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1 Basic notions of the theory of random functions

1.1 Random functions

Let (2, F,P) be a probability space, Q # ), and (S, B) be a measurable space constructed upon
an abstract set S # ().

Definition 1.1.1
A random element X : Q — S is an F|B-measurable mapping of (£2, F) into (S, B), i.e.

X YB):={weQ: X(w)e B} F forall BeB.

We write X € F|B.

Later on, S will often be a topological space or even a metric space. Then, B will be chosen to
be the Borel o-algebra B(S), i.e. the o-algebra generated by all open subsets of S: B(S) = (M),
where M is the class of all open subsets of S. "generated by M" means: Bg is the smallest
o-Algebra on S containing M:

Bs= (] A

A: o—Algebra
containing M

Example 1.1.1 1. S=R = X is a random variable.
2. S=RF k>1= X is a random vector.

3. S = {functions f : T'— E}, where T and F are two abstract spaces = X is a random
(B-valued) function with index space T. If E = R, then the notation S = R” is used.

4. Let N be the set of all locally finite simple point patterns ¢ = {z;}:°, in R?. This means

e ©(B) :=|pN B| < oo for all bounded subsets B € B(R?) (write B € B,(R%)), where
|A| denotes the cardinality of A

o v; #x;,1#jforall peN

Let A be the minimal o-algebra generated by all sets of the form {p € N : p(B) = k},
where k € Ny and B an open relatively compact subset of R%. Then (N, ) is a measur-
able space. The point process ® is a random element (2, F) — (N, N).

Another possibility to define ® is to see it as a random counting measure: ®(B) =
Y21 0z, (B), or shortly ® = supp ®. The point process ® is called homogeneous Poisson
process on RY with intensity A, if ¢(B) ~ Poi(Avy(B)) for all B € B,(R%), where v4(-) is
the d-dimensional Lebesgue measure. One can show that ®(By),...,®(B,) are indepen-
dent random variables, if By, ..., B, € By(R?) are disjoint sets. Moreover, Avy(B) is the
mean number of points of ® in the window B.
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e

(a) A = 0.0001 (b) A =0.01 (¢) A =0.0001,7 = 40

Fig. 1.1: A realization of a homogeneous Poisson point process with intensity A = 0.0001 (left),
A = 0.01 (middle) and a germ-grain model of equal discs based on a homogeneous
Poisson point process with intensity A = 0.0001

5. Let G be the set of all closed sets in R?. Introduce the minimal o-Algebra G, which
is generated by the class of sets {A € G: AN B # 0}, where B C R? is compact. The
random closed set (RACS) is a random element = : (2, F) — (G, G). As an example take
E =" Br(xi), r > 0, for any point process ¢ = {z;};~,, which is a special case of the
so called germ-grain models.

IfT =R, Ry =[0;00) or [a;b] C R, then X is called a random process with continuous time.
If T =N or Z, it is called a random process with discrete time. For T = R? (Z¢), d > 1 or a
(finite) subset of these spaces, we call X a random field. To stress that S depends on T, we will
sometimes use the notation Sy.

Definition 1.1.2
The distribution of a random element X :  — S is a probability measure Px defined on the
measurable space (S, B) by

Px(B)=P(X Y(B)), Be€B.

Lemma 1.1.1
Any probability measure p on (S, B) can be considered as a distribution of some random element
X.

Proof Take Q =S, F =B, P = p and X(w) = w. O

Let us give a more intuitive definition of random functions:

Definition 1.1.3

Let T be an abstract index space! and (S, B) a measurable space. A family X = {X(t), t € T}
of random elements X (t) : Q@ — S defined on a probability space (2, F,P) is called a random
function. Evidently, X = X(w,t) is a mapping of 2 x T" onto S, which is F|B-measurable
for each ¢ € T. For any fixed w € , the function {X(t,w), t € T'} is called a realization
(trajectory) of X.

!The notation T comes from "time", since for random processes t € T is often interpreted as the time parameter.
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Let us ask the question of existence of random functions with some predefined properties.
First of all, we mention the existence result for random functions X = {X(¢),t € T'}, where all
X (t) have given distributions and are independent.

Theorem 1.1.1 (Z. Lomnicki, S. Ulam (1934)):

Let (S¢, B:)ier be a sequence of arbitrary measurable spaces equipped with a probability measure
¢ for every t € T in an index space T'. Then there exists a probability space (2, F,P) and a
random function X = {X(t): Q — S;, ¢t € T'} such that

1. X(t) is F|Bs-measurable for all t € T'.
2. the random elements X (¢) are independent for all ¢ € T'.
3. Px@y = on By forallt €T.

Many meaningful classes of random functions are constructed on the basis of independent
ones, see examples in Section 1.2.

Definition 1.1.4

Forn € Nand ty,...,t, € T we call the distribution of the random vector (X (t1),..., X (t,))"
a finite-dimensional distribution of random function X = {X(¢t), t€T}. Forn = 1, ¢t
distribution of X (¢) is called marginal. We write

Py ,tn(Btys...,By,) =P(X(t1) € By, ..., X(tn) € By,,),

where By, € B, k=1,...,n.

Let us analyze the question of equivalence of Definition 1.1.1, Example 1.1.1 3) and Defini-
tion 1.1.3. For that, one has to solve the problem of measurability of a mapping w — X (w, -),
w € Q. Let S = {functions f: T — E} := ET. Let us consider a more general space S by
admitting S = {functions f on T': f(t) € E;} for a family of measurable spaces (Fy, & )er-

Introduce the class M of elementary cylinder sets C(t, B;) of S, i.e. M contains sets of the
form {f € S: f(t) € B}, where t € T and B; € &. These sets contain all functions f with
trajectories f(-) that go through the "gate" B;.

Definition 1.1.5
The o-algebra By on S generated by M is called a cylindric o-algebra By = o(M). Notation:
Br = @crp & For By = E for all t € T one can use Br = ET.

Let us prove the following result:

Proposition 1.1.1
A family X = {X(w,t) : t € T}, i.e. the family of F|E;-measurable random elements is a random
function if and only if the mapping w — X (w, ), w € Q is F|Bp-measurable.

Proof "="1If X 1(B;) € F for all B; € &, t € T, then {w € Q: X(w,-) € C(t, B;)} € F, thus
Xfl(/\/l) C F and X is F|Br-measurable, because Br is generated by M.

"<" Let X be F|Br-measurable. Introduce the coordinate projection mr; : Sp — E; by
nref = f(t) for f € Sp, t € T. wpy is Br|€-measurable, since for all By € & we have
753(By) = C(t, By) € By. It is clear that X (w,t) = 774X (w). Since 77, is Br|E-measurable
and X is F |Br-measurable, then X (w,t) is F|&-measurable for all ¢ as a composition of two
measurable mappings. O
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Fig. 1.2: Trajectories going through a "gate" By

Now let us consider the question whether a random function X is defined by all its finite-
dimensional distributions. To be more concrete, for all ¢1,...,¢, € T introduce the space
By, 4, = Ey x...x F;, as a phase space of the random vector Xy, ¢ = (X(t1),...,X(ts))".
Let &, .1, ==&, @ ... ® &, be the o-Algebra on Ey, ;. generated by all "parallelepipeds"
By x...xBy,, By, €&, forallk=1,...,n.

Then the vector Xy, 4, is F|&, ... +,-measurable, since

n
Xi !t By x...xBy) =) {X(t) € By} € F.
k=1

Then, the finite-dimensional distribution Py, _;, of X at "time" points ¢1,...,%, is a probability
measure on (Ey, 4., &, 4.). For parallelepipeds B = By, x ... X By, it holds

Ptl,...,tn(B) = P(X(tl) S Btl, L. ,X(tn) S Btn) (1].].)

The finite-dimensional distributions of a random function X have the following important prop-
erties:

Foralln > 2 ty,...,t, €T, By, € Ey,, k=1,...,n and an arbitrary permutation (i1, ...,1,)
of (1,...,n) the following two conditions are satisfied:

1. Symmetry:

Piy (B X .. X By,)) =Py, 4, (Br, .., B, )

i
2. Consistency:

Ptl,---,tn (Bt1 X... X Btn71 X Etn) = Ptly---ytnfl(Bh’ s 7Btn71)

They are evident considering (1.1.1) and {X(¢,) € E:, } = Q. The consistency condition can
be equivalently written as

Ptl,---7tm7---7tn (Bt1 X... X Etm X... X Btn) = Pt17._.7tm717tm+17”_7tn (Btl X.o.. Btm71 X Btm+1 X... X Btn)
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for any m € {1,...,n}. In the above conditions, only n-tuples of ¢1,...,t, are meaningful with
ti # tj, © # j. Otherwise if say t; = to = ¢, one could write Py, 4,(B1 x By) = P(X(¢) €
Bl,X(t) € BQ) = P(X(t) € BN Bz) = Pt(Bl N BQ) for all By, By € &;.

To formulate the basic theorem of Kolmogorov on the existence of a random function with
given finite-dimensional distributions, we need the following

Definition 1.1.6

Two measurable spaces (C,C) and (D, D) are called isomorphic ((C,C) ~ (D, D)) if there exists
a one-to-one mapping h : C — D such that h € C|D and h~! € D|C. If D is a Borel subset of
[0;1] and D is the o-Algebra of Borel subsets of D (i.e. D =D NB([0;1])) we call a measurable
space (C,C), which is isomorphic to (D, D), a Borel space.

For instance, if C is a Borel subset of a Polish space? P with o-Algebra C = C N B(P), then
it can be shown that (C,C) is a Borel space. A natural choice of P can be e.g. R, k > 1.

Theorem 1.1.2 (A. N. Kolmogorov, 1933):

Let (Ey, & )ter be a family of Borel spaces. For any n € N and t1,...,t, € T, t; # t;, i # j
let measures Py, ;. be given on spaces (Et,,. t.,&,..t,) such that they satisfy the conditions
of symmetry and consistency. Then there exists a probability space (2, F,P) and a random
function X = {X(¢) : t € T'} defined on it such that its finite-dimensional distributions coincide
with the measures Py, . ¢, .

Remark 1.1.1

In Definition 1.1.6 (and consequently the formulation of Kolmogorov’s Theorem) it is required
that E} is isomorphic to a Borel subset of [0; 1] and not to the whole [0; 1]. It was done to admit
finite and countable spaces F; as the following result shows:

Theorem 1.1.3
The Borel space (D, D) is isomorphic to

(K, B(K)) if D is non-countable,
(D, D) ~ ¢ (N, 2V) if D is countable,
((1,...,|D]), A(1,...,|DJ])) if D is finite,

where |D| is the number of elements of D, A(1,...,|D]|) is the o-algebra of all subsets of D,
and 2P is the o-algebra of all subsets of D. The space (K, B(K)) is defined as follows: take the
Polish space {0, 1} with metric d(z,y) = 1{z # y},z,y € {0,1}, set K = {0,1}" and introduce
the metric dg on that space by

- —-n d(xﬂnyn oo o]
dg(z,y) = Z 2 l—i-d(xnzi) for & = {xn )01,y = {yntnet € K. (1.1.2)
n=1 y JIN

Then K is a measurable space by taking its o-algebra B(K) of Borel sets in this metric.

The proof of Kolmogorov’s theorem will be given in Section 1.6. Now let us formulate an
equivalent statement in terms of characteristic functions of random measures for the special
case By =R, & =B(R), forallt € T

2A Polish space is a separable complete metric space.
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Definition 1.1.7
Let 4 be a finite measure on (R%, B(R?)). Its characteristic function ¢, (s) is defined by

ous) = [ exli(s.0)utde), s € B,

where (s,t) = Zzzl sgl) is the scalar product of vectors s and t in R%.

If 1 is a probability measure, it obviously coincides with the characteristic function of a
d-dimensional random vector Y with distribution p. It is known that ¢,(-) determines the
measure p uniquely.

Proposition 1.1.2

The family of measures Py, 4, on (R% B(R?)), (t1,...,tq) € T, d > 1, satisfies the conditions

tg
of symmetry and consistency if and only if for all d > 2, s = (s1,...,84) € R? and t =
(t1,...,tq) € T? it holds
1.
PPiy,...t ((Sb SRR Sd)) = @Ptil ,,,,, tiy ((31'17 EER) Sid))
for any permutation (1,...,d) — (i1,...,1%q)
2.

(Pptl ..... tg_1 ((517 SRR Sdfl)) = (Pptl ..... tg ((817 <oy Sd—1, 0))

Exercise 1.1.1
Prove Proposition 1.1.2.

As all stochastic objects are defined up to a set of zero probability it can happen that for a
random function X (t) these "exception sets" are quite different. In such case, it would be useless
to speak of different realizations of X (¢). That is why a convention is accepted that all X (¢),
t € T are defined simultaneously on one single set 2y C €, Q¢ € F of probability one. In this
case, the random function X : Qg x T'— R is called a modification of X, where X : Q x T — R.
The difference between X (t) and X (t) is that they may take different values on a set of zero
probability. But such a difference can make the realizations of X possess some "nice" properties
such as continuity or differentiability. Later on, if we say that "random function X has property
A" we mean that a modification of X is considered which has this property A. Similar ideas
lead to the notion of equivalence of two random functions.

Definition 1.1.8
Random functions X = {X(¢), t € T} and Y = {Y (¢), t € T}, defined on a common probability
space (2, F.P) with values in (E}, &) are (stochastically) equivalent, if

{lweQ: X(w,t) #Y(w,t)} € F, teT and
Pwe: X(w,t)#Y(w,t)}) =0, teT.
It is clear that all modifications of X are equivalent to X.

Example 1.1.2

Let X(w,t) =0, t € [0;1] be a random function defined on ([0;1], B([0;1]), A1), where A; is the
Lebesgue measure on [0; 1]. Define Y (w,t) = I;;3(w) on the same probability space. Then, X
and Y are stochastically equivalent, i.e. Y is a modification of X. Note that all trajectories of
X are continuous, but all trajectories of Y are discontinuous.
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Definition 1.1.9

Random functions X = {X(¢), t € T} and Y = {Y(¢), t € T'} (not necessarily defined on the
same probability space) with values in (E¢, &), ¢ € T are equivalent in distribution if their
probability laws are identical: Px = Py on (S, Br).

By Kolmogorov’s theorem, such processes must have the same finite-dimensional distributions.
It is clear that equivalence in the stochastic sense implies equivalence in distribution, but not vice
versa. Equivalence in distribution is often used in coupling arguments which play an important
role in the theory of Markov processes.

Definition 1.1.10
Random functions X = {X(¢), t € T} and Y = {Y (¢), t € T} defined on the same probability
space (§2, F,P) with values in (Ey, &), t € T have equivalent trajectories if

{we: X(w,t) #Y(w,t) for some t € T} € F and

PH{weQ: X(w,t) #Y(w,t) for some t € T}) = 0.
It means that the realizations of X and Y coincide with probability one. It is clear that for
all s € T we have {w € Q: X(w,s) #Y(w,s)} C{weN: X(w,s)# Y(w,s) for some s € T'}.

Hence, for a complete® probability space (€2, F,P) processes with equivalent trajectories are
stochastically equivalent.

Let us return to the question of measurability of a random function X. Let (7,.A4) be a mea-
surable space as well. It is known from the definition of a random function that for all ¢t € T
X(t) is F|&-measurable. But nobody guarantees the measurability of X (w,?) as a function of
(w, t).

Definition 1.1.11

Let X = {X(t), t € T} be a random function defined on the probability space (2, F,P) with
values in (F,€&) for all t € T. X is said to be measurable if the mapping

X (w,t)— X(w,t) € B, (w,t)eQxT

is F ® A|E-measurable as a mapping of Q x T onto E.

1.2 Elementary examples

§1. White noise

Definition 1.2.1
A random function X = {X(¢t),t € T} defined on (€2, F,P) is called white noise, if X (¢),t € T
are independent and identically distributed.

As a special case, one has T' = Z% or R?, d > 1. White noise is used to model noise in images,
such as salt-and-pepper noise X (t) ~ Ber(p),t € T, for binary images or Gaussian white noise
X(t) ~ N(0,0%),0% > 0, for greyscale images.

Because of mutual independence of X (¢) for every ¢t € T" all finite-dimensional distributions are
product distributions that obviously satisfy the conditions of Theorem 1.1.2. Hence, the white
noise exists, compare also Theorem 1.1.1.

3The probability space (2, F,P) is complete if for all A € F : P(A) = 0 it follows that for all B C A we have
B € F (and hence P(B) = 0 as well).
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Fig. 1.3: WMAP (Wilkinson Microwave Anisotropy Probe) cosmic microwave fluctuations over
the full sky with five years of data.

Fig. 1.4: Paper surface (left) and Simulated Gaussian random field based on the estimated data
EX (t) = 126, cov(X(0), X (t)) = 491 exp (—%) (right)

§2. Gaussian random functions

Another famous simple example of a random function given by all its finite-dimensional distri-
butions explicitly is that of a Gaussian random function.

Definition 1.2.2

The random function X = {X(t),t € T'} is called Gaussian if all its finite-dimensional distribu-
tions Py, . s, are Gaussian, i.e. for alln > 1 and all ¢4, ...,t, € T the distribution of the random
vector Xy, 4, = (X(t1),...,X(t,))" is an n-dimensional normal distribution with expecta-
tion ig, .1, = (u(t1), ..., u(tn)) " and a covariance matrix ¥y, 1, = (cov(X (t;), X ()11
Xty rotn ~ Nty tns Sty t,)- This means that for any vector ¢ € R™ the random variable
(¢, Xt,,..t,) is normally distributed. If ¥, _, is non-degenerate, then Py, ; has the density

n

1 1 .
ftrstn(y) = exp {—5 (W= Brn) S0 (= utl,...,tn)} , yER™

(271')”/2\ / det Ztl,...,tn

Exercise 1.2.1

Show that any Gaussian function X is uniquely defined by its expectation (or mean value)
function p(t) = EX;, t € T and its (non-centered) covariance function C (s,t) = E[X:X}],
s,tel.

Gaussian random functions are widely used in applications starting with modelling the mi-
crostructure of surfaces in material science (e.g. metal surfaces or paper, see Figure 1.4) up to
models of fluctuations of microwave cosmic background radiation (see Figure 1.3).
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For the construction of many other random functions, Theorem 1.1.2 cannot be used directly
as their finite-dimensional distribution cannot be written down explicitly in a convenient way.
In such cases, explicit constructions of the form X (t) = g(¢,Y1,...,Yy,), t € T are used, where
g is measurable and Yi,...,Y,, n € N are some random elements whose existence has been
already proved. Let us give corresponding examples:

§3. Lognormal fields

A random function X = {X(t),t € T} is called lognormal if X (t) = ¢¥® where Y = {Y (t),t €
T} is a Gaussian random field.

§4. x2-fields

A random function X = {X(t),t € R%} is called x*field if X(t) = [Y(¢)|*, t € RY, where
Y = {Y(t),t € R?} is an n-dimensional vector-valued random field such that Y (t) ~ N(0, 1),
t € R T denotes the identity matrix. It is clear that X (t) is x2-distributed for all ¢ € R,

§5. Cosine fields

Let Y7 be a random variable, Y5 a random vector on (Q,F,P), dim Y, = dim T, where Y;
and Y, are independent. Consider a random field X = {X(t),t € R%}, d > 1 defined by
X(t) = v/2cos(2mY; + (t, Y3)). For instance, we can put Y; to be uniformly distributed on [0; 1]
(notation: Y; ~ UJ[0;1]). Each realization of X is a cosine wave surface. If Xi,..., X, are
independent cosine waves with covariance function cov of the Gaussian random field Z, then
by the central limit theorem we have

jﬁ STX() 4 2(t)
=1

as n — 00, where < denotes convergence in distribution. In this case, the distribution of Y5 is
chosen to be the spectral measure p of cov, confer Definition 2.1.2. This is the so called spectral
method for the simulation of X. For more details on it, see e.g. [Lantuejoul].

§6. Empirical random measures

Let {Yi}ien be a sequence of independent identically distributed (iid) d-dimensional random
vectors defined on (2, F,P). Fix some n € N.

Definition 1.2.3
For any Borel set B € B(R?) define the empirical random measure p,,(B,w) as
1 n

pn(B,w) =~ ; 1{Y;(w) € B}, (1.2.1)
or shortly, pn(B) = 23" | 1{¥; € B}. This is obviously a random function indexed by Borel
sets B. It is used in statistics to estimate the (unknown) distribution Py (B) = P(Y; € B),
B € B(R%) of Y;. For instance, in the special case of d = 1 and B = (—o0; z], € R one gets the
well known empirical distribution function F},(x) = p,,((—o0; z]). It is clear that by the strong
law of large numbers it holds p,(B) — Py (B) in the almost-sure sense as n — oo, B € B(R?).
That means pu,(B) is a reasonable approximation of Py (-) for sufficiently large n.



10 1 Basic notions of the theory of random functions

§7. Partial sums of a random field Y

Let Y = {Y(t),t € Z%} be a white noise on the lattice Z%, d > 1. Let (i )nen be a sequence of
o-finite measures on B(R?).

Definition 1.2.4
The random function S = {S,(B), B € B((0;1]%),n € N} defined by

Snu(B) = Y Y (t)un((t = 1;¢] NnB)
tezs

for all B € B((0;1]%) and n € N is called the process of partial (weighted) sums of Y. Here
(t—1;t] = ®?:1(tj — 1;tj), t = (t1,...,ta) " is a unit cube with left lower vertex ¢ — 1 and
nB = {nb: b€ B}.

The measures p,, give particular weights to any cell (t — 1;¢]. Thus, for B = (0;1]% and

i (1N [0;n]d £ 0
W((tt+ 1] N [0;n)?) = { n?/? ’ ’ ’
n( Jn{onl% {O otherwise,

we would get

S0 =~ Y Y,

teZn[o;n]d
which corresponds to partial sums used in the central limit theorem. Under some additional
assumptions we have S, ([0; 1]9) LN N, ).

§8. Shot noise random fields and moving averages

Let ® = {x;,i € N} be a homogeneous Poisson point process with intensity A > 0 (see Ex-
ample 1.1.1, 4.). Let g : R? — R be a deterministic function, for which [5, g(z)dz < co and
Jga 9% (z)dz < oo hold. Introduce a random field X = {X(t),t € R} by X(t) =3 o g(t — ),
t € R% Due to local finiteness of the point process and the integrability conditions of g it can
be shown that X is a well-defined random field with finite first two moments.

Exercise 1.2.2
Please, show this!

Definition 1.2.5
The random field X introduced above is called a shot-noise field. The function g is called
response function.

Which response functions ¢g : R — R are used in applications to model real phenomena by
Poisson shot-noise random fields? A large class of response functions can be constructed as
follows: take g(x) = K(%‘), where |z| is the Euclidean norm of » € R? and K : R — R, the so-
called kernel, is a probability density function with compact support suppK = {z € R?: K (x) >
0}. For instance, K can be chosen to be the Epanechnikov kernel K (z) = 3(1—22)1{z € [-1;1]}
or the bisquare kernel K (z) = 12(1—22)?1{z € [~1;1]}. Alternatively, kernels with unbounded

support such as the Gaussian kernel K (z) = \/%e*xzﬂ can be used as well.
Strictly speaking, we have thus defined a special case of shot-noise fields. This definition

can be generalized if we use random response functions (see [40], p. 31) or allow other (non-)
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,’T

Fig. 1.5: Construction of a shot-noise process in R

homogeneous point processes for . Formally, a shot-noise field can be written as a stochastic
integral X (t) = [pa g(t — x)®(dx) if ®(-) is interpreted as a random Poisson counting measure
(see |52], ch. 7). This means that it is a special case of a very general class of moving aver-

ages: X(t) = [ g(t,z)pu(dx), where () is a random independently scattered measure on some
measurable space (E, &), i.e.

Bi,...,By€&, BiNBj =0, i# j = p(B1),...,1(By) are independent,

and ¢ : R? x E — R is a deterministic function.

Example 1.2.1 1. p is the Poisson counting measure ®.

2. p is the Gaussian white noise measure: u(B) ~ N(0,\q(B)), if (E,&) = (R?, B(R?)),
where \;y(B) denotes the volume of B.

Of course, one has to make it more precise, in which sense this stochastic integral is under-

stood. Depending on the context, it can be defined in LP-sense (p € (0;2]), in probability or
almost surely. More details will be given in Chapter 3.

Example 1.2.2 1. p - Gaussian: Existence of the integral in the L2-sense:

2
E

— 0.
n—o0

> gt () - /E o(t, 2)u(d)

2. p - stable: Existence of the integral in probability:

()

S gt Eu(Br) — /E o(t, 2)p(dr)

>£) — 0,e > 0.

§9. Finite Markov random fields

Let T be the vertex set of a finite non-oriented graph (7',7), where 7 is the edge set of the
graph constructed by some neighborhood relation ~:

VsteTl:(s,t)eTiff s~t
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Fig. 1.6: The Epanechnikov kernel (left), Bisquare kernel (middle) and Gaussian kernel (right)

Then, the neighborhood 0s of s € T is given by ds = {t € T : t # s,s ~ t}. Let B =
{e1,...,em} be a finite space, & = 2F.

Definition 1.2.6

The random function X = {X(¢),t € T} such that X(¢) : @ — Eforallt € T and T, (E,€)

introduced as above is called a (finite) Markov random field with respect to the neighborhood
relation ~ if for all z = (z;)er € S = ET:

P(X(s) = xs| X (t) =z, t # 5) = P(X(s) = 25| X (t) = x4, t € 05). (1.2.2)
Relation (1.2.2) is called Markov property.

Obviously, any finite random field X on T, E is a Markov random field with respect to some

neighborhood relation. In applications however, Markov random fields X with respect to small
neighborhoods are sought.

The distribution of a finite random field X = {X(¢),t € T} is given by P(X = z), z € S.
As a distribution of a finite vector of dimension |T'| it always exists. To give examples of T and
Elet T = Tnx = Z4N [~N;NJ. In image analysis we have d = 2 (3) and t € Ty are pixels
(voxels). We distinguish between binary images (E = {0, 1}, 0= white pixel, 1= black pixel)
and greyscale images (E = {0,...,255}, 0= white pixel, ..., 255= black pixel). In physics, if
d = 3, a finite random field with index space Ty and E = {—1, 1} describes the distribution of
dipole directions (spins) at lattice points of a crystal lattice.

How can the neighborhood relation ~ be defined on T? Two canonical ways are the so-called
4- and 8-neigborhoods (write ~y, ~g):

o s~ytiff |s—t|; =1 (2d neighbors),
o s~gtiff |[s—t[, =1(3%— 1 neighbors),

where |-||; is the L'-norm and |-||, is the maximum norm. Accordingly, for d = 2 a lattice
point has 4 (resp. 8) neighbors.

More generally, if T is any finite vertex set with a given metric p, then the nearest-neighbor
relation ~ on T is defined as s ~ ¢, s,t € T iff p(s,t) is the smallest distance within the class
of all pairs (s,u),u € T,u # s or (v,t),v € T,v # t. Then ~ generates the nearest-neighbor
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Fig. 1.7: 4-neighborhood and 8-neighborhood in 72

graph out of the vertex set T

A prominent example of finite Markov random fields yields the Ising model proposed by the
German physicists W. Lenz and E. Ising in the 1920s. It describes ferromagnetic properties of
a crystal lattice T .

Example 1.2.3 (Ising model):
The Ising model is given by a finite random field X = {X(¢),t € Tn} on the phase space
S =FEI~ E={-1,1} with

Px(z) = P(X = 2) = P(X(5) = 20,5 € Ty) = — exp(—H(x)), = (2)sety,

Cx

where H(z) € (—oo; +00] is the energy functional

1
H(x):—ﬁ —mBE Ts+ J E TsTt
o s€T'N s,;teTnN
s~

The parameters have the following meanings:
e ty > 0 - absolute temperature
e k - Boltzmann constant
e B € R - intensity of the external ferromagnetic field

m > 0 - material constant

J € R - interaction parameter (J > 0: ferromagnetic case, J < 0: antiferromagnetic case,
J = 0: no interaction)

Cp = Zdzes exp(—H(z)) is a normalizing constant. Normally, the sum ) _g¢ runs |S]| = 2lTn| =
2N+ components and (for large N and d) is practically not computable. For ~ one can take

a 4-neighborhood relation.

§10. Gibbs random fields

Let (T,7T) be a finite non directed graph with neighborhood relation ~ and E a finite state
space. For any random field X = {X(t),t € T} with state space E, i.e. X(t): Q — E, te€ T,
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and distribution Px(x) = P(X = z), x € S = ET, Px(x) can be written in the so-called Gibbs
form:

1
Px(z) = —exp(—H(z)),
Cy
where H(z) = —logPx(z) — logc, is the energy function, H(z) € (—o0,+o0], and ¢, =

> .esexp(—H(z)) is the partition function. The definition of H(x) is unique up to an additive
constant. One can achieve uniqueness by setting e.g. H(xg) = 0 for some x, € S.

As all Gibbs fields are Markov with respect to some neighborhood relation ~ on 7', their
consideration in this form adds nothing new to the subject, apart from the problem of the
existence (and uniqueness) of infinite Gibbs random fields, i.e. fields defined as a limit of X as
T expands, for instance, T = Ty, T / Z% as N — co. Does there exist a random field on Z¢
such that it is a weak limit of finite Gibbs random fields on Ty as introduced in Examples 6 and
7 of §1.77 In general, this problem is quite complicated. Its solutions can be found in the book
[39]. In particular, for the case of the Ising model it can be shown that this thermodynamic
limit (as N — o00) exists for all parameters J > 0 (see [39], pp. 3-4).

1.3 Moments and covariance

Let X = {X(t),t € T'} be a random function, X (¢) : @ — R, ¢t € T' and T be an arbitrary index
space.

Definition 1.3.1
The (mixed) moment ,u(jl,~~7jn)(t1, ..., tp) of X of orders j1,...,j, € Nat index values ty,...,t, €
T is defined by

pIn) () = B[ X (t) - XI(E,)]

provided that this expectation exists and is finite. For that, it is sufficient to require E| X ()| <
oo for all t € T', where j = j1 + ...+ jn. Special cases are

1. p(t) = pM(t) = EX(t), t € T - mean value function
2. pV(s,t) = E[X(s)X(t)], s,t € T - (non-centered) covariance function

3. C(s,t) = cov(X(s), X(t)) = ptV(s,t) — pM(s)uM(t), s,t € T - (centered) covariance
function

Exercise 1.3.1
Prove that the covariance function C (s,t) of a random field X

1. is symmetric, i.e. C(s,t) =C(t,s), s,t €T.
2. fulfills C(t,t) = varX(t), t € T.
3. is positive semi-definite, i.e. for all m € N, t1,...,t, € T, z1,..., 2, € C it holds that

Zn: Zn: C (ti,t;) % > 0.

i=1 j=1
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As opposed to the restrictions of positive semi-definiteness in Exercise 1.3.1, the mean value

function can be arbitrary. It shows the (deterministic) trend of the random function X.
Clst)

C(s,5)C(t,t)

X. It holds |R(s,t)| <1, s,t € T by the inequality of Cauchy-Schwarz.

Exercise 1.3.2
Prove that both non-centered covariance function and correlation function are positive semi-
definite.

The correlation coefficient R(s,t) = is sometimes called the correlation function of

Exercise 1.3.3 1. Prove that for any positive semi-definite function K : T' x T — R there
exists a centered random function X such that C(s,t) = K(s,t), s,t € T

2. Let K : T xT — R be a positive semi-definite function and m : T' — R be any function
with the property: K(s,t) —m(s)m(t) is positive semi-definite. Show that there exists a
random function X : Q x T'— R such that u(t) = m(t) and C(s,t) = K(s,t) —m(s)m(t).

Exercise 1.3.4
Give examples of two different random functions X and Y with EX(t) = EY(¢), ¢t € T and
EX(s)Xt)]=E[Y(s)Y(t)], s,t € T.

From the solution of the above exercise it is clear that ;4 and C' (as well as any first k¥ moments
of X) do not specify the distribution of X uniquely.

Definition 1.3.2
For any ¢1,...,t, € T, n € N, let

o(\) = OX0y i (AN =Eexp{i (M, X¢,..t.)}, A=(A1,..., ) €R”

.....

be the characteristic function of the random vector Xz, . = (X(t1),... , X ()" (or, equiv-
alently, of the finite-dimensional distribution Py, ¢, of X). For any r = (rq,...,7,) € N" let

n

lr| =>-"_, ;. The semi-invariant (cumulant, truncated correlation function) is defined by

j=1
1 9lMlogp(N)
Hyooi gy r) = — =2
sx(t1 s T) il (9/\11 O\ \—o
Sometimes, the notation (X (¢1)™,..., X (¢t,)™) for sx(t1,...,tn, ) will be used. In particular,

(X(t1),..., X (tn)) = sx(t1,... ,tn,e) fore=(1,...,1)T.

Exercise 1.3.5
Show that log ¢(A) € C*°(R™), and thus sx(t1,...,tn, ) is well-defined for all ¢y,...,t, € T,
reN,if

E|X(t)]* <o0, teT, keN. (1.3.1)

For later considerations, suppose (1.3.1) to hold true. The properties of sx follow directly
from the corresponding properties of characteristic functions:

1. Symmetry: for any permutation o : (1,...,n)+—— (o(1),...,0(n)) it holds
Sx(tl, ceytn, ) = Sx(tg(l), e 7to(n)7ro(1),...,a(n))7 neN, t1,...,t, €T.
2. Multilinearity: for any a,b € R, n € N, tg,...,t, € T it holds

(aX (to) + bX (t1), X (t2), ..., X (tn))
= a(X(to), X (ta), ..., X (tn)) + b (X (t1), X (t2), ..., X (tn)) .
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3. Let AUB = {t1,...,ty} be a non-empty partition of {t1,...,t,} into two disjoint subsets.
If {X(t),t € A} and {X(¢t),t € B} are independent, then sx(t1,...,t,,r) = 0 for all
r € N™. Hence, semi-invariants characterize the degree of dependence of X (¢1),..., X (t).

4. Tt holds C(s,t) = sx(s,t,(1,1)) = (X(s), X(t)), s,t € T.

Exercise 1.3.6
Prove the properties 1), 2), 3), 4) of the semi-invariant sx.

Let us formulate a generalization of this result:

Theorem 1.3.1

It holds
1.
POt => 0 T (X)X ()
P, {t,-l,...,tik}ePn
where P, is any partition of the set {¢;,...,t,} into mutually disjoint non-empty blocks,

and {t;,,...,t; } is one of such blocks.

sx(ti.otme) = (DR =1 T et

P {ti17~-~7tik}epn

Proof See [39], p. 30. The idea consists is to compare the coefficients of the Taylor series of
©(A) and log p(A). O

Cumulants are used not only for the description of the dependence structure of the random
vector Xy, . 4,, but also for the characterization of its distribution.

Corollary 1.3.1

A random function X is Gaussian iff sx(t1,...,tn,e) = 0 for all n > 2, ¢1,...,t, € T. This
holds since the multivariate Gaussian distribution is the only one with log ¢(\) = polynomial
of second order.

a, r=1,

Example 1.3.1 ([42]): 1. X =aas. < (X") =
0, r>1

2. X ~Poi(A) <= (X") =\, reN
3. X ~Exp(A) <= (X")=(r—-1)I\"",reN

Definition 1.3.3
For any s,t € T consider the increment X () — X(s) and suppose that E|X (t)|* < oo, t € T,
ke N.

1. yi(s,t) = BE[X(t) — X(s)]" is called the mean increment of order k € N.
2. In particular, (s, t) = § y2(s,t) = 3 E[X(t) — X (s))? is called the variogram of X.

Variograms are frequently used in geostatistics. One can easily see that the following rela-
tionship holds:
C(s,s) +C(t,t) 1

'7(87t> = 2 - C($7t) + 5(:“'(5) - M(t))27 s,teT.
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1.4 Stationarity and isotropy

In this section, we introduce the notions of spatial homogeneity of the distribution of random
functions. Let the index space T be a linear vector space with operations + and -.

Definition 1.4.1

The random function X = {X(¢t),t € T} is called (strictly) stationary if for any n € N,
T,t1,...,tp € T it holds Py, 1+ 4.4+ = P4, 1,, 1.e. all finite-dimensional distributions of X
are invariant with respect to shifts in 7.

Definition 1.4.2
Let X = {X(t),t € T} be a random function with E|X (#)|? < oo, t € T. X is called stationary
(in the wide sense) if u(t) = p, t € T and C(s,t) =C(s+1,t+7) (:=C(s—1t)), 1,s,t € T.

Notice that both definitions of stationarity do not imply each other. However, it is clear that
if X is strictly stationary with finite second moment, then it is stationary in the wide sense.

Definition 1.4.3
The random function X = {X(t),t € T} is intrinsically stationary of order two if its mean
increments v;(s,t), s,t € T exist up to the order 2, and

L. 71(s,t) =0, s,teT.
2. (s, t) =y(s+7t+7),st,7el.

It is clear that intrinsic stationarity of order two (which is widely used in practice) is a lit-
tle bit more general than stationarity in the wide sense, because we require the existence of
moments of increments of X and not of X (¢) itself. However, this distinction is of superficial
nature, as most random functions which are of practical interest are stationary in the wide sense
(and hence intrinsically stationary of order two).

Exactly as in the case of stationarity, the notion of isotropy can be introduced in the strict
or wide sense. In order to define it, we need to assume that 7' = R%, d > 2. Isotropy can be
easily explained as independence of the probabilistic properties of a random field X of a chosen
observation direction. It is often required that isotropic processes are also stationary. However,
we shall not do it in the following definition, as there are examples of isotropic non-stationary
random fields, see Figure 1.8.

Definition 1.4.4
The random field X = {X(¢),t € R?} is said to be isotropic

1. in the strict sense, if for any n € N, t1,...,t, € R?, A € SO(d) *:
(X(At), ..., X(At)T L (X (t1), ..., X ()
2. in the wide sense, if for any s,t € R%, A € SO(R?):
w(At) = u(t), C(As, At) = C(s,t).

Definition 1.4.5
The random field X is motion invariant if it is stationary and isotropic (both either in the strict
or wide sense).

“denotes the special orthogonal group in R?
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Fig. 1.8: Two realizations of isotropic non-stationary random fields

We shall mostly consider stationarity, isotropy and invariance with respect to rigid motions
in the wide sense. This means that u(t) = u, t € R% and C(s,t) = Cy(|t — s|) for such random
fields, where Cpy : Ry — R is a function of the distance between the points s and t.

Definition 1.4.6
The random function X = {X(¢),t € T} on an index space T (which is a linear vector space)
has stationary increments, if for all n € N and ¢,¢1,...,t, € T

(X(t2) = X (1), .-, X(tn) = X(t1) T £ (X(ba+t) = X(t1+1),. ... X(tn+1) — X(t1 +1)) " .

In what follows (here and in §1.5) we suppose that X = {X(¢),t € T} is a centered (i.e.
u(t) = 0,t € T) random function with values in a Banach® space E and index space T which
is a Banach space as well. If X is not centered, it can be made so by considering the new
random field Y = {Y(t) = X(¢) — u(t),t € T}. Sometimes we shall assume that X is wide
sense stationary. In this case, its covariance function C'(h) = E[X(¢)X (¢t + h)], h € T satisfies
obvious properties:

1. C(0) =varX(t) >0
2. Symmetry: C(h) =C(—=h), heT
3. Boundedness: |C(h)| < C(0), heT

Further properties of stationary covariance functions will be considered in Chapter 2.

1.5 Continuity and differentiability

We consider different notions of continuity and differentiability of random functions which cor-
respond to the respective convergence types in probability theory. As above, let X be a centered
random function with index space T' and phase space FE (both being Banach spaces with norms
| |7 and |- |E).

Definition 1.5.1

The random function X = {X (¢),t € T} is

5 A Banach space is a complete normed vector space.
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1. stochastically continuous at t € T, if X(s) & X(t) as s — t, where & means the

convergence in probability, i.e.

P(|X(s) = X(t)|p>¢e)—0, e>0 ass—t

. . : Lp .
2. continuous in p-mean (p > 1) at t € T, if X(s) — X (t) as s — ¢, i.e.
E|X(s)— X(t) —0, ass—t.

In particular, the case p = 2 has a special name: continuity in quadratic mean, which
holds if y(s,t) - 0 as s — ¢.

3. almost surely continuous at ¢t € T, if X (s) =25 X(t) as s — t, i.e.
P (lin%X(s) - X(t)) =1
S—

In applications, the most interesting case is certainly the a.s. continuity, and an even stronger
property of the continuity of almost all realizations of X. The weakest (and actually less
meaningful) notion is the stochastic continuity:

’cont. In p-mean ‘:ﬁ stochastic cont. %:1 almost sure cont. ‘

As it is shown on the above diagram, a random function is stochastically continuous if it is
continuous a.s. or in p-mean, p > 1.

Let us investigate the properties of these three types of continuity in more detail. As it will follow
from the next lemma, stochastic continuity is defined by the properties of the two-dimensional
distribution Pg; of X.

Lemma 1.5.1
The following statements are equivalent:

1.
X(s) LY ass— to

Pst i> P(Y»Y) as S,t — t()

)

for tg € T and a random variable Y. Here < denotes the weak convergence of probability
measures. For X to be stochastically continuous at g, set Y = X (¢p).

Proof 1 = 2: X(s) & Y as s — to implies (X(s),X(¢))T & (V,Y)T as s,t — to. Thus
Pgy = Py,y) as s,t — 1o, since convergence in probability implies weak convergence.

2 = 1: For any ¢ > 0, take a function g. : R — [0; 1], which is continuous on R, g.(0) = 0 and
ge(z) = 1if z ¢ B.(0). For any s,t € T it holds

Eg:(1X(s) = X()|r)
=P(1X(s) = X(D)|g > &) + E[g:(|1X(s) = X(8)| ) - {[X(0) = X (#) |z <}],
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hence
P(|X(s) = X(¢)|g > ¢) <E g-(|X(s) — X(¥)[)

- / 0|z — ylE)Pay () — [ g1z — ylp) Py (e, ) = 0
ExXE ExE

as s,t — to, since P((yy) is concentrated on {(z,y) € E x £ : v = y} and g-(0) = 0. Hence
{X(5)}s—t, is a fundamental sequence in probability, and then X (s) & Y as s — to. O

It can happen that X is stochastically continuous whereas all its realizations are discontinuous
(in the sense that X does not have an a.s. continuous modification).

Exercise 1.5.1
Show this property for the homogeneous Poisson process on the real line.

The explanation of this fact is easy: the probability to have a discontinuity at a concrete
t € T is zero; hence discontinuities happen at different ¢ € T for all realizations of X.

Exercise 1.5.2

Let T be compact. Prove that if X is stochastically continuous on 7' (i.e. for all t € T'), then
it is uniformly stochastically continuous on 7', which means that for all £,7 > 0 there exists a
d > 0 such that for all s,t € T with |s — t|7 < 0, it holds that

P(IX(s) = X(t)|g > ¢€) <.
Let us turn to the continuity in quadratic mean. In order to state further results, suppose
that E =R and EX?(t) < oo, t € T. Since X is centered, it holds C(s,t) = E[X (s) X (t)].

Lemma 1.5.2
For any ty € T and some random variable Y with EY? < oo, the following statements are
equivalent:

1.

L2

X(s) —Y ass—ty

C(s,t) — EY? as s,t — tg

Remark 1.5.1 1. For the mean quadratic continuity of X at tg just set Y = X(¢p). Then,
EY? = C(to,tp), i.e. C must be continuous at (tg, o).

—-£ 0 €

Fig. 1.9: The function g.(x)
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2. If X is not centered, it is enough to require u(s) — wu(tp) as s — to alongside with
C(s,t) — Cl(tg, tg) as s,t — to for the L?-continuity of X at tq € 7.

2
Proof of Lemma 1.5.2. 1 = 2 : First prove the following general fact: If lim,, ., X, L X and

2
limy,—oo Yn Ly for some sequences { X, }nen and {Y;, }nen of random variables X and Y, then
E[X,,Y,] — E[XY] as n,m — oo. Indeed, it holds

[BE[XYn] - E[XY]]
= E[(Xn - X+X)(Y, - Y +Y)] - E[XY]
<E|(Xpm—X)Yn - V)| +E|(X;n — X)Y|+E|(Y, - V)X]
<VEX,-X2EY,-Y)2+EY2E(X,,— X)2+ VEX2E(Y,, -Y)2 -0

2
as m,n — oo by the inequality of Cauchy-Schwarz. Hence, from X (s) Y oass — to and

X(t) Loyast— to it follows
C(s,t) = E[X(s)X(t)] — EY?

as s,t — tp.
2 = 1: Use the relation in Definition 1.3.3 for (s, t):

E[X (5) — X (t)]? = 27(s,t) = C(s,8) + C(t,t) — 2C(s,t)

1.5.1
—92EY? —2EY? =0 ( )

as s,t — to. Hence {X(s)}s—¢, is a fundamental sequence in the mean quadratic sense, and it

2
follows X (s) LY as s —t. O

A mean-square continuous random function X can still have discontinuous realizations. Still
in all cases of practical relevance (i.e., except for some "pathologic" random functions X)
mean-square continuous random functions have an a.s. continuous modification. Later on, this
statement will be made more precise.

Exercise 1.5.3
Construct a stationary shot-noise process with a.s. discontinuous realizations which is conti-
nuous in quadratic mean.

Let us consider the special case of a stationary centered random function X. In this case, the
property in Definition 1.3.3 reads

v(s,t) =v(s—t)=C(0)—-C(s—1t), s, teT

or
~v(h) =C(0)— C(h), heT, (1.5.2)
where C'(0) = varX (¢). This allows us to state the following

Corollary 1.5.1 1. A stationary random function X is mean-square continuous iff its covari-
ance function is continuous at the origin, i.e. limj,_,o C'(h) = C(0).

2. If C(h) is continuous at the origin, then it is continuous everywhere on T'.
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Proof 1. This follows directly from Remark 1.5.1, 1) and Lemma 1.5.2 with C(h) = C(s, t),
s—t=h.

2. Prove that limy_.g C(h+ hg) = C(hg) for all hy € T if it holds for hg = 0. Indeed, for any
h € T it holds

(C(h+ ho) — C(ho)| = [E[X (¢ + W)X (t — ho)] — EIX ()X (¢ — ho)]|
< E[(X(t+h) — X(0)X(t — ho)| < v/29(h)VEX?(t — ho)
— V/2(C(0) = C(R)C(0) — 0

as h — 0 by the inequality of Cauchy-Schwarz and relation (1.5.2).
O

Now let us turn to the property of a.s. continuity. If we are looking for a condition imposed
on the finite-dimensional distributions of X assuring the a.s. continuity of its realizations, it is
clear that any such condition can guarantee only the existence of a modification of the random
function X with a.s. continuous paths. There are many such sufficient conditions (see e.g [13],
[19], v. 1., pp. 192-193, for Gaussian random functions see [1], pp. 11-19 and [11], pp. 170-171).
Let us give only one example of those (attributed to N.A. Kolmogorov) in the case of X being
a stochastic process defined on T = [a;b] C R.

Theorem 1.5.1
The stochastic process X = {X(¢),t € [a;b]} is a.s. continuous if for some «,¢,0 > 0 and
sufficiently small A it holds that

E|X(t +h) — X()|* < c[h|'F?, t € (a;b).
Proof See [11], pp. 63-65. O

The above condition of X is a condition on its two-dimensional distributions P ¢ .

Definition 1.5.2
The random function X = {X(¢),t € T'} is differentiable at ¢ € T" in direction h stochastically,
in p-mean (p > 1) or almost surely, if there exists

L X+ R = X (1)

= X
jm ] n(t)

in the corresponding sense, i.e. in probability, in L” or with probability one.

One says that X is differentiable on 7' if it is differentiable at any ¢ € T'. The differentiability
of order k is defined accordingly in the iterative way.

By Lemmas 1.5.1 and 1.5.2 it is easy to see that the stochastic differentiability is defined by the

properties of the three-dimensional distributions of X (as the joint distribution of w

and w should weakly converge), whereas the differentiability in quadratic mean is
regulated by the properties of the covariance function C(s,t) (hence, of the two-dimensional

distributions of X).

Exercise 1.5.4
Show that
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1. the Wiener process is not even stochastically differentiable at any ¢ € [0;00).

2. the homogeneous Poisson process on R is stochastically differentiable on R, but not in
p-mean, p > 1.

Let us dwell on the mean-quadratic differentiability of centered random functions X =
{X(t),teT}.

Lemma 1.5.3
The random function X = {X(¢),t € T'} is differentiable in quadratic mean at ¢ € 7" in direction
h if its covariance function C(s, t) is twice differentiable at (¢,t) in direction h, i.e. if there exists

920 (s, t)
" _ i
hh(t, t) N Osp 0ty '

s=t

Moreover, X/ (t) is mean-square continuous at ¢t € T, if

0%C(s,t
Cin(sst) = s

is continuous at s = ¢. Here C}, (s,t) is the covariance function of X; = {X} (¢),t € T'}.

Proof Due to Lemma 1.5.2, it suffices to show the existence of the limit

X(t+1h)—X(t) X(s+1Uh)— X(s)
LI'—0 l I

for s = t. Indeed, we have

B [X<t+lh) ~X(8) X(s+1'h) = X(s)
l l/
= % [C(t+1h, s +1'h) — Ct +1h,s) — C(t, s+ 'h) + CO(t, )]

1[C(t+1h,s+1I'h) —C(t+1h,s) C(t,s+1'h) — C(t,s
:l{( l/) ( ) O l/) (t.s)] " (s.1)

as [,I' — 0. All statements of the Lemma immediately follow from this relation. O

Corollary 1.5.2
If X = {X(t),t € T} is a wide sense stationary centered random function with covariance
function C(-,-), then

1. X is differentiable in quadratic mean in direction h € T iff C}/, (0) exists and is finite.

2. If C(7) is twice differentiable in direction h € T" at 7 = 0 then it is twice differentiable in
this direction for all 7 € T'. Then, it holds C} (0) = 0.

3. If C7/, (1) is continuous at 7 = 0, then it is continuous for any 7 € T
4. —Cy, (1) is the covariance function of X;, i.e. it holds —C}, (1) = E[X} (t) X} (t + 7)].

5. If X is differentiable in quadratic mean in direction h, then X and X, are uncorrelated,
ie. E[X(t)X}(t)]=0,teT.
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Proof Following the guidelines of the proof of Lemma 1.5.3, we get for s,t € T

X(t+1h) = X(t) X(s+1'h) — X(s)

l I
~ fim 1+ [C@—H(l—l’)h)—C<t—s+lh> CCOt—s—1In)—-Clt—s)] (1.53)
l,l'ﬂ(]l

U U
= —Cpp(t — s).

This proves 1) for s = t and 2), 4) for 7 = ¢t — s. The property C}(0) = 0 follows from the
symmetry property C(—7) = C(7), 7 € T.

3) Since —C}/, is the covariance function of X} due to 4), the continuity of C}, (1), 7 € T is
guaranteed by the continuity of C}/, (0) (see Corollary 1.5.1).

5) Similarly as in (1.5.3), it can be shown that

lim E [
1,I'—0

B[X (#)X},(t + 7)] = Ch(7),
for ¢t,7 € T. The rest of the proof follows from 2) (Cj(0) = 0). O

Remark 1.5.2

The properties of L2-differentiability and a.s. differentiability are disjoint in the following sense:
One can construct examples of stochastic processes that are mean-squared differentiable, but
have discontinuous realizations, and vice versa, processes with a.s. differentiable realizations
might have discontinuous C} () at 7 = 0 and hence be not mean-squared differentiable.

Exercise 1.5.5
Give the corresponding examples!

Remark 1.5.3

If C7,(0) exists for a stationary stochastic process, then the condition of Theorem 1.5.1 is
fulfilled with & = 2 and § = 1. Hence, X will have an a.s. continuous modification. Under
further regularity conditions, it can be shown that X (¢) exists in a.s. sense for almost all
t € [a;b] and is a.s. integrable on [a;b]. See also [11], pp. 125, 171.

1.6 Proof of the Theorem of Kolmogorov

Let us prove Theorem 1.1.2. Here we give only an idea of the proof following [9], Appendix 1.

Proof According to page 4 let (Ey, & )ter be a family of Borel spaces, and

tn:Etl X--~><Etn7

-----

gtl,...,tn = gtl ®...® Stm

foralln € N, ty,...,t, € T, t; # tj, i # j. Let {Py . 4, } be a family of measures on
(Bt 40+ &t t,, ) satisfying the properties of symmetry and consistency as on page 4. We
show that there exists a unique probability measure p(-) on (S, Br) such that the Py, ;. are
"projections" of p onto (Ey, . +.,E...t,)- These "projections" are understood in the following
sense: Let F(7T) be the family of all finite subsets of 7', consisting of index sets J € F(T),
J=A{t1,...,tn}. For (B¢, +.,&,...t,) We use the notation (Ej,Ey). Analogously, P; denotes

P4,....t,- This notation is correct due to the symmetry property of the measures Py, . ¢,.
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Let 7wy : S — Ej be the coordinate projection of a function {y(t),t € T} € S onto coor-
dinates with indexes in J, i.e. mpr yy = (y(t1),...,y(tn)) or mr s {y(t),t € T} = {y(t),t € J}, if
J ={t1,...,ty}. Then, "projection" of u means that

'U’OWI_“,%](BH X... X Btn) :PJ(Btl X ... X Btn)
forany n e N, J ={t1,...,tp,} € F(T), B;, € &,,i=1,...,n.

If such a probability measure p on (S,Br) is found, then the random function X with this
distribution g is given by the coordinate projection on the canonical space: We take ) = S,
F =Br, P =p and set X(t,w) =w(t) for w € Sand t € T. Let us transfer measures P; from
(Ey,Er) onto the space (S, Br,y) with o-Algebra Br ; = 7755 &7 C Br in the following way: A
new measure py is defined on (S, Br,s) by

p(B) =P (B),

where B= By, X ...x By, € &5, J = {t1,...,t,} and B=Bx HteT\JEt € Br,y. 1t is evident
that B € &, iff B defined as above belongs to Br, ;.

So, our goal is to find a measure p on (S, Br) such that p = py on any Br ;, J € F(T'). Equiva-
lently, let us define p on the "cylindrical" algebra Cr = UJef(T) Br,; by letting u(B) = p(B),
if there exists a J € F(T') such that B € By ;. This definition yields a finitely additive function
on Cr. By Caratheodory’s Theorem, y can be uniquely extended to a measure on By = o(Cr)
if pu is o-additive on Cp. So, let us show the countable additivity, which is equivalent to showing
finite additivity and continuity in (), i.e. for any sequence {C,} C Cr, C, \, 0 (Cpy1 C Cp,
Moo, Cp = 0) it must hold u(Cy) — 0 as n — oo. Thus, prove that if u(C,) > € for some
€0 > 0 and all large enough n then

Cp—»0 as n— oo. (1.6.1)

Since Cp4+1 C Cy, this must hold for all n € N. Since C,, € Cr it means that there exists a
Jn € F(T) such that C,, € Br j,.

Without loss of generalization we now assume that J, C J,41. First prove the statement
(1.6.1) for spaces Ey = [0;1], & = B(]0;1]) equipped with the Euclidean metric d(-,-). Af-
ter that, generalize this proof for arbitrary Borel spaces. Reduce the consideration to sets
C, = W:Fi,an, where the B,, are compact in Sy, , J, € F(T).

First formulate the following results (without proof), which are helpful in the sequel:

Lemma 1.6.1

Let Ei, t € T be separable metric spaces with metrics d¢(-,-) and Borel o-algebras B;. Then,
the space Sy = {functions y on J : y(t) € E¢}, J € F(T) equipped with the metric dj(z,y) =
maxye g di(x(t),y(t)), ,y € Sy is a separable metric space with "cylindrical" o-algebra B; equal
to the Borel o-algebra B(Sy). If Ey, t € T are complete (Polish), then Sy is complete (Polish)
as well.
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Lemma 1.6.2
Let E be a metric space with measure p on the Borel o-algebra B(E). Then it holds

uw(B) = sup p(A)= inf pu(A), BeB(E).
ACB ADB
A closed A open

By Lemma 1.6.1, it holds By, = B(Sy,). By Lemma 1.6.2, for any B,, € B, there exists
a closed set K,, C Bn in (Sy,,d,) such that 1, (Bn \ K n) < 27(Hgg n € N. Since Sy, is
compact, so is K. Then, for C},, = 7TTJ B, and Kn = 7rTJ K, it holds

1(Cr \ Kpn) = iy, (B \ Kp) < 27 Deg n e N.

Introduce the sets L, = ﬂ?zlz It holds L, \, 0 since L,+1 C L, and L, C E C Cy.
Furthermore,

#(Cn\ Fn) = n(Co 1 (L K7)) = p(|J(Cu \ K))

i=1 i=1
and thus
g0 < u(Cn) = u(Ln) + p(Cn \ Ln) < p(Ly) + €0/2.
Hence, it follows p(Ly) > €o/2 for all n € N. Since the basis D,, = (), 7TJ s, 1 of the cylinder

L, = ﬂ%bﬂDn is compact, we can further consider only C, = 7, JnB for compact sets B, in
SJ,. Define J =J;2; J,. On Sy, introduce the metric

1

+dJn(fU!Jn,y\Jn)

n=1

Similarly to the result of Lemma 1.6.1, one can show that the metric space (Sy,dy) is a Polish
space with "cylindrical" o-algebra B being equal to B(S ), which is the usual Borel o-algebra.
Sy is compact. Then, the sets 6’; = Fi}an, n € N are compact in Sy as closed subsets of a
compact set (since 7y s, is continuous). It holds

C, = m_Fj]an = WT%IWJJ B, = 1 ;C,.
Since Cp, C Cyp, n > m it follows 6’; C 6’;, n>mand (2, C, = WTJ(ﬂn 1 C’ ).

A sequence of contracting compacts has at least one point in its intersection, and is hence
non-empty, i.e. ()., Cp # 0 and (,—, Cy, # 0. This is a contradiction to the assumption
Mnz1 Cn = 0.

Now let E; € B([0;1]), By = S¢ N B([0;1]) and S; # [0; 1] for at least one t € T. Set L; = [0; 1],
teT, Ly=1]l,c;Lt, J € F(T). Introduce the measures

py(B) = p;(BNSy)
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on B(Ly). These measures satisfy the conditions of symmetry and consistency for any J € F(T).
As above, there exists a measure i on (Lt,L7), LT = @, B([0;1]) with projection iy onto
(L;,B(Ly)), J € F(T) and a random function X on (Q, F,P), where Q = Ly, F = Ly, P = [i,
with the following distribution: X (t,w) = w(t), w € L.

Now let E} # [0; 1] for at least one ¢ € T. We define the random function X : T' x  — E; as

X(t,w) for X(t,w) € Ei,

X(tw) = {at for )?(t,w) ¢ Ey,

where a; € E; is some point of E; # (). For all t € T it holds that
{w: X(t,w) # X(t,w)} ={w:w(t) €[0;1]\ B} = C,.
Cy is an elementary cylinder and hence

P(Cy) = 1(Cy) = py ({05 1]\ B¢} N Ey) = 0.
Moreover,

Ptly---7tn(Bt1 X ... X Btn) = P(X(tz) S Bti,i =1,.. .,n)

ZP(X(tZ) EBti,iZ1,...,n):ﬁJ(BJ):,u,J(BJ>,

where By = By, X ... x By, . Hence, u = Px is the measure on By we looked for.

Now, the extension of the above result to the case of arbitrary spaces (Ey, &), which are Borel
spaces, follows from the next lemma.

Lemma 1.6.3

Let (Et, &)ier and (Gy, Ap)er be families of isomorphic measurable spaces: (Ep, &) ~ (Gy, Ar)
forallt € T. Then, for all J C T, it holds (E;, By) ~ (Gs,.As), where B; and A are cylindrical
o-algebras on Ej = [[,c; Et, Gy = [],c; Gt

O

1.7 Additional exercises

1. Prove the existence of a random field with the following finite dimensional distributions
and specify the measurable spaces (E, . +,,E...10):

a) The finite dimensional distributions are multivariate Gaussian.
b) The marginals are Poisson and X, X, are independent for ¢ # s.

2. Give an example for a family of probability measures {P;, ;, } which do not fulfill the
conditions in the theorem of Kolmogorov.

3. Give additional examples of a non-continuous random function which has a continuous
modification.

4. A random process W defined on B(R?) such that, for all sets A, B € B(R?) with A\g(A)
and \g(B) finite,
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o W(B)~N(0,]B]),
e ANB=0=W(AUB) =W (A)+ W (B) almost surely,
e ANB=0= W /(A) and W (B) are independent,

is called Gaussian white noise indexed by Borel sets. Define the field X = {X;,¢ € [0; 00)*}
by Xi = W ([0;t]) where [0;¢] is the paraxial rectangle with lower left corner 0 and upper
right corner ¢. Show (for d = 2) that X is a Gaussian random field with EX; = 0 and
cov (Xg, Xp) =[]0, min {s;,t;}.

Note: The process X is called Brownian sheet or multiparameter Brownian motion. For
d =1 it is the Brownian motion.

5. Let m1,m2,... be non-negative iid random variables and X7, X, ... non-negative iid ran-
dom variables, where 7; and X; are independent for all j. Define the process N =
{Ni,t € [0;00)} by

N (w) = sup neN:an(w)gt

j=1
The process Y = {Y;,t € [0,00)} is given by
Nt(w)
Vi) =go+ct— > Xjw), t>0
j=1

with positive constants yg and ¢. Draw a sketch of a trajectory of Y.

Note: The process Y; is the classical Cramér-Lundberg model in insurance mathemat-
ics. It describes the surplus at time ¢ of an insurance portfolio, where yq is the initial
capital, c is the premium intensity and {X;};>1 is the sequence of claim sizes. N is called
the claim number process, whereas {n;},>1 are claim inter-arrival times.

6. Let ® be a homogeneous Poisson point process in R¢ with intensity A > 0.

a) Write down the finite-dimensional distributions of ® for disjoint bounded Borel sets
By,...,B,.

b) Compute the expectation E® (B) and the variance var ® (B) for bounded Borel sets
B and interpret why A is called the intensity of ®.

7. Let ® be a homogeneous Poisson process in R? of intensity A > 0.

a) Independent thinning: Each point of ® is retained with probability p € (0;1) and
deleted with probability 1 — p, independently of other points. Prove that the thinned
process ® is a homogeneous Poisson process of intensity Ap.

b) Superposition: The superposition of two independent Poisson processes ®; with
intensity A\; and ®o with intensity A9 is the union ® = ®; U ®5. Prove that ® is a
homogeneous Poisson process with intensity A1 + As.

Hint: The void probabilities of a point process are defined by vg = P (® (B) = 0) for all
Borel sets B. A simple point process is characterized by the void probabilities vp as B
ranges through the Borel sets.
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8. Consider the shot-noise field X; = > 4 g(t —v) where ® is a homogeneous Poisson
process of intensity A and g : R — R is a deterministic function fulfilling the integrability
conditions on p. 31. Prove that

a) EXy =\ [rag(t —2)dz
b) cov (X, Xs) = A Jrag (t—2) g (s — 2) dz.

Hint: Campbell’s theorem can be useful: Let ® be a homogeneous Poisson process in R?
with intensity A and f : R — R a non-negative measurable function. Then it holds that

EY f(v)=A Rdf(z)dz.

ved

Further, it holds that

=\? z)az zZ)az
B3 0ot = [ 1()a et
vFW

9. Consider the Ising model given in Example 1.2.3.

a) Prove that the Ising model has the Markov property with respect to the 4-neighborhood
relation ~y4. Does the Ising model possess the Markov property with respect to the
8-neighborhood relation ~g?

b) For any I' C T the joint distribution of the system of random variables {X;,t € T'}
is denoted by PFN, ie. for ' = {t1,...,t,} and zy,...,2¢, = %1 it holds that
PTFN (T4yy.ooyxy,) = P(Xy, =ax4y,..., Xy, = x4,). For any such I' the expectation
or = E[;cp Xt is called the mixed moment.

Prove that the probabilities P%N can be expressed in terms of the mixed moments
or as follows:

_1)k
P’]_:Z:N (xt17' : '7xtn) = ( 2n) Z CF/O-F’7
I’cr

where k is the number of values x¢, equal to —1 and C = Hter\r‘/ Tt.

c) Assume that J = 0, i.e. there is no interaction between particles. Prove that for any
I' C Ty the mixed moment or is given by

T
o () —ow ()

exp (%) + exp (—%)

10. The process X = {X;,t € [0;00)} is defined as follows: X takes values +1 and —1 with
probability 1/2 each and X; = Xj- (—1)Y([O;t]) for ¢t > 0 where Y is a homogeneous Poisson
process on [0,00) with intensity A > 0, independent of Xj. See Figure 1.10 (left) for a
trajectory of X.

or =

a) Compute the expectation function of X and its covariance function.
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b) Assume that the process X, if the kth point of Y occurs, attains a random value V;,
and retains that value till the next point of Y occurs, i.e. Xo = Vp and X = Vy (o,
for t > 0 where Vj, V4, ... are iid random variables with V5 ~ N (O, 02). Figure 1.10

(right) shows a trajectory of X. Specify its marginal distribution. Is it a Gaussian

process?
24
— — — X,
14
t t
0 0
—1
-4 — X
f _ 2_
(a) Trajectory of the process X in Exercise 10a. (b) Trajectory of the process X in Exercise
10b.

Fig. 1.10: Hllustration for Exercise 10a and 10b.

11. One-dimensional random walk:

a) Let Y denote a homogeneous Poisson process on [0; 00) with intensity A. Let X1, Xo,. ..
be i.i.d. random variables, independent of Y with EX; = 0 and varX; = 2. Define
the random process Z on [0; 00) by Z; = Zzil X;. Compute the expectation function
and the covariance function of Z.

b) Consider the process ZJ = Y; — At. Compare the expectation, the covariance and the
trajectories of Z and Z.

Hint: Wald’s identity could be useful: Let N be a random variable with P (V € N) = 1 and
let (Xy),en be a sequence of i.i.d. random variables independent of N. Assume that EN
and EXg exist. Then E zgzl X, exists and is given by EZiLl X, = EN EXj. Further,

if varX; and varN exist, it holds that var (ZnN:1 Xn) = varX,EN + (EX;)? var (N).

12. a) Compute all cumulants of a N/ (u, 02)—distributed random variable.

b) Prove that the cumulants (X™) and the moments u, of a random variable X with
E |X|" < 0o are related by the following recursive formula:

(X™) = i —7:;1 (?__D (X7) pini

13. Give an example for a random field which is stationary in the wide sense but not strictly
stationary.

14. Consider the Shot-Noise process X; = > 4 g (t —v).
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15.

16.

17.

18.

19.

a) Prove that X, is stationary in the wide sense.

b) Find conditions on the function g such that the process X; is weakly isotropic.

The cosine field X on R? can be defined by

d
1 .
X (t)=—=Y_ (Yicos (axty) + Zysin (arty))
d k=1
with i.i.d. centered random variables Y7,...,Yy, Z1, ..., Z4 and positive constants aq, ..., aq.

Prove that the cosine field X is weakly stationary.
Let X = {Xt,t € RT} be a process with the following properties:

e Xy = 0 almost surely
e X has independent increments
e there is 02 > 0 such that X; — X, ~ N (0,0 |t — s|), s,t > 0.

This process is called Wiener process. For o2 = 1 it is called standard Wiener process.
Prove that there exists an almost surely continuous version of the Wiener process.

Construct a stationary shot-noise process with almost surely discontinuous realizations
which is continuous in quadratic mean.

Give an example of a random process which is not stochastically continuous.

Let T'= Ny and E be a countable phase space. The process X = {X;,t € T} is called
a (discrete-time) Markov chain if it satisfies the Markov property: for any n > 1, any
t,tr,...,tn, € T witht; <...<t, <t and any ¢1,...,%,,j € F,

P(Xi=j|Xy, =i1,..., Xy, =in) =P (Xe =j| Xy, =in).

n

The initial distribution o = (¢, j € E) is given by a; = P (X = j) and the transition
probabilities p;; (s,t) are given by p;; (s,t) = P(X; =j|Xs=1) for t > s, and 4,5 €
E. The chain X is called homogeneous, if p;;(s,t) depends on s and t only through
t —s. Then it is enough to know « and the 1-step transition matrix P = (p;;) with
pij =P (Xy41 = j|Xn =1), n > 0. The n-step transition matrix P™ ig given by P =
<pl(.;1)> with the n-step transition probabilities pz(?) =P (X, =j|Xo=1). The Chapman-

Kolmogorov equation states that P("*™) = P P(m) for any n,m € N.

a) Prove the Chapman-Kolmogorov equation.

b) Give an example for a stochastic process with "= Ny and countable phase space FE
which satisfies the Chapman-Kolmogorov equation but does not fulfill the Markov

property.



2 Correlation theory of stationary random fields

In this chapter, properties of the first moments of (mostly stationary) random functions and
especially random fields are considered. First, let us dwell on the (characteristic) properties
and construction principles of covariance functions of random functions as positive semi-definite
functions.

2.1 Positive semi-definite functions

Here we give a slightly more general definition of positive semi-definiteness than that of Exercise
1.3.1, which allows for complex-valued functions.

Definition 2.1.1 1. A function C : R x R — C is called positive semi-definite, iff

o O(z,y) =C(y, ), z,y € R

o forany n =2,3,... and z1,...,2, € R 21,..., 2, € C it holds
> i j=1C(i,5)ziZ; > 0, i.e. this expression is real and non-negative. Here Zj means

the complex conjugate of z; € C.

2. A function f : R* — C is called positive semi-definite if the function C' : R? x R? — C
given by C(z,y) = f(x — y) is positive semi-definite.

3. A function f, : Ry — C is called positive semi-definite if the function C' : R¢ x RY — C
given by C(z,y) = f.(|z —y|), z,y € R? is positive semi-definite.

As it is shown in Exercise 1.3.1, the class of all positive semi-definite functions on R¢ and the
class of covariance functions of (complex-valued) random fields on R? are identical.

The following characterization result was proved for d = 1 in 1932 — 1934 independently by
Bochner and Khinchin.

Theorem 2.1.1 (Bochner-Khinchin):
A continuous at the origin o € R? function f : R¢ — C is positive semi-definite if and only if it
can be represented as a characteristic function of a finite measure u; on (RY, B(R?)) (see Def.
1.1.7):
f(2) = gy, (z) = /Rd exp(i (&, t))up(dt), = € RE. (2.1.1)

For simplicity, let us prove this result in the special case (d = 1). For the general case, see [5].
First of all, let us mention that a positive semi-definite function is continuous iff it is continuous
at the origin.

32
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For the proof of Theorem 2.1.1, we need to introduce the so-called Fourier transform F': let
LP(R) be the space of all functions h : R — C with [; [h(z)[P dz < oo, p > 1. Define

F(h)(s) = /Rei“h(a:)da;, he LY(R), s € R.

(see, e.g. [32]). If g = F(h), then the inverse Fourier transform is defined by

FYg)(t) = % /R eitg(2)dx, teR. (2.12)
If additionally h € L?(R), then
FYF(h))(z) = h(z) (2.1.3)

for almost all z with respect to the Lebesgue measure. Thus, F : L?(R) — L?(R) is a one-to-one
mapping satisfying the following Parseval’s identity:

<F(h),F(l))L2(R) =27 (h, ) 2y hol € L*(R), (2.1.4)

where (h, 1) 2R = [g h(z)l(z)dz is the scalar product in L*(R). If h € L'(R), then F(h) €
C(R) (which follows easﬂy from Lebesgue’s Theorem on dominated convergence).

Proof of Theorem 2.1.1. Necessity is trivial, see Exercise 2.6 of §2.6.

Sufficiency: First, we shall assume that a positive semi-definite continuous function f: R — C
belongs to L'(R). Introduce h(z) = F~'(f)(x) and prove that u(dx) = h(z)dz is a positive
finite measure on R from (2.1.1). After that, we shall relax the condition f € L!(R) and prove
(2.1.1) for any positive semi-definite continuous f by using a smoothing argument.

If f € LYR), then f € L%*(R), since f is a covariance function of some centered complex-
valued stationary random process X : Q@ x R — C, ie. f(t) = Cx(t) = E [X(O)m],
and then |f(t)] < f(0), t € R, which follows from |Cx(t)] < Cx(0) = varX(0). Hence,
Jz 1f(x) ]2dx<f ) Jg | f(@)]dx < oo for f e L'(R).

Take h = F~1(f) and prove that

a). h(z) >0,z €R

b). Formula (2.1.3), which reads here f(z) = F(h)(z) = [ ¢"h(t)dt holds for all z € R, and
not for almost all z € R.

Proof of a). Since f is a covariance function of the above random process X, it is easy to
see that e % f(t) is a covariance function of e=“*X (¢), which is again centered and stationary:

cov (e X (t), e X (5)) = F {e‘itxX(t)e*isxX(s)]
—e =Tt —5), s,teR.

Hence, it suffices to show that for any continuous covariance function C' : R — C (which is
positive semi-definite), C' € L*(R), it holds that [, C(z)dz > 0, z € R. If this holds true, then

1

h(z) = by /Re_itxf(x)da: >0, zeR
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for O(x) = e " f(x), x € R. Since C is continuous and positive semi-definite, it holds

n—1 n—1

/ / Ct—sdtds—nlggoz S Clti(n) - i ))(N)2zo, NeN  (215)

—nl=—n

as a limit of integral sums on [—N; N]?, where & 4y 1s the side length of the squares
k25 (k4+1) 2] x 125 (141) Y] building the decomposition of [~ N; N]? and t;(n) € [ (j+1)¥]
are arbltrary ﬁxed points.

Transforming the integral on the left-hand side of (2.1.5), we get by substitution

1 (N N 1 2N IN—u 0 ut2N
OS/ / Ct—sdtds-< Cu/ dvdu + Cu/ dvdu)
2N J_nJ-nN ( ) 4N \ Jo ) —9N+u _oN () —u—2N

_ /_ZVV <1 - 2’;‘\‘[) C(u)du = /R <1 _ 2%) 1{u € [<2N; 2N)}C (u)du

—— [ C(u)du
N—oo Jp

by Lebesgue’s Theorem on dominated convergence, since

( ;‘V')me[ 2N;2N]} —— 1,

’ <1 — 2’3‘\’{) H{u € [-2N;2N]}C(u)| < |C(u)] € LY(R) for all N € N

and the Jacobian 3((t S)) 1/2.

Proof of b). Show that
f(z) = / eTh(t)dt (2.1.6)
R

holds for all h € LY(R), z € R. It is known that oy (s) = e = 5/2 for a random variable
Y ~ N(0,€2), ¢ > 0. Since ¢y (s) = F(fy)(s) for the density fy(z) = ﬁe‘”ﬁ/%a x € R, use
Parseval’s identity (2.1.4) for f and fy:

10) — /R L () de = (fy, f) oy = 27 (FH), P ey

V2me
:/e(sx)z/Qh(ac)dx—> h(zx)dx,
R =0 Jr
with h = F~L(f), since f is continuous. By the dominated convergence theorem we get

Jg h(z)dz = f(0),i.e. h € L'(R) and formula (2.1.6) holds for = 0. Then F(h) € C(R). Since
both left and right-hand sides of (2.1.6) are continuous functions of z on R, formula (2.1.6)
holds for any = € R.

Now suppose that f ¢ LY(R). Take fo(t) = f(t)e)*/2 ¢ > 0. Then, f. is continuous
positive semi-definite, since e ¢9*/2 = F(fy) for Y ~ N(0,£2), and then the product of f and
F(fy) should inherit the same properties (see Theorem 2.1.5). Moreover, f. € L'(R). Then,
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fe(t)/f=(0) = f=(t)/ f(0) = @z(t) = F(h.) is a characteristic function of some random vector Z
with density he > 0, i.e. fo(t)/f(0) = [p e he(x)dx, by the first part of our proof. It holds
fe(®)/f(0) — f(t)/f(0), t € R, as € — 0, where {fz(t)/f(0)}c>0 is a sequence of characteristic
functions and f(t)/f(0) is continuous at zero. Then, by a very well known fact f(¢)/f(0) is a
characteristic function of some probability distribution W:

£0/50) = [ e uaa),
R
hence, ps(dx) = f(0) - ¥(dx) is the needed finite measure in (2.1.1). O

Definition 2.1.2

The measure iy from representation (2.1.1) is called a spectral measure of f. If uy has a density
h with respect to the Lebesgue measure on RY, i.e. p¢(dz) = h(x)dz, then h is called spectral
density of f.

Remark 2.1.1
If yif is a symmetric measure, i.e. u(A) = p(—A), A € B(R?), where —A = {—x : € A}, then
f(z) is real, since

) = ei(t,z> ) = ei(t,m} ~ ei(t,x) 7
f@) = [ egtaa) /RR prlde)+ [ ()
— [ eos(taugldn) +i [ sin((ea) ugldo)
RA-1xR RI=L xR
+f g, €O () i g, )y ()

=2 [ st e

by substitution # — —z in the integral [po_1, p

The next theorem due to Riesz (1932-1934) will characterize all measurable positive semi-
definite functions.

Theorem 2.1.2 (Sasvari (1994)):

If f is positive semi-definite and measurable, then f = f.+ fo, where f. is positive semi-definite
and continuous (and hence Bochner’s theorem can be applied) and fj is positive semi-definite
and equals zero almost everywhere on R? with respect to the Lebesgue measure.

Proof See [47]. O

It follows from Theorem 2.1.4 that any function which cannot be turned into a continuous
one by changing it in a set of points of Lebesgue measure zero cannot be positive semi-definite.
The most popular function fy in applications is the so-called nugget effect:

a s=0,
fo(s)_{o 50
for a > 0.

Exercise 2.1.1
Show that the function fo(z) = alga(z) is positive semi-definite. Construct the corresponding
stationary random field.
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2.1.1 Isotropic case

In the course of the next sections, we follow [49] and [48]. Consider covariance functions of
stationary isotropic random fields in R?: they have the form C(z,y) = Co(|z — y|), where | - |
is the Euclidean norm in R?.

It is worth noting that the function Cp : R4 — R has the following property:

|Co(h)| < Cp(0) > 0, h € Ry, which follows directly from the definition of the positive semi-
definiteness of Cj.

Let

R (—1)7 7\ V2
Jy(r)_jgoj!r(l/-i-j-i-l)(Q) , reR

be the Bessel function of the first kind of order v > —1/2.
The following characterization result can be obtained by passing to polar coordinates in Bochner’s
theorem:

Theorem 2.1.3 (Schoenberg, 1938):
A continuous rotation-invariant function f : R — R is positive semi-definite iff f(z) = fo(|z),
z € R? with fy : R, — R given by:

[e'e) 1 v
i = [ () Brshutan) 2.17)
0 rs
where p is a finite measure and v = @.
Proof See |50] or [1], p. 116-117. O

It follows from Theorem 2.1.8 that measurable isotropic covariance functions are discontinuous
at most in zero.

Example 2.1.1
Since J_1/2(r) = 4/ Z cos(r), Jo(r) = 2 [7"sin(r cosh(t)) dt, Jyjo(r) = \/ 2 sin(r), r € R, we

get e.g. in three dimensions (d = 3):

Cla,y) = Colle — o) = /OOO |

Cols) = [ f \/7 sin(sr)p(dr)

L[t

from (2.1.7), because

S

V2

where the constant factor o can be included into the measure pu.

For isotropic measurable positive semi-definite functions, a stronger version of Riesz theorem
is available:
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Theorem 2.1.4
If f is a rotation-invariant, measurable positive semi-definite function f : R* — C, d > 2, then

f(x) = fe(2) + a- H{z =0},

where a > 0 and f, is positive semi-definite and continuous.

Proof See |21]. O

2.1.2 Construction principles of positive semi-definite functions

Theorem 2.1.5
Let C; : R¢x R4 — C, i =0,1,2,..., C, : R x R — C, v € E be positive semi-definite
functions. A function C' : R? x R? — C is positive semi-definite iff

1. Scaling: C(z,y) = Co(az,ay), v,y € R a € R
2. Linear combination: C(z,y) =Y., a;C;(z,y), z,y € R?
3. Multiplication: C(z,y) = Ci(z,y) - Ca(x,y), z,y € R?

4. Substitution: C(z,y) = Co(g(x), g(y)), where Cp : R? x R? — C is positive semi-definite
and ¢ : R* — R? is an arbitrary mapping.

5. Kernel approach: C(z,y) = (g(z),9(y)),, where L is a hilbert space over C with scalar
product (-,-); and g : RY — L is an arbitrary mapping

6. Pointwise limit: C(z,y) = lim, o Cp(x,y), 7,y € R?

7. Integration: C(z,y) fE wu(dv), where p is a finite measure over some space F
and C,(x,y) are positive semi- deﬁmte functions. In particular,
Series expansions: C(xz,y) = Y .2 a;C;(z,y) for a counting measure ;1

8. Scale mixture: C(z,y) = [;° Co(sz,sy)u(ds) for some finite measure p on [0;00) and a
positive semi-definite function Cjy

9. Convolution: C(z,y) = f(z —v), 2,y € R%, where f(h = Jga f1(h — s)fo(s)ds, h € R?
and fi, fo : R* — C are positive semi-definite and contlnuous

Proof 1. This follows directly from Definition 2.1.1. See also Exercise 2.6.
2., 3. To see this, stationary random fields have to be constructed with covariances Y ;- ; a;Ci(x,y),

Cl(xvy) ' 02($7y)
4. Use Definition 2.1.1 directly: forany n € N, z; € C,i=1,...,nand z; € R4, i=1,...,n
one has
Z Clzi,xj)2iZ; = Z Colg g(xj))ziz; >0,
i,7=1 i,7=1
since Cp is positive definite.
5. Use Definition 2.1.1: forany n € N, z; € C, z; € R% i = 1,...,n one has

n

Z C(wi, xj)2i25 = Z (9(xi), 9(5))y,

ij=1 ij=1

= <Z 9(zi), Zg(ﬂfj)> =
i=1 j=1

L

2
> 0.
L

n

> g(:)

=1
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6. This follows directly from Definition 2.1.1.

7. This follows from 6), since [, Cy(x,y)p(dv) is a limit of its integral sums, each of which is
a linear combination of positive semi-definite functions C,, (x,y), i = 1,...,n, which is positive
semi-definite by 2). The same reasoning works for series expansions.

8. For any s € [0;00), Co(sx, sy) is positive semi-definite by 1). Then use 7).

9. See [47]. O

Examples and Remarks

1. In Theorem 2.1.5, 5) take L = Li (]Rd), g:xeRY— g(z) =Bt € R where pis a
finite measure on R%. Then

Cla,y) = (e, i) = /R et ity i
= [ et = pu(a — )
Rd

which is positive semi-definite by Bochner’s theorem.

2. By means of property 2) and 3), covariance functions for space-time random fields X =
{X(x,t),z € RYt € R} can be constructed by C ((x,s),(y,t)) = Cqu(z,y) + Ci(s, 1),
z,y € R s,t € R, where C, is a space covariance and C is a time covariance component.
The same holds for C ((x, s), (y,t)) = Cu(x,y) - Ci(s,t), z,y € RY, 5,t € R (the so-called
separable space-time models).

3. By means of property 7) functions like e€®¥) cosh C(z, ) etc. of a positive semi-definite
function C are also positive semi-definite as they can be represented as Taylor series with
positive coefficients, e.g. e¢@¥) = > M, r,y € RY

n=0 n!

2.1.3 Sufficient conditions for positive semi-definiteness

In Bochner’s theorem, necessary and sufficient conditions are not so easy to verify. Here we give
a series of sufficient conditions for positive semi-definiteness that are relatively easy to check in
many concrete cases.

Theorem 2.1.6 (Polya-Askey):
If a function f : R, — R is continuous with lim; .o f(t) = 0, £(0) = 1, (=1)%f*)(¢) convex for
k = [d/2] ([a] is the integral part of a), then f (||z|) is positive semi-definite in R<.

Proof See [2]. O

A sharper criterion gives the following result:

Theorem 2.1.7 (Gneiting, 1999):
Let f: Ry — R be continuous with f(0) = 1, lim;_.~ f(t) =0, (—1)’“% (—f’ (\ﬂt))) convex
for k = [%], then f (||z]|) is positive semi-definite in R?, d > 2.

Proof See [20]. O
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2.1.4 Examples

In this section some important classes of positive semi-definite functions are introduced. They
are all rotation invariant and hence can serve as covariance functions of stationary and isotropic
random fields in R?, where d is indicated in the examples. As the lemma below shows, these
models are valid for dimensions < d, but the converse statement is not always true(see example
1.5).

Lemma 2.1.1

If o : Ry — Ris such that gq(t) = ©(|t|q), t € RY, d > 2 is positive semi-definite, then

ga-1(t) = ¢(|tla_1), t € R4 is positive semi-definite as well; here |.|4 is the Euclidean norm in
R<.

Proof Let X = {X(t) : t € R} be a random field with covariance function gg. Then for any
hyperplane ¢ C R? the random field X = {X(¢) : t € £} is a random field over ¢ with the same
covariance function gy restricted on £. Taking & = {(x1,...,24-1,0):2; € Ryi=1,...,d—1)}
finishes the proof. O

The next result of Schoenberg shows when the converse statement holds:

Theorem 2.1.8 (Schoenberg):
Let ¢ : Ry — R be a continuous function. Then ¢(|.|4) is positive semi-definite for all d iff

e(h) = [;° e~ u(dr) for some finite measure y on [0, 00), i.e., ¢ is scale mixture of the normal
density.
Proof See [50] O

In the following examples only the function ¢ : Ry — R of ¢(].|q) is given.

1. Bessel family:
o) = b(ah) ™ J,(ah), v > %52, a,b > 0

here J, is the Bessel function of the 1st kind of order v. For v = %, this function (up
to scaling factors, cf. Theorem 2.1.4, 1), 2)) is clearly positive semi-definite as p(h) =
2"T(v +1)h™"J,(h) is a special case of Theorem 2.1.3, where pu(.) = d;13(.). For v > =2
this statement is less trivial (cf. [57], p. 367). The spectral density of ¢(h) is given by

b(a® — h?)"~3
f(h) = d ) d
2vm2a?T(v+1—9)

I(h €10,a])

sin(ah)

A special case (for v = %, i.e. d = 3) yields the so-called hole effect model p(h) = b=,

This model is valid only in R?, d < 3; whereas models of Bessel family are valid in R (iff
d—2
vV = T)

2. Cauchy family:
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Up to scaling, this function is positive semi-definite by Theorem 2.1.7 with u(dr) =
cr’~te~"dr for some constant c.

. Stable family:

o(h) =be~ " 1L €(0,2]

This function is positive semi-definite since it is equal to the characteristic function of a
symmetric v-stable random variable cf. e. g. [46], p. 20. It is valid in R? for all d > 1.
Moreover it can be shown that for v > 2 ¢ is not positive semi-definite in any dimension
d (cf. [49], p.19).

A special case (v = 2) of the stable family is a Gaussian model: ¢(h) = be=ah® . Tts

a 2
spectral density is equal to f(h) = #h(f%.

. Whittle-Matérn family:

o(h) = b(ah)"K,(h), v,a,b>0

It is valid in any dimension d. Here K, is a modified Bessel function of third kind:
K, (2) = 52— (57 J_, (2¢'3) — ¢ 5V, (2¢7'5)), 2€R, v gN.
For v = n € N it should be understood in the sense of a limit as v — n (see [38], p. 69).

The spectral density of ¢ is given by

20(v+§)  (ah)™!
h)=1b
T =V TEOT0) W (e

Ifv= MT‘H then ¢ € C??(R,) and hence a random field with covariance function ¢ is d
times differentiable in mean-square sense.

Ifv= % then the exponential model ¢(h) = be™*"* is an important special case. The same
exponential covariance belongs to the stable family for v = 1.

ah

. Spherical model is valid in R?, d < 3.

It is given by ¢(h) = b(1 — 32 + %Z—ﬁ) I(h € [0,a]), a,b > 0, which is the volume

of Be(0) N B5(xo), where z, € R3) |zo| = h. This is exactly the way how it can be
generalized to higher dimensions:

p(z) = Va(B2(0) N Ba(x)), = e€R?

The advantage of spherical models is that they have a compact support.
Some more covariance models are given in exercises: see Section 2.3.
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2.2 Variograms
In this section we consider variograms of (intrinsically) stationary real-valued random fields of
order two: they can be written as y(h) = 1E(X(t) — X (t + h))? for any ¢t € R%.

Definition 2.2.1
A function f : R? — R is conditionally negative definite, if it holds Z?J:l ziZjf(x; —xj) <0
for any n € N, points {z;}?_; C R? and weights {z;}?; C C such that > , 2; = 0.

Proposition 2.2.1 (Properties of variograms):
Let v be a variogram an (intrinsically) stationary random field X. Then

3. If X is wide sense stationary then

v(h) = C(0) — C(h), heR? (2.2.1)

where C(.) is the covariance function of X and thus ~(h) is bounded: |y(h)| < 2C(0),
h € R

4. ~ is conditionally negative definite.

5. If X is wide sense stationary and C(oco) = lim,|_o C'(h) = 0, then there exists y(o0) =

6. A function v : R* — R with v(0) = 0 is a variogram if e=*() is a positive semi-definite
function for all A > 0.

7. v(h) < c|h|?, if X is mean square continuous, lz'm‘h‘ﬂooM = 0, if X is mean square

[n[?
differentiable.

Proof Apart from obvious properties 1), 2), 3) (3) follows from 1.3.3 on page 16), let us show:
4) Take any n € N, {;}"; € R%, {z}", C C: > ", 2 = 0. Let us show that

n n
0<Var (Z ZIX(tZ)) = — Z ZiTjW(ti — tj)
i=1 ij=1
Then ~ will be conditionally negative definite. First Viar (3., z; X (t;)) exists since

Z ZzX(tZ) = Z Zz(X<tz) - X(to))

=1



42 2 Correlation theory of stationary random fields

as Y .-,z = 0 for any ¢y € R? and the variance of increments exists. Then

Var <i ziX(ti)> =Var (i(X(tl) - X(to))> Vg ‘n

i=1 =1 =1

9 n n
= ) zz(y(ti — to) +(tj —to) — Z 2yt —to) | Y 2

3,0=1 7j=1

0

n n n n
+Y oz Zt—to) = Y wE(ti—t) == ) =izt

i=1 =1 ij=1 ij=1

0

) since E[X (t;) — X (to) =0, Vi

Dsince y(t; — t;) = 1E(X( i) — X(to) — X(t;) + X (t0))* = L(2v(ti — to) + 29(t; —
2000 (X (1) — X (t0), X (1) — X (f0))) = (¢ — o) +7(t; — to) — Cou (X (t) — X (to), X (t;) ~
and hence Cov(X (t;) — X(to) X(tj) — X(tg)) =y(t; —to) +v(t; —to) — v(ti — t;).

to) —
X(to))
5) Follows easily from 3). Exercise!

6) This characterization result is due to Schoenberg (1938): See the proof there [50].

7) See the proof in [57], p. 397-400.

Let us show here only the relation y(h) < C - |h|%.

If X is mean square continuous, then (h) is a continuous function on RY. By Minkowski
inequality, it holds

VARt + ha) < /y(h1) +v(h2), ki, he € RY,

since
279(h1 + h2)

- \/E [X(t+h1+ha) — X(t+h1) + X (t+h1) — X (1))

< \/E (X (t + hy + ho) — X (t + h1)]?

FVEIX(E+ ) = X0 = V29(h) + V21 (ko).

Then we can easily show by induction that y(nh) < n2?v(h) for any n € N and h € R?, or, in
other words,
() ()

T S Ths
[l

|2

—

(2.2.2)

(replacing h by &).

Fix any 0 # hg € R%. Let ¢ = MAX,: | ho|<|h|<2|ho| (%), which is finite, since % is con-
tinuous. For any h € R? : |h| > |hg| there exists such n € N :  n|ho| < |h| < 2n|hgl|, or

lho| < |2| < 2|ho|. Hence, “5|2> < c. From 2.2.2, i.e., y(h) < c|h|? for h : |h| > |hol- O
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Remark 2.2.1

It is known that Laplace-Stiltjes transforms of finite measures ¢(h) = [; e " u(dr), h € Ry
are completely monotone, i.e., (—1)"¢™(h) >0 for all h > 0 and n € Ng = {0,1,2,3...} (see
e.g. [55]). Hence, under assumptions of Theorem 2.1.8, ¢(h) is a Laplace-Stiltjes transform of
a measure p evaluated at h?, which means that cp(\/ﬁ) should be completely monotone.

This implies, in particular, that ¢(h) > 0, h € Ry. It follows from this property that for any

function ¢ which is not non-negative ¢(||x||) can not be positive semi-definite for all dimensions
d e N.

Remark 2.2.2 1. Tt follows from Proposition 2.2.1, 3), 5) that if the variogram v of an in-
trinsically stationary random field X is unbounded, v(h) — oo as |h| — oo, then X can
not be wide sense stationary.

See the corresponding examples which follow.

2. Since X is real-valued, Bochner’s theorem together with formula (2.2.1) yields
1) =€)~ o) = [ (1=t yutae) = me [ 1= < ulan)
R4 R4
= / (1 —cos < h,x >)u(dz), hecR?
Rd

Example 2.2.1 1. Consider the case d = 1, X(t) = Xo + tX1, where t € R, Xy and X,

are random variables, EX; = 0, EX? = 07 € (0,00). The process X = {X(t),t € R}
is intrinsic stationary of order two since X(t) — X(s) = (¢t — s)X1, s,t € R and hence
E(X(t) — X(s)) =0, E(X(t) — X(s))?> = (t — s)%0%, t,s € R.
Then v(h) = $E(X (t+h)— X (1))? = %QhQ — 00, as h — 0o0. X is obviously not wide sense
stationary, since Xy may not be integrable. But even for Xy such that EXgy = 0, EXg =
03 € (0,00) and X, X; are independent, it holds Cov(X(s), X(t)) = E[X(s)X(t)] =
E[(Xo+5X1)(Xo+tX1)] = EXZ + (s +1)E[XoX1] + stEX? = 03 + sto?, which contradicts
the stationarity in wide sense.

2. Let X = {X(t),t € R%} with X(t) =< ¢,t >, t € R%, where p ~ N(0, I;) is a multivariate
standard distributed random vector. Then X is intrinsic stationary of order two, but not
wide sense stationary, since X (t) ~ N(0,|t|?), X(t) — X(s) = X(t — s), t,s € R? and
hence

d

d
e(s,t) = Coo(X(s). X(1) =E | 3 wwpysits | = 3. Elgigylsit;
i,j=1 i,j=1

d
= Z siti =< s,t >, s,teR?
ij=1

. " h|?
with @p-iid~ N(0,1); y(h) = E[X(t + h) — X ()2 = LE[X(B)]2 = 25 h e RY.
Here we have y(h) — oo as |h| — oo as well.

This example can be extended to the case of a field X = {X(¢),t € E} over a Hilbert
space E with a scalar product < .,. > and orthonormal basis

o0 o
{ei}isy « X(t) =< ZNz‘ei,t >= ZNiti>
i=1 i=1
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t € E where {N;}2°, is an iid sequence of N(0,1)-random variables, and
Y21 Nit; converges in the mean square sense E| > Nit;|? =>"" 12 — 0asn,m — oo

i=n i
and since Y % t? < cc as t € E.

. Fractional Brownian Lévy field

Let X = {X(t),t € R?} be a centered Gaussian Random field with covariance function

1
C(s,t) = §(|s|2H + |t|2H —|s— t|2H), s,teR? He (0,1].

It is called a fractional Brownian (Lévy) field with Hurst index H. For H = 3, we get the
usual Brownian field. It is easy to see that X is intrinsic stationary of order two, since in
this case y(h) = 3|h[*, h € RY. The dependence of increments of X Hurst index H is
also a parameter contracting the roughness of the functions X: the smaller H, the more
rough cove its realisations. In particular, for d =1 and H =1 X is a random line:

X(t) = X1t, X1~ N(0,1),

(cf. Examples 1), 2)).

2.3 Stochastic integration

In this section we introduce stochastic integrands of non-random functions with respect to an
independently scattered random measure on an abstract space E. We shall need these integrands
to prove spectral representations of (wide sense) stationary random fields in 2.4 (Theorems of
Karhunen and Crameér).

2.3.1 Independently scattered random measures

Let us introduce the notion of a random measure on a semiring K (E) of subsets of a space E.

Definition 2.3.1
A family K(E) of subsets of a space E is called a semiring if for all A, B € K(E)

a) ) € K(E)
b) ANB € K(E)

c) If additionally A C B, then B\ A = U B;, where n € Nand B; € K(E), j =1...n

pairwise disjoint.

Let (©2,F,P) be a probability space.

Definition 2.3.2 1. Let v be a o-finite measure on K (E). W = {W(A): A € K(E)} is called

an (independently scattered signed) random measure if

a) W(A), A € K(E) is a (complex-valued) random variable on (£, F,P), which is
square integrable: E|W (A)|? < co. Later on we write W(A) € L*(Q, F,P).

b) E [W(A)W(B)} — (AN B), A,B € K(E).
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2. v is called the structure measure (deriving, control measure) of W. It is given by v(A) =
E[W(A)|?, A€ K(E).

3. f EW(A) =0, A€ K(E), then W is called centered.

Later on we consider only centered random measures for simplicity.

Proposition 2.3.1 (Properties of random measures):
A family of complex-valued random variables W = {W(A), A € K(E)} is a random measure iff

a) W(A) e L?(Q,F,P), Ac K(E)

b) E(W(AW(B))=0, A, BeKE), AnB=1
(property of orthogonality (uncorrelatedness) of increments, independent scattering prop-
erty).

c) W(A) E 32, W(A), for A, {A;} C K(E), A=UX,A4;, A;(NAj =0, i+ j. The series

> W(A)
=1

converges in L2(§), F,P)-sense (mean square convergence, property of o-additivity).

Proof: Necessity: Property b) of Proposition 2.3.1 is a special case of property b), Definition
2.3.2 for disjunct sets A, B. Let us show that ¢) holds. First let us show finite additivity of
W :W(AUB) ¥ W(A) +W(B), A,B € K(E), AN B = (). For this, it suffices to prove
EW(AUB) - W(A) - W(B)|> = 0.

We have

E|W(AUB) - W(A) - W(B)|?
=E {(W(A UB)—W(A) - W(B)(W(AUB) - W(A) - W(B))| = ElW(AU B)]* +E|W(A)|? + E|W(B)/?

v(AUB) v(A) v(B)
—~E[W(AUB)W(A)] - E[W(AUB)W(B)] —E(W(A)W(AU B)) — E(W(A)W(B))
V(A) ’ v(B) v(4) v(0)=0
—E(W(B)W(AU B)) - E(W(B)W(A)) = v(AU B) — v(A) = v(B) = 0
v(B) v(0)=0

= W(AUB) ¥ W(A)+ W (B).

By induction we can show the finite additivity:

3

EIW(A) — Y W(A)?*Z v(4) - v(A)
=1

=1

for Ay,...,A, € K(E), AinA; =0, i # j. Hence for A = (J;-; 4;, it holds W (A) =
S  W(A;). Now if

A=JA, AinA;=0, i#j
=1
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then the convergence of

in the L2(Q, F, P)-sense follows from (2.3.1) as

v(A) = v(A).

1=1
Sufficiency: Take any A,B € K(E) and prove b) of Definition 2.3.2. First we notice that
A=(A\B)U(ANB), B=(B\ A)UANB), when
—_——  —— ——

Cc1 c2 C3

[e.9]

Cco € K(E), c1 = Uﬁlch‘, c3 = U?Zlcgj, C1i,C35 € K(E),

and are disjunct. Then

E(W(AW(B)) =E(W(ci Uco)W(csUez)) =E | (W(ea) + Z W(e1i))(W(e2) + Z W(ng))
i=1 j=1
c)ofProp.2.3.1 c)ofDef.2.3.2,2
VTP 3L iy (e0) |2 V7TPLEE D) L ey) = (AN B),
since all ¢4, c3; are disjunct. O

Let us give examples for random measures.

Example 2.3.1

Here we set W(A) ~ N(0,v(A)), A € K(E)(cf. Example 1.2.1 for a special case).

In Definition 2.3.2, we postulated the existence of W with stated properties. Now we have
to prove its existence by giving an explicit construction of a random measure W on some
probability space (£2, F,P) with properties a), b) of Definition 2.3.2.

Theorem 2.3.1

Let v be a o-finite measure on K(E). Then there exists a probability space (2, F,P) and
a centered (independently scattered) random measure {W = W(A), A € K(E)} defined on
(Q,F,P) and {A € o(K(E)) : v(A) < oo} such that v is the control measure of W.

Proof Let A = o(K(E)). By Carathéodory’s theorem, we can extend the measure v to a o-
finite measure on \A. Let us construct the required probability space (£, F, P) by setting Q = E,
F = A. For the construction of P, we have to distinguish two non-trivial cases:

L. v(E) € (0,00): set P(B) = 23, B € F. And let

W(Aw) =vv(E)s(w), we, AcA
We have

W(A,.) e L*(Q,F,P), EW(AW(B))

= ( y(E))Q/QIA(w)IB(w)P(dw) = y(E)P(ANB) =v(ANB), ADBEecA.

Hence W is a (non-centered) random measure.
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2. v(E) = oo (the case v(E) = 0 is trivial). Since v is o-additive, there exists a tiling

o0
E:UEZ-, ENE; =0, i4#j
=1

with v(E;) < co. Let

= v(ANE,)
Zy( ., AeF.
ot 1/ 2”

It is clear that P(.) is a probability measure on F, since
B)=> -
n=1 2n

For any B € {A € A:v(A) < oo} define

w) =Y V2w(E,)Is,(w)
n=1

where B, = BNE,, n € N. This series converges in L?(2, F, P): since {B,} are disjunct,
it holds

B[ Y V2w(E,)Ip, (W) =) 2"w(Ey)

Elp, W)= 2'0(En)P(Ba) = Y 2'0(E,) -l Y(Bn) = vB

I/( n ey m—>0

because v(B) = > | v(By) < 0. Since the scalar product < .,. >p2(q 7 p) is continuous
in their arguments, it holds

< W(A),W(B) > 2077 = E [W(A),W(B)}
3 2"w(E,)E(,, Ip,) = 22" P(A, N By)
1

n=

g

v(A,NB,) =v(ANB),

—_

n=

where A, = ANE,, B, = BNE,, n € N. Hence W is a non-centered random measure.
In order to get a centered random measure W, it does not suffice to subtract EW (A)
from W(A), since this will destroy the property b) of Definition 2.3.2. The right way is
to enlarge the probability space (€2, F,P) in the following way:

Let Z be a random variable on a new probability space (', F’',P’) such that Ep.Z = 0,
varp'Z = 1, where Ep/ and varp: are calculated w.r.t. measure P’. Let W be the random
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measure constructed above on (Q,F,P). Take (Q,F,P) = (0, F,P)® (V,F,P') and
define Won it by W(A, &) = W(A,w)Z(w') for A € {A:v(4) < 0}, © = (w,w') € QX
It can be easily seen that w is a centered independently scattered random measure on
(Q,F,P).

O

2.3.2 Stochastic integral

Let us introduce a stochastic integral

/ FHW (dt),
E

where W is a centered independently scattered random measure on K (E) with control measure
v and f: E — C is a deterministic function. For this, W should be continued to the algebra
generated by K(E) and then to A = o(K(E)).
Let v be finite, i.e. v(E) < oo. Consider the algebra A = {U, B; for some m € N, B; € K(E),
i=1,...,m}.

W can be continued to A from K (E) by posting W (A) % S WA, if A=U A € A,
A; € K(E), AinAj =0, ¢ # j. This definition is correct, since for any other representation of
Aby A=Uj_, Bj, BiNB; =0, i# j, B; € K(E), it holds

m m n n

S WA) =YY W(ANB)=> Y W(B;NA)=> W(B)), as.

i=1 i=1 j=1 j=1 i=1 j=1

Definition 2.3.3
A function f: E — C is simple if

fl@) = aila,(x) (2.3.1)
=1

foranyneN,aq; € C, AiNA;=0,i#j, U4 =E,i=1,...,n

Definition 2.3.4
The integral of a simple function f from 2.3.1 w.r.t. the (orthogonal) measure W is given by

105) =Y @V (4;) = /E f(2)W (dz)
=1

Lemma 2.3.1
The above definition of I(f) is correct, i.e. does not depend on the representation 2.3.1 of f.

Proof Let
n m
f@) = aila,(x) = blp(x) a;b;€C,
i=1 Jj=1
AiNA=0, i#k, BinB =0, j#I,

LnJAi:E, GszE, if A;,NB;#0.
=1

J=1
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Then it follows that a; = b;. Hence,

Z azW(AZ) = Z a; Z W(AZ N Bj) = Z Z aiW(Ai N Bj)
i=1 i=1 j=1 J=14i:A;NB;#0
=3 > LBW(BNA)=> D bW(B;NA)=> bW(B)), since W()=0.
J=1 :AinB;£0 i=1i=1 j=1
Hence, I(f) does not depend on the representation of f as a simple function. O

Lemma 2.3.2 (Properties of J):
Let f and g be two simple functions. Then,

1. Isometry:
< J(1),I(9) > 12057 2 B(I()T(9) =< fr9 >12(5.0)= /E f(@)g(x)v(dx)

2. Linearity: J(af +bg) = aJ(f) +bJ(g), a,becC
Proof 1. Let

=Y al(4), g=> biI(B)), ayb;eC,
i=1 Jj=1

AiNAy=0, i#k BinB =0, j#l, (J4 =|)B;j=E. Consider

i=1 =1
<J(f),I(9) >12@rm= EUI(H)T(9) = EQ_ Y aibW (A)W (B;))

i=1 j=1
- ; JZ; a;bjv(A; N Bj) = ZZ; ]Z; a;b; /E Lanp; (z) v(dr) = /E; a;1 4, (a;); bjIp,(z)v(dx)

IAi(x)IBj(z)

= Ef(x)g(m)l/(dx) =< /1,9 >12@Ew) -
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2. By 1) we get

1T (af +bg) — aJ (f) = bT ()| 7205 p)

=< J(af +bg) —aJ(f) —bJ(g),J(af +bg) — aJ(f) = bJ(g) >L2,FP)

=< J(af +bg),J(af +bg) >r207p) —a <JI(f),J(af +bg) >r2q.r7P)
—b<J(g),J(af +bg) >120.7P)

—a < J(af +bg),J(f) >r20rp) —b < J(af +bg), J(9) >r20.7p)

+aa < J(f), J(f) >r20.5,p) +00 < J(9), J(9) >120.5p) —b < J(af +b9),9 >r2(0.7.p)
+ab < J(f),J(9) >r2.7,p) +0b < J(9), J(9) >L2(00.7P)

Ve af +bg,af +bg >pe(m,) —G < af +bg, f >ram) —b < af +bg,9 > 12

—a < f,af +bg>r2m,) +aa < f, f >12m,) +ab < f,9 >120m,) —b < g,af +bg >125,)
+ba<g,f>r2E +bb < g,9 >r2Ew)=0

by linearity of the scalar product < .,. >p2g,). Hence, J(af +bg) —aJ(f) —bJ(g) =0
O
Definition 2.3.5

The integral of a function f € L?(E,v) with respect to the random measure W is given by

J(f) =limy— 00 J(fn), where {f,}nen is a sequence of simple functions s.t.

L*(E,v)
_

fn [

and the limit lim J(f,) is understood in the mean quadratic sense, i.e., in L?(Q, F,P):

ElJ(fa) = J(N)P = 1T(fa) = TN 2059 — 0 as n— oo.

n—oo

Since the set of simple functions is dense in L?(E, v), such a sequence {f,, }nen always exists.

Lemma 2.3.3 1. Definition 2.3.5 is correct, i.e., J(f) exists and does not depend on the choice
of the approximating sequence {f,}nen of f.

2. For any f,g € L*(E,v) it holds

a) < J(f),J(9) >r20,77=< f19 >12(8,)
b) J(af +bg) =al(f)+0bI(g), a,beC
2 v 2
c) If gn LEY g as n — oo, then J(gy) L) J(g) as n — oo, where {gn }nen,
gn € L?(E,v) are not necessarily simple.

L%(E L%(E
Proof 1. Let {fn}nen, {9n}nen be simple functions s.t. f, ) fasn— oo, gn “Ep) g

as n — oo. First let us prove that J(f) exists. By Lemma 2.3.2, it holds

1T(fn) = Tl L2, 7,p) = 1T (fn = F)ll 2, 72) = 1 fn = finll 2@y ——= 0,

n,Mm—00
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because {f,} is a fundamental sequence in L?(E,v) due to

L*(Ey)
_—

n—oo

fn f.

Then {J(fn)}nen is a fundamental sequence in L?(2, F,P), and since L?(2, F,P) is a

full space, 3 a limit lim, . J(fp) et J(f)-
Now let us show that

Suppose that

lim J(f,) =&, lim J(gn) =,

and show that & “ 5. It holds

1T(frn) = J(g)ll L2, 7,p) = T (fr — gn)ll L2000, 7,P)
lemma?2.3.2
= | fr — 9n”L2(E,u) < || fa— fHLZ(E,u) +[lgn — fHLZ(E,u)—OQ> 0,

n—

2
hence J(fn) — J(gn) PRTP) 6 as n — oo, otherwise J(fn) — J(gn)

a.s.
n — 00, hence £ =" 7.

LQ(Q7f7,P)
— " £ —1n as

L2(E L2(E,
2. a) Let f, By fasn — o0, g By g as n — o0o. By Lemma 2.3.2, 1) and

since the scalar product is continuous we have < J(f),J(9) >r2qrp= lim <

J(fn)s J(gm) >r2(0,7P)
= lim < fu,9m >2(Ep)=< f.g >I2(Eyv) -

n,Mm—00

b) Is proven exactly as 2), Lemma 2.3.2.

D
c) It holds [[J(g) — J(gn)ll 2. 7.2) = 1J(9 = gn)ll 2.7 P) = 19— 9nll 2wy — 0 as n — oo,

L2 (Q,F,P) L*(Q,F,P)
—

since g, — " gasn — oo. Then J(gn) J(g) as n — oc.

O]

Now let us consider the case of a o-finite v, i.e., there exists a family of pairwise disjunct sets
o0
{E.} CE: | JE.=E, E,€K(E),v(E,) <oo,neN,
n=1
Then, it follows from general measure theory that f € L2(E, A, v)iff f, = f |g,€ L*(En, An, vp)

(where A, = o(K(E,)) and v, is a (Lebesgue) continuation of v |gg,) from K(E,) =
K(E) N E, onto A,,) and

2 = N X 27/ X o0 ..
/E|f<x> u(dx)—;/nm( ) un(dz) < oo, (2.3.1)

where the value of [, | f(x)[*v(dz) does not depend on the choice of {Ep}nen.
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Definition 2.3.6
For f € L?(E,v), set the integral J(f) w.r.t. the random measure W to be

o0

J(f) =Y Ju(fn), where fo = f |g, and Ju(fn) = i Fulz)W (dz)
n=1 n

is the integral introduced in Definition 2.3.5.

Lemma 2.3.4 1. Definition 2.3.6 is correct i.e. J(f) exists and does not depend on the choice
of the sets {Ej, }nen.

2. Stochastic integral J preserves the scalar product (isometry):
for any f,g € LQ(Ev V) it holds < J(f)7 J(.g) >12(Q,F,P)=< fr9 > L2(Ev)

3. The random measure W can be continued from A to {4 € A : v(A) < oo} by the formula
W(A) = J(14).

4. Tf W is a centered random measure, then E(J(f)) = 0 for all f € L?(E,v).

Proof 1. Let us show that the series > "7, Jn(fn) converges. First, it holds

< Jn(fn)a Jm(fm) >L2(Q”7:77>): 0, m 75 n.

Indeed, this statement is trivial for simple f,, and f,,, because

< W(A),W(B) >12.rp)=0for A€o(K(E,)), BEo(K(En)).

For general f, € L?*(En,v,) and fn, € L2(En, vy, it suffices to approximate them. By a
sequence of simple functions and use the continuity of < .,. >. Hence,

n m max{m,n}
I 50 =S ) erm = > U s m
=1 =1 t=min{m,n}+1
max{m,n} max{m,n}
=Y M= Y [ 1A@Puld) 0 as mm o,
i=min{m,n}+1 i=min{m,n}+1 E;

since the series (2.3.1) converges. Then, > > J,(fn) converges as well.

Now let us show that J(f) does not depend on {E;};cn. Let

o
E=JE, E/cKE), EnEj=0, i#j v(B) <o, ieN
=1

Denote fz"j = f ’EzﬂE;’ i,j € N. Then fz = f |Ei: Z]oil f@j, 7 € N.
210,
Since Z;‘:l fij L7 (Ey) fi as n — oo, it holds

Ji(fi) = Jifij)

o0
=1
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by Lemma 2.3.3, 2c). Consider the integral J;; on
PENE): Jylo) = [ gllo) g€ LENE)
E:NE/

Evidently, it holds J;;(g) = Ji(g) = Jj(g) for g € L*(E; N E},v), where J} is the integral
on LQ(E;-, v). Then, we get

[e.9]

Zji(fz Z Jij fU ZJI fj Z (fis),
i=1

3,j=1 Ji=1

where J;; = Jj; on L*(E; N E’,v). Since < Jw( i)y T (fr) > 20,7 p)= 0 for (4,7) #<
k,l >, we get

= ZJi(fi) = Z Jij(fij) = Z Jij(fij) = Z (fij)
; ij=1

Je=1 Jai=1

- i JJ/(fJ) = J'(f), because

j=1
S sl = 3 WilBaom = [ 1F@)Prtdo) < oc
i,j=1 t,j=1

here J'(f) is the stochastic integral of f constructed with the help of tiling {E’};en of E.

2. Since E = J2| E; with v(E;) < 00, i € N, for any f,g € L*(E,v) it holds
o (o)
F=>fi 9= gi where fi=flg, gi=glp, i€N
i=1 i=1

The above series converge in L?(E, v)-sense. By the continuity of the scalar product and
Lemma 2.3.3, 2) we have

< J(£),I(9) > 2., =< D Ji(£:), > Ji(9)) > 200,77 = Clim < S T£): D595 >re.Fp)
i=1 j=1 ’ i=1 j=1

Lemma2.3.3
ST ) SEFITNIUR B T 9) DY TS

i= 13 1 i=1 j=1
= <3 D0 < £ >
i=1 j=1

where < Jl(fl), Jj(gj) >r2Q,F,P) =< fz’,gj >L2(Ew) 51']'; since E; N Ej = @, i 7.

3. Take a random measure W on A defined by V[N/(A) =JIa), Ac A:v(A) < oco. It
is an independently scattered random measure by linearity of the integral and isometry
property, since for any B,C € {A € A: W(A) < oo} it holds

<W(B),W(C) >r2q.7p)=<JUp),J(c) >r2(0.77)=<IB,Ic >12®)=v(BNC).
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Show that W is continuation of W from K(E) onto {A € A:v(A) < oo}. For any B €
K(E) we have v(B) < 00, B =J;2, Bi, where B, = BNE;, i € N, v(B) = .2, v(B;).
Furthermore, we have

Ip =) Ip, € L*(E,v) and thus J(Ip) = Y Ji(Ip,).
i=1 =1

Since J;(Ip,) = W(B;), i € N, (because B; € K(E;)), we get

W(B) = J(I) = S W(B) = W(B), BeKE),
i=1

(all series in L2-sense).

. Follows for v(E) < oo from the fact, that for centered W it holds EJ(f,) = 0 obviously

L2(Ev
for any simple f,, n € N. Suppose that f, ) f as m — o0, hence, by Lemma 2.3.3,

2
we get J(fn) L@7P) J(f) as n — oo, and hence

[EJ(f)] = [BI(f) = EJ(fa)] S EI(f) = J(fa)l < VEII(f) = T (fa)]?
= HJ(f) - J(fn)HLQ(Q,}'7P) —0 as n— o

by the Lyapunow inequality. Then, EJ(f) = 0 in case v(E) < occ.
If v is o-finite, the usual reasoning with

o0
F=Y fi fi=flg, i€N, BJ(f)=0, ieN
i=1
proves the general cases since

EJ(f) =Y BJi(fi) =0.
=1

2.4 Spectral representation for stationary random functions

Let X = {X(¢),t € T} be a (centered) complex-valued random function defined on (2, F,P)
with EX2(t) < oo, t € T and covariance function C(s,t) = E[X(s)X (t)], s,t € T. Let us discuss
necessary and sufficient conditions, under which X has the following spectral representation:

Definition 2.4.1

X(t):/Ef(t,:r)W(dx), feT (2.4.1)

for some f(t,-) € L*(E,A,v), t € T, where W is a independently scattered centered random
measure on (2, F,P) with control measure v (v is o-finite on (E, A)) on {A € A:v(A) < oo}.
Here spaces T and E can be any abstract spaces, and equality (2.4.1) is understood in L?-sense,
i.e. a.s..
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Theorem 2.4.1 (Karhunen):
The random function X introduced above has spectral representation (2.4.1) iff its covariance
function C(s,t) admits the factorization

(s,t) /f 8, ) w(dzr), s,teT (2.4.2)

Here, the spectral measure W in (2.4.1) is given on an extension (ﬁ F, 75) of the original
probability space (€, F,P). It can be put (Q, F, P) if the system of functions {f(-,¢) : t € T} is
complete in L?(E, A,v), i.e., for g € L?(E, A, v) it follows from < f(t,-), g >r2mAan=0,t€T
that g = 0 v-a.e..

Proof

1. Necessity: If X has representation (2.4.1) then by isometry property (cf. Lemma 2.3.4,
2)) we get

E[X (5), X(1)] =< X(5), X(t) >L2(0,7,7)=< f(5,), f(t:) >12(8,0)
/f S, ) Jv(dx), s,teT.

2. Sufficiency: First let us consider the easier case of ((2 F, 75) (Q,F,P), i.e. the system
{f(t,-) : t € T} is full. Consider the mapping v from the space of functions onto (E,v)
into L2(Q, F,P) given by v : f(t,-) — X(t,-). Let us show that we can extend 1 onto

L?*(E, A,v). First, set
(4 (Z ai f (i, ')) = aiX(ti,)
=1 i=1

by linearity forany n € N, aq; € C, t; € T, i=1,...,n
Let us show that ¢ does not depend on the concrete representation of

Z aif(tiv )
i=1

Namely, prove that
m

> aiX(ti,) =) b X(s,) (2.4.3)
=1

j=1
forany m e N, b; € C, s; €T, j =1,...,m such that

> aif(ti) = bif(s),)
i1 =1

1 is an isometry between the space of all linear combinations

k
L(f):{Zcif(yi,-):keN, ¢ eC, yeT, z’:l,...,k}

i=1
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and

k
L(X):{ZciX(y,-,-):keN, el yeT, izl,...,k}.

i=1

because

<Zaif(tz,- Z (s, > = ZZaibj/Ef(ti,:c)f(sj,:v)l/(dac)
i=1 j=1 L2(Ey) !

) TIE
bu(24.2) ZZazb iC(ti,s;) =E Zalij i) X (85, )
i=1 j=1 i=1 j=1
= <ZaiX(ti7')7ijX(sja')> .
=1 j=1 L2(Q,F,P)
Hence,
1D aiX(tin) = b X (4, Miz@rp) = 1D aif(ti) = Y bif (55 )l 2w =0
i=1 J=1 i=1 j=1

and (2.4.3) is proved. Since {f(¢,-) : t € T} is full, we have that closure L(f) of L(f) in
L?(E,v) is equal to the whole L?(E, v). As an isometry 1) can be extended to the mapping

¢v: L(f) — L(X), where L(X) = closure of L(X) in L*(Q, F,P).
——

=L2(E,v)

Now define W(B) = ¢(Ip) for any B € A: v(B) < co. W is an independently scattered
random measure on (£, F,P) with control measure v, since

<W(A),W(B) >120,7,)=<¥(a),¥(IB) >12(0,7,,)=< 1, 1B >128,,)= V(AN B),
A BeA:v(A) <oo, v(B)<oo.

The measure W is centered, since W (A) € L(X) for any A € A: v(A) < oo, and it holds
E¢ =0 for any £ € L(X) due to EX(t) =0,t € T.

Take the stochastic integral J(-) on L*(E, v) w.r.t.W. By Lemma 2.3.4, 2) J is an isometry
from L?(E,v) onto L, C L*(Q,F,P). Show that v = J (and thus L(f) = L%,).

Since ¢(Ip) = J(Ip) by their definition for B € A : v(B) < oo, and linear combinations of
indicators are dense in L?(E, A,v), we get ¢ = J as mappings L*(E,v) — L(f) = L¥,.
Then, X(t) = J(f(t,-)), t € T is the spectral representation we fought for.

Now let us return to the special case of (2, F,P) # (2, F,P), i.e. {f(t,-):t e T} is not
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full. In this case, L(f) C L*(E,v), L(f) # L?(E,v). Take the orthogonal complement of
L(f) in L*(E,v) (denote it by L(f)L) and consider a basis

{g(s,-): s € T'} C L*(E,v), where T'NT = 0.

Introduce the function

C(s,t) :/Eg(s r)g(t,x)v(dz), s,teT'.

Since
n

Z a;ia; Cy(ti, t;) /

3,7=1

I IL’)_ )

C is positive semi-definite. Hence, there exists a probability space (2, F’,P’) and a
centered (complex-valued) Gaussian random function X’ = {X'(¢) : t € T'} on (¥, F', P’)
such that X’ has the covariance function

Ci:Ci(s,t) =E [X’(S)X’i(t)} , s,teT.

Introduce the extension of (€, F,P) by (Q, F, P) = (Q, F,P) x (Q, F,P).

For any t € T, s € T', X(t) and X'(s) are independent of (Q, F, P), where for & =
(w, ') € Q we set X(t,&) = X(t,w), X'(s,@) = X'(s,o'). Introduce the (centered)
random function

X={X({t):teTUT'} by

It holds
N o C(s,t), s,teT
C(s,t) =E [X(S)X(t) = Ci(s,t), s teT
0, seT, teT orseT, tecT
Hence,

C(s,t) = /E h(s,2)h(t, 2)w(dz), with

| ftx), teT
h(t,x)—{ g(t,z), teT, }

r € B, since < f(t,-),9(s,") >r2@m)=0,fort €T, s €T".
Furthermore, L(h) = L*(E,v), because {h(t,-) : t € TUT'} is full in L?(E,v). Then we
can use the first part of the proof in 2) and write

X(t):/Eh(t,x)W(dx), LeTUT,
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where W is an independent scattered random measure defined on ((NZ, F ,75) Fort € T,
we get

X(t,w)=X(t,w) = /Eh(t,x)W(da:) = /Ef(t, )W (dx).
0

Corollary 2.4.1 (Cramér):

Let {X(t) : t € R?} be a centered complex-valued (wide sense) stationary random field on
(Q, F,P) which is continuous in the mean square sense. Let v be its spectral measure from
Bochner’s theorem. Then, there exists an independently scattered centered random measure

W ={W(A): Aec BR%} on (2, F,P) with control measure v such that
X(t) = / LT (dz), ¢ e RY (2.4.4)
Rd

Proof Since X is mean square continuous, its covariance function

Co(h) = E [X(S)X(s ¥ h)

is continuous at the origin. Hence, by Bochner’s theorem, we get

Colh) = /R ey ()

for a finite (spectral) measure v on Bga, in other words

Csut) = B [X () X0) = Cols — 1) = |

€i<s—t,x>y(dx) _ / PASES WV(CL%’)
Ra

R4

Put f(t,z) = ¢<b*> t 2 € R? in the function station (2.4.2), E = R? Since the set
of functions {e'<t"> : t € R?} is full in L?(R%, Bga), we can apply Theorem 2.4.1 and get
(2.4.4). O

Remark 2.4.1 1. If W is Gaussian, then so is X, and vice versa.

2. If X is real-valued, the spectral representation (2.4.1) can be written in its real form:

X(t):/ cos<t,x>W1(da:)+/ sin < t,x > Wa(dz), teR?,
RA-1 xR Ré=IxR4

where W and W5 are independent real-valued independently scattered random measures.

3. The random measure W in (2.4.1) is called a spectral process corresponding to X.

The proof of 1) is obvious due to the convolution stability of the usual distribution. The
proof of 2) is more involved and will not be given here.
How spectral representations (2.4.1) can be used in direct applications?
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Example 2.4.1 (Simulation of Gaussian random fields):

In order to simulate a centered second order stationary Gaussian random field X with spectral
measure v within an observation window A C R%, A bounded Borel set, it is enough to consider
sums

Xo(t) =) <MW (AD), te A, (2.4.5)
=1

where

mn
A=|]JA} cRrf
i=1
is sufficiently large to approximate

X(0) = [ @<= W) by Xa(t) = [ @<= W)
R A
in the mean square sense with a desired accuracy || X (t) — Xa(t)|l 20 7p) <&, AF N A} =0,
i # j are bounded Borel sets in R¢, z; € A;, W (A}') are independent random variables such
that W(A?) ~ N(0,v(A}")), i = 1,...,my. Then, X,,(t) is always a Gaussian random field s.t.

2 .
Xn(t) L@zp) / e <b*>W(dx), as n — oo,
A

i.e., the covariance function C,, of )N(n tends to the covariance function C4 of X4 as n — .
If Ais a cube [—k;k]%, then A? can be chosen to be shifts of [0,1]¢ and z; can be taken to
be the diagonal crossing point of A;. If the choice of x; and t is appropriate, a fast Fourier
transformation for the fast computation of the sums in (2.4.5) can be used.

2.5 Orthogonal expansions for random functions

In this section, we would like to prove the following representation of a random function
X ={X(t),t € T} on a Hausdorff (compact) index space T satisfying some conditions:

X(t) =Y &(t), (2.5.1)
=1

where {&;}ien are centered uncorrelated random variables (i.e., E¢? < oo, E¢; = 0, E(&¢&;) =
Aibijy Ai > 0,14,7 € N) and {¢; };en is an orthonormal system of L?(T,v) with v a finite measure
on the Borel-o-Algebra Br.

This convergence is understood in L?(Q, F,P), and it is uniform in ¢ on 7.

The representation (2.5.1) is known under the name of Karhunen-Loéve (named after Kari
Karhunen and Michel Loéve). In order to prove it, some technical devices are at hand.

2.5.1 Mercer’s Theorem

Let T be a compact Hausdorff space equipped with a finite measure v defined on Br.
Let a function K : T x T — R be symmetric (i.e., K(s,t) = K(t,s), s,t € T) and positive
semi-definite.
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Then it is called a kernel. Let K be continuous in both arguments. Introduce the operator Ax
on L*(T,Br,v) by

[Axg](t / K(t,s)g(s)v(ds), teT, geL*(T,Br,v)

The following Theorem goes back to James Mercer (1905), who proved it in the case of
T = [a;b] C R.

Theorem 2.5.1
If the kernel K is continuous, then Tk has an orthonormal basis of eigenfunctions {;}ien
corresponding to eigenvalues {\; }ien, i > 0 Vi € N in L*(T, Br,v), and

=3 Nwi(s)y;(t), s teT, (2.5.2)
=1

where this convergence is absolute and uniform on 7.

The proof of this result can be found in [33]. It is based on the following idea:
it is enough to show that Ay is a compact operator in L?(7T, Br,v). Then, the spectral theorem
by Hilbert-Schmidt for compact operators on Hilbert Spaces is applied.

Corollary 2.5.1
Under the assumptions of Theorem 2.5.1, it holds

/ K(t,O)v(dt) = i)\
T i=1

Proof The statement follows from (2.5.2) and orthonormality of {t;};en. O

Suppose that the eigenvalues {\;};cny of Tk are given in decreasing order:
A=A > A32>---2>0.
By definition of v; and A;, it holds

| Kls.usssiwtds) = o ws(o), teT

as well as

/T%(t)ﬂ}j(t)’/(dt) =dij, 4,J€EN

Corollary 2.5.2

If K : TxT — Ris a covariance function of a (real-valued) random function X = {X(¢) : t € T},
and K is continuous on T, then it has expansion (2.5.2), because it is a kernel.

It is not easy to get the expansion (2.5.2) analytically, because the problem of comparing the
functions of Tk is not trivial. There are, however, some special cases, where it can be done
explicitly.
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Example 2.5.1 1. Let T = [0;1], v be the Lebesgue measure on [0;1], K(s,¢) = min{s,t} be
the covariance function of the Wiener process X = {X (¢) : t € [0;1]}.
Let us show that

V(1) = V2sin(x(j + %)t), te [0:1]

with

)\j: jeN.

(G +3)*m

Since

K(s,t) =sIl{s <t} +tl{s >t} (2.5.3)

is continuous, Theorem 2.5.1 can be applied to it. Let us solve the equation

1
/0 K(s,t)Y(s)ds = X -(t).

Indeed we have by (2.5.3)

t 1
Mb(t) = /0 s(s)ds + 1 /t (s)ds. (2.54)

Assume that 1 € C2?[0;1], A > 0 and differentiate both sides of the above equation twice.
We get the boundary value problem

U(t) = =3 (t)
$(0) =0
¥'(1) =0,

because

1
' (t) = / P(s)ds, t€[0;1] and (1) =0 follows from it.
t
1 (0) = 0 follows from (2.5.2) with s =t = 0. Solving the equation

V() = D), e get
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thus

wj(t):cj'sin<7r<j+;>t>, jeN

The constant ¢; can be found from

/1 i(t)dt =1, jeNuU{0}.
0

The eigenvalue A; can be obtained from (2.5.4).

2. Let T = [0;1]%, v is the Lebesgue measure on [0;1]¢, and

d
K(s,t) = [[min{si, t:;}, s=(s1...50)7, t=(t1...tg)" €[0;1]* (2.5.5)
=1

be the covariance function of the Brownian sheet (which is a centered Gaussian process
with this covariance function). The Brownian sheet can bee seen as a multidimensional
generalization of the univariate Wiener process. Introduce the multiindex j = (j; - - - ja)7

Ji € N.
Exercise 2.5.1
Show that the eigenfunctions of Ax with given in (2.5.5) are

¢j(t):2§HSin<W<jz’+;>ti>a j=01---ja) eENY t=(t;..

=1

with eigenvalues

2.5.2 Reproducing Kernel Hilbert Spaces

.td)T € [0; 1]d

Let X = {X(t) : t € T} be a (real-valued) random function defined on (£2,F,P). T being a
compact separable Hausdorff space. It is often useful to assume that 7" is compact w.r.t. the

topology induced by the following (pseudo) metric on 7"

pls.t) = VEIX(s) - X (1)
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It satisfies all properties of a metric except for

p(s,t) =0 = s=t.

obviously, there can exist random functions X with X (s) = X(t), but s # t (e. g. if X is
periodic). This pseudometric p is called a canonical metric for X. Let X be centered:
EX(t)=0,t €T, and EX?(t) < oo, t € T.

Let

C(s,t) =E[X(s)X(t)], s, teT

be the covariance function of X which is positive definite and continuous on 7" x T'. Let us
construct the reproducing kernel Hilbert space H of C' (or X) using the following step-by-step
procedure:

1. Introduce the space

n
E={¢:T—R:g() :ZaiC’(si,-), a, €R, s, €T, i=1,...,n, neN}
i=1
with the scalar product
n m
< f,g >g= Zzaibjc(5i7tj) (256)

i=1 j=1

on E, where f,g € E:

FO) =Y ail(si), g() =Y biClt;,-).
i=1 j=1
Since C' is positive definite, it holds

<¢9>p>0, <g,9>p=0 < g=0, g€k,

i.e. <., ->p isindeed a scalar product.

Lemma 2.5.1
The scalar product < -,- >g has the so-called reproducing kernel property on E, i.e.,

<g,C(t,") >u=g(t), teT, geE.

Proof We write

<g,C(t,") >g= <Zai0(si, ), C(t, -)> => aiC(si,t) =g(t), teT
=1 =1

H
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for

g(+) = ZaiC’(si, )€ E.
i=1

O
2. Introduce the norm ||g||lg = /< 9,9 >u on E.
Definition 2.5.1
The closure of E w.r.t. the norm || - ||z is called the reproducing kernel (Hilbert) space:
H =E.
Lemma 2.5.2 1. The convergence g, A, g, as n — 00, g, € E, in the norm || - ||y implies

the pointwise convergence of functional sequences on 7"

gn(t) — g(t), as n— oo, teT.
2. H = E is indeed a Hilbert space.

Proof 1. Let {g,} converge to g in || - ||z, gn € E, n € N, then it is a Cauchy sequence:

Ve>0 IN: Vn,m>N |gn—gmllo <e.

By the reproducing kernel property of < -,- >y, we have

|gn(t)_gm(t)’ = | < gn_grmc(t?‘) >H ‘ < ||gn_gmHH'HC(tv )HH = Hgn_gmHH' V C(t,t), teT

using Cauchy-Schwarz inequality and the definition (2.5.6) for ||C(t,)||z. Then, {g.(t)},
t € T is a Cauchy sequence converging to g(t).

2. The only property we have to prove here is that H is separable. This property follows

from the separability of T" and the continuousness of C.
O

Exercise 2.5.2
Please prove it!

Remark 2.5.1
Since < -, - >y is continuous on H and by Lemma 2.3.1, 1) reproducing kernel property extends
to the whole space H :

<g,0(t,') >H:g(t)7 tET, gGH.
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Example 2.5.2
Let T' = [0;1], and X be the Wiener process on T with covariance function C(s,t) = min{s,t}.
Show that the reproducing kernel Hilbert space H of X, is given by

t 1
H= {g: [0,1] = R:g'(t) existsa.e. on [0;1], g(t) :/0 g (s)ds and /0 (g'(1)2dt < oo}

(2.5.7)
with the scalar product
1
<rfy >H—/0 f'(t)g'(t)at

(Cameron-Martin space).
First, if

= ZaiC(si,t) = Zai min{s;,t} €E,

i=1 i=1
= biC(tj,t) =Y bimin{t;t} €E
j=1 J=1
then
') = Z a;(min{s;, t})’ Z ailj;s,) (1), t€[0;1]
i=1
() = bl (1)
j=1
and
< f,9g>u= ZZaZb min{s;, t;} = ZZGZ / 0,51 (O j0se,1 (£)dt
=1 j=1 =1 j=1
1 n
- / S il (1S by o, (1t = / 7(0)g/ (1)t
0 =1 j=1 0
Since g(t fo s)ds for any g € H as above, we get the reproducing kernel property:

1 t
<g9,C(t) >H=/O g'(s)Ijo(s)ds :/0 g'(s)ds =g(t), te[0:1]

Hence, H defined above is indeed the reproducing kernel Hilbert space of X, cf. the following.

Exercise 2.5.3 o
Show that H given in (2.5.7) is indeed a Hilbert space and show that H = E in the norm || - | g.
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Lemma 2.5.3
Let the covariance function C' be continuous and let {p,},en be an orthonormal basis in the
reproducing kernel Hilbert space H for C. Then, lead ¢, is a continuous function on 7', and

o0
=) @i(t), teT, (2.5.8)
=1
whereas the convergence of this series is uniform in ¢ € 7.
Proof By the kernel reproducing property and Cauchy-Schwarz-inequality, we get Vn € N and

s,teT

|90n(8) - (Pn(t)‘ = ’ < gpn(‘),C(S, ) >H — < ‘Pn(')vc(t7 ) >H ’
= | < 9071(')70(87 ) - C(tv ) >H | < ”SOnHH ||C(57 ) - C(ta )HH =
=1

=\/<C(5),0(5) > —2<C(s,),Ct,) > + < Clt, ), C(t, ) > = /C(s,5) — 2C(s,1) + C(L, 1)
= VE[X )]2 = ¢(s,1)

by relation (1.5.1) on p. 21 and the definition of the canonical metric. Then ¢, (-) is continuous

on T, if so is C. Expanding C(t,-) in a Fourier series w.r.t.{¢, }nen and using the reproducing
kernel property, we get

Z <C(t () >m on(- Zcpn cpn(t), teT (2.5.9)

where the series converges in the || - ||g-norm. For s = t, we get the pointwise convergence
in the formula (2.5.8) by the reproducing kernel property. Now we have to show that this
convergence is uniform in ¢t € 7. The convergence of Zi:[:l ©2(t) to C(t,t) as N — oo is

obviously monotone, by Dini’s theorem it is uniform in ¢ € 7.
0

Remark 2.5.2
Compare formula (2.5.9) with representation (2.5.2) in Mercer’s theorem!

2.5.3 Canonical isomorphism

Let {X(t) : t € T} be a centered random real-valued function with a continuous covari-
ance function C introduced in 2.5.2. Consider the subspace X C L*(Q,F,P), where X =
span{ X (t),t € T} is the closure of the linear hull of X in L?(£2, F,P) equipped with the scalar
product < &,m >p2(q,77)= E({n). Let H be the reproducing kernel Hilbert space of X. Let us

show that H is isomorph to X. For any

9()=> alC(ti,") €E

define the mapping A : E — A(E) C X, by

n

Ag) = aiX(ti).

=1
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Evidently, A is an isometry:

||g||H = Z aza] tut = | Zaz ”L2(Q}‘7D = ||A(g )H%?(Q,}‘JD)a g €E.
1,j=1
Consequently, A extends by limiting procedure to H = E and the whole of X.
So constructed, A is called the canonical isomorphism. If {¢, },cn is an orthonormal basis in
H, then &, = A(p,) € L?>(Q, F,P) yields a sequence {€n}nen of uncorrelated random variables
with E&, = 0, E€2 = 1, which forms an orthonormal basis of X. In particular, we have Vt € T.

=Y <X >r2rm =) <Ct)on >0 =D ¢ult) &
n=1

n=1 n=1
by the isometry property of A and the reproducing kernel property of < -, >pg, where the
series converges to X (t) in L2(2, F,P). We proved the following result:

Proposition 2.5.1
If {¢n}nen is an orthonormal basis in H, then there exists a sequence {&,}nen of pointwise
uncorrelated random variables with E¢,, = 0, E€2 = 1 such that

=D _en(t)n (2:5.10)
n=1

in the L?-sense. Hence, &, = A(py), n € N.

Remark 2.5.3 o
If X is Gaussian, then all elements of X are Gaussian random variables as well, and so are
{&n}nen- Hence, we get &, ~ N(0,1), &, independent, n € N.

Evidently, the choice of random variables §,, heavily depends on the basis {p, }nen. This is
a major difficulty in this theory to find an appropriate basis {¢y, }nen in H.
Mercer’s theorem can help us to find such a basis {¢, }, which leads to the so-called Karhunen-
Loéve expansion of X.

2.5.4 Karhunen-Loéve expansion

By Corollary 2.5.2, let {wn}neN be an orthonormal basis of eigenfunctions of the Fredholn

operator Ac (glven by Acg(t) fT Yw(ds), g € L*(T,Br,v)) with non-increasing
eigenvalues A\; > \g > A3--- > 0in L*(T, BT, )
Lemma 2.5.4

The reproducing kernel Hilbert space of C' is given by

H:{g:g(t):Zangon(t), teT, Zai<oo, ©n = VA Un, nEN}
n=1

n=1

with the orthonormal basis {¢y, }nen and scalar product

o0 o0 o0
<Fg>u=) anbn, f= anpn, g=» bupn, f.g€H.
n=1 n=1 n=1
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Proof Let us show that < -,- >p has the reproducing kernel property: by Mercer’s theorem,
we get

< g(-),C(t, ) >H= <Z AnPn; Z@n(t) ’ (Pn> = Zan@n(t) = g(t), teT.
n=1 n=1 H n=1

By Mercer’s theorem, {¢,}°°; forms a basis in H. By the definition of < -,- >p, it is
orthonormal. It reasons to show that H is a Hilbert space (trivial exercise!). O

Remark 2.5.4
For

oo
g= Zangon € H,
n=1

N——
;.10:1 anVAntn

we have a, =< ¢, ¢, >g. At the same time, we have

Vo - =< 9 > 13(0.50) = /T 9(t) (D) (dD),

hence

1
an =\ A < G, >H= \—N < g, > 12(T Brv) for A, > 0.

Hence, H consists of (L2, By, v)-integrable functions for g with the property

oo 00 1 2
ol = >0t = 3 5 ([ ammtomtan) < oo

and is equipped with the inner product

> 1
<homn=3 /T O bn(tdt) - /; 9t (D) ().

Now take ¢, = v/ A, in Proposition 2.5.1 to get the following.

Corollary 2.5.3 (Karhunen-Loéve Expansion):
For any centered X = {X(¢), ¢t € T} on a compact T with continuous covariance function C,
there exists a family {,}7°; of uncorrelated random variables with E¢,, = 0, E¢2 = 1 such that

X() =YV Anbathn(t), (2.5.11)
n=1

where {¢,}>° is an orthonormal basis of eigenfunctions of the corresponding Fredholn op-
erator with kernel C'in L?(T, By, v), A, are the eigenvalues corresponding to /,,, and the above
expansion holds in L?(2, F,P).
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Remark 2.5.5 1. If X(.,w) € La(T, Br,v), it holds

1
Vn

Indeed, this formula follows by applying < -, ¢y >r2(13,,,) on both sides of (2.5.11) and
using the orthonormality of {u;, }nen.

gn:

/TX(t) “Yp(t)v(dt), meN

2. Karhunen-Loéve expansions hold also for complex-valued random functions with evident
(minor) changes.

Example 2.5.3 (Wiener process):
By Example 2.5.1, 1), the Wiener process X = {X(t) : t € [0,1]} has the Karhunen-Loéve
expansion

X(t) = \@i ! lsin([n—i—;] m)gn, te[0,1]

7 =0 n —+ 5
where {£,}7°, are i.i.d. N(0,1)-random variables. Later on, it will be shown that this
convergence holds even a.s. and uniformly on [0, 1].

Now, let us prove that:

Theorem 2.5.2
For Gaussian a.s. continuous random functions, the series (2.5.10) converges a.s. uniformly on
T, whereas {,} are i.i.d. N(0,1)-distributed random variables.

For the proof of this theorem, we need the following:

Lemma 2.5.5 (It6-Nisio, 1968):
Let {Y,, }nen be a sequence of independent symmetric random elements with values in a separable
real Banach space B, equipped with the mass topology. For

n
Sn = ZY;
=1

{Sn}nen converges a.s. iff there exists a random element S such that

F(S,)—— F(5)

n—oo

for any F' € B*, where B* is the dual space to B.
This lemma goes back to Itd6 and Nisio (without proof).

Proof of Theorem 2.5.2
We know that

converges to Gaussian X (t) in L?-sense, whereas X (-) is a.s. continuous. Take Y; = ;(¢)&;.
Since &; are i.i.d., the Y; are independent. For any functional F € (L?(T, Br,v))*, we have to
show that
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Show that this holds in L%-sense:

1F(Sn) = FXO)z20,7,2) < IFI - 180 = Xl 2(1,80,0) — 0.

Then applying Lemma 2.5.5, we get that S, a.s. convergences to some random variables S,
and S = X(t). Now let us show that this convergence is uniform. Introduce the Banach space
C(T) of all continuous functions on 7" with sup-norm. Clearly, X (-), & o0 () € C(T).

Define

Su() = el
P

and show by lemma 2.5.5 that

It suffices to show that

F(S,(-)) 2 F(X() forany FeCT).

n—oo

It is known that

F(g) = /T gdpu,

where p is a finite signed Borel measure on (7', Br). Hence, we get

E|F(Sn(-)) = F(X())| = EI/T(Sn(t) — X(t)p(dt)] < /TEISn(t) — X(t)]|ul(dt)

< /T 180(t) — X (1) | e, 11l () = /T S @)

j=n+1

by Lyapunov’s inequality, where |u| is the total variation measure of p. By lemma 2.5.3,

2 @B =0
j=n+1
uniformly in ¢t € T, hence
P
F(Su()) 2 F(X())
and we are done O

Theorem 2.5.3

We stress that the above decompositions hold only for compact 7. If T' is not compact (say,
for stationary complex-valued X) then the formally written "Karhunen-Loéve expansion" may
coincide within the spectral representation of X, as the following example shows:

Consider a second-order stationary complex-valued random field X = {X(¢) : t € RY} with
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continuous covariance function C(s,t) = Co(s —t), s,t € R% such that it has a discrete spectral
measure 4 in Bochner’s theorem:

:U'() :Zé)\j(‘>'ﬂj7 Aj ERd, pi >0, jeN
=1

Consider the set of functions {ei<5’>‘j>}jeN as a "basis" on Mercer’s theorem (which formally
does not hold here, together with its generalizations to non-compact spaces; cf. [16]). Then,
the formally written Karhunen-Loéve expansion of X would yield

o0
X(t) _ Z TL] j€i<t’>\j>, te ]Rd
7=1

where {{;} are uncorrelated random variables with E&; = 0, E§]2- =1, 7 € N. This expansion
coincides however with the spectral representation (2.4.4) of X, of being a discrete random
measure

W() = Z V&0, ()

J=1

Theorem 2.5.4 (Simulation of Gaussian random functions):

If the Karhunen-Loéve expansion of a Gaussian random function X = {X(¢) : ¢t € T} with a.s.
continuous realizations on a compact T is known, it can be used to simulate X on T as follows.
By Theorem 2.5.2,

X(1) = NGut), teT
j=1

where {¢;} are i.i.d. N(0,1) random variables, A\; > 0 and ;(.) some known functions.
Then, one can simulate X (¢) by taming its approximation

N
Xn(t) =D VA&(t), teT;
j=1

it holds
Xn (t)% X(t)

uniformly in ¢ € T. For instance this method can be used to simulate the Brownian sheet;
cf. Exercise 2.5.1. However, the convergence of Xy to X may be rather slow, so that the
performance of the simulation is poor: indeed, since §; are i.i.d. N(0,1), we get

on(t) = [ X(¢t) — XN(t)H%Z(Q,}',’P) = | Z VA O 72 079
j=N+1

=B > VNGunPF= > Auit), teT

j=N+1 j=N+1
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The rate of convergence of this sum to zero as N — oo depends heavily on the choice of {t;}en.
For instance, in case of the Brownian motion (cf. Example 2.5.3) for ¢ € [0, 1]

T j=N+1 ('] + 5) ™ j:N+1‘7 us N+1 x2
2 1] 9
= — —1 — :726 N—l , N—)OO
7r2( )x Nt 7T2(N—|—1) ( )

Exercise 2.5.4
Show that for the Wiener process X = {X(t) : t € [0, 1]} the following (alternative to (2.5.11))
Karhunen-Loéve representation holds:

X(t) =t-£o+\f2§: Wgn, t€1[0,1] (2.5.12)
n=1

where {&,}n=0,1,.. is an ii.d. sequence of N(0,1)-distributed random variables. To do this,
consider the Brownian bridge ¢ = {¢(t) : t € [0,1]} defined as a centered Gaussian process with
covariance function C(s,t) = min{s,t} — st and a.s. continuous paths. It can be proven (please
check this!) that

o) LX) —t-X(1), telo1],

so that ¢(0) = ¢(1) = 0 a.s. which justifies the value "Bridge". Then,

X(t) L o(t)+t-X(1) = @(t) +t-&, telo1],

where & ~ N(0,1). Use this representation of X to proof (2.5.12) by finding the Karhunen
-Loéve representation of ¢. For that, show as in Example 2.5.1, 1) that

A= (727 (t) = V2sin(mt), jEN

Exercise 2.5.5 (Ornstein-Uhlenbeck-process):
The Ornstein-Uhlenbeck-process X = {X (¢) : t € R} is a stationary centered Gaussian process
with covariance function

C(s,t) = el s teR

1. Show that
where ¢ = {p(t) : t > 0} is a Wiener process.

2. Show that the spectral density f of X coincides with the Cauchy density:

1

- —— . zeR
r1+a22) "

/()

3. Find the Karhunen-Loéve expansion for X on [—a, a] using representation 1).
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2.6 Additional exercises

Exercise 1 Prove that the characteristic function of any random variable is a valid covariance
function, i.e. it is positive definite.

Exercise 2 Prove Polya’s criterion: If C': [0;00) — R is such that C' (0) =1, C (¢) is continuous
and convex, and tlim C (t) =0, then C is a positive definite function.
—00

Exercise 3 Are the following functions C': R — R valid covariance functions?

a) C(t)=0
b) C(t)=1

1, t=0
c) Nugget effect: C (t) = {07 £ 0

veo={1, 1

e) C(t) =sin(t)

f C(t):{exp(—|t|), teZ

0, otherwise

Exercise 4 Prove the following statement: A function C' : R — C is real, continuous, and positive
definite, if and only if it is the cosine transform of measure F on [0;00), i.e.

C(z) = / cos (xt) dF (t) for all x € R.
[0,00)

Compute the spectral density f for the following covariance functions C': R — R:
1. C(z) = exp (—2?)

2. C(x) =exp(—|z|)

3. C (@) 11— o<a<o
. xT) =
0, otherwise

Exercise 5 Prove that cos(z) is a valid covariance function on R.

Exercise 6 There are several definitions for a stable random variable. Namely, a random variable
X is said to have a stable distribution, if one of the following properties holds:

1. For each n € N there exist constants ¢, > 0, d, € R such that X; +...+ X, 4 cnX +dy,
where X1, ..., X, are independent copies of X.
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2. There are parameters a € (0,2], 0 >0, 3 € [—1,1] and g > 0 such that the characteristic
function ¢(t) = Eexp(itX) of X has the form

6(t) = exp (—o®[t|*(1 — iBsgn(t) tan Z2) +iut) if a #1
~ exp (—olt|(1 +iB2sgn(t)log [t]) +iut)  ifa=1.

Show that 2) implies 1). (In fact the two definitions are equivalent.)

Exercise 7 (The parameters of a stable random variable) According to the upper definition we
can denote stable distributions by S, (o, 3, 1). The parameter « is often called the index of
stability because it can be shown that the norming constants ¢, in Exercise 1 are of the form
cn = n'/* with o € (0,2] (see Feller, 1967).

1. The parameter p is a shift parameter. This is backed by the following property. Let
X ~ S4(0,0, 1) and let ¢ € R be a constant. Show that X + ¢ ~ S, (0,5, u+ ¢).

2. The parameter o is called the scale parameter. The reason lies in the following: Let
X ~ S,(0,0, 1) and let ¢ € R\ {0}. Show that

x4 Sallelo, Bsgn(c), cp) if a #1,
C ~
Si(|e|o, Bsgn(c), cu — 2clog|cloB) if a = 1.

3. The parameter (3 is a skewness parameter. Show that, for any 0 < o < 2 it holds

X ~ Su(0,0,0) if and only if — X ~ S, (0, —43,0).

Exercise 8
1. Show that X ~ S, (0,3, p) is symmetric about zero if and only if 5 =0 and p = 0.
2. Show that the random variable X ~ N (u,0?) is stable with a = 2.

3. Show that the Cauchy random variable X with probability density function fx(x) =
W, v > 0 is stable. What is the value of a?
Exercise 9

1. Find a simple formula for the variogram 7(s,t) of a random field X = {X(t), t € R9}
with mean value function yu(t) and covariance function C(s,t), s,t € R%, d > 1.

2. Now assume that X, defined on a compact T C R?% and diamT := sup d(s,t) < oo with
s, teT

the canonical pseudo-metric d(s,t) := 1/27v(s,t) < oo. The smoothness of the random
field X is closely related to the behavior of y(s,t) for points s,¢ € R? with infinitesimal
small distance. We now try to find a sufficient condition for the a.s. continuity of the
field X. It is known that Gaussian random fields are a.s. continuous and bounded with
probability one if there exists a 6 > 0 such that

/ p(e_uz) du < o0,
é
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where p?(u) = sup 27y(s,t). Show that the existence of a constant K € (0,00) and
ls—t|<u
a,n > 0 such that
5,t) < o
Y0 = Tiogs — gt
for all s,t with |s —t| < n is a sufficient condition for the a.s. continuity of X.

Exercise 10 Let v be a finite measure, given on (R%, B(R?%)), d > 1. Let Y, X1, Xo, ... be indepen-
dent random elements on a probability space (€2, F, §) such that Y ~ Poi(v(R%)) and X1, X, . ..
ii.d. d-dimensional F|B(RY)-measurable random vectors such that §x, (B) = v(B)/v(R%),
B € B(R?%). We introduce the Poisson random measure W : B(R?) x Q by

Y(w)
W(B,w) = Z 15(X;(w)), B € B(RY).

Show that the Poisson random measure given on a semiring of bounded Borel sets in R? is an
orthogonal non-centered random measure.

Exercise 11 Let {W}, t € R} be a complex-valued L2-process such that

i) E|Ws — W2 — 0 for any s € R with s | ,

ii) it has independent increments, i.e. E(W;, — W, ) (W, — Wy,) = 0 for any ¢ < ta < t3.
We introduce the family of random variables W ((a,b]) := W(b) — W(a) on the semiring
K = {(a,b], —00 < a < b < oo}, where (a,a] = 0. Show that W is an orthogonal random
measure on K.

Exercise 12 Let E be a measurable space, and v a o-finite measure given on a semiring /C(E)
of subsets of E. Show that simple functions of the form f : E — C, f = >, ¢;1p,, where
¢;€C,BieK(E),i=1,....,m, UL, Bi=E, BiNB; =0 for i # j, are dense in L*(E,v).

Exercise 13 Show Lemma 2.3.4 4): Let E be a measurable space, and v a o-finite measure given
on a semiring K(E) of subsets of E. Let W be a centered orthogonal random measure, i.e.
EW(A) =0, A € K(E). Show that EJ(f) =0 for f € L*(E,v).

Exercise 14 An illustrative example of the Karhunen Theorem (1)

1. Show that the Wiener process W = {W(t), t € [0,2x]} has the representation

1 o 1—e ¥
Wﬁ)z—E;EZA—ﬁf—%,tem@ﬂ,
k=—0o0

where the zj, are uncorrelated centered random variables with unit variance and the series
converges in the mean-square sense for every t € [0, 27]
(for k = 0 we set (1 —e~%!)/ik = —t). Use the following steps:

Step 1: Determine the values f(t,k), t € [0,27], k € Z of the function f in the repre-
sentation of the covariance function of the stochastic process, which are given as the
coefficients of the Fourier series of 1 (u).

Step 2: Determine the value of the covariance function C(s,t), s,t € [0, 27], which arises
by taking the space E = Z, the counting measure v on Z, i.e. v({k}) =1, k € Z and
the function f from step 1. Hint: Apply the Parseval equality.
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Step 3: Apply the Karhunen Theorem.

Exercise 15 An illustrative example of the Karhunen Theorem (2)
Show that the Wiener process W = {W (t), t € [0,1]} has the representation

W(t) = ZSk(t)Zk, te [07 1]7
k=1

where the Si(t), t € [0,1], kK > 1 are the Schauder functions and the zj are uncorrelated centered
random variables with unit variance and the series converges in the mean-square sense for every
t € [0,1]. Use the same steps as in the preceding exercise.

Exercise 16

Let W be a Gaussian white noise based on Lebesgue measure, and use it to define a random
field on RY = {(t1,...,tq) : t; > O} by setting

W(t) = W([0,]),

where [0, ¢] is the rectangle Hle [0,%;]. W, is called the Brownian sheet on R? | or multiparameter
Brownian motion. If d = 1, it is the standard Brownian motion.

(a) Show that W is a centered Gaussian field on Ri with covariance

E(W,W;) = min(s1,t1) X -+ X min(sg, tq).

(b) Suppose d > 1, and fix d—k of the index variables ¢;. Show that W is a scaled k-parameter
Brownian sheet in the remaining variables.

(c) Find the Karhunen-Loéve expansion for W on [0, 1]%.

Exercise 17
Let T € Nand X = {X(¢), t € [0,T]} be a real-valued process on [0,7] with EX(¢) = 0 and
EX(t)? < oo for all t € [0,T].

(a) Suppose that C(s,t) = cos(2m(t—s)). Show that the Karhunen-Loéve expansion has only
two summands and determine the terms of the expansion.

(b) Suppose that C(s,t) = (1 — |t — s])1{0 < t — s < 2T'}. Determine the Karhunen-Loéve
expansion.

(¢) Suppose that C(s,t) = 7, ﬁ cos (n2%(t — s)). Find the eigenvalues and eigenfunc-

tions of the Fredholm operator A from Exercise 1.
Exercise 18 Let {X(¢), t € [0,1]} be the Brownian motion with covariance function C(s,t) =
min{s, t} for s,¢ € [0,1]. Show that
s 1
H={g:[0,1] — Rcont.: 3¢'(t) for almost all t € [0,1], g(s) = /g’(t) dt, (g’(t))th < oo}
0 0

is the corresponding reproducing kernel Hilbert space.

Exercise 19 Let X = {X;, t € R} be a random polynomial with X; = Yy + Y1t + ... + Y, t™,
Y; ~ N(0,1) i.id., i = 0,...,n. Determine the expected value, the variance, the covariance
function and the characteristic function of X;.

Exercise 20
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(a) Calculate the spectral density of a random process X = {Xy, t € R} with

— triangular covariance function C'(h) = (1 — |h|)1{|h| < 1},
— covariance function C'(h) = %e“h‘ (3 cos(h) + sin |h]).

(b) Show that the spectral density of the Ornstein-Uhlenbeck process with covariance function
C(s,t) = exp{—alt — s|}, s,t € R, a > 0, is given by

flu) =

and verify that it can be interpreted as a Gamma(1/2)-mixture of Gaussian distributions,

1. e.
1
oe] t 2 2 1
f(u):/ (a) e_to‘2“276_tt%_1dt, u € R.
0

s m

1 o

rivae U

(¢) Calculate the spectral density of a random field X = {X;, t € R?} with Gaussian covari-
ance function C(h) = ¢~

Exercise 21

Let T be a separable and compact Hausdorff space. Let H be a Hilbert space of functions
g : T — R which admits a reproducing kernel. Show that the reproducing kernel is uniquely
determined by the Hilbert space H.

Exercise 22

Show that under the same assumptions of Exercise 3, the reproducing kernel of a reproducing
kernel Hilbert space is positive semi-definite.

Exercise 23

A stochastic process {B(t),t € [0, 1]} is called a Brownian bridge if

e the joint distribution of B(t1), B(t2), ..., B(tn), t1,....tn € [0,1], n € N is Gaussian with
EB(t) =0 for all t € [0,1],
e the covariance function of B(t) is given by
C(s,t) = min{s,t} — st,
e the sample path function of B(¢,w) is continuous in ¢ with probability one.

(a) Find the Karhunen-Loéve expansion of the Brownian bridge.

(b) Show that B(t) = W(t) — tW (1) = (1 — W (%_t) t € [0,1], where {W(t), t € [0,1]} is

the Brownian motion.

(c¢) Find a representation of the Brownian bridge based on the Karhunen-Loéve expansion of
the Brownian motion. Compare this representation with the Karhunen-Loéve expansion
of the Brownian bridge.

Exercise 24

A stochastic process {X (), ¢ > 0} is called Ornstein-Uhlenbeck process if it is a centered
Gaussian process with covariance function C(s,t) = exp{—alt —s|}, s,t > 0, o > 0. Show that
X is a transformed Brownian motion and determine the corresponding (transformed) Karhunen-
Loéve expansion.



3 Models of random fields

Starting with a more detailed treatment of the basics of Gaussian random functions, we shall
introduce more general classes of random functions such as stable, infinitely divisible and self-
similar (fractal) random functions.

3.1 Gaussian random fields

In Definition 1.2.2, Gaussian random functions were introduced by giving all their finite-
dimensional distributions, which are multivariate normal ones. It has been shown that the
probability base of Gaussian random functions is fixed by their mean value and covariance
functions. In this section, we are going to consider some of the properties of Gaussian random
functions such as a.s. boundedness, a.s. continuity of realisations, differentiability, etc. in more
detail. However, we shall not be able to cover many important aspects of their theory, on which
excellent specialized monographs already exist (cf. [1], [15], [37], [44]).

First of all, consider the properties of paths of Gaussian random functions. Then, let us deepen
some of the examples of Gaussian random functions which we already encountered in Chapters
1 and 2.

3.1.1 Properties of paths of Gaussian random functions

Let X ={X(¢):t € T} be a real-valued random function on a topological space T

Definition 3.1.1
X is called separable, if there exists a countable dense subset D C T and a fixed event A with
P(A) = 0 such that

{weQ: Xt)eB,telINDI\{we: X(t)eB,tel} CA
for any closed subset B C R and open I C T'.

It can be proven (cf. [43]) that any random function X with index space T being a metrical
space and values in a compact set K C R has a separable modification. Later on, we assume
that X be always separable. Separability is introduced in order to study the properties of
sup X (t), I-open subset of T'. Indeed, we first need to prove that sup X (¢) is a random variable,
i.e. is F|Br-measurable. This holds true, since

sup X (t) 2 sup X(t)
tel teIND

due to separability of X, and sup is measurable, since this supremum is taken over a countable
teIND
set of random variables X (), t € I N D. Now assume that T is a compact metric space with
a.s

distance function A on 7. Then, for separable X, supX(t) = supX(¢) is a valid random
teT teD

78
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variable. Let X be a (real-valued separable) Gaussian random function on 7'. Considering a.s.
boundedness and continuity of X, first let us show that the choice of the metric A is irrelevant,
since it can be always replaced by the canonical metric

p(s,t) = VE(X(s) — X(1))2, s,teT.

Lemma 3.1.1

Let X be a random function as above with supEX?(t) < oo, which is a.s. continuous:
teT

VteT, limX(s)=X(t) as.
A

s—t

Then, X is mean square continuous as well. In other words, p is a continuous function.

limp(s,t) =0, teT.
sgt
Hence s = t means that A(s,t) — 0.
To prove this lemma, we need the following two facts from the basic probability course:

Definition 3.1.2
A family of random variables {&, },en is uniformly integrable, if

sup E[|&n] (€] > #)] —— 0.
neN T—00

Lemma 3.1.2
A family of random variables {&, },en is uniformly integrable iff

1. Uniform boundedness:
sup Elé,] < o0
neN

2. Uniform absolute continuity:
supE [|€,]I(Ap)] — 0,
neN
if P(Ap,) — 0

Without Proof; see e.g. [9], p. 190.

Theorem 3.1.1
If {&, }nen is uniformly integrable and

a.s.

&n——— &, then E|{| <oo and E¢,—— E{, E|§, —¢——0.
n—oo n—oo n—oo

Without Proof; see [9], p. 188.
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Proof of Lemma 3.1.1 Fix a t € T. Introduce a random field Y (s) = (X(s) — X(¢))?, s € T. It
holds

supEY (s) < 2sup EX?(s) < oo.
seT seT

To show that {Y(s) : s € T'} is uniformly integrable, it is sufficient (by Lemma 3.1.2) to prove
that

supE[Y(s)I(An)] — 0, if P(A,)—— 0.

seT m—0e0

By the inequality of Cauchy-Schwarz, we have

supE[Y (s)I(A,)] < sup/EY?2(s)P(An,) — 0,
seT seT

since

sup VEY?2(s) < o0
seT

due to the Gaussianity of X. Then, {Y(s) : s € T'} is uniformly integrable and then by Theorem
3.1.1 it holds

EY (s)— 0 since Y (s)22

0;
s—t s—t
In the sequel, assume that p is always continuous with respect to the A-convergence.

Lemma 3.1.3

Let X be a centered separable real-valued Gaussian process on a compact metric space (T, A).
Then X is a.s. continuous w.r.t. the topology induced by A, iff it is a.s. continuous w.r.t. the
topology induced by p.

Proof We have to show that

li X8 —-XB] =0 < 1 X(s)—Xt) =0, teT.
s¢M§3q0| (s) (t)] amggﬁol (s) (t)] =0, te

Fix any t € T. Since p is A-continuous, we have

A(s,t) =0 = p(s,t) =0
and then
li X(s)— X)) =0= i X(s)— X(¢
i 1X(s) = Xl palm 1X(s) = X (@)

Let us prove the reverse statement. Let X be a.s. A-continuous. For any § > 0, introduce
As={(s,t) eT xT : p(s,t) <6} CT xT.

Since T is compact. Hence so is T' x T'. Since p is A-continuous As is A-closed in T' x T' (and
hence a compact in 7" x T'). Take
%:ﬂ%

6>0
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Then Ay is compact as well, and by the properties of compactness Ve > 0 3 an finite e-network
of balls with centers in Ag covering Ay:

Ao |J ) eTxT:A(s,s)) <e, A(t,t) <e}
(s',;t')eEB
for a finite subset B C Ag. By A-continuity of p, there exists §(¢) — 0 such that As ) is covered
by this finite e-network as well, i.e., for any
(s,t) € Asey 3 (st)eB: A(s,s') <e, AL t) <e.

Since

X (s) = X(O)] < [X(s) = X(s)] + | X(s) = X ()] +]X(t)) = X (2)]
N———

*

0
*a.s., since s',t' € B C Ay
we get
sup [X(s) - X@) <2 sup  [X(s) = X(1)],
s,t€Tp(s,t)<n(e) s,teT:A(s,t)<e
hence X is a.s. p-continuous as well. O
Remark 3.1.1

The assertion of this lemma is obviously true for o-compact metric spaces 7.

Definition 3.1.3

Let X be a centered Gaussian random field on a p-compact 7. For any € > 0, let N(g) be the
smallest number of p-balls of radius ¢ covering T': N(g) = N(T, p,e). Then N(¢) is called the
(metric) entropy of T (or X). H(e) = log N(e) is a log-entropy of T'. Since T is p-compact, it
follows that N(g) < 0o, € > 0. Introduce

diam,(T") = sup p(s,1).
s,teT

For € > diam,(T"), we obviously have N(e) = 1. Introduce the modulus of continuity of X by

wx,p(0) = sup | X(s) = X(t)[, d>0.
s,teT:p(s,t)<d

We would like to state the following results without proof. For proofs, see [1], p.14 ff.

Theorem 3.1.2
Let X = {X(t) : t € T} be centered separable Gaussian random field on a p-compact T with
the metric entropy H(¢). Then,

diam(T)

B sup X (1) < K - / JHE) e,

teT 0

where K > 0 is a constant.
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Theorem 3.1.3
Under conditions of Theorem 3.1.2 there exists a random variable 1 such that

5
wx,p(0) < K‘/O VH(e)de

for all § <75, where K > 0 is a constant.

Theorem 3.1.4
Let X be a centered Gaussian random field with

P(sup X (t) < o0) = 1.
teT

X is a.s. uniformly p-continuous on 7" iff ¢(6) — 0 as 6 — 0 with

o) =B sup (X(s) — X(1)).
p(s,t)<d

Furthermore, if ¢(d) — 0 as 6 — 0, then for all ¢ > 0 3 an a.s. finite random variable n > 0
such that

wx,p < () - [Ine(d)°,
for all 6 <17

Now consider the special case of T being a compact subset of R%. Introduce

plu) =\/ sup 2v(s, 1) =¢ sup E|X(s) — X(1)]2,

[s—t|<u [s—t|<u

where |.| is the Euclidean metric. For stationary X, it holds

plu) = \/2 sup [C(0) — C(#)].

[t|<u

Let wx(d) be the modulus of continuity of a random field X with respect to the Euclidean
metric.

Corollary 3.1.1
If either

0 00
/ v/ —logudp(u) < oo or / p(eﬂﬂ)du < 00
0 0

for some § > 0, then the centered Gaussian random field X on T is a.s. continuous and
bounded. Furthermore there exists a constant K = K(d) and a random variable 1 such that

p(5)
ox(@) < K- [ /= Togudp(u)
0
for all 6 < n.

Proof Let us show that our assertion follows from Theorem 3.1.3, if we prove that

b (%)
| VG <k [T =Togudn(u)
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for small §. First of all, since p(u) is non-decreasing, the Riemann integral

6
/0 v/ — log udp(u)

is well-defined.
Let L be the side length of the smallest centre ¢, containing a compact 7'. Since

p(u) = [ sup p*(s,t) = sup p(s,t),
[s—t|<u [s—t|<u

cr, (and hence T') can be covered by at least (%)d Euclidean Balls of radius A > 0;
if p(A) = ¢ = A = p~!(e) where p~!(e) = sup{u : p(u) < €} is a generalised inverse of a
non-decreasing function p. Hence,
@)
p~'(e)

N(e) < <i)d - (;ﬁ(@)d ~ H(e) = log N(c) < dlog <

and

) ) wep—1(c) e—p(u p(9)
/ VH(e)de < \/E/ Vg L —log p=1(e)de P (EE=pw) \/g/ V1og L — log udp(u)
0 0 0

p(9)
< 2\/g/ v/ — log udp(u), (3.1.1)
7 Jo

for small enough § because

36>0: logL < —3logu for |u| <p(d),

and hence
\/logL —logu < \/—4logu = 2\/—logu.
O
Remark 3.1.2
A sufficient condition for the integrals in Corollary 3.1.1 to be finite is
p(s,t) < ;1, c,a>0, Vs,t:|s—t]<p.
|log [s — ][>
Proof If
c
p(s,t) < ————5—, s,t:ls—t|<f,
[log s — t][2°
then
u) < ¢ 0<u<p,

~ |logulzte’
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and

0 6
/0 v/ —logudp(u) = p(u) - \/—logu‘z — /0 p(w)d(—logu)z "L p(5)y/— log o

0 )
1 1 c-dlogu
+ ——dl < p(d)y/—logd + —_—
/0 p(u)2 —Tlogu ogu < p(9) o8 o |logu|tte

log

= p(9) —log5+c/

—0o0

W<oofor5§ﬂ.

O]

The above necessary conditions are quite sharp in the stationary case, as it can bee seen from
the following.

Proposition 3.1.1
If X = {X(t):t €T} is a stationary centered Gaussian random field, T C R? is open and for
the covariance function C of X the inequality

K,

K,
<CO) - ) € i

(—log [¢])t*er =

holds for |¢| small enough. Then X has a.s. continuous realizations if as > 0, and a.s. discon-
tinuous realizations, if a; < 0.
(Without proof; see the proof in [1], p. 47-48)

Exercise 3.1.1
Show that conditions of Corollary 3.1.1 are satisfied for the Brownian motion X = {X(¢) : ¢t €
[0;1]}.

Conditions for a.s. continuity can be also formulated in terms of the spectral measure of X:

Proposition 3.1.2
Let X = {X(t) : t € T} be a centered Gaussian process on a compact 7' C R with spectral
measure p. If

/ " (log(1 + X)) < oo

for some a > 0, then X has a.s. continuous paths. If this integral diverges for some o < 0 then
X is a.s. discontinuous.
(Without proof; see [4])

Now suppose that X is a centered Gaussian random field on 7' C R? and examine the question
of a.s. differentiability of its realisations.

Definition 3.1.4
Let t € R For any k € N directions Ay, ..., h; € R? introduce the L2-partial derivative of X
in ¢ in direction h = (hy,...,hx) (or mean-square partial derivative) of order k by

akX(t) . lim AkX(t, (51, hl))
oh N 61,..,0—0 51 ot 5k ’
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where

k
vk
AFX(t,y) = (D2 X (Y sim), v = (- 00,
s€{0,1}* s=(s1...5k) =1

is the symmetrical difference of X and the limit is understood sequentially in the mean square
sense: first 7 — 0, then do — 0 and so on.

Lemma 3.1.4
Furthermore:

1. A random field X is mean square differentiable of order k£ in all directions in a region
T C R?, if

1
li E(AFX (t,61h1...00hg) - AFX (5.8 hy...00R,
51,..‘,6]9,(%?..,52—»0 61ld0t85k; . 5i e 5;{ ( ( o1 K k) (57 171 k k))

(3.1.2)
exists for all s,¢ € T and directions h, b’ € (R%)*.

2. If X is Gaussian then a;—,f{ is Gaussian as well for any h € (R%)*.

Proof Property 2. is obvious since a L2-limit of Gaussian random variables is Gaussian.
1. For any random variables {Y,},eny with EY,?2 < oo, n € N it holds that {Y;,} converges in
L?-sense as n — oo iff B(Y,,Y;,) converges as nm — oco. Indeed,

E|Y, — Yu|*—— 0 iff E(Y,-Y,)—— ¢,

n,m—oo n,m—oo
since
E|Y, — Y| = EBY,? - 2E(Y,, - V;,) + EY,2, Vn,m e N.
Then
AFX(t,(61h1, ..., 0khy))
01 ... 0k
converges to a limit as d1, ..., — 0 in L2-sense if condition (3.1.2) holds true. O

Now take the space R? x (R%)* with the norm ||.||4x given by ||(t,y)|lax = |t|ge + |y|gar, where
|z|rn is the Euclidean norm in R". Let B, (t,y) be the ball of radius r > 0 with center at (¢,y)
in some space R? x (R%)*. Introduce the set 7. = T x {y : 1 — & < |y|gar < 1+ €}

Theorem 3.1.5

Let X be a centered Gaussian random field given on a open index set 7' C R? which has all
kth-order L2-partial derivatives in all directions everywhere in 7. X is k times continuously
differentiable with probability one, i.e., X € C*(T) a.s., if 3C € (0;00) and &,7,79 > 0 such
that

E(ARX (£, 61 y1) — A¥X (5,62 - 42))* < C [=log([|(t y1) = (5, 92) s + |61 = o)) (3.1.3)

for all ((t,y1),(s,y2)) € Te X T- : (s,y2) € By(t,y1) and some 0 < 0y, da, 7 < 7.



86 3 Models of random fields

Proof Define a new Gaussian random field X = {X(t,4,0) : (t,y,6) € T}, where T = T, x
(—7;7) is an open subset of R? x (R%)* x R with the norm ||(¢,y,6)[lax1 = ||(t,9)lax + |0] and

_ AFX(t,6y) §#0
X(t.y,0) = {akx‘?f) ’
oy 0=

(t.y.0) €T.

X € CH(T) as. iff X € C(T). Moreover, it is clearly enough if X € C (hyperplane § = 0 in
T). But condition (3.1.3) being true, our assertion follows from Corollary 3.1.1 and Remark
3.1.2. O

3.1.2 Gaussian random polynomials

Let X = {X(t): t € R?} be a random field given by

X(t) = Z ao 1%, t=(t...ty)7 e RY,

laj<n
where o = (aq, -+, aq)T is a multiindex with a; € NU{0},i=1,....d, |a| = a1 + - + aq,
t* =" t5? - ... - t5%, and {aq} is a sequence of i.i.d. N(0,1)-distributed random variables.

This is a random polynomial of degree n € N with Gaussian coefficients a,.
For d = 1, we get X(t) = ag + a1t + ... + ap_1t"" ' + a,t”, t € R. Such polynomials form a
special case of Gaussian linear functions introduced in Example 2.2.1, 2):

X(t) =< d,t >, where @ = (aq : |a|] < n)T and £ = (t* : |a| < n)T are the vectors of
coefficients and of variables respectively. It holds obviously X (¢) ~ N(0,|#]?), with

la|<n
and covariance function
C(s,t) = Z Y-t
la|<n

Evidently, X (¢) has an integral representation of Example 1.2.1.

X(t) = /Rdg(t,:v)W(dx), LeRY (3.1.4)

where

g(t,z) = Z t“I(x € An),

la|<d

and {A,} is a family of pairwise disjoint subsets of R? with unit volume A\g(4,) = 1, Va. W
is a Gaussian white noise with Lebesgue control measure; cf. Sections 2.3.1 and 2.3.2 for the
definition of W and the integral in (3.1.4).

One of the classical questions for random Gaussian polynomials is the problem about the mean
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vector of real (or complex) roots of X in a compact domain 7' C R%. If d = 1, then the classical
result of M. Kac (1943) says that

2
EN, = ~logn(l+o0(1)), n— oo, (3.1.5)
m

where N, is the number of real roots of X (¢) of degree n. Moreover,

b ntv—1(1 — 42 2
EN,(a,b) = ;/ <1—( rut )> ) 2 (3.1.6)

where N, (a,b) is the number of real roots of X in (a,b).

Remark 3.1.3
The asymptotic of the mean number of real roots heavily depends on that form of the joint
distribution of all coefficients

a=(aq:|a| <n)T.

If all a, are independent and id. distributed the asymptotic (3.1.5) holds essentially for
distributions of ag which belongs to the domain of attraction of a-stable laws. [23] with another
constant factor ¢ on the place of % [41] could prove that if © is a class of all non-degenerated
distributions of ag, then

inf sup E(N,| X (t) £ 0) = 1.
neN

Let ©, be the class of distributions of ag such that

P(ag>0)=a, Plap<0)=b, a,b>0:0<a+b<1.
Then Nazarov and Zaporozhets would show that
. 1—Ja—b
inf supE(N,|X(t) #0) =1+ ———.
inf S E(V, X (1) £0) —
For instance, for symmetric distributions (a = b = 3) we get
inf sup E(N,|X(t) #0) = 2.
1,1 neN
In order to prove formula (3.1.6), let us do it in a more general setting:

Theorem 3.1.6
Let
X(t)=ao+ait+ast’ +...+apt", teR,

be a random polynomial, where the random coefficients aq,...,a, have a joint density
p(zo,...,2,). Let g(t) be any smooth function on R, g € C*(R). Denote by N,(g;a,b) the
number of real solutions of the equation X (t) = ¢(t), ¢t € [a;b]. Then

b
EN,(g;a,b) = / / p(g(t) —zpt™ —. . —x1t, 1, . ) |nt™ T Az — g ()| day . dapdt
a n
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Proof If X is a polynomial of degree n, then the probability measure on such polynomials is
introduced by

dX = p(zo,1,...,Ty)dxodx] ... dT,.
Let us try to pass to more convenient coordinates. If X intersects the graph of g at a point

with an abscissa s, then we can write

0=X(s)=ap+a1s+... +ans" —g(s) = ag=g(s)—ars' —... —aps"™

hence, perform a change of coordinates

xo=g(t) —yit — ... — yut"
1 =1
Tn = Yn
We get
dX =p(xo,z1,. .., 2n)dxg ... dey, =p(g(t) —v18 — ... — YnS" Y1y, Yn)
9'(t) —y1 — ... — nynt"|dtdy: . .. dy,

Let H = {all polynomials X of degree n: graph of X intersects the graph of g within [a;b] x R}
Then integrate I(X € H) with respect to dX:

we get
b
ENn(g;a,b) = Nn(g;a,b)dX =/ / p(g(t) —y1s — . = Yus" Y1, Yn)
XeH a n
168) = 91 — .. — g™ Ydyr .. dyudt,
since any polynomial is counted as new times on the left-hand side as often it intersects the
graph of g. O

Corollary 3.1.2
For i.i.d. N(0,1)-distributed coefficients a;, ¢ = 0,...,n, the above theorem yields formula
(3.1.6).

Proof Take
1 1
g(t) =0, p(zo,z1,...,20) = ﬁexp(*g(fﬂ% +.. )
) 2
Then
n 1 1 2 2 2
—ZTpt" — ... =21, X1, .., Tpn) = 3T ——= 101 + ... n 1+... n
p(g(t) — zpt x1t, x Tn) 2 o exp( 2((:Ut +.o ot i+ Fxy))
T) 2

If we can prove that
1 1 n\2 2 2 n—1
W A exp(—i(($1t+...+xnt) +ai 4.ty nt" e, + . xy|day . day,
w2 n

1 nt" 11— 12)\
=1z (1_<1—t2" > . te(a;b),
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we are done. O

Exercise 3.1.2
Show this!

Another possibility to get formula (3.1.6) is by means of the so-called Rice’s formula. Let

NJ(0,T) =#{t € [0;T) : X(t) = u, X'(t) > 0}

be the number of up-crossings of the smooth stochastic process X- of level u € N over [0; 7.
Then, Rice’s formula states, that under some assumptions on X that will be given in detail
later it holds

T poo
EN;(0,T) = / / xpt(u, x)dzdt,
0 0

where p; is the probability density of the distribution of random vector (X (t), X'(t))T. Ac-
tually, the name "Rice’s formula" attributes to the whole class of similar integral formulae for
the moments of N, and related quantities.

N,(0,T) =#{t € [0;T] : X(¢t)
N, (0,T)=#{t €[0;T]: X(t)

= U}7

=u, X'(t) <0} (number of downcrossings),

and so on. Then formulae go back to Rice and Kac in the 1940s who proved them for stationary
Gaussian processes. (cf. [1], p. 264-265, [3], p. 69 ff for discussion). The classical Rice’s formula
(1944, 1945) states that for a stationary centered Gaussian process X = {X(¢) : t € R} with
unit variance and second spectral moment Ao it holds

EN,(0,T) = Y22¢~2T, EN}(0,T)=
T

Vi _u? EN,(0,7)
e

Ao is defined as

A2 = / $2[LX(d£C),
R4

where px is the spectral measure of X.
Now let us formulate and prove Rice’s formula for the case of Gaussian processes. The same
formula holds for a much more general class of processes: see [3], p. 74-79.
Generalizations for the case of vector-valued random fields are also available; see [3], Chapter 6
and [1], 11.2.

Theorem 3.1.7 (Gaussian Rice formula):

Let X = {X(t) : t € I} be a Gaussian process with C'-smooth paths, and I be an inter-
val on R. Let u € N, ¢1,...,f; € I be any pairwise distinct points and the distribution of
(X(t1),..., X(t)) is not degenerate with density px(;)..x(t,). Denote by ENqu] the k-th fac-

torial moment of

Ny = Nu(I) : ENH = B[N, (N, —1) ... (N, — k + 1)I(N, > k)].
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Then it holds

ENH = /Ik E[|IX/(t1) .- X ()] [ X (81) = uy oo, X (6) = wlpx(ey). x(tp) (s - - - w)dty ... dty,
(3.1.7)
Before we begin to prove this Theorem, some remarks are in order.

1. An equivalent form of (3.1.7) is

Engk] — /Ik dtl . dtk /Rk ’xllxé . "CE;{;|pX(t1)...X(tk)X/(tl)...X/(tk)(u7 o, U, x'l, . ,.T;f)dflfll .

where px (). x (t,) X" (t1)...X'(¢,) 15 the joint probability density of X(¢;), i = 1,...,k and
X'(t;),j=1,... k.

2. In particular, for kK = 1 it holds

EN’M(I):/I/R|$|pX(t),X’(t)(u7$)dxdt (318)

It can be shown that this formula holds also for non-Gaussian processes X satisfying the
following conditions:

a) Function (t,z) — px () is continuous for ¢ € T', x in a neighborhood of w.

b) (t,z,2") = px@),x/@(®,2") is continuous for ¢ € I in a neighborhood of u and
' e R.

¢) When wx(d) is the modulus of continuity of X’ then

Elwx/ (0 0.
fwxr () —
3. It follows from formula (3.1.8) that EN, () is finite for Gaussian processes, since the right-

hand side is always finite. Unfortunately, this may not be the case for E(Nq[ﬁ] (1)) < oo,
k> 1.

4. It is in general not easy to show that the distribution of X (¢1) ... X (¢;) is non-degenerate.
However, in the case of stationary Gaussian X, an easy sufficient condition for that is that
there exists no countable set A : ux(A¢) = 0, where ux is the spectral measure of X.

For the Proof of Theorem 3.1.7 we need the following lemma:

Lemma 3.1.5 (Kac’s counting formula):
Let f € C1(I) be a real-valued function defined on an interval I = [t1,t2], f(t1) # u, f(t2) # u,
such that there are no critical points of f at level u: #t € I : f(t) = u, f'(t) = 0. Then

1
Ny(f, I) = lim — f(@t)|dt 3.1.9
(f:1) 3—0 20 tEI:|f(t)—u|<6‘ ) ( )

/
.dfl}'k,
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Proof Since f € CY(I), N,(f, 1) is finite. Let N,(f,I) =n € N U{0}. If n = 0, then both
sides of (3.1.9) are zero, since the integration such in (3.1.9) is empty for ¢ > 0 small enough.
Let n > 1 and $1,...,8, € I be the points where f(s;) = u, i = 1,...,n. Since f'(s;) # 0,
i=1,...,n, we have for small enough § > 0 that

f’l(u—d,u—i-é) = O J;

Jj=1

where J; are disjoint intervals and s; € J;, ¢ = 1,...,n. f|;, is a one-to-one mapping, a
diffeomorphism, so that one gets

/ F®)ldt = 2
Ji

by an exchange of variables. Then for small enough 6 > 0, it holds

1
20 Jier|f(t)—ul<s

n

/ _i - / o '25_
0l = 553 [ 17 @l =55 =

O

Proof of Theorem 3.1.7. We prove only the case k = 1. For k > 1 see [3], p. 73. Without loss
of generality we assume that [ = [0,1]. Let X (") be the dyadic approximation of X, i.e. the
graph of X (™ is a polygonal line with vertices {(2%, X(zﬁn)), k=0,...,2"} one can easily show
that

sup | X" (t) — X (1)| -2 0,
te[0,1] n—00

< 2sup|X(t)], VneNtel,
tel

X(t) - X (t)

whereas

E [sup|X(t)|] < 0
tel

for all m € N, since X is a Gaussian process. By Lebesgue’s theorem on dominated conver-
gence

varX (™ — varX (t)
n—oo

uniformly on t € I. Hence, for large n
var(X™(¢)) <b >0

for all ¢t € I and some b > 0, since X is non-degenerate process. For such large n, it holds

k
x™ <2n> #u as., k=0,...,2"
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since X (t) has a (Gaussian) density, t € I. Since the result of lemma 3.1.5 holds also for
polygonal f (although they are only piecewise from C'(I)) by additivity of left and right-hand
side of formula (3.1.9) we get

a.s. . 1 I
N (XM 1) % lim — | X ™)' (1) |dt (3.1.10)
0-0 20 Jier: | x(m (t)—ul<s
for any n large enough, where the right-hand side of (3.1.10) is obviously bounded by the
total number of segments in X (") which is 2”. Applying dominated convergence theorem, we
get

n . 1 n)’ n
BN, (X0, 1) = lim o [ BUX (0 H0X9(0) — ul < )

= B(I{|x"(t) - UI < SYE(IX ™ ()X ™ (2))dt

= tim [ at; / B(X® (1)) | XO(t) = 2)p oo o ()

Since X, X(™ has continuous sample paths and is Gaussian, its expectation and covariance

functions are continuous as well. Since for ¢t € (2%, %] it holds

XO() = (k+1—2")X <k> T =RX <k+ 1>

on on
. k41 k k k41
_o (x( e >—X<2n)>t+(k+1)X<2n>—kX< - >
(k) n(k)

we get X' (t) = £(k) and hence

BE(XM (1) | XM = 2) = B(|&(k)| | k)t +n(k) = )=E<

=)

t
Thus,

) 1 u+9 .
BN 1) = [ tim o [ BOX (0] 1 X0(0) = @)y a)dade

= [ BOXO @1 X0 = W
by the mean value theorem. Now take the limit as n — oo on both sides of the last equality.
Since

Nu(X™ 1)1 Nu(X, 1)
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as n — 0o, we get
EN,(X™ I)—— EN,(X, 1)

by the theorem on monotone convergence. The monotone convergence Nu(X(”)7 I) to Nu(X, 1)
takes place, since with probability one there are no extremal points of X at level u. [Ylvisaker
Theorem]. As n — oo, the expectation and the covariance matrix of (X (¢), X' (£))” con-
verges to the corresponding expressions of X, that is why

/IE(IX(")'(t)I | XU (1) = wpyn gy (w)dt—— IE(!X'(t)I | X(t) = w)px ) (u)dt.

n—oo

Exercise 3.1.3
Show that (3.1.6) holds using Rice’s formula!

Another problem of interest is the location of all complex zeros of

X={X(t):teC}, X(t) = Zn:aiti
=0

on the complex plane C. Let R, (a,b) = #{z € C:a <|z| <b,X(2) =0}, 0<a <b< o be
the number of zeros of X on the ring. Let Sy(o,8) = #{z € C: a < argz < 3, X(z) = 0},
—7m < a < f <7 be the number of zeros of X in the sector. The following result can be proven
(see [25]) for arbitrary distributions of i.i.d. coefficients a;, i = 0,...,n of X:

Theorem 3.1.8
Furthermore:

1. It holds

1 a.s.
Ry(1-6,1406)"> 1

n—oo

for any 6 € (0,1) iff

Elog(1 + |ag|) < oo. (3.1.11)

2. For any distribution of ag, it holds

1 a.s. ﬁ —
Esn(a’ﬂ) n—ooo 27
This result shows that all complex zeros of random polynomials satisfying conditions of The-
orem 3.1.8 asymptotically lie (with probability one) around the unit circle |z| = 1. Moreover,

they are spread over |z| = 1 uniformly.

For Gaussian coefficients ag, a more exact result can be proven (see [51]): for any § > 0

1 _s5 & 1+e 2 1
] )
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This asymptotic was extended to distributions of ag belonging to domains of attraction of
a-stable laws by [26]. It is worth noting that the behavior of complex roots can be very dif-
ferent from those stated in Theorem 3.1.8, 1) if the condition (3.1.11) does not hold. There
are examples of polynomials such that on average % + o(1) of its n roots concentrate near the
origin, whereas another half goes to infinity as n — oo (see [59]).

Now let us consider the case of dimension d of index space greater than one, i.e.
X(t)= > aq-t*
lo] <

is a polynomial of d variables t € R?. Let M, be the random hypersurface defined by the
equation X (t) = 0; let H9~! be the Hausdorff measure of dimension d — 1.

Theorem 3.1.9
If a, are i.i.d. N(0,1)-distributed random variables, then for any compact set K € R? it holds

d-‘rl 2 d
EH (M, N K) )2 p(oydds,
27Td+1 171. ¥

=1

where doe =dx; ...dxg, dp =dy1 ... dpg_1,

D(p) =sin" 2 g sin? gy - ... - sinpg_s
2
(n+Da?(1—a?)\?
w(wi)=1—< 1_;%2 ), di=1,...,d
(2

v1(p) = cos @1
v2(¢p) = sin gy - cos pa

vg—1(p) =singy - singy + ... 8inpg_9 - COS P41
va(p) = sin; -singg - ... - sinpg_osin pg_1
Moreover, it holds
log n

EHIY (M, NK) = Hy_1(K N Ko)(1+0(1)), n— oo,

where

Ko=|J{z = (21,...,2q) €R?: |z;| = 1}

The proof of this result can be found in [24].
The asymptotic result above means that almost the whole surface M,, concentrates around Ky
for n — co. More generally, it holds EH4~1(M,, N K) = O(1), as n — oo for polynomials X

with i.i.d. coefficients a,, that have a density p with supp(z) < oo and Eag < oo, if compact K
zeR
is chosen so that dist(K, Ky) > 0. Here dist(.,.) is the Euclidean distance between two sets(see

122]).
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In the same paper, the statement of Theorem 3.1.9 is generalized to symmetric strictly a-stable
distributions of a,,.
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