
Analytical Model for Simulation    
of Forming Process & Residual   
Stresses in Helical Springs
  — Part 1

In Part 1 of this article, the author looks 
at the Isotropic Work-Hardening Stress-
Strain Law and the theory of elastic-plastic 
combined bending and torsion of a naturally 
curved and twisted bar. Complete mathemati-
cal analyses are provided.

Residual stresses remain after the original cause of 
the stresses (in-service forces, heat gradient) has been 
removed1,2. Residual stress also exists in the bulk of 
a material without application of an in-service load 
(applied force, displacement of thermal gradient). 
They remain along a cross section of the component, 
even without the external cause. Residual stresses 
occur for a variety of reasons, including inelastic 
deformations and heat treatment. 

Heat from welding may cause localized expan-
sion, which is taken up during welding by either 
the molten metal or the placement of parts being 
welded. When the finished weldment cools, some 
areas cool and contract more than others, leaving 
residual stresses. 

While uncontrolled residual stresses are undesirable, 
many designs rely on them. For example, toughened 
glass and pre-stressed concrete depend on them 
to prevent brittle failure. Similarly, a gradient in 
martensite formation leaves residual stress that can 
prevent the opening of edge cracks. Other examples 
of residual stress are shot peening and presetting 
stresses. 

Shot peening is widely used as a mechanical 
surface treatment for many components such as 
crankshafts, gears, springs, etc. During the shot 
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peening, process steel, glass or ceramic balls are 
projected to the surface of the material with a high 
speed. This leads to a plastic deformation of the 
surface layers. To keep the cohesion between the 
stretched surface and the core, these layers are then 
set to overwhelmingly compressive stresses. These 
compressions are compensated by tensile stresses 
in the bulk of the sample. 

Usually, compressive residual stress has a beneficial 
effect on fatigue life and stress corrosion as it delays 
crack initiation and propagation. Tensile stress on 
the contrary reduces mechanical performance of 
materials. In the elastic range, residual stress can 
just be added to the applied stress as a static load. 
For this reason, compression can allow reduction of 
the stress level of the layers where the applied load 
is the highest. This leads to an apparent increase of 
the fatigue limit. 

In the case of cyclic loading, cracks can initiate and 
propagate for a stress level much lower than the 
yield strength. This leads to redistribution (relax-
ation) of the residual stress. An accommodation of 
the structure to the applied load takes place. It has 
to be pointed out that compressive residual stress 
leads to crack closure and therefore delays crack 
propagation.

Residual stresses are also produced by heteroge-
neous plastic deformations, thermal contractions 
and phase transformations induced by the manufac-
turing process. A common intentional use of residual 
stress is in press fits. 

Depending on the scale at which the matter is 
analyzed, different kinds of stresses are classically 
defined. Three kinds of residual stresses are usually 
defined as macro stresses (or stresses of first kind) 

Residual stress can have a great effect on the properties 

of a material. This article offers a mathematical theory of 

residual stresses and strains in helical springs that allows 

calculating stresses on all manufacturing process steps, 

particularly during coiling and presetting.
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over a few grains, stresses of a second kind over one 
particular grain and stresses of a third kind across 
sub-microscopic areas (several atomic distances 
within a grain). The second and third stress types 
are also called micro stresses. 

In this section we study an important practical 
problem of residual stresses in helical springs. We 
demonstrate the possibility of the creation of re-
sidual stress on the surface of helical springs and 
compare the theoretically optimal distribution of 
stresses and the residual stresses resulting from 
modern manufacturing technology. 

Helical compression springs for automotive suspen-
sions are formed either by coiling wire at ambient 
conditions (cold coil) or by coiling wire that is at red 
heat (hot coil)3, 4, 5. 

In the hot coiling process, cut wire segments of steel 
are heated above the austenitizing temperature and 
fed directly onto a mandrel that rapidly forms the 
coil. The formed coil is quenched and later tem-
pered well below the austenitizing temperature. 
The springs are preset with torsion residual stress 
by compression to solid height (bulldozing) and 
shot peened. 

The primary disadvantages of the hot coiling process 
are a risk of decarburization and scaling of the wire 
surface. Scaling is detrimental to the fatigue perfor-
mance of the spring, since it results in crack initiation 
sites on the surface. In cold coiling, wire is fed from 
a spool onto a mandrel at room-temperature to form 
the coil. The formed and cut coils are then stress 
relieved in a furnace, bulldozed and shot peened. 
Since stress relieving is done at temperatures well 
below the austenitizing temperature, decarburiza-
tion and surface scaling are avoided. 

As a consequence, wire for cold coiled springs can 
be specified with a higher quality surface finish 
and a smaller diameter than a similar spring manu-
factured by the hot coiling process. When a helical 
compression spring is loaded in service, its overall 
height is reduced. 

Within the wire itself, the bulk of the deformation 
that is necessary to make this happen is pure tor-
sion. The torsion is uniform throughout the length 
of the coiled wire. Depending on end effects at 
the top and bottom of a helical spring, in addi-

tion to torsion, a minor bending moment may be 
introduced.

Any residual stresses are additive with these load 
stresses. Their addition can be either harmful or 
beneficial, depending on relative sign and magnitude. 
The following three examples are significant to the 
processing of helical springs (see Table 1).

Table 1: Examples of Residual Stress
• Coiling process itself introduces residual  

stresses known to be detrimental to fatigue   
and corrosion properties.

• Presetting a spring by bulldozing causes   
yielding. On release, the surface is left   
with a residual shear stress site in sign to   
in-service load stress—improving the   
fatigue properties.

• Shot-peening introduces uniform    
compressive stresses at the surface of the   
wire and is known to noticeably amplify   
the fatigue resistance of springs, particularly  
when it is applied after bulldozing.

Because the stress relieving anneal can also degrade 
the temper of the wire, complete elimination of re-
sidual coiling stresses is not necessarily desirable. 
Similarly, excessive shot peening intensity can lead 
to a degradation of fatigue resistance. 

Stress management in springs is therefore an op-
timization of factors including the stress relief 
temperature, the wire strength, the shot peening 
intensity and the presetting conditions. Knowledge 
of how individual processing steps influence the 
residual coiling stresses is a necessary step in the 
process toward achieving a proper optimization of 
residual stresses.

In this article, we apply the deformation theory of 
plasticity, where the stress tensor is a function of the 
strain tensor6, 7, 8. The deformation theory of plastic-
ity could be applied in problems of proportional 
or simple loading, in which all stress components 
increase proportionally. 

According to this theory, we assume the stress-
strain law for the active plastic deformation of the 
medium. The mathematical analysis for this is seen 
in Table 2.

This Manuscript is the extended version of the Lecture, delivered on the VDFI/ESV Congress “Ilmenauer Federntag 2010” 
in University of Ilmenau, Germany. Proceedings: “Simulation von Windungsprozess und Eigenspannungen in kalt 

geformten schraubendruckförmigen Federn”, ISBN 978-3-938843-57-4, Verlag ISLE, 2010, p.45-52.



Table 2 — The Isotropic Work-Hardening Stress-Strain Law.
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Theory of Elastic-Plastic Combined   
Bending & Torsion of Naturally   
Curved & Twisted Bar
Combined Bending & Torsion of a Bar,   
Loaded by a Terminal Bending Couple
In this article we study analytically the residual 
stresses due to coiling and presetting of helical 
springs. One coil of the cylindrical helical spring is 
shown in Figure 1.

The theory of elastic helical spring is provided in 
Sections 270, 27110. The residual stresses in helical 
compression spring could be determined analytically 
with the application of plasticity theory of combined 
torsion and bending of the naturally curved rod. The 
preset is applied to the helical compression spring by 
means of axial preset force and to the helical torsion 
spring by means of preset moment.

The elasto-plastic problem of combined bending and 
torsion of a straight prismatic bar, loaded by a ter-
minal bending couple about the axis of symmetry of 
the cross section and a twisting couple problem was 
originally discussed by Handelman11. Assuming a 
Levy-Mises material, a nonlinear, partial differential 
equation was derived. 

For steel bars of circular section plastically strained 
by combined bending and twisting couples in 
constant ratio, the moment-angle relations were 
reported12. The bending and twisting moments ap-
proach the theoretical values calculated for the fully 
plastic state of a plastic-rigid material. Very good 

estimates of the latter values are obtained by brack-
eting between the upper and lower approximate 
values. A general relation is proposed between the 
fully plastic values of bending moment, torque and 
axial force when all three are applied together. This 
relation applies for a wide variety of sections and is 
suitable for plastic limit design.

A long prismatic member is acted upon by com-
binations of bending moments and torques of 
such a magnitude so as to render the member just 
fully plastic, was discussed13. The citing paper takes 
Handelman’s equation and solves it numerically for 
a square section member. The stress distributions 
(shear and bending) are provided in a member for 
two critical combinations of moment and torque.

The Reuss equations are used14 for analysis of par-
ticular combinations of twist and extension of a solid 
circular cylinder. The Reuss equations are integrated 
for different cases to give okastuic material shear 
stress and tension. A more general case, in which 
twist and extension are such as to make the ratio load 
to torque constant, is solved numerically. Finally the 
residual stresses are evaluated, after partial unload-
ing, for a bar which has been twisted and extended 
in constant ratio.

Upper and lower approximations are obtained15 
to the interaction curve of the bending and twist-
ing couples at yield for the combined bending and 
twisting of cylinders of ideally plastic-rigid material. 
Yield criteria expressed in the paper16 in terms of 
stress resultants are obtained for typical engineering 
structures, using the first fundamental theorem of 
limit analysis. These yield criteria, which are often 
nonlinear, are then replaced by inscribed piece-wise 
linear approximations. The complete solutions based 
on these approximate yield criteria provide lower 
bounds; the corresponding values for the upper 
bound can by obtained by multiplying the lower 
bound values by a suitable factor. 

The plastic flexure and torsion of prismatic beams 
was studied17. The prismatic bars are loaded by ter-
minal bending and twisting moments which, acting 
together, cause full plastic flow. The material is as-
sumed to behave according to the Tresca-Levy-Mises 
hypotheses, and in nonhardening and rigid plastic. 
The results were obtained by numerical solution 
of the second order nonlinear differential equation 
derived by Handelman for a Levy-Mises material, 
and the beam sections investigated were circular, 

Analytical Model for Simulation of Forming Process ...continued

Fig. 1 — One coil of the cylindrical helical spring under 
compression force F and twist moment K.
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square and triangular. The relationships obtained 
were found to give points lying virtually on a single 
interaction curve plotted with nondimensional coor-
dinates. The results are consistent with the two cases 
considered by Steele, who first reported a numerical 
solution for a square section.

In paper18, the elasto-plastic problem of combined 
bending and torsion is treated analytically for an 
incompressible isotropic work-hardening material 
obeying a nonlinear stress-strain law. Evolving a 
theory so as to satisfy the equilibrium and compat-
ibility condition, the basic nonlinear differential 
equation in the ordinal Cartesian coordinate system 
can be linearized, adopting the new parameter in 
the stress space. 

Provided that Ramberg-Osgood’s law is employed 
as a nonlinear stress-strain relation, the linearized 
basic equation were reduced to the hypergeomet-
ric differential equation. Then, the components 
of strain and corresponding coordinates were de-
scribed in the form of the hypergeometric series. 
The numerical calculation was used for the evalu-
ation of the stress components, the bending and 
twisting moment. 

The paper19 deals with two aspects of work to ex-
amine the elastic-plastic behavior of preloaded cir-
cular rods subjected to subsequently applied torque 
within the plastic region. 

In the first, uniform diameter and reduced section 
rods of mild steel, fitted with strain gauges, were 
subjected to initial axial yield loads using a custom 
built torque-tension machine, and then holding the 
initial axial displacements constant, the specimens 
were gradually twisted. Then the measurements of 
the resulting torque and load were recorded using 
appropriate load cells as well as by the fitted strain 
gauges. 

Experimental results with fitted strain gauges show 
that, even when the axial displacements of the pre-
loaded rods were held constant, the strain gauge 
readings increase rapidly with the decrease in the 
initially applied axial loads, as recorded by the ap-
propriate cell, at the confined zone where the plastic 
deformation begins. Elsewhere of the specimens the 
strain readings decrease due to elastic recovery of 
the material. 

Secondly, the experimental results thus obtained 
have been compared with Brooks theoretical pre-

dictions, developed for strain-hardening material. 
Results of elastic-plastic analysis for combined load-
ing were summarized in the book20.

Stress & Strain in Naturally   
Curved & Twisted Solid Bar
The straight wire in its initial state before coiling of 
the helical spring is seen in Figure 2. The end sec-
tions are z = 0  and z = L. After coiling, the wire turns 
into a naturally curved and twisted solid bar with 
circular cross-section S of length L. During coiling, 
the straight wire is loaded from a stress-free state by 
terminal bending moment M and the terminal twist 
moment T. Similarly, during preset the helical wire 
is loaded from a stress-free state by terminal bending 
moment M and the terminal twist moment T. Math-
ematical analysis for stress and strain in naturally 
curved and twisted solid bar is given in Table 3.

To obtain additional information, contact the author 
or visit the website listed below.  
www.mubea.com

In Part 2 of this article, to appear in the next 
issue, the author looks at the theory of elas-
tic-plastic combined bending and torsion of 
naturally curved and twisted bar, application 
of combined bending and torsion theory for 
simulation of preset for helical springs and 
the conclusions.

Fig. 2 — Torsion and bending moments in the 
cross-section of the spring wire.
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Table 3 — Stress and strain in naturally curved and twisted solid bar.
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