
i320.123+j 0.026 A

References

1. Alexander Ch., Sadiku M. Fundamentals of electric circuits. Fifth edition. McGraw-Hill. 2013.
Chapter 13.

2. Hayt W., Buck J. Engineering electromagnetics. Sixth edition. McGraw-Hill. 2001. Chapters 5
and 9.

3. http://www.electronics-tutorials.ws/category/inductor

10


http://www.electronics-tutorials.ws/category/inductor

	6.1. Equivalent circuits of mutually coupled inductors
	6.1.1. Mutually coupled inductors in series
	6.1.2. Mutually coupled inductors in parallel
	6.1.3. Elimination of mutual inductance
	6.1.4. General case

	6.2. Energy in mutually coupled inductors
	6.3. Analysis of circuits with magnetically coupled inductors
	6.3.1. Kirchhoff’s laws analysis
	6.3.2. Nodal analysis
	6.3.3. Mesh analysis


