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§0. INTRODUCTION

The cohomological dimension theory has connections with many different areas of
mathematics: dimension theory, topology of manifolds, group theory, functional rings
and others. It was founded by P.S. Alexandroff in late 20’s. Many famous topologists
have contributed to the theory. Among them are Hopf, Pontryagin, Bockstein, Borsuk,
Dyer, Boltyanskij, Kodama, Kuzminov, Sitnikov.

There are only few introductory and survey texts on the theory. The book by Alexan-
droff ‘Introduction to homological dimension theory and general combinatorial topology’
[A1] is written in old fashion language and hardly readable. There are surveys by Kodama
(Appendix in [Na]) and by Kuzminov [Ku]. The first part of Kuzminov paper is devoted
to compact metric spaces and is an excellent reading. We don’t consider noncompact
spaces in this paper, since the cohomological dimension of noncompact spaces behaves
differently and is not completely developed. A very special case of the cohomological
dimension theory is the case of integer coefficients. An excellent survey on this case was
written by Walsh [WA] where a detailed proof of the Edwards resolution theorem first
was published. In 1988, twenty years after Kuzminov’s survey I wrote a sequel to that

Typeset by ApS-TEX



2 A.N. DRANISHNIKOV

[Dr1]. Since then ten years passed, new results appeared and a new understanding of the
old results ripened. So time came for an update survey. A new compressed survey was
given by Dydak [Dy3] where the main applications of the cohomological dimensions are
discussed. Here we present a detailed introductory survey of the theory.

This survey and Dydak’s have the same origin. They appeared as the notes to our
joint book that we planned to write [D-D-W]. We still have a hope that someday we will
accomplish that.

In this paper we assume that the reader is familiar with basic elements of the homo-
topy theory, with homology and cohomology theories, including the Cech cohomology,
the Steenrod homology and extraordinary (co)homologies. Some knowledge in the di-
mension theory and the theory of absolute neighborhood retracts will be useful. Also we
don’t discuss here any applications of the cohomological dimension theory even to the
dimension theory. Interested reader can find a discussion of some applications in [Dy3].

I am thankful to Topology Atlas for inviting me to write this survey. I am also thankful
to NSF, DMS-9971709, for the support.

§1. GENERAL PROPERTIES OF THE COHOMOLOGICAL DIMENSION

We define the cohomological dimension with respect to an abelian group G of a topo-
logical space X as the largest number n such that there exists a closed subset A C X
with H"(X, A;G) # 0. We denote it by dimg X = n. If there is no such number we
set dimg X = oo. This definition is good for any space. We restrict ourselves by com-
pact metric spaces (we call them compacta). Actually everywhere in this paper one can
replace compact spaces by o-compact i.e. countable unions of compacta.

1.1 Theorem. For any compactum X and an abelian group G the following conditions

are equivalent
(1) dimg X <n

(2) H"™(X,A;G) =0 for all closed A C X;

(3) HMY(U;G) =0 for all open U C X;

(4)  for every closed subset A C X the inclusion homomorphism H™(X;G) —
H”(A; G) is an epimorphism;

(5) K(G,n) is an absolute extensor for X, K(G,n) € AE(X), i.e. every continuous

map f:A— K(G,n) of a closed subset A C X has a continuous extension over
X.

Proof. The implication (1) = (2) follows from the definition.

The condition (3) equals (2) by virtue of the equality H*(X, A;G) = H*(X \ A;G).
The implication (2) = (4) follows from the long exact sequence of the pair (X, A).

The conditions (4) and (5) are equivalent since (5) is (4) formulated in homotopy
language.

To show (5) = (1) first we prove that (5)=(5),, implies (5), for all & > n. We consider
a Serre fibration p : E — K(G,n+1) where E is contractible, K (G,n+ 1) is a simplicial
complex representing the Eilenberg-MacLane space. Then the homotopy fiber of p is
K(G,n). Then p~1(A) € AE(X) for any simplex A (see Chp 1). Then p~(A) € AE(A)
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for any closed A C X. Then any map g : A — K (G, n) there is a homotopy lift g : A — E.
Since E is contractible, the map g and, hence, g is homotopically trivial. Therefore g
is extendible over X. Thus, we proved that (5), implies (5),41. By induction we can
prove all (5) for k > n. If K(G,k) € AE(X), then K(G,k) € AE(X/A) for any closed
subset A C X. Let kK > n. Then any map f : X/A — K(G,k) can be lifted to a map
f: X/A — E. Since f is null homotopic, the map f is null homotopic. Since f is
arbitrary, we have H¥(X/A;G) = 0. Since we have that for all & > n, dimg X < n +1
and (1) is proven. [

The property (5) automatically implies:

1.2 Corollary. For every closed subset A C X there is the inequality; dimg A < dimg X
for any G

1.3. Examples.

(1) dimg X <dimgz X <dim X for any abelian group G and compact space X ;
(2) dimg X =0 if and only if dim X = 0 for any (nontrivial) G;

(3) dimz X =1 if and only if dim X = 1.

(4) dimg K = n for every n-dimensional polyhedron K and any G # 0.

Proof. (1) The first inequality follows from the Universal Coefficient Formula. The second
inequality can be rewritten as an implication S™ € AE(X) = K(Z,n) € AE(X) which
follows from the fact that S™ is an n-skeleton of K(Z,n) and the standard homotopy
theory.

(2) The space K(G,0) contains S° as a retract.

(3) St e K(Z,1).

(4) By (1) dimg K < n. Since K contains an open set U homeomorphic to R",
H(U;G) = G # 0 and Theorem 1.1 implies the inequality dimg K > n. O

1.4. Alexandroff Theorem. For finite dimensional compacta there is the equality
dimz X = dim X.

Proof. In view of 1.3(1) it suffices to show that dimz X > dim X. Assume the contrary:
dim X = n and dimz X < n — 1. Take an Eilenberg-MacLane complex K = K(Z,n — 1)
such that its n-dimensional skeleton K () is an n — 1-sphere S”~!. Show that S"~! ¢
AFE(X). Take a continuous map f : A — S" ' = K™ of a closed subset A C X. By
Theorem 1.1 there is a continuous extension f : X — K. Since the dimension of X is
< n, by the Cellular Approximation theorem there is a homotopy H; : X — K such that
1) Ho = f, 2) Hi(X) C K™ and 3) (Hy)j4 = f for all t € [0,1]. Hence, H; : X — S"~!
is an extension of f. Thus, S"~! € AF(X) and hence, dim X < n—1. Contradiction. [J

1.5. Countable Union Theorem. Suppose X = UX; and each X; is a compactum.
Then dimg X = sup{dim¢g X; }.

Proof. If the family {dimg X;} is bounded, then the formula holds by the trivial reason.
Now, we show that if all dimg X; < n, then dimg X < n. We show that K(G,n) €
AE(X). Although X is not compact, this condition implies the inequality dimg X < n.
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Let f : A — K(G,n) be a continuous map of a closed subset A C X. We define a
nested increasing sequence of open in X sets Uy C Cl(U;) C Uy C Cl(Us)... and a
sequence of maps f; : Cl(U;) — K(G,n) such that 1) X = U2, U;, 2) A C U; and
(f1)ja = f. 3) (fi+1)jy, = fi for all i. Then such a sequence defines a continuous map
U2, : X — K(G,n) which is an extension of f.

Do it by induction on i. Extend the map f over an open neighborhood V'O A to a
map fi : V — K(G,n). Take an open set U such that A C U; C Cl(Uy) C V and define
fi = (f1)jciw,)- To define Uyy1 and fri1 we extend a map f restricted on Cl(Uy) N X,
over a space Xy to a map g : X — K(G,n). Then the union of f;, and gi defines a
continuous map ¢ : Cl(Ux) U X — K(G,n). Extend that map over a neighborhood
Vit1 to a map f; ., and define Upy1 D Cl(Uy) U X}, such that its closure lies in V.
Define fi11 as the restriction of f,’chl onto Upyq. U

1.6. Theorem. Let G =Lim_, G; and dimg, X <n. Then dimg X <n
Proof. The formula Lim_, H*(U; G) = H?(U;Lim_, G;) implies the proof. [

1.7. Corollary. If G = &Gy, then for every compactum X the following formula holds
dimg X = sup{dim¢g, X}.

Proof. Since H}(U;Gs & G') = HI(U;Gs) & H(U;G'), the inequality dimg X >
dimg, X holds. Hence, dimg X > sup{dim¢g, X}. The opposite inequality follows from
Theorem 1.6 applied to G = Lim_, (®%_,G,) and the fact that

sup{dim(g: ¢,y X} = sup{dimg, X}

imply the proof. [J

DEFINITION. A compactum X has an r-dimensional obstruction at its point x
with respect to a coefficient group G if there is a neighborhood U of x such that for
every smaller neighborhood V' of = the image of the inclusion homomorphism iy :
H!(V;G) — HI(U; Q) is nonzero.

1.8. Theorem. Let X be a compact with dimg X = r then X contains a compact subset
Y of dimg Y = r such that at every point x € Y the compact X has an r-dimensional
obstruction with respect to G.

Proof. Let W be an open subset of X with H](W;G) # 0. Because of the continuity
of cohomology there is a closed in U set Z minimal with respect the property: the
inclusion homomorphism H!(W;G) — H!(Z;G) is nonzero. Then dimg Z = r and by
the Countable Union Theorem there exists a compact subset Y C Z with dimg Y = r.
For every ©x € Y we take U = W. Let V C U be a neighborhood of x. Consider the
diagram generated by exact sequence of pairs (U,U \ V and (Y,Y \ V).

H{(V;G)  —— HI(U;G) ——

v,U

ljv,vm/ J/jU,Y

HI(VNnY;G) —— HI(Y;G) —— HI(Y\V;G)

AR Jy,y\v
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Let o € H(U;G) such that jyy(a) # 0. Since Y is minimal, jyy\v (ju,y(a)) = 0.
The exactness of the bottom row implies that there is 5 € HZ(Y N V;G) such that
ivavy (8) = juy(a). Since dimg V' < r, the homomorphism jy yny is an epimorphism
and hence there is v € H(V;G) with jyynv(y) = 8. Therefore jyyiv,u(y) # 0 and
hence iy () #0. O

DEFINITION. A compactum X is called dimensionally full-valued if dimg X = dimz X
for all abelian groups G. It is clear that every n-dimensional manifold or n-dimensional
polyhedron is dimensionally full-valued. The following are examples of dimensionally
nonfull-valued compacta.

1.9. Example (Pontryagin surfaces). There are 2-dimensional compacta I, in-
dezed by prime numbers having the following cohomological dimensions: dimgll, =
dimg, I, =1 for prime q # p and dimg, I1, = 2.

Proof. Denote by M, the mapping cylinder of p-to-one covering map of the circle to
itself f, : S' — S'. Denote by dM,, the domain of the map f,. We construct II,, as the
limit space of an inverse sequence of polyhedra {Ly; q’ljﬂ} where L; is a 2-dimensional
sphere and every L. is obtained from Lj and a triangulation 7, on Lj by replacing
all 2-simplexes A in L; by M, identifying the boundary of simplex A with 0M,. A
bonding map qZH is defined by collapsing the image Im(f,) = S' C M, to a point for
all M, participating in the construction of Ljy11. We note that M, with Im(f,) collapsed
to a point is homeomorphic to a 2-simplex A. Denote by & : M;, — A the corresponding
quotient map. In the above construction we chose triangulations 75 such that preimages
(¢2°)~1(A) of 2-dimensional simplexes form a basis of topology on II,,.

We note that

(1) H*(M,,0M,; Q) = H*(M,,0M,;Z,) = 0,

(2) & : H*(A,0A;Z,) — H*(M,,0M,;Z,) is an isomorphism.
To observe (1),(2) we suggest to use the simplicial homology with coefficients Q, Z, and
Z,. The cohomological results follow from the Universal Coefficient Theorem.

By the property (1), H2((¢F™)~*(Int A); F) = 0 for any 2-simplex A in Lj and for
F =Q,Z,, q # p. By the Mayer-Vietoris sequence we can get the equality

H2 ()~ (Int A); F) = 0
for any subcomplex A in Lj for the same coefficients. Therefore

HZ((q7°) ™ (Int A); F) = Lim-, HZ((¢;"") ™ (qx) ™" (Int A); F)

(3

= Lim_, HZ((¢;"") "' (Int(g},(A))); F) = 0

(3

for any subcomplex A C Lj. Since every open set U C II, can be presented as
an increasing union of sets of the type (¢p°)~'(Int A), the formula H}(lim_, U;; F) =
Lim_, H}(U;; F) implies that H2(U; F) = 0 for every open set U and F = Q, Z,. Hence,
dimq IT, <1 and dimg_II, < 1. The equality holds since II,, is not 0-dimensional.
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Similarly the Mayer-Vietoris sequence implies that
(i) : H*(Ly; Zp) — H?(Liy1; Zyp)

is an isomorphism for all k. Hence, H?(I1,;Z,) # 0 and, hence, dimg II, =2. O

According to the following theorem a Pontryagin compactum II,, cannot be imbedded
in R3.

1.10. Theorem. FEvery n— 1-dimensional compact subset X of the Fuclidean space R"
18 dimensionally full-valued.

Proof. By Alexandroff Theorem dimz X = n — 1. According to Theorem 1.8 there is a
point z € X having n — 1-dimensional obstruction in X with respect to Z. Consider a
small ball U in R™ centered at #. Then H? (X NU;Z) # 0. By the Alexander duality
Ho(U \ X;Z) # 0. Since the singular 0-dimensional homology is always a free group,
it follows that the group H? (X NU;Z) is free abelian and nontrivial. The Universal
coefficient formula completes the proof. [J

A family of subsets U of a given set X we call multiplicative If U,V € U implies
Uunvel.

1.11. Proposition. Suppose that a compactum X has a multiplicative basis U having
the property H*(U;G) =0 for all k > n and for allU € U. Then dimg X < n.

Proof. Consider a family of open sets V = {V C X | H¥*(V;G) =0 for all k > n}. The
Mayer-Vietoris exact sequence

- HYU;G)® HY(V;G) - HF(UUV;G) - H ' (UNV) — ...

implies that U UV € V provided U,V € V. Since V contains a basis U, it follows
that every open set in X is an increasing union of sets from V. The continuity of the
cohomology implies that every open set in X lies in V. [

1.12. Proposition. If dimg X < oo, then the multiplicativity of the basis U in Propo-
sition 1.11 can be omitted.

Proof. If dimg X = r > n, then according to Theorem 1.8 there is an r-dimensional
obstruction at some point x, which contradicts with the property of the basis /. [

According to Theorem 1.1 for a compactum X to be cohomologically at most n-
dimensional with respect to a coefficient group G it suffices to have the property that
HEF(U;G) = 0 not for all k > n but just for £ = n + 1 and for all open sets U C X. If
instead of all open sets we consider only a basis U/, then that property is insufficient even if
U is multiplicative. For example, the unit cube I™ has a multiplicative basis U consisting
of open rectangles’ U = I x --- x I,, C I" of diameter less than one. Since every I;
is homeomorphic to an open interval or a half interval, every U is homeomorphic to
Euclidean space R" or half space R". In both cases H}(U; G) = 0. Thus, H(U;G) =0
for all U € U but I™ is far from being 0-dimensional.
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§2. BOCKSTEIN THEORY

As we have seen in §1 the cohomological dimension of a given compactum depends on
coefficient group. Any abelian group can be the coefficient group of a cohomology theory
and there are uncountably many of them. It turns out to be that in the case of com-
pacta it suffices to consider only countably many groups. Solving Alexandroff’s problem
[A2], M.F. Bockstein found a countable family of abelian groups o and an algorithm for
computation of the cohomological dimension with respect to a given abelian group by
means of cohomological dimensions with coefficients taken from o. The Bockstein basis
o consists of the following groups: rationals Q, p-cyclic groups Z, = Z/pZ, p-adic circles
Z,~ = Q,/A,, p-adic field factored out by p-adic integers, and p-localizations of integers
Z,) = {"% € Q| nis not divisible by p} where p runs over all primes. The set of all
p-related groups in o we denote by o, = {Z,, Zp~, Z)}. Thus, 0 = U,0, UQ. We note
that the p-adic circle Z, is the direct limit of groups Z,.

DEFINITION. Given an abelian group G # 0 its Bockstein family o(G) C o is defined
by the following rule:

(1) Z,) € o(G) if and only if G/ Tor G is not divisible by p,
(2) Z, € 0(G) if and only if p — Tor G is not divisible by p,
(3) Zp~ € o(G) if and only if p — Tor G # 0 is divisible by p,
(4) Q € 0(G) if and only if G/ Tor G # 0 is divisible by all p.
EXAMPLES:

(1) 0(Z) ={Z,) | p is prime},

(2) If G € o, then 0(G) = {G},

(3) o(G) = o(Tor G) Uo(G/ Tor G) for any abelian group G.

2.1. Bockstein Theorem. For any compactum X and for any abelian group G,
dimg X = sup{dimy X | H € 0(G)}.

2.2. Lemma. For any short exact sequence of abelian groups 0 - G — E — 11 — 0
and for any compactum X the following inequalities hold:

a. dimg X < max{dimg X, dimp X},

b. dimg X < max{dimg X, dimpy X + 1},

c. dimp X < max{dimg X,dimg X — 1}.

Proof. a. Let n = max{dimg X,dimp X}. The epimorphism F — II defines a map
K(E,n) — K(II,n). Turn this map into a Serre fibration p, then the exact sequence
of fibration implies that the homotopy fiber of p is K(G,n). By Theorem 1.1 we have
K(G,n) € AE(X) and K(II,n) € AE(X). Then the extension theory implies ([Dr4])
that K(E,n) € AE(X) i.e. dimg X < n.

b. Let m = max{dimg X,dimp X + 1}. Here we realize the monomorphism G — E
by fibration K (G, m) — K(E,m). The homotopy fiber of that is K (II,m —1). Then the
result follows.

c. The fibration p : K(E,n) — K(II,n) of a. for n = max{dimg X + 1,dimg X} as
any other fibration defines a map f : QK(Il,n) = K(Il,n — 1) — p~*(z9) = K(G,n).
The Serre construction turns f into a fibration with a fiber K(E,n — 1). Note that
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K(G,n) € AE(X) and K(E,n — 1) € AE(X). Then the extension theory implies that
K(II,n—1) € AE(X) i.e. dimg X <n —1=max{dimg X,dimg X —1}. O

2.3. Proposition. FEvery compactum X satisfies the equality
dimzp X = dlmz k X
p

for any k and any prime p.

Proof. Induction on k. Lemma 2.2 a. applied to the sequence
0—2Z, — Zpi1r — Zp — 0

and the induction assumption establish the inequality dimg ,,, X < dimgz, X. Lemma
2.2 c. together with the induction assumption give an opposite inequality. [

2.4. Bockstein Inequalities. For any compactum X the following inequalities hold:
BI1  dimg . X <dimg, X;
BI2  dimz, X <dimgz . X +1;
BI3  dimz, X < dimz(p> X;
Bl  dimq X <dimgz, X;
BI5  dimg, X < max{dimq X,dimz ., X +1};
BI6  dimz .. X < max{dimq X, dimg, ,, X — 1}.

Proof. Since the p-adic circle can be presented as the direct limit of groups Z,x, Lemma
2.2 and Theorem 1.6 imply BI1.
Lemma 2.2 b. applied to the sequence 0 — Z,, — Zpoc — Z,~ — 0 implies BI2.
Lemma 2.2 c. applied to the sequence 0 — Z,) — Z(,) — Z, — 0 implies BI3.
Lemma 2.2 a. applied to the sequence 0 — Z,) — Q — Z,=~ — 0, BI1 and BI3 imply
BI4.

Lemma 2.2 b applied to the above sequence gives BI5.
Lemma 2.2 c applied to the same sequence gives BI6. [

2.5. Lemma. Let G be an abelian group, then
dimg X = max{dimre; ¢ X, dimeg, 1or ¢ X }

for every compactum X.

Proof. Since H*™1 (K (Tor G, k); Q) = 0, it follows that the Bockstein long exact sequence
generated by 0 — TorG — G — G/ Tor G — 0 is split into short exact sequences

0— H*(Y;TorG) — H*(Y;G) — H*(Y; G/ Tor G) — 0.

Then the result follows. O
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Proof of Bockstein Theorem. First we consider the case when G is a torsion group. Then
G = TorG = @pp — TorG. By 1.7 it follows that dimg X = sup{dim,_ror¢ X}. Since
o(Tor G) = Uo(p — Tor G), it suffices to show that

dimy,_ror ¢ X = sup{dimy X | H € o(p — Tor)}.
Indeed, then

dimg X = sup{dim,_ror ¢ X} = supsup{dimyg X | H € o(p — Tor G)} =
P p

sup{dimyg X | H € Upo(p — Tor)} = sup{dimyg X | H € 0(G)}.

If the group p — Tor G is not divisible by p, then it contains Z,» as a direct summand of
G for some k > 1. In that case o(p — Tor G) = {Z,}. By 1.7 we have

dimy_ror g X > dirnzpk X =dimz, X = sup{dimyg X | H € o(p — Tor G)}.

Here we applied Proposition 2.3 to obtain the second equality. On the other hand,
p — Tor G is a direct limit of finite abelian p-groups which are direct sums of groups
isomorphic to Z,~ for some m. Thus, by Theorem 1.6, 1.7 and Proposition 2.3,

dimy_ror ¢ X < dimz, X = sup{dimy X | H € o(p — Tor G)}.

Now we consider the case when G is a torsion free group. By the Universal Coefficient
Formula H""1(X, A;G) # 0 if and only if H""}(X, A) ® G # 0 which is equivalent to
H" (X, A) ® Z¢, # 0 for all p such that Z,) € o(G). By the Universal Coefficient

Formula the latter is equivalent to H" (X, A; Z,) # 0 for all p such that Z,) € o(G).
Now the result follows from Theorem 1.1.
If G is an arbitrary abelian group, then by Lemma 2.5,

dimg X = max{dimre; ¢ X,dimg/ror ¢ X} =

sup{dimpy X | H € o(Tor G) Uo(G/ Tor G)} = sup{dimy X | H € ¢(G)}.
0

DEFINITION. A compactum X is p-reqular if all its p-dimensions agree and coincide
with the rational dimension:

dimzp X = dimzpoo X = dimz(p) X = dimQ X.

Otherwise we call a compactum X p-singular.
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2.6. Lemma. A compact X is p-regular if and only if dimz, ,, X = dimz .. X.

Proof. Bockstein inequalities BI1 and BI3 imply that
dimzp X = dimzpoo X = dil’nz(p> X.

The inequalities BI4 and BI6 imply that dimz A X = dimq X. U
The following theorem we call the Bockstein Alternative (BA).

2.7. Theorem. For any compactum X there is an alternative: either
dil’nz(p> X = dimQ X

or
dimz(p) X = diIIlzpoo X + 1.

Proof. 1t is clear that BA holds when X is p-regular. Consider p-singular X and assume
that dimz(p> X # dimg X. Then by Bl4, dimz(m X > dimg X. Then BI5 implies that
dimgz , X < dimz . X + 1. Since X is p-singular and in the view of BIl, BI3, Lemma
2.6 implies that dimz(p) X = dimzpoo X+1. O

REMARK. In the case of p-singular X,
dimgz , X = max{dimq X,dimz .. X + 1}.

DEFINITION. p-deficiency ex(p) of a compactum X is the difference dimz, X —
dimgz .. X. The inequalities BI1, BI2 imply that ex(p) € {0,1}.

Let P be the set of all prime numbers. For every compactum X by Sx C P we
denote the set of p for which X is p-singular and by Dx C P the set of all P for
which X is p-deficient. It is clear that Dx C Sx. Then the deficiency function ex( )
is just the characteristic function of the set Dx. Additionally we introduce the field
dimensional function dx : P U {0} — N U {oo} by the formulas: dx(p) = dimz, X and
dx(()) = dimQ X.

2.8. Lemma. The family (Sx,Dx;dx) consisting of the pair of the singularity set
and the deficiency set Dx C Sx C P together with the field dimensional function dx
completely determine cohomological dimensions of a given compactum X. Moreover for
the groups from the basis o there are formulas:

(1) dimQX = dx(()),

(2) dimzp X = dx(p),
(3) dimz,. X =dx(p) — Xp, (p) and
(4) dimg, X = (max{dx(0),dx(p) — X5, (P) +1})Xxs(P) + dx(0)xp s(P)
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where x4 denotes the characteristic function of a set A.

Proof. In view of Bockstein Theorem it is sufficient to prove the formulas. The first
formula is obvious. If p € P\ S, then X is p-regular and the formula (2) holds. If p € S,
then by BI5

dimz , X < max{dimq X,dimz .. X +1}

and
dimz, ,, X > max{dimq X,dimz .. X + 1}

by BI4, BI1, BI3 and Lemma 2.6. [

2.9. Lemma. For every compactum X there is an additive group of a field F' € o such
that dimz X < dimgp X + 1.

Proof. By the Bockstein Theorem (2.1), dimz X = dimgz,, X for some p. By the Bock-
stein Alternative (Theorem 2.7), either dimz , X = dimq X or dimz(,) X = dimz .. X+
1. In the first case we take F' = Q, in the second case F' = Z,. The inequality BI1 com-
pletes the proof in the second case. [

2.10. Example. A Pontryagin surface 11, has the following cohomological dimensions
with respect to Bockstein groups G € o:
dimg . I, = dimq I, = dimz_II, = dimz_ .. 11, = dimZ<q> II, =1 for q # p and
dimzp Hp = dimz<p) Hp = 2.

Proof. First we note that a compactum II, is g-regular for ¢ # p. Since it is 2-
dimensional, by the Bockstein theorem, dimgz , II, = 2. By BA we have,
dimzpoo Hp =1. O

§3. COHOMOLOGICAL DIMENSION OF CARTESIAN PRODUCT

Theorem 1.5 allows to compute easily the cohomological dimension of the union of two
compacta: dimg X UY = max{dimg X,dim¢ Y'}. Unfortunately there is no easy way
to compute the cohomological dimension of the product of two compacta. The natural
formula dimg (X x Y) = dimg X + dimg Y can be violated in both directions.

3.1. Proposition. Let X and Y be compacta and G an abelian group. Then the
following conditions are equivalent:
(1) dimg(X xY) <mn,
(2) ﬁ[f(U x V;G) =0 for all k > n and all open subsets U of X and V of Y,
(3) H*(X/A)A(Y/B);G) =0 for all k > n and all closed subsets A of X and B
of Y.

Proof.

(1)= (2). It follows from Theorem 1.1.

(2)= (1). Note that the family U = {U x V | U is open in X, V is open in Y} forms
a multiplicative basis in X X Y. Now Proposition 1.11 implies the proof.
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(2)< (3). Denote A= X \U and B=Y \ V. Then
HYUXxV:G)=H (X xY,XxY\UXxV;G)=H(X xY,X x BUAXY;Q)

= A*(X xY/X x BUAXY;G) = H*((X/A) A (Y/B);G)
and the result follows. [
3.2. Proposition. Let X and Y be compacta and let G # 0 be an abelian group.
(1) Ifk = dimgY is a number such that dimpgr—:, o X < for all i > 0 and all

open subsets V of Y, then dimg(X xY) <k,
(2) If dimgnv,g) X > m, then dimg(X X Y) > n+m.

Proof. (1). Since dim -y, o) X < i, we have, HIYU; H=4(V;GQ)) = 0 for any [ > 0
and any open subset U C X for all ¢ > 0. By the Kunneth formula we have,

HY' U x V@) = e HI(U HET (V5 Q) =

' GHI(U; HYT' (V. G)) @ @ HIT (U HE (V@) = 0.

The first sum is zero by the assumption k£ > dimg Y and the second part is zero by the
above formula. Proposition 1.11 completes the proof.

(2). Since dimpn(yv,q) X > m, by virtue of Theorem 1.1 there exists an open subset
U C X such that H"(U; H*(V; G)) # 0. By the Kunneth formula we have

H' (U x V;G) # 0.

Hence, dimg(X xY)>n+m. O
3.3. Proposition. For an additive group of a field F' the formula

holds for all compacta.

Proof. Let dimp X = m and dimpY = n. Note that dimHgLer—i(V;F)X =0if 7 <
m and dimH2+m_i(V;F)X = dimgr X < dimp X = m if ¢ > m. In both cases
dim yn+m—i(y,. ) X < @ and by Proposition 3.2 (1) it follows dimp(X X Y) < n + m.
Let V' be an open subset of Y with H?(V;F) # 0. Then H}(V;F) = &F # 0. Then
dimgn v,y X > m and by Proposition 3.2 (2) we have dimp (X xY') > n+m. Therefore
dimp(X x V) = dimp X + dimpY. O

3.4. Proposition. Suppose X and Y are compacta and G is an abelian group.

(1) dimg(X xY) <dimg X +dimg Y if G is torsion free,
(2) dimg(X xY) <dimg X +dimg Y + 1 in general case.
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Proof. (1). Let dimg X = m and dimgY = n. Since G is torsion free, H.(V;G) =
HL(V) ® G by virtue of the Universal Coefficient Formula. We note that if Z,, €
o(H ® G), then H ® G is not divisible by p and, hence, G is not divisible by p, therefore,
Z, € o(G). Then

dimp v,y X = dimp (v)gq X = sup{dimgz,,, X | Z(, € o(H(V) ® G)}
<sup{dimz, X | Zg,) € 0(G)} = dimg X =m.

Therefore dim gnem—iy, ) X < for all ¢ > 0. Then by Proposition 2.2 (1), dimg(X X
Y)<n+m.

(2). First, we prove the inequality for the p-adic circle G = Z,~. We note that
0(H ® Zps) = {Zp} or O and o(H * Zys) C {Z,,Zy~}. Then it follows that

dimHé(V;zpoo) X <dimz, X < dimzpoc X+1=m+1.

Therefore dimHngm_i(V;pr)X < i+ 1 for all i > 0 and hence, dimz .. (X xY) <
n+ m + 1. Now we have proven the inequality (2) for all groups from Bockstein basis
(additionally to an above see also Proposition 3.3, Proposition 3.4 (1)). If G is an
arbitrary group, then by the Bockstein Theorem, dimg(X X Y)

= sup{dimy (X xY) | H € 0(G)}
< sup{dimyg X +dimyg Y + 1| H € 0(G)}
<sup{dimyg X | H € 0(GQ)} +sup{dimp Y | H € 0(G)} + 1
=dimg X + dimg Y + 1.
O
3.5. Proposition. Suppose that compactum X s not p-deficient, then

dimzpoo (X X Y) = dimzpoo X + dilepo<> Y

for every compactum Y .

Proof. Denote dimz, X = m and dimz, Y = n. Since X is not p-deficient, we have
dimz .. X =m. According to Bockstein inequalities BI1, BI2 there are two possibilities
for dimz .. Y: a) to be equal n and b) to be equal n — 1. In the case of a) we can
find an open set V' C Y with H(V;Zy~) # 0. Since H(V;Z,~) is p-torsion group,
o(H2(V;Zp=)) C {Zyp,Zp=}. By the Bockstein Theorem and BI1, dimpn v,z ) X =
m. Proposition 3.2 (2) implies that dimz .. (X xY) > n+m. The inequality dimz_.. (X x
Y) < n+ m follows from Proposition 3.3 and BI1. In the case of b) one can show that
dimHgn-&-n—i—l(V;Zpoo) X < iforall7 > 0 and every open subset V C Y. For i < m it is due
to an obvious reason: HM ™~ =1(V;Z,~) = 0. For i > m the inequality holds because
of the inclusion o(H" ™"~ ""1(V;Zp)) C {Zy, Zp~} and the equality dimz .. X = m.
Then Proposition 3.2 (1) implies that dimz .. (X x Y) < n +m — 1. The opposite
inequality dimgz . (X xY) > n+m — 1 follows from Proposition 3.3 and BI2. [
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3.6. Theorem. Suppose that a compactum X is p-regular for some prime p, then
dimg(X X Y) = dimG X+ dimG Y

for all G € op = {Z,,Zy~,Z,} and any other compactum Y

Proof. Obviously theorem is true for G = Z,,.

Since p-regularity does not admit p-deficiency, the case G = Z,~ follows from Propo-
sition 3.5 .

In the case of G = Z,) we denote by n = dimzm Y and m = dimz(p) X. Let V be an
open subset of Y such that A = H}'(V;Z,)) # 0. If A is not a torsion group, then by
the Bockstein Theorem dimyg X > dimz(q) X. By BI4 we have dimyg X > dimg X = m.
Proposition 3.2 (2) implies that dimz , (X x Y) > dimz, X + dimz, Y. In the other
direction the inequality follows by Proposition 3.4 (1). If A is a torsion group, then A is a
p-torsion group, since A = H' (V') ®Z, by the Universal Coefficient Formula. Therefore
dimg X > dimzpoo X = m and the result follows. [

3.7. Corollary. Suppose X is a dimensionally full-valued compactum. Then
dim(;(X X Y) =dimg X +dimg Y

for any group G.

Proof. A compactum X is p-regular for all p. Hence dimg X = dimzX for any group
G. Theorem 3.6 and Proposition 3.3 imply that the above formula holds for all G € o.
If G is an arbitrary abelian group, the Bockstein Theorem states that dimg(X X Y') =
sup{dimpy (X xY) | H € o(G)} = sup{dimy X + dimg Y | H € ¢(G)} = dimg X +
sup{dimg Y | H € 0(G)} = dimg X +dim¢g Y. O

3.8. Corollary.

(1) The product of two p-regular compacta is p-reqular
(2) The product of p-reqular and p-singular compacta is p-singular

EXAMPLE. Let p # ¢, then dim(II, x II;) = 3 for different Pontryagin surfaces.
Indeed, by theorems of Alexandroff and Bockstein,

dim(II, x I1;) = max{dimgz,, (I, x II,) | r € P}.
Since for every r € P one of the factors II,, or I, is r-regular, by Theorem 3.6,
dimz<r) (Hp X Hq) = dil’nz(r) Hp + dimz(r) Hq.

Then dimg,, (I, x II;) =3 if r =p or r = g and it equals 2 if r # p and r # q.
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3.9. Lemma. The deficiency set of the product is the union of deficiency sets of factors:

Proof. By Propositions 3.3 and 3.5 the product X x Y cannot be p-deficient if both
factors are not p-deficient. This implies the inclusion Dx «y C Dx U Dy.

If p € Dx \ Dy, the p-deficiency of the product X x Y equals one by Propositions
3.3 and 3.5, and hence p € Dxy. Similarly if p € Dy \ Dx. If p € Dx N Dy, then by
Proposition 3.4, dimz .. (X xY) < dimz ., X +dimz, . Y +1 = dimz, X —1+dimz, ¥ —
141 =dimgz, (X xY)— 1. Then BI2 implies that dimz .. (X xY) = dimz, (X xY) —1.
It means that p € Dx«y in that case too. Thus, Dxxy D Dx UDy. U

3.10. Corollary. The p-deficiency of the product of two compacta can be computed by
the following formula: exxy (p) = ex(p) + ey (p) — ex(p)ey (p).

Proof. The formula follows from the union formula for characteristic functions x, , =
1= (T =x,)1=X5) =Xa T X5 — XaXp » Lemma 3.9 and the equality ex = x,, -

3.11. Lemma. The inequality
dimz(p) (X X Y) > dil'nzpOO X + dimzpoo Y +1

holds for all p and all p-singular compacta X and Y .

Proof. Let k = dimgz . X < dimz(p)X and [ = dimg .. Y < dimgg,) Y. Consider
a group G = HITY(V;Z,)) = HIPY(V) ® Zg, for an open subset V' C Y such that
H!*Y(V) # 0. Such a set V exists because of Theorem 1.1 and the inequality dimz Y >
[ + 1. If the group G has p-torsion, then Z, or Z,~ belongs to o(G). In both cases
dimg X > dimz,.. X = k. By Proposition 3.2 (2), dimg, (X xY) >k + 1+ 1. If the
group G has no p-torsion, then H.™'(V) ® Q # 0 and hence, dimq Y > [ + 1.

Similarly, consider a group G’ = H*1(U; Z) and derive dimq X > k + 1 or the
required inequality dimz_, (X xY) > k+ 1+ 1. In the first case according to BI4 we

have
dimz(p) (X xY)> dimQ(X xY)>k+1+1.

OJ
3.12. Corollary. The product X XY of two p-singular compacta is p-singular.

Proof. 1f one of the compacta is p-deficient, then by Lemma 3.8 the product is also
p-deficient and, hence, p-singular. If both compacta are not p-deficient, then Lemma
3.11 implies dimg, (X xY) >dimz .. X +dimz .. Y +1=dimz, X +dimz, Y +1=
dimgz, (X x Y) + 1 and, hence, X x Y is p-singular. [

3.13. Lemma. The singularity set of the product of two compacta is the union of their
singularity sets: Sxxy = Sx U Sy.

Proof. Corollaries 3.8 and 3.12 imply the proof. [

The results of Lemmas 3.9, 3.13 and Proposition 3.3 can be summarize into the fol-
lowing
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3.14. Theorem. For any two compacta X and Y and their product X XY there is the
formula:
(Sxxy, Dxxy,dxxy) = (Sx USy,Dx UDy,dx + dy).

If one of the factors is p-regular, then according to Theorem 3.6, the logarithmic law
for the dimension of the product holds. If both factors are p-singular then the following
deviation takes place for coefficient groups from Bockstein basis o.

3.15. Lemma. Suppose X and Y are p-singular compacta. Then

(1) dimz, . (X xY) =dimz . X +dimz .. Y + ex(p)ey (p)
(2) dimgz, (X xY) =max{dimz . (X x V) + 1,dimq(X x Y)}.

Proof. Proposition 3.3 and Corollary 3.10 imply that dimgz ., (X x Y)
= dimzp(X X Y) — GXXy(p)

= dimz, X +dimz, Y — ex(p) — ey (p) + ex(p)ey (p)
=dimz . X +dimz .. Y + ex(p)ey (p).
Corollary 3.12 and Lemma 2.8(2) imply the second part of the theorem. [

3.16. Theorem. Let X be a compactum, then
a) dimz(X x X)=2dimz X or 2dimz X — 1,
b) dimz X™ = ndimz X or ndimz X —n + 1.

Proof. If there is a field F' such that dimp X = dimgz X then by Propositions 3.3 and
3.4 we have the first case. Now assume that there is no such a field. Then by Bockstein
Theorem dimz X = dimgz,, X for some p. Our assumption implies that X is p-singular
and dimg , X > dimq X. Lemma 3.15(1) states that

dimz .. (X x X) = 2dimgz_.. X + ex(p).
By Lemma 3.15(2), we have
dimz , (X x X) =2dimz, . X +ex(p) + 1.
Bockstein inequality BI1 and the assumption imply that dimz .. X = dimz, X and hence
ex(p) = 0. By Lemma 2.9 there is a field F” such that dimz (X x X) < dimp/ (X x X)+1.
Since dimpr X < dimgz X — 1, we have 2dimz X — 1

= dimz,, (X x X)

< dimz (X x X)
< dlmF/(X X X) +1
= 2dimF/X—|— 1
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< 2(disz— 1)—|—1
= 2dimz X — 1.

Hence, dimz (X x X) = 2dimz X — 1.
Induction on n implies part b). O

DEFINITION. A compactum X is of the basic type if dim X? = 2dim X and it is
called having the exceptional type if dim X? = 2dim X — 1.

This definition makes sense only for finite dimensional compacta. In that case dim X =
dimz X by virtue of Alexandroff Theorem. Theorem 3.16 proves that all compacta are
split into these two classes. Moreover, the dimension of the n-th power of X equals

dim X" = ndim X
for compacta of the basic type and
dim X" =ndimX —n+1

for compacta of the exceptional type.
The proof of Theorem 3.16 suggests the following:

3.17. Criterion. A compactum X is of the basic type if and only if there is a field
F € 0 such that dimp X = dim X.

§4. DIMENSION TYPE ALGEBRA

Every compactum X of positive dimension defines a function ¢ x : 0 — NU{oo} by the
formula ¢ x (G) = dimaX . This function ¢ x satisfies the Bockstein Inequalities BI1-6. In
Lemma 2.8 we defined a set F' = (Sx,Dx;dx) where Dx C Sx C P is a pair of subsets
of primes and dx : PU {0} — N U {oco} is the field dimensional function. The function
dx has the property d(P\S) = d(0). The set (Sx,Dx;dx) completely defines ¢x. Now
if we forget that the function ¢x came from a compactum X, we can reformulate the
results of §2 in more abstract way. For every abstract function ¢ : 0 — NU{co} one can
define a regularity set R = {p € P | ¢(Zp~) = ¢(Zy) = ¢(Z(,)) = #(Q)}, a singularity
set S =P\ R and a deficiency set D = {p € P | ¢(Z,) # ¢(Zp~). The field dimensional
function can be defined as d(p) = ¢(Z,) and d(0) = ¢(Q). Thus the set Fy = (S, D;d)
is well defined. On the other hand if we have a set F' = (S,D;d) where D C § C P
and d : PU{0} — N U {oo}, we can define a function ¢ : 0 — N U {oc} by formulas:

¢(Zy,) = d(p), ¢(Q) = d(0), ¢(Zy=) = d(p) — x(p) and
P(Z(p)) = (max{d(0),d(p) — x5 () + 1})xs () + d(0)xp s (P),

where x4 denotes the characteristic function of a set A C P.



18 A.N. DRANISHNIKOV

4.1. Proposition. The correspondence ¢ — Fy defines a bijection between all
functions ¢ : 0 — N U {oc} satisfying the Bockstein Inequalities BI1-BI6 and triples
F = (8,D;d) with d(P\ S) = d(0). Its inverse is defined by the above correspondence

We denote the set of functions ¢ : 0 — N U {oo} satisfying the Bockstein inequalities
by B; and the set of triples (S, D;d) with the constrain d(P \ S) = d(0) by Fy

On the class of all compacta we consider the following equivalence relation: X ~ Y
if and only if dimg X = dimg Y for all abelian groups G. An equivalence class under
that relation is called a cohomological dimension type or briefly cd-type. We define zero
cd-type as the type of 0-dimensional compacta. Every nonzero cd-type can be described
by an element of F as well as by an element of B..

DEFINITION. We define two binary operations [+] and [x] on F by the formulas:
(S1,D1;d1)[+](S2, D2sda) = (S1 US2, D1 UDs;dy + da)
(81, D13 d1)[x](S2, Da;da) = (81 N S, D1 N Do; (dy — d1(0))(d2 — d2(0)) + d1(0)d2(0))

4.2. Proposition. Fi[+|Fy € Fy and Fy[x]|Fy € F4 for F1, Fy € Fy

PT‘OOf. First (dl + dg)(P \ (81 U SQ)) = (d1 + dz)((P \ 81) N (7)\82)) = dl(O) + dQ(O)
Second, since (d; — d1(0))(d2 — d2(0)) = 0on (P\S1)U(P\Sz) =P\ (S51NSq),
d(P\ (§1 N Sz2)) = di1(0)d2(0) = d(0). O

4.3. Proposition. The distributivity law holds for operations [+] and [x].

Proof. 1t is known that the distributivity law holds for U and N . We omit an easy
verification of the distributivity law for functions d. [

4.4. Proposition. The natural numbers N are imbedded into F, by homomorphism
taking a number n to (0, 0;n) where n also denotes the corresponding constant function.

The proof is trivial. [

DEFINITION. The norm of cd-type F' = (S,D;d) € F is defined as
IFl = sup {d+ x5 5}
PU{0}
4.5. Proposition. Let F' € F, represent the cd-type of a compactum X, then | X| =
dimz X.
Proof. By Bockstein Theorem dimz X = sup{dimz , X [ p € P}. By Lemma 2.8

d(0) ifpeP\S;
dimgz, X = { max{d(0),d(p) +1} ifpeS\D
max{d(0),d(p)} if pe D.

Therefore, sup{dimz ,, X | p € P} = sup{(d + x5 ,)(z) |z € PU{0}}. O
On the set of functions B4 there is the natural partial order <:
1 < ¢o if and only if ¢1(G) < ¢2(G) for all G € o.
Thus the bijection of Proposition 4.1 defines a partial order < on cd-types.
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4.6. Proposition. Let ¢1,¢2 € By, then ¢ defined as ¢(G) = max{¢p1(G), p2(G)}
satisfies the Bockstein inequalities i.e. ¢ € B

Proof. Trivial. [

DEFINITION. Let F} and F3 be two cd-types, then we define the wedge F; V F5 as
the cd-type corresponding to the function ¢(G) = max{¢p, (G), ¢r,(G)}.

Proposition 4.6 is valid if one replaces the maximum by a supremum over an arbitrary
index set. Thus an operation V;csF; can be defined for any family {F; | i € J} C Fy.

4.7. Proposition. The distributivity law holds for V and [+].

4.8. Proposition. For every family {F; | i € J} C Fy there is a countable subset
J' C J such that ViesF; = Ve F;.

Proof. Take an arbitrary group G € o. If the maximum of ¢p, (G) is attained on

some ig € J, we define Lg = {ig}. If not, then there is a sequence {if,} such that

limg 00 ¢, (G) = 0o. In that case we define Lg = {i’é}keN. We do this for all groups
‘G

G € 0. Then we define J' = UgesLg. Since o is a countable set and L is countable
for every G € o, the set J' is countable. [

By 0, we denote a characteristic function of one point set {z}, i.e.

1 ift=ux;
s0={, |
0 ift#ux.

We define Kuzminov’s basis as the set of the following cd-types:

®(Q,n) = (P,0;(n—1)dp + 1),

&(Zigy.m) = (P {p},0: (0 — 1)(60 +5,) + 1)

®(Zy,n) = (P, {p};(n—1)dp + 1),

(Zp,n) = (P, 0; (n —2)é, +1).

Here we assume that n > 1. Since all 1-dimensional compacta define the same cd-type,
we let ®(G, 1) equal the cd-type of one-dimensional compacta for all G € . For G # Z,
the singularity set consists of whole P and hence all these ®(G,n) belong to F,. For
®(Z,,n) the condition d(P\S) = d(0) turns into d(p) = d(0) and it is easy to check that
it holds. Hence, ®(Z,,n) € F, too.

4.9. Proposition. For all G € o and every n, ||®(G,n)| = n.
Proof.
(1) [12(Q,n)| = sup{d(z) + x-s\p() | © € PU{0}} = sup{(n —1)do + 1+ X } =
max{n,2} = n;
(2) [ ©(Zipy )l = sup{(n — 1)(d +8,) + 1+ xp,, } = max{n, 2} = n;
(3) 0(Zp, )| = sup{(n — )3, + 1+ xp,,,, } = max{n,2} = n;
(4) [[0(Zyee )| = sup{(n —2)0, + 1+ xp } = max{n, 2,1} = .
O
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4.10. Proposition. The field dimensional function d has its maximum at p for cd-types
®(Zp),n), ®(Zp,n) and ®(Zp~,n). It has its mazimum at 0 for ®(Q,n).

The proof is an easy observation.

4.11. Theorem. For any cd-type F' € F there is a representation
F=V{®(G,kq) | G € o}.

Proof. Let F = (S§,D);d). If the norm of F equals one, then we take kg = 1 for all
G € 0. If the norm is greater than one, we take kq = d(0),

k B d(p) ifpeP\S
2w — 1 otherwise

{ d(p) ifpeD
kz = )
P 1 otherwise

and
f _{d(p)+1 itpe S\D
Zpoe 1 otherwise

Then we consider a cd-type F' = V{®(G,kg) | G € o} =

B(Qd(0)) V (Ve s(Ziy, dp) V (Vpe®(Zy d(p) V (Vpes\p®(Zye  d(p) + 1))
If F/ = (S8',D';d’), then in the view of Proposition 4.10,
d'(0) = max{d(0),d(0), 1,1} = d(0) and d'(p) = max{1,d(p),d(p),d(p) + 1 — 1} = d(p).

Therefore d’ = d. It is easy to verify that D’ =D and 8’ = S. Hence FF = F'. [
DEFINITION. The inferior norm | F' | of cd-type F' = (S, D;d) is defined as

min{d(x) — x,(x) | x € PU{0}}.

4.12. Proposition. Let F' € Fy and let ¢pp € By be its representative. Then ||F|| =
sup{¢r(G) | G € o} and | F |=inf{or(G) | G € o}.

Proof. 1) Note that sup{¢x(G) | G € o} = sup{ér(Z,) | p € P} =
max{sup{max{d(0),d(p) + x5, ()} [ p € S},d(0)} =
sup{d(z) + X5 () | x € PU{0}} = [|F].
2) By virtue of Bockstein’s inequalities,
inf{¢r(G) | G € o} = inf{¢pr(Q), dr(Zp=)} = min{d(0), d(z) — x, ()} = F'[.
O
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4.13. Lemma. For any two cd-types Fy and Fy there are inequalities:
| Fy [+l < [+l < Ll =+ (1 F2]-

Proof. We may assume that all norms are finite. Suppose that the norm | Fy|| =
sup{d2(y) + Xs,\p, (¥)} is achieved at x. Then it suffices to show that

dq (l‘) — Xp, (I) + dg(l‘) + Xs,\ Do (l‘) <d (.I‘) + dg(:l?) + X(81US9)\(D1UDy) (I‘)

This is equal to the inequality Xy \py = X(s30890\(0yupe) T X1y which follows from the
fact that

S\ Dy C S\ (D2UD;)UDy C (S2US1)\ (D2 UDy) U Dy.
Assume that || Fy[+]F|| is achieved at x, then
LB || = di(2) + da(2) + X5, U800y ) (2)-
Because of the inclusion (S1 U S2) \ (D1 UD3) C (81 \ D1) U (S2 \ D2), we have the
inequality

X(51U52)\(91UD2) S Xsl\Dl + XSQ)\Dz)'
Then

[Fi[+]F2 | < di(@) + X5, 0, (%) + d2(T) + X, )\ p,, (@) < [[F1]| + [ F2]]-

OJ

By F we denote the set of all triples (S, D;d), where D C S C P are subsets of primes
and d : PU{0} — Z U {—00,4+00} has the property d(P \ S) = d(0). As one can see
F is the natural extension of F. All operations V, [+], [x] as well as the partial order
=< can be extended to F. The notions of the norm || || and the inferior norm | | can be
defined on F without changes. All propositions proven for F, can be repeated without
changes for F. Similarly one can extend B, to B together with the bijection F — B.

DEFINITION. A conjugation F of F = (S,D;d) € F is defined as
(S§,8\ D; —d).

It is clear that F' € F.
4.14. Proposition. For every F = (S, D;d) € F,

1) F=F,
(2) F[HIF = (5.5:0),
(3) |F[+]F] =o0.

Proof. The statements 1),2) are obvious; 3) follows from 2) and the definition of the
norm. [J
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4.15. Lemma. The conjugate F of F is the mazimal element with respect to the order
= in the set {F' € F | |[F[+]F'|| < 0}.

Proof. First, from Proposition 4.14(3) we can see that F < V{F' € F | |[F[+]F'|| < 0}.
Then we show that F > F’ for every F’ having the property ||[F[+]F’|] < 0. Let
F =(8,D;d) and F' = (§',D';d’). The inequality ||F[+]F’|| < 0 implies that

'
(x) d +X(SU$’)\(DUD’) < —d.

Then d < d and hence, ¢p/(Z,) < ¢5(Z,) and ¢p(Q) < ¢5(Q). We recall that
¢r stands for the function from B corresponding to F' under extended bijection from
Proposition 4.1. We note that S\D C S\ (DUD')UD’ C (SUS’)\ (DUD’')UD’. Hence,

Xsvp < Xsushyounr, T Xpr- Therefore by this and (*) we have the following inequality:

/
(**) d - XD/ S _d - X(SUS/)\(DUD/) - X'D/ S _d - XS\D'

Hence, ¢pp/(Zps) < ¢pp(Zp).

To treat the group Z,) we consider three cases.

1) pe P\ S, then ¢r/(Z)) = d'(0) < —d(0) < ¢p(Z()). Here we applied (*) and
BI4.

2) pe 8'NS, then ¢p: (L)) = max{d'(0),d (p) — x,, (p) +1} <

max{—d(0), —d(p) — Xs.»(P) + 1} = ¢r(Z,)). Here we applied both (*) and (**).

3) Finally, if p € 8"\ S, then the inclusion &'\ § C (SUS’) \ (DUD’)UD’ implies
that

X(SUS/)\('DU’D’) (p) + XD/ (p) Z 1

Then,
d'(p) = X (P) +1 < d'(P) = X sL5 pupn (P) < —d(p) = —d(0) = dp(Z(y))-
Because of this and (*) we have that
¢r (L)) = max{d'(p),d'(p) — xp. (p) + 1} < ¢5(Zp))-

Thus, F = V{F' € F| |F[+]F'|| <0}. O

§5. REALIZATION THEOREM
The main result of this Section is the following:

5.1. Realization Theorem. For every cd-type F = (§,D;d) € F, there exists a
compactum X such that Fx = (Sx,Dx;dx) = (S,D;d). Moreover, Fx|[+|Fy = Fxxy
and Fx V Iy = Fxyy.

Thus the name 'cd-types’ for elements of F is justified.
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A compactum representing a fundamental cd-type ®(G,n) is called a fundamental
compactum of type (G,n). The notation for this is X € F(G,n). A fundamental com-
pacta have the following cohomological dimension with respect to groups from o:

Zyp) Zy Zy~ Q Z() Z, Zy~
F(Q,n) n 1 1 n n 1 1
F(Z),n) n n n n n 1 1
F(Z,,n) n n n-1 1 1 1 1
F(Zy~,n) n n-1 n-1 1 1 1 1

Here p, q are primes, ¢ runs over all primes # p.

Let h be a reduced homology (or cohomology) theory. A map between two topological
spaces is called h.-essential (or h*-essential) if it induces nonzero homomorphism in
h-homologies (or h-cohomologies). If one of the spaces is not a CW-complex, then we
consider the Cech extension h. We recall that a cohomology theory h* is called continuous
if for every direct limit L = lim_.{L;; A’ ;} of finite CW-complexes the formula h*(L) =
lim. A*(L;) holds. We note that a cohomology h*( ; F') with coefficients in a field F is
continuous.

In this section we give a proof of Realization Theorem based on the following general
theorem.

5.2. Theorem. Let P and K be simplicial complexes and assume that K is countable
complex. Let h, (h*) be a reduced generalized homology (continuous cohomology) theory.
If hy(P) #0 (h™(P)#0) and hp(K) =0 (h¥(K) =0) for all k < n, then there exist a
compactum X, having the property K € AE(X), and an hy-essential (h™-essential) map
f: X —P.

5.3. Corollary. For every n € N there are n-dimensional fundamental compacta of
types (Q,n), (Zp,n), (Zp),n) and (Zpe,n) for all primes p and any n.

Proof. 1) To realize the type (Q,n) we take P = S™ and for K we take the wedge of
an Eilenberg-Maclane complex and n-sphere K = K(®pepZy,1) V S™ and we consider
a continuous cohomology h* = H*( ;Q). We note that h*(K) = 0 for £ < n. By
Theorem 5.2 there exists a compactum X having nontrivial n-dimensional rational Cech
cohomology. The property K € AE(X) implies that K(®pepZy,1) € AE(X) and S™ €
AE(X). The second condition implies that dim X < n. The first implies the inequality
dimgz, X < 1 by virtue of Theorem 1.1. Corollary 1.7 implies that dimz, X < 1 for
all p. Since X is not O-dimensional (see 1.3), dimz, X = 1 for all p. Therefore by
BIl, dimg .. X = 1. The equality dimg X = n follows form the n-dimensionality of X
and the fact that X has nontrivial rational n-dimensional cohomology. The Bockstein
inequality BI4 imply that dimz , X = n for all p. Now according to the above table X
has cohomological dimensions as F'(Q,n), hence X is of type (Q,n).

2) For the type (Z,,n) we take P = S™, K = K(Z[%], 1)vS™and h* = H*(;Z,). Then
the compactum X of Theorem 5.2 has a cohomological dimension dimg 1] X =1 and the
covering dimension dim X < n. By virtue of Bockstein Theorem, dimgz , X =1 for prime
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q # p. By BI1,3,4 we have dimz_.. X = dimz, X = dimg X = 1. Since X has nontrivial
n-dimensional cohomology with Z,-coefficients, we have dimz, X > n. The equality
holds, since X is n-dimensional. Since dim X < n, by BI3 dimz ,, X = n. We may
assume that n > 1. Then X is p-singular. Since dimz A X = max{dimq X, dimz . X +
1} for p-singular compacta, we have that dimz .. X = n — 1. Thus, according to the
above table X € F(Z,,n).

3) For the type (Z,),n) we take P = K(Zp~,n), K = K(®qzpZy,1) V S", and h, =
H.(;Z)). Since Zp~ ® Z,y # 0, by Hurewicz theorem and the Universal Coefficient
Formula, H,,(P;Z,)) # 0. Note that hy(K) = 0 for all & < n. Apply Theorem 5.2 to
obtain a compact X and a map f : X — P with the certain properties. The property
K € AFE(X) implies, by virtue Theorem 1.1, equalities dimz, X = dimz_ . X = 1
and the inequality dim X < n. The essentiality of the map f : X — K(Z,~,n) gives
nontrivial element in cohomology H™(X; Z,~). Hence dimz .. X = n. The inequalities
BI1 and BI3 imply that dimz , X = n. Hence, by Lemma 2.6, X is p-regular. Therefore,
dimg X = n. We assume that n > 1, since any 1-dimensional compactum can serves
as F(Z),1). Then X is g-singular for all prime ¢ # p. Then by Lemma 2.8 it follows
that dimz , X = dimg X = n. Thus, X has cohomological dimensions with respect to
groups from o as it prescribed for F'(Z,),n) by the table in the beginning of this section.

4) For the type (Zp~,n) we take P = S, K = K(Z[%], 1)V K(Zy,,n—1)VvS™ and
hie = H.( ;Zpy~). Note that Hy(K;Zy~) = 0 for k < n. We apply Theorem 5.2 to
obtain a compactum X having the property K € AF(X) and an essential map onto
n-dimensional sphere. This properties imply that dim X = n, dimz X = dimz, X =
dimzqoo X =dimq X =1 and dimz, X <n — 1. Since dimz(p) X = n, by the Bockstein
Alternative it follows that dimzpoc X =n—1. Then by BIl, dimz, X = n — 1. Then
X € F(Zy~,n). O

DEFINITION. An extension problem (A,a) on a topological space X is a map « :
A — K defined on a closed subset A C X with the range a CW-complex (or ANE). A
solution of an extension problem (A, «) is a continuous extension & : X — K of a map «.
A resolution of an extension problem (A, «) is a map f : Y — X such that the induced
extension problem f~'(A,a) = (f~1(A4),ao0 f|...) on Y has a solution.

Because of the Homotopy Extension Theorem the solvability of an extension problem
(A, @) is an invariant of homotopy class of . A family of extension problems {(A;, ;) }ics
forms a basis if for every extension problem (B, 3) there is i € J such that B C A; and
the restriction «; |p is homotopic to 8. In that case we say that (A4;, ;) contains (B, ().

In view of the Homotopy Extension Theorem the following Proposition is obvious.

5.4. Proposition. Suppose that a map f : Y — X resolves extension problems on X
from a given basis {(A;, ;) }icg. Then f resolves all extension problems on X.

5.5. Proposition. Let K be fized. Let X be the limit space of an inverse sequence of
compacta { X, q; '} and let {(AF,a¥)},cs, be a basis of extension problems for every
k. Then {(¢°) 1 (AF,a¥) | k € N,i € Ji} is a basis of extension problems on X where
q;° : X — Xy, denotes the infinite projection in the inverse sequence.

Proof. Since K € ANE, for every extension problem (A, o) on X there is a number k and
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;)

a map f3: ¢2°(A) — K such that 3o ¢ |4 is homotopic to a. Take a problem (A%, o}
containing (¢2°(A),3). Then of |g22(a)~ B. The extension problem (q5°)~H(AF, k)
contains the problem (A4, «). O

5.6. Lemma. For any extension problem (A,a : A — K) on X there is a resolution
of it g: Y — X such that every preimage g~'(x) is a point or homeomorphic to K. If
additionally X and K are simplicial complezes, A is a subcomplex and « is a simplicial
map, then the resolving map g can be chosen simplicial.

Proof. Let m : K x I — cone(K) be the standard projection onto the cone. So, the
preimage 7! (z) is one point set if  is not the cone vertex, and it is homeomorphic to
K if = is the cone vertex. We identify K with the bottom of the cone cone(K). Since
cone(K) € ANE, there is an extension & : X — cone(K) of a. We define Y as a pullback

of the diagram:
Y —— KxI
gl

s |
X —— cone(K)
(07
Then pro~ : Y — K is a solution of the extension problem g~ !(A, o) where pr : K x I is
the projection. Thus, the map g : Y — X resolves the problem (A, ). Since g is parallel
to 7 in the pullback diagram, g has the same set of topological types of point preimages,
i.e. the set consisting of the one point space and K.

If o is simplicial and A C X is a subcomplex, then we consider the natural structure
of a simplicial complex on the cone cone(K). Take all vertices of X which do not belong
to A to the cone vertex and thus, define a simplicial extension & of a. Consider a product
simplicial structures on K x I and X x (K x I). Then the projection 7 : K X I — cone(K)
is a simplicial map. Consider the induced triangulation on the pullback L C X x (K xI).
The map g is simplicial with respect to that triangulation.

5.7. Proposition. Let X be the limit space of an inverse sequence {Xk;ql,jﬂ} and let
{(AF,aF)}ic. be a basis of extension problems for each k. Assume that ¢° resolves all

problems (A¥ a¥) for all k. Then K € AE(X).

Proof. According to Proposition 5.5 X has a basis of solvable extension problems. Then

by Proposition 4.4 all extension problems on X have solutions. It means that K €
AE(X). O
REMARK. If a map f : Y — X resolves some extension problem (A, «) on X, then

for any map g : Z — Y the composition f o g resolves (A, «).

5.8. Lemma. Let g: L — M be a simplicial map onto a finite dimensional complex M
and let h, be a reduced homology theory such that hy, (g~ (z)) =0 for allk <n (k€ Z).
Then g induces an isomorphism gy : hg(L) — hg (M) for k < n and an epimorphism for
k=n.

Proof. We prove it by induction on m = dim M.
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If dim M = 0, then Lemma holds.

Let dimM = m > 0. We denote by A a regular neighborhood in M of (m — 1)-
dimensional skeleton M(™~1)_ Since the map ¢ : L — M is simplicial, g~'(A) has a
deformation retraction onto g—1(M (m=1) By the induction assumption Lemma holds
for g : g Y (M=) — M= Hence, the conclusion of Lemma holds for g.. :
g 1 (A) — A. We define B= M \ Int A, i.e. B is a union of disjoint m-dimensional PL-
cells B = UB;. Since g is simplicial, g7 1(B;) ~ g~ !(c;) x B; where ¢; € B;. Therefore
the conclusion of Lemma holds for g : g~'(B) — B. Note that dim(AN B) =m — 1
and, hence, Lemma holds for g : g (AN B) — AN B. The Mayer-Vietoris sequence
for the triad (A, B, M) produces the following diagram:

hi(A' O B') —— hp(A)) @ hy(B') ——— hp(L) —— hy_1(ANB) ——

l l o l

hx(ANB) —— hg(A)® hg(B) —— hx(M) —— hx_1(ANB) ——

Here A’ = g='(A) and B’ = g~ (B). The Five Lemma implies that g, is an isomorphism
for k < n. The epimorphism version of the Five Lemma implies that g, is an epimorphism
for k=n. O

5.9. Lemma. Let g: L — M be a simplicial map onto a finite dimensional complex M
and let h* be a reduced cohomology theory such that h*(g=1(x)) = 0 for allk <n (k € Z).
Then g induces an isomorphism g* : h*(M) — h¥(L) for k < n and a monomorphism
for k=n.

Proof. We can apply the argument of Lemma 5.8 with the only difference that at the
very end we should apply the monomorphism version of the Five Lemma.

Proof of Theorem 5.2. Since h,(P) # 0 (h"™(P) # 0), there exists a finite subcomplex
P, C P such that the inclusion is h,-essential (h™-essential). For cohomology this follows
from the continuity of h*, for homology it follows from the fact that every homology has a
compact support. We construct X as the limit space of an inverse sequence of polyhedra
{Px; q’,;’“} where f: X — S™ will be the composition of ¢7° and the inclusion P, C P.
We construct this sequence by induction on k£ such that

(1) for every k there is fixed some countable basis of extension problems AF =
{(Af’ af)} on Py,

(2) for every k some nonzero element ay € hy,(P;) (ar € h™(Py)) is fixed such that
(8 ™) u(aps1) = ar (¢ T)*(ax) = agrt1) for all k. ’

(3) for every problem (AF,ak) € A* there is j > k such that g], resolves it.

If we manage to construct such a sequence, then by Proposition 5.7 K € AE(X). The
property 2) would imply that f is h,-essential (h"-essential). Thus, Theorem 5.2 would
be proven.

Enumerate all prime numbers 2 = p; < ps < p3 < --- < px < .... We are going to
work with homology first. We fix some element a; € h,(P;) which goes to a nonzero
element a € h,(P). Denote by 7 a triangulation on P, and by *7 k-th barycentric
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subdivision of 7. There are only countably many subpolyhedra in P; with respect to all
subdivisions 3¥7. Since the set of homotopy class [L, K] is countable for every compact
L, we have only countably many different extension problems (A, ) defined on those
subpolyhedra. Denote the set of all these extension problems (L, «) on P; with simplicial
maps o by A'. Since K € ANE, it easy to show that A! form a basis of extension
problems on P;. We enumerate elements of .A' by all powers of 2. Let N : A! — N be
enumeration function. Then we consider an extension problem from 4! having number
one in our list and resolve it by a simplicial map g : L — P; by means of Lemma 5.6.
By Lemma 5.8 g, : h,(L) — h,(P1) is an epimorphism. Take afy € h,(L) such that
g«(ah) = ay. Since a homology a), has a compact support, there is a finite subcomplex
P, C L and an element ay € h,,(P») which goes to a), under the inclusion homomorphism.
We define a bonding map ¢7 : P, — P; as the restriction fip, of f onto P». Then the
condition (2) holds: (¢?).(az) = a;. Then we define a countable basis A? = {(4%,a?)}
of extension problems such that every A? is a subcomplex of P, with respect to iterated
barycentric subdivision of the triangulation on P,. Enumerate elements of A2 by all
numbers of the form 2¥3! with & > 0 and [ > 0. Lift all the problems from the list A’ to
a space P, i.e. consider (¢7)71(A'). Thus the family (¢?)~!(A') U.A? is enumerated by
all numbers of the form 23! let N : (¢?)~*(A!)U.A2 — N be the enumeration function.
Now consider the extension problem having number 2 in updated list and apply the whole
staff from the above to obtain P; and so on.

Thus, all problems in A* will be enumerated by numbers of the form pll1 pl22 pgj
with I, > 0. Since k < py, we have k € N((¢f)"*(A) U (¢5)"1(A%) U... A¥). Hence we
can keep going for any k. As the result of this construction we have that if a problem
(AL al) has number k, then | < k and the problem is resolved by qf“. Thus, the
conditions (1)-(3) hold.

If we consider a continuous cohomology h* instead of homology, we apply Lemma 5.9
instead of Lemma 5.8. Then we apply the continuity to get a finite subcomplex P,. The
rest is the same.

Proof of Theorem 5.1. By Corollaries 5.3 and 5.9 we can realize by compacta all fun-
damental cd-types. According to Theorem 4.11 an arbitrary cd-type F' € Fy can be
presented as V{®(G,kq) | G € o}. Then the one-point compactification of the disjoint
union of fundamental compacta U{F (G, kg) | G € o} realizes the cd-type F.

The property Fx[+]Fy = Fxxy follows from the definition of the operation [+] and
Lemmas 3.3, 3.9 and 3.13. The equality Fx V Fy = Fxvyy follows from the formula
dimg X VY = max{dim¢g X, dimg Y} which is the consequence of Theorem 1.5. [

§6. TEST SPACES

Given an abelian group G, a compactum X is said to be G-testing space for some class
of compacta C if for all spaces Y € C the following equality holds:
dimg = dim(X x Y) — dim X.
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6.1. Theorem. For any abelian group G and any natural number n, there exists an
n-dimensional compactum T, (G) which is a G-testing space for class of compacta Y
satisfying the inequality dimY — dimg Y < n.

The following is the table of the dimension of the product of two fundamental compacta
with n > m:

(Z(p)7n> (Zpyn) (Zp‘x’an> (Q,n) (Z(q)7n) (Zq,n) (Zqooan)
F(Q,m) m-+n n+1 n+1 m—+n m-+n n+1 n+1
F(Z),n) m—+n n+1 n+1 m+n m—+n n+1 n+1
F(Z,,n) m—+n m—+n n+1 n+1 m—+n n+1 n+1
F(Zps,n) m+n m+n-1 m+n-1 n+1 m+n m+n-1 n+1

Here g # p. We leave to the reader the computations in this table. They are based on
Proposition 4.5 and the formula Fx[+]Fy = Fxxy. The result of calculations, presented
in the table, can be summarized in the following formula (n > m):

dim(F(G,n) x F(G',m)) = dimg F(G',m) + n.

6.2. Proposition. For any fundamental cd-type ®(G,n) and any other cd-type F' there
is the formula:

max{|[F|| + 1,n+6r(@)} if |F] =n

[F[+]@ (G, )] = { n+ 6 (G) if IF| <n

Proof. The function ¢r was defined in the beginning of §4. The fundamental cd-types
can be given via functions ¢y by means of the table of §5. If F' is a fundamental cd-
type, then the result follows from the table. In general case by Theorem 4.11 F' =
V{®(G', ke') | G € o}. Then |F[+]®(G,n)|| =
sup{[|®(G’, ko) [+]®(G, n)|| = sup{max{kc'} + 1,1 + do(a' k) (G)}} =
max{sup{kc'} +1,n +sup{os(c/ k. )(G)}} = max{||F|| + 1,n + ¢r(G)}. O

Proof of Theorem 6.1. We define T,(G) as a compactum representing the following cd-
type V{®(h,n) | H € 0(G)}. Let us consider a compactum X with dim X — dimg X <
n. If |Fx|| < n, then by Proposition 6.2, dim(X x T,(G)) = [|[Fx[+] V {®(H,n) |
H € o(G)}|| = sup{||Fx[+]®(H,n) | H € 0(G)} = n+ ¢p,(G) = n+ dimg X. So,
the testing formula holds. If ||Fx| > n, then by Proposition 6.2, dim(X x T,,(G)) =
|Fx[+] v {®(H,n) | H € o(G)}]| = sup{|Fx[+®(H,n) | H € o(G)} = max{|[Fx| +
1,n+ ¢py (G)} = max{dim X + 1,n + dimg X }. Since dim X — dimg < n — 1, we have
that dim X + 1 < n + dimg X and hence, dim(X x T,,(G)) = n + dimg X. O

6.3. Theorem. For two finite dimensional compacta X andY the following conditions
are equivalent:

(1) X and Y have the same cd-type: Fx = Fy,
(2) for every compactum Z there is the equality dim(X x Z) = dim(Y x Z).
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Proof. The cd-type Fxxz equals Fx[+]|Fz and hence depends only on cd-type of X.
Therefore, dim(X x Z) = dimz(X x Z) = ||[Fxxz| = |Fx[+]Fz|| = [|[Fy[+]|Fz| =
dim(Y x Z).

Given group G, we take Z = T,,(G) with n > max{dim X, dim Y'}. Then by the testing
equality we obtain: dimg X +n = dim(X x T,,(G)) = dim(Y x T,,(G)) = dimg Y + n.
Hence, dimg X =dimg Y. 0O

6.4. Corollary. A finite dimensional compactum X is dimensionally full-valued if and
only if dim(X x Z) =dim X + dim Z for all compacta Z.

Proof. Let n = dim X, take Y = ["™. If X is dimensionally full-valued, then it has the
same cd-type as an n-cube Y. Since dim(Y x Z) = n + dim Z, then by Theorem 6.3,
dim(X xZ) =n+dim Z = dim X +dim Z. If dim(X x Z) = dim X +dim Z = n+dim Z,
then dim(X x Z) = dim(Y x Z) for all compacta Z. Hence dimg X = dimg I"™ = n for
all G. Therefore, X is dimensionally full-valued. [J

The test spaces are very useful for extending some results of the Dimension Theory
to a cohomological dimension.

6.5. Theorem. Let f: X — Y be a map between compacta and let G be an abelian
group.
(1) If f is (k + 1)-to-1 map i.e. the number of points in f~'(x) < k + 1, then
dimG X Z dimG Y — k‘,
(2) If f is an open and all preimages of point are countable, then dimg X = dimg Y.

Proof. 1) Consider a map f xid: X xT,(G) — Y xT,(G) for large enough n and apply
the Hurewicz Theorem to obtain dim(X x T,(G)) > dim(Y x T,,(G)) — k. Then the
inequality dimg X > dimg Y — k follows from the G-testing formula.

2) Consider the same map as in 1) and Apply the Alexandroff Theorem to obtain the
result. [J

Let F € F be a cd-type, denote by kF the sum [+]¥_; F. We recall that the integers
Z are naturally imbedded in F. For every n € Z we denote by n the image of n in F
under that imbedding.

6.6. Proposition. Let G € o, then
(1) 2®(G,n) = ®(G,2n)V2 and in general case k®(G,n) = ®(G, kn)Vk if G # Zye,
(2) 2®(G,n) =®(G,2n — 1) V2 and k®(G,n) = ®(G,kn —k+ 1) Vk if G = Zps.

Proof. 1) Let ®(G,n) = (Sn, Dy;dy), then 20(G,n) = (S, Dyp; 2d,) =

(San, Dan; 2d,). Let ®(G,2n)Vv2 = (S',D’;d"). Then the field function d’ of ®(G,2n)V
2 is defined by the formula d'(z) = max{da,(z),2} = 2d,(z). If ®(G,2n) is p-regular,
then ®(G,2n) V 2 is p-regular. If ®(G,2n) is p-singular, then ®(G,2n) V 2 is p-singular
provided 2n > 2. Hence, 8’ = Sy,,. Similarly, D’ = D,,,.

The proof in the case of k£ > 2 is not more difficult.

2) The difference in this case (k = 2) is that the formula for d’ is the following
max{dan_1(z),2} = 2d,,(z). The rest of the argument is the same. [
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6.7. Lemma. Let X be a fundamental compactum of the type (G,n), G € o. Then
for every k, the k-th power X* is a G-testing space for the class of compacta Y with
dimY —dimg Y < n.

Proof. By Proposition 6.6 the cd-type of a compactum X* is the same as the cd-type
of the union of Z[[I¥ where Z is a fundamental compactum of the cd-type (G,m)
and m = dim X*. Hence, dim(Y x X*) = max{dim(Y x Z),dimY + k}. By Theorem
6.1 we can continue = max{dimg Y + m,dimY + k}. Since for £k > 1 the inequality
m—k>kn—k+1—k>n>dimY —dimgY holds, dimgY +m > dimY + k. Hence,
dim(Y x X*) =dimgY +m. O

6.8. Proposition. Let R be a principal ideal domain with unity 1 € R, then for no
prime p, Ly~ € o(R).

Proof. Assume that Z,~ € o(R). Then it means that p-torsion subgroup 7' = p—Tor(R)
is p-divisible. Note that T is an ideal in R. Therefore, T' = uR for some u € R. Since
1 € R, it follows that u € T. Let p* be the order of u. Since T is p-divisible, there is
a quotient u/p* € T. Then u/p* = uv for some v € R. Hence, 0 = (pFu)v = p¥(uv) =
p*(u/p*) = u. Contradiction. [J

6.9. Theorem. Let f : X — Y be a continuous map between finite dimensional com-
pacta. Then
(1) dimg X <dimg Y + max{dim f~!(y) | y € Y} for any abelian group G,
(2) dimg X < dimY + max{dimg f~*(y) | y € Y} for any abelian group G,
(3) dimg X < dimg Y +max{dimg f~1(y) | y € Y} if G is a principal ideal domain
with the unity,
(4) dimg X <dimg Y + max{dimg f~(y) | y € Y} + 1 for any abelian group G.

Proof. Let n > dim X,dimY.

1) We consider a map f xid: X xT,,(G) — Y x T,,(G). The Hurewicz Theorem from
the Dimension Theory implies that dim(X x T,,(G)) < dim(Y x T, (G)) + max{dim(f X
id) 1 (y,t) | (y,t) € Y x T,,(Q)}. since (f x id)~1(y,t) = f~1(y) for all ¢, we have the
following dimg X +n < dimg Y + n + max{dim f~*(y) | y € Y}.

2) For that case we consider a map form: X XT,(G) — Y, where 7 : X xT},(G) — X
is the projection. By the Hurewicz theorem, we have dim(X x T,(G)) < dimY +
max{dim(for)~(y) |y € Y}. Then dimg X +n < dimY +max{dim(f~!(y) x T,,(G)) |
y €Y} =dimY + max{dim(f~1(y))} + n.

3) Let G € 0. We consider a map (fom x id) : X X T,,(G) x T,(G) — Y x T,(G).
Note that (f o7 x id)~*(y,t) = f~(y) x T,,(G). By Lemma 6.7 T,,(G) x T,(G) is a
G-testing space. This together with the Hurewicz theorem gives

(*) dimg X + dim(7,,(G) x T, (G)) < dimg Y + n + max{dimg f~1(y)} + n.

If G # Zp~, then dim(T,(G) x T,(G)) < 2n and hence, dimg X < dimgY +
max{dimg f~!(y)}. Let G be a PID with the unity. Then by Proposition 6.8 no Z,= be-
longs to o(G). By the Bockstein theorem dimg X = dimy X for some H € o(G). Then
dimg X = dimy X < dimy Y +max{dimy f~! |y € Y} < dimg Y +max{dimg f~*(y) |
yeY}
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4) Apply Proposition 3.4(2) to (*) to obtain the required inequality. [

We recall that a map f : X — R" of a subset X C R" is called an e-move if
| f(z) —z| < eforall z e X.

6.10. Theorem. For any compactum X C R™ and for any abelian group G there is an
e > 0, such that the inequality dimg f(X) > dimg X holds for every e-move f : X — R"™.

Proof. Since a test space T, (G) is n-dimensional, we may assume that T, (G) Cc R?" "
The Alexandroff Theorem says that for a compactum X x T;,(G) C R™ x R?"*! there
is a positive € such that for every e-move g : X x T,,(G) — R3"*! one has the inequality
dim(g(X xT,(G))) > dim(X xT,,(G)). Given an e-move f : X — R™ we define another -
move g : X xT,,(G) — R"xR?" " as fxid. We note that g(X xT,,(G)) = f(X)xTn(G).
Then dim(g(X x T,,(G))) = dim(f(X) x T,,(G)) = dimg X +n > dim(X x T,,(G)) =
dimg X + n. Hence, dimg f(X) > dimg X. O

§7. INFINITE-DIMENSIONAL COMPACTA OF FINITE COHOMOLOGICAL DIMENSION

According to the Realization Theorem (5.1) for any abelian group G € o for any
number n € N there is an n-dimensional compactum X, ¢ with the cohomological di-
mension dimg X,, ¢ = 1. Using this data it is easy to construct an infinite dimensional
compactum X with dimg X = 1. It suffices to consider an one-point compactification
a(Us, X, ¢) of a disjoint union of compacta X, .

As it follows from 1.3(3) there is no such compactum for G = Z. By the Alexandroff
Theorem any n-dimensional compactum has dimz X = n. Nevertheless one can prove
the following:

7.1. Theorem. There is an infinite-dimensional compactum X having dimgz X < 3.

Proof. The proof is based on the following result in K-theory: R’é(K (Z,n);Z,) =0
for n > 3 [B-M],[A-H]. Here h* = K{( ;Z,) is the reduced complex K-theory with Z,
coefficients, i.e. h* is generalized cohomology theory defined by the spectrum FEs, =
BUM(Zp:Y) and Fy,,1 = UM(Z»1) | This cohomology theory is continuous, since h* (L)
is a finite group for every compact polyhedron L. We apply Theorem 5.2 to P = S%,
K = K(Z,3) and h* for n = 0 to obtain an essential map f : X — S* of a compactum
X having dimz X < 3. If we assume for a moment that the dimension of X is finite,
then by Alexandroff Theorem, dim X < 3. But a map of 3-dimensional compactum to a
4-dimensional sphere cannot be essential. Hence dim X = oco. [

We note that one can use K-homology instead of K-cohomology here, since
K (K(Z,3);Zy) =0
as well. In that case a compactum X has a h.-essential map f : X — S*. Moreover by

the proof of Theorem 5.2 one can assume that any given element a € h,(P) lies in the
image Im(f.). For applications we need a relative version of this.
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7.2. Theorem. Let h, be a reduced generalized homology theory with

h«(K(G,n)) = 0, n € N. Then for every compact polyhedral pair (P,L) and any
element a € h,(K, L) there is a compactum X D L and a map f: (X,L) — (P, L) such
that

(1) dimg(X\ L) <n,
(2) a€lIm(fs) and
(3) fir =idg.

This theorem is a relative version of Theorem 5.2 for K = K(G,n).

If one applies this theorem to the pair (B* dB*) with G = Z,n = 3 and h. = K.(;Z,)
for odd p and some nontrivial element in h,(B* 0B*), he gets a compactum X O S*
of dimz X = 3 and an essential map onto B*. Hence, X is infinite-dimensional as in
Theorem 7.1.

Using more advanced algebraic topology we are going to prove the following:

7.3. Theorem [D-W2]|. There is an infinite dimensional compactum X with
dimz (X x X) = 3.

We recall that a truncated spectrum is a sequence of pointed spaces E = {E;}, i <0,
such that F;_; = QF;. Thus, any truncated spectrum is generated by one space Ej.
The lower half of every (2-spectrum is an example of a truncated spectrum. The reduced
truncated cohomology of a given space X with coefficients in a given truncated spectrum
T'(X;E) is the set of pointed homotopy classes of mappings X to E;. Note that T%(X)
is a group for i < 0 and it is an abelian group for ¢ < —1. Truncated cohomologies
possess many features of generalized cohomology. For every map f : X — Y there is
the induced homomorphism (i > 0) f*: T%Y) — T*(X). Homotopic maps induce the
same homomorphism and a null-homotopic map induces zero homomorphism. There is
the natural Mayer-Vietoris exact sequence

=T (AUB) - T"(A)xT"(B) = T"(ANB) - T" "1 (AUB) — ...

of groups for » < —1 and abelian groups for » < —2. Therefore Lemma 5.9 holds for
a truncated cohomology for n < —2. We call a truncated homology T™ continuous if
for every direct limit of finite CW-complexes L = lim_,{L;; X!} the following formula
holds T*(L) = Lim. T*(L;) for k < 0. We note that the Milnor Theorem holds for
truncated cohomologies:

0 — Lim*{T*1(L;)} — T*(L) — Lim_{T*(L;)} — 0.

Hence, if T%(M) is a finite group for every finite complex M and every k < —1, By
the Mittag-Lefler condition 7™ is continuous.

We consider a truncated cohomology T* generated by a mapping space Ey = (S7)M
where M = M (Z2,1) = RP? is a Moore space of the type (Za,1) and S7 is the 7-
dimensional sphere.

7.4. Lemma. The truncated cohomology theory T is continuous.

For the proof we need the following
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7.5. Proposition. Let vy : S' — S be a map of the degree two. Then the map
vo Nid : ST ARP? — ST ARP? is null homotopic.

Proof. The space S' A RP? is the suspension ¥ M over the projective space and it can
be defined as a quotient map p : B> — X M. Temporarily we denote by 2 a fixed map
of degree 2 between 2-spheres and by 1, the identity map of the 2-sphere. Let C; denote
the mapping cone of a map ¢ : X — Y ie. C; = cone(X) U, Y. Consider the following

commutative diagram:
R N L

8?2 —— 82 — Oy
2
Here the mapping cone C; is homeomorphic to a 3-ball B3 and C5 is homemorphic to
Y. M. First we note that the map g is homotopic to the map v, Aid. Then we show that g
has a lift ¢’ : ¥M — B3 with respect to p. In fact ¢’ is defined by the following diagram:

s — 52—
1

[ EET
52 T) 52 —— Oy

Since B3 is contractible, g’ is null-homotopic and, hence g is null-homotopic. [J

Proof of Lemma 7.4. Show that every element of a group T%(L) has an order 2 for
k < 0. Indeed, T*(L) = [L,Q *(ST)M] = [EM,(ST)® " 'L]. For any space N and
for any element a € [¥M, N] represented by a map f : XM — N, the element 2a is
represented by a map f o (3 Aid) and it is homotopic to zero by virtue of Proposition
7.5. Note that T#(L) = [S¥ A L A M,S7]. When a complex L is finite this group is
finitely generated. Hence in the case of k < —1, the group T*(L) of any finite complex
L is finite. As we know it suffices for the continuity. [

7.6. Proposition. For every k < 0 we have T*(K(Z[3],1)) = 0.

Proof. We can present K(Z[1],1) as the direct limit of complexes M; where each M,
is homotopy equivalent to the circle S' and every bonding map & : M; — M;,, is
homotopy equivalent to a map of the degree two S — S'. Then T*(K(Z[3],1)) =
[llmH{MZ, fz}, (57)M] = [(llmH{MZ, fz})/\M, 57] = [llmH{Mz/\M, ngld}, 57] Consider
a bonding map &;Aid : M;AM — M; 1 AM. This map is homotopy equivalent to the map
vo Aid and hence, it is homotopically trivial. Therefore the space lim_,{M; A M, &; N id}

is homotopically trivial. Hence, T*(K(Z[3],1)) =0. O

We also need the following result.
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7.7. Miller Theorem (Sullivan Conjecture)[Mi]. Let K be a CW-complez of finite
dimension and 7 be a finite group. Then the mapping space KX (™Y is weakly homotopy
equivalent to a point.

7.8. Proposition. For every k we have, T*(K(Zs,1)) = 0.

Proof. We note that T*(K(Zs,1)) = [K(Z2,1), (ST)Z"M] = [£FM, (ST)K(Z2D)] = 0 by
Theorem 7.7. [

The following Proposition is a version of Theorem 5.2 for a truncated cohomology.

7.9. Proposition. Let P and K be stmplicial complexes and assume that K is countable
complex. Let T™ be a reduced truncated continuous cohomology theory. If T™(P) # 0 and
T*(K) =0 for some n < —1 and all k < n, then there exist a compactum X , having the
property K € AE(X), and a T™-essential map f: X — P.

The proof is the same.

Proof of Theorem 7.3. We take P = S3 K = K([Z[1],1) V K(Z2,1) and K* is as
above. Note that T—2(S3) = [S3,Q2(S)M] = [S3 A SZAM,S"] = [B°M,S7] =
[M(Z5,6),S7] = H'(M(Z2,6)) = H¢(M(Z2,6)) = Zs # 0. By Propositions 7.5 and
7.6 we have T*(K) = 0 for k < —2. Proposition 7.9 gives us a compactum X with
dimz, X < 1 and dimg1; X <1 and an essential map f : X — S3. By the Bockstein
Theorem dimz X <1 for all prime ¢ # p. Hence, the cohomological dimensions of X
with respect to all fields from the Bockstein basis ¢ do not exceed one. Hence by Theo-
rem 3.15 dimgz(X x X) < 3. Hence (see also Lemma 2.9), dimz X < 2. Since X admits
an essential map onto S2, the dimension of X cannot be < 2. Therefore by Alexandroff
Theorem dim X =oco. [

We recall that a space X is strongly infinite dimensional provided that there exists an
essential map f : X — I of X onto the Hilbert cube. A map f: X — I is essential
provided that po f : X — I™ is essential for each coordinate projection p : I*°® — I". It
is known that this definition does not depend on the product structure on the Hilbert
cube I*°. Finally we recall that a map f : X — I™ is essential provided the extension
problem (f~1(0I™), f |...) on X for mappings to OI™ has no solution.

7.10. Theorem. Let h* be a reduced continuous cohomology theory such that h*(K) =0
for some countable simplicial complex K. Then there exists a strongly infinite dimen-
sional compactum X having the property K € AE(X).

7.11. Corollary. There exists a strongly infinite dimensional compactum X with

Proof. Take K = K(Z,3) and h* = K&(;Z,). O
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7.12. Corollary. For every prime p there is a strongly infinite dimensional compactum
X with dlmz[%] X =1.
Proof. Take K = K(Z[%], 1) and h* = H*( ;Z,). O

Proof of Theorem 7.10. By induction we construct two inverse sequences { Py, q,’j“} and
{I*, w1} and a morphism between them i.e. a sequence of maps {fy : P, — I*}
such that all squares are commutative. The first sequence consists of polyhedra and the
second sequence consists of k-cubes, k£ = 1,2, ... with bonding maps w’,j“ D Ly L
defined as projections on factors. For every k we define by the same induction an element
pr € h*(I*OI*) and a countable basis AF of extension problems on P, with respect to
the complex K and consisting of simplicial problems. We construct the sequences in such
a way that

1) (gf) * (fi(ux)) # 0 for any k and every n > k,

2) every extension problem (A% o) € A is resolved by qi for some j.

First, assume that we can construct such sequences. Then by Proposition 5.7 the
limit space X = lim. { P, q’,:‘H} has the property K € AE(X). Since (wp° o f) * (pg) =
(@2°)*(fx) * (x) # 0, the map wi® o f : X — I* is essential for every k. Therefore the
limit map f : X — I is essential and, hence X is strongly infinite dimensional.

Now we present the induction. We define P; = I' and f; = id. Take nonzero element
w1 € h*(1,0I) and fix a basis A!. Assume that the commutative diagram

2 3 &
pt p B p
fll le fkl

is already constructed, elements p; € h*(I%,01%) are defined for i < k and extension
problem bases A‘, i < k, are fixed such that

1) (¢F) = (fF (i) #0 for all i <k,

2) All problems U¥_; A* are enumerated by all numbers of the form pll1 pé2 e pi’“ where
P1,pP2 ...pr are the first £ prime numbers,

3) For every i < k the problem having i-th number is resolved by some map q;?.

To make an induction step we note that the number £ has the form pll1 e pi:’“. Hence
there is an extension problem (A7,a]) € A" for r < k having the number % in our list.
We lift that problem to the k-th level and apply Lemma 5.6 to resolve that lift by a
simplicial (with respect to some subdivisions) map g : L — P, having point preimages
homeomorphic to K or to one-point space. By virtue of Lemma 5.9, the induced homo-
morphism ¢* : H*(P;) — h*(L) is an isomorphism. Since h* is continuous, there exists
a compact subcomplex L' C L such that g3 ((fi o ¢¥)*(u;)) # 0 for i < k where g; is the
restriction of g onto L’. We define the complex Py, = L' x I and the bonding map
qZH : Pyy1 — Py as the composition g1 ow where w : L' x I — L’ is the projection. We
define fyi 1 : Ppy1 — IFT1 as the product (fyog1) xid: L' x I — I¥ x I. We let pup 1
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to be the suspension Xju;,. Then we define a countable basis A**t1 of extension problems
on Py, consisting of simplicial problems. Enumerate all the problem in the list A**!
by all numbers of the form pl11 . péj‘ péjﬁ with 41 > 0.

Let us verify the properties 1)-3) for k + 1. It is clear that the conditions 2)-3)
hold. By the construction the property 1) holds for ¢ < k. Then all we need is to
check that f;,;(pk+1) # 0. We note that the homomorphism f; | : h*(I5T1, 01F+1) —
h*(Pyt1, (fre1) " H(0I%)) is generated by the following map idg: A(frog1) : SYA(L'/(fro
g1)"H(0I%) — S1 A (I*/OIF) which is the suspension X(f; 0g1). Since (fxog1)*(ur) # 0,
we have that f;, ;(prs1) # 0.

Thus, the induction step is completed. [

§8. RESOLUTION THEOREMS

In this section we are proving some resolution theorems for the cohomological dimen-
sion. We start from resolving of polyhedra. First we describe Williams’ construction.

DEFINITION. A simplicial complex over n-simplex A™ is a pair (L, &) where L is a
simplicial complex and £ : L — A"™ is non degenerate simplicial map (no edge goes to a
vertex).

EXAMPLE. The first barycentric subdivision of any simplicial n-dimensional complex
K defines the natural complex over A™. The map ¢ : 31K — A" = {0,1,...,n} assigns
to every barycenter ¢, € 'K the dimension of corresponding simplex o.

Now for every resolution f: X — A" of a simplex A™ we can define a resolution of a
simplicial complex (L, &) over A™ by taking the pullback:

XAL — X
&

b

| L| —— A"

For example Pontryagin surfaces (Example 1.9) were constructed by taking resolutions
of some triangulations of 2-dimensional polyhedra which are induced by a resolution
£ : M, — A?. Recall that ¢ is a simplicial map of M, onto a 2-simplex A?. Here M, is
the mapping cylinder of a map of degree p between two circles.

DEFINITION. Let G be an abelian group and L be a simplicial complex. An Edwards-
Walsh resolution of L in the dimension n is a pair (EW (L, G, n),w) consisting of a CW-
complex EW (L,G,n) and a map w : EW(L,G,n) —| L | onto a geometric realization of
L such that

(1) w is 1-to-1 over the n-skeleton L(™), hence it defines an inclusion j : L(™) C
EW(L,G,n),

(2) for every simplex A of L, w™!(A) is a subcomplex of EW (L, G, n) having the
type of Eilenberg-MacLane space K(®G,n),

(3) for every simplex A of L the inclusion w™1(0A) C w™(A) induces an epimor-
phism H"(w™1(A); G) — H*" (w1 (0A); G).



COHOMOLOGICAL DIMENSION THEORY OF COMPACT METRIC SPACES 37

Here we regard a contractible space as K (@®G,n) with zero number of summands G. We
recall that Z,) denotes the localization of integers at set of primes £ C P.
We say that an abelian group G is L-local modulo torsion if G/Tor(G) = G ® Z,).

8.1. Lemma. For any of the groups Z, Zry, Z, for any n € N and for any simplicial
complex L over a simplex A™ there is an Edwards- Walsh resolution w : EW (L, G,n) —|
L | with the additional property for n > 1:

(4-Z) the (n 4 1)-skeleton of EW (L, Z,n) is isomorphic to L™;

(4-Z.,) the (n+1)-skeleton of EW (L, Zy,,n) is obtained from L™ by attaching (n+1)-
cells by a map of degree p to the boundary OA™ T for every (n + 1)-dimensional simplex
AntL

(4-Z(ry) for every subcompler N C L the homomorphism j. : H,(N™; Zi)) —
H,(w™Y(N);Z()) generated by the inclusion of the n-skeleton of N in w™'(N) is an
isomorphism and the kernel of the homomorphism w, : H,(w™(N)) — H, (N) is L-local
modulo torsions.

Proof. First we consider the case when n > 1. We consider three different cases.

(Z) Induction on m. If m < n, we define EW(L,Z,n) =| L | and w = idy. Assume
that there is a resolution with the properties 1-4 for m-dimensional complex L. Consider
a simplex A™*! of the dimension m+1. The barycentric subdivision of its boundary K =
BLOA™T! is a complex over A™ and, hence, we can apply the induction assumption. The
n-dimensional homotopy group , (EW (K, Z,n)) is equal to m,(K() by the property
(4-Z). Since K™ is homotopy equivalent to the wedge of n-spheres, the n-th homotopy
group equals ®Z. Therefore there exists a complex K D EW(K,Z,n) of the type
K(®Z,n) such that its n + 1-skeleton coincides with the n + 1-skeleton of EW (K, Z,n)
and , hence, coincides with K™ . We define a map @ : K — A™*! such that @ is an
extension of w : EW(K,Z,n) — K and w™!(t) = @7 1(¢) for every t € K. We note that
@ has all properties 1-4 and, hence is a resolution of m + 1-simplex. Then we apply the
Williams construction to obtain a resolution of an arbitrary complex over A™+!1. All
properties 1-4 are easy to verify.

(Z,) The same, induction on m. Now we apply the property (4-Z,) to compute the
n-dimensional homotopy group m,(EW (K,Z,,n)). The result is ©&Z,. Similarly we
construct K from EW (K, Z,,n) by attaching cells in dimensions n+ 2 and higher. Then
we apply the Williams construction.

(Z(zy) We apply induction on m. If m < n, we define EW(L,Z),n) =| L | and
w=1dy. Let m >n+1 and let K be as in (Z). If m =n + 1 we attach to the n-sphere
K a complex K(Zy,n) having a (P \ £)-telescope as the (n + 1)-skeleton to obtain a
complex K. If m > n + 1, then K is n-connected and hence the condition (4-Z,)) and
the induction assumption imply that the group H,(w ! (K)) is L£-local modulo torsion.
Hence there is a short exact sequence

0— G — Hy(w '(K)) = Hy(w (K)) ®Zz) — 0
where G is (P \ £)-torsion group. We note that

Hy(w ™ (K)) @ By = Ha(w ' (K); Zg)) = Ha (K™ Z1)) = ©Zg
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by the induction assumption. Since w™!(K) is (n — 1)-connected, then by the Hurewicz
theorem we have a short exact sequence 0 — G — m,(w H(K)) — ®Z) — 0. We
attach (n + 1)-cells to w1 (K) along generators of the group G and then we attach cells
of higher dimension to obtain a complex K of the type K (®Z(y,n).

As above we define an extension @ : K — A™*! of w : w ! (K) — K such that
O(K\w™}(K)) C Int A™T1. Then we apply Williams’ construction to obtain a resolution
of an arbitrary complex over A™*!. The conditions (1)-(2) of an EW-resolution hold
automatically.

To verify (3) we show that every map f : w™'(K) — K(Z(),n) admits an extension
f: K — K(Zzy,n). It holds true when m = n + 1. For m > n + 1 we note that
f+(G) = 0 where the homomorphism f, : m,(w™ (K)) — m,(K(Zc),n)) is induced by
f. Tt means that f can be extended to the (n + 1)-dimensional skeleton of K. Since
there is no obstruction for extending this map over higher dimensional cells, the required
extension exists.

Now we check the property (4-Z,)) by induction on the number of (m+1)-simplices in
N. If that number is zero, the condition holds by the induction assumption. Let N = N;U
A where A is an (m+ 1)-simplex with ANN; = 0A. We consider the diagram generated
by the inclusion j : N C w™? (N) and the homology Mayer-Vietoris sequence with Z,)-
coefficients for the triples (N (™, Nl(n), A™) and (w1 (N ™), w_l(Nl(n)), w™HAM)). We
note that the spaces OA™ and w™'(OAM™) are (n — 1)-connected. Then the induc-
tion assumption and the five lemma imply that j,. is an isomorphism. Since the ho-
momorphism H,,(N) — H,(N) is an epimorphism which is factored through the
homomorphism w, : H,(w™'(N)) — H,(N), the latter is also an epimorphism. We
apply the homomorphism generated by tensoring with Z, to the short exact sequence
0 — Ky — H,(w Y(N)) — H,(N) — 0, where Ky is the corresponding kernel. We
expand that diagram by taking the Mayer-Vietoris sequence for the triad (N, N1, A) and
its preimage w1 (N, Ny, A). For the kernels we obtain the diagram:

KNl@KA _— KN —>O

l g

KNy @@L D KARZLy —— KNn®Zy —— 0

Then the induction assumption implies that the homomorphism ¢ is an epimorphism.
Since H,(N(™) is torsion free, by already proven part of the property (4-Z)) we have
that all torsions of the group H,(w™!(N)) are (P \ £)-torsions. Therefore all torsions
of Ky are of that type. Then we can conclude that the group Ky is L-local modulo
torsions.

By an abelinization of a finite complex L we understand a finite complex ab(L) ob-
tained from L by attaching 2-dimensional cells killing all nontrivial commutators of a
finite set of generators of the fundamental group m (L). If L) is the 1-dimensional skele-
ton of a simplicial complex L, then by aby (L)) we denote an inductively constructed
complex abL(L(l)) = Laimr—12D -+ DLy DLy > Ly =LY, Where Lo is the union of
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abelinizations ab(c1)) of 1-skeletons of 3-simpexes o € L. To construct Lz we consider a
4-dimensional simplex § € L and consider G/b(;(B)(S(l) C Lo and take its abelinization. Do
it for all 4-simplexes, then L3 will be the union of all those abelinizations and so on. [

If n =1 the property 4) for the group Z takes the following form:

EW(L,Z,1) = aby (LM). Here by Y¥ we denote the k-dimensional skeleton of CW-
complex Y. For the group Z, the property 4) becomes the following: EW (L, Z,, 1)1 =
abr,(LW) U, {B? | ¢ € L,dimo = 2}. For the group Z,) the property 4) remains the
same. Then the argument is basically the same as in the case n > 1.

8.2. Lemma. Assume that a compact X has the cohomological dimension

dimg X < n. Then for every Edwards-Walsh resolution w : EW (L,G,n) — L and for
every map f: X — L there is a map f': X — EW(L,G,n) such that wf'(x) lies in the
same simplex of L as f(x) for every point x € X.

Proof. The result follows from the property 2) of Edwards-Walsh resolution and the fact
that K(®G,n) € AE(X). O

Suppose that {X;, pf“} is an inverse sequence of pointed spaces and base point pre-
serving bonding maps. Then for every m there is a natural embedding of the product
3 pm™

m—1

2

X1 x -+ x X,, into the infinite product Hfil X;. The sequence X1 2 X5 Lo lmtt
X, defines an imbedding of X,, into the product [[;~; X; C [[;=; X;. The inverse
sequence {Xi,péﬂ} defines an embedding of the limit space X in [[;2; X;. The the
projection in the inverse sequence p;Y : X — X, coincides with the restriction on X
of the projection onto the factor [[;~; X; — [[i-; X;. This system of imbeddings in
[1;2, X; we call a realization of the inverse sequence {Xi,pzﬂ} in the product [];2, X;.

Let p; be a metric on X; and let §; denote the diameter of X;. We assume that
¥2°,8; < co. Then the formula p(z,y) = X2, p;(p° (), p°(y)) defines a metric p on the
product [0, X;.

Let M be a (finite) cover of a compact space X with a given metric p. By d(M)
we denote the diameter of M = max{diamM | M € M} and by A(M) we denote the
Lebesgue number of M:

AM) =max{r| for any r —ball O,(x) there is M € M,O,(x) C M}.
Here O,.(x) is the ball in X of a radius r with respect to p, centered at z € X. Let
M, denote an arbitrary M € M with the property x € Oyp(z) C CI(M).

8.3. Lemma. Let X = lim_{K;, fi™'} and Z = lim_{L;,g!™'} be limit spaces of
inverse systems of compacta. Suppose the first sequence is realized in [[;—, K; and for
every i a finite cover M* of K;, with the diameter d; and the Lebesque number X\;, and
a mapping o; : L; — K; are defined such that

(1) o;(L;)) N M # 0 for every M € M,
(2) dz < /\i71/4;
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(3) the diagram

Qi1
Lit1 —— Kipa

S

is \; /4-commutative.

Then there exists a continuous map « : Z — X onto X such that the point preimage
a~t(z) is the limit space of lim._{a;'(M,,),q™'} where z; = f*(z) and ¢\ is the
restriction of g™t on a; t(M,,).

Proof. (A) First we show that for any ¢ and & the diagram

Qg
Livy —— Kitk

57+ | v |

is \;/2-commutative i.e. p(a;(git*(2)), fFi*(uiin(2))) < Xi/2 for all z € Ly
We apply induction on k. For k = 1 it follows by the condition (3) of the lemma. For
k > 1 we apply the triangle inequality to obtain p(ay (9o (2)), FI ¥ (uiyn(2)))

(3

< plai(gi ™ (), [ @i gl (2) + (i Qi gifT (2), T8 (ien(2))-

By the induction assumption we have
P(Oéigiﬂ(giL (Z))>fi+1ai+1(gii1 (2))) < Ai1/4

and A '
plais1gi 5 (2), fFEF air(2)) < Aig1 /4.

By the definition of the metric p the map f”l

;7 is a contraction, hence

p(fi i gt (2), 7 (isn(2))) < Ay /4.

Therefore by the condition (2) of the Lemma we have the desired inequality
plei(gi ™ (2), FitF(aigr(2)) < Ai/2 for all z € L.

(B) Then we prove that the sequence of maps o;¢° : Z — [[;=, K; has a limit.

Denote by s, the sum 322, d; where §; is the diameter of K;. Then for any point z € Z
the triangle inequality p(c;gf°(2), aitrg5y,(2)) <

p(igd® (2), (751 (2)) + o i n (9554 (2)), i gl (2))
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and the property (A) imply that

P97 (2), qiyrgit e (2)) < Aif2 + s

Then the proof follows from the Cauchy Criterion.

Denote the limit map by «.

(C) We show that a(Z) C X. Indeed, for every z € Z the distance from «;g{®(z) to
the preimage (f°) " (c;g:°(2)) does not exceed s;. Hence lim; . p(c;g°(2), X) = 0.

(D) Then we show that the inverse sequence lim. {c; *(M,,), ¢:t'} is well defined for
any x € X, i.e. we show that

97 i (M) C ay t (M)

Take an arbitrary point y € a; (M,,,,) and show that o;(y) € M,,. By the triangle

) Tit1
inequality we have p(a;g:" (y), ;)

< plaigi ' (y), fi aia (9) + p(f @ira (), £ (i)
< ANi/d+digr.
By the condition (2) it does not exceed A;/2. Hence a;g, "' (y) € Oy, ja(w:) C My,.

(E) Show that
a~(z) D lim{a; ' (M,,}.
Let z € lim. {a] ' (M,,)}. Since p(a;g°(2), z;) < d;, then p(a;gf°(2),z) < d; + s, — 0.
Hence a(z) = x and 2z € a1 (z).

(F) Then we show that a~!(z) C lim{a; ' (M,,)}.

Let z € a~!(x) and suppose that z does not belong to lim._{a; '(M,,)}. Then there
exists a number i such that ¢9°(z) does not belong to M,,,. Therefore p(a;g5°(2), z;) > \;.
The property of the metric p and the triangle inequality imply that p(cii 977, (2), 7)

> p(ff+k04i+kgfik(z)71'i)
> p(@igi®(2), 2:) — p(fi P airngfin(2), 2igi®(2))
> A — Ai/2
by (A). Hence, p(a(z),z) > A;/2. Contradiction.

Thus, (E) and (F) imply that o~ (z) = lim{a; *(M,,)}. O

We recall that a compact space X is called cell-like if every map f: X — K of X to a
CW-complex is null homotopic. In that case X can be imbedded in the Hilbert cube as
the intersection of a nested sequence of sets homeomorphic to the Hilbert cube. If X is
finite dimensional, then it can be imbedded in the Euclidean space R™ as the intersection
of a nested sequence of topological n-dimensional cells. This property of F' explains the
name ’cell-like’.
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8.4. Proposition. If a compactum X 1is the limit space of an inverse sequence of
compact spaces with homotopy trivial bonding maps, then X s cell-like.

Proof. Let X = lim. {X;,p +1} We assume that spaces X; are pointed and the bond-
mg maps are point preservmg Then the system is realized in [[;=, X;. Then X =
221 (Xk x TTi2 41 Xi). Given a map f: X — K there is an extension f over an open
nelghborhood O of X in [[;2, X;. Because of compactness there is a number k such that
X X [1iZ)41 Xi € O. For large enough k the diameter of the set f(z x [, X;) less
then a given € for all x € Xj. For a CW-complex K there is an ¢ > 0 such that every
e-close to f map g : X — K is homotopic to f. Take k chosen for this e. Then the two
maps f and f oy are homotopic. Here 7y, : e, X — H -, X; is the projection of the
product onto the factor. Note that fom, = fo f° = f |x, o ’”1 o feg1- Since the map
lf“ is homotopically trivial, the map f |x, o ,f“ o [y is null homotopic. Hence the
map f is null homotopic. [

A map between spaces I : X — Y is called cell-like if f~1(y) is a cell-like set for every
y € Y. Since the empty set is not cell-like, a cell-like map is always a map onto.

8.5. Edwards Resolution Theorem. Let X be a compactum of cohomological dimen-
ston dimgz X = n. Then there is a compactum Z of dimension dim Z < n and a cell-like
map o : Z — X.

Proof. Let X = lim. {P;,p; +1} be a limit space of an inverse sequence of compact
polyhedra. We construct inverse systems {K;, f/™'} and {L;, g"*'} as in Lemma 8.3 with
X =lim_{K;, ff“}. In order to obtain a cell-like map « in the view of Proposition 8.4
we add one more condition on the sequences:

(4) a map ¢/ : ai_+11(Mmi+1) — a; '(M,,) is null homotopic.

We construct sequences by induction on ¢. Let K1 = P; and let 7y be a triangulation on
K. We define L; as an n-dimensional skeleton L&”) of K7 with respect to triangulation
71 and let o1 : L1 — K7 be the inclusion. We deﬁne a cover M! of K; by closed subsets
as the union of stars of all vertices {Star(v) | v € 7; )} Also we fix a metric p; on Kj.

Now assume that we have constructed sequences {K;, f* 1}, {Li, g 1}, a; : Ly — K;
together with metrics p;, triangulations 7; on K; and covers M® for all i < m, satisfying
the properties (1)-(4) of Lemma 8.3 and additionally K; = P,, for some r;, a complex L;
is an n-dimensional skeleton of K; with respect to a subdivision 7/, of the triangulation
7; with the mesh < )\;/8 and «; is the inclusion map for all i. Also assume that a cover
M is defined as {Star(v) | v € Ti(o)}. Moreover we assume that all spaces K; are pointed
and, hence, naturally imbedded in the product H:11 K; and we assume that a metric p;
on each K is the induced metric from a metric p” on the product.

We consider the Edwards-Walsh resolution w : EW (7], Z,n) — K,, and apply Lemma
82 tothemap f =p° : X — P, = K, to obtaln alift f'+ X — EW(7],,Z n)
Since an Edwards-Walsh space is an ANR, there is a number k£ > r,, and a map f
P, — EW (T, Z,n) such that pm(wf(x),pfm () < A /4 for all z € P,. We define
K1 = Py, fritt =pk . We define a metric p™** on the product Hm+1 K; as the sum
of metrics p™ on [[;*, K; and a metric p,,+1 bounded from above by on K,,4+1. Then
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we imbed K, into the product H 'K; by maps f" !, frtt oA id g Fix

a base point in K,, 1 to get a canonlcal imbedding of Hi:l K; in H:r:il K;. Consider a

triangulation Tm+1 on K1 such that d, 11 = d(M™F) = d({Star(v) | v € Tfnil ) <

Am /4 with respect to the metric p™ 1. Then the condition (2) of Lemma 8.3 is satisfied.
We define L,,41 as an n-dimensional skeleton of a subdivision 7,,,, of 7,41 with the
mesh < A,,+1/8 and a1 as the inclusion. Then the condition (1) holds. We define
gntl =wof |L,... Where f is a cellular approximation of f Then wof( ) and gmt1(z)

lie in one simplex of 7/, for any x € L,, 1. By the triangle inequality we have

P (gm (@), f ()

< p"(gm @), wf(@) + " (Wh(2),p7,, (2))

m+1"°

Am
< mesh7], +—"
8
Am
< —.
4

Hence (3) also holds for i = m. We note that by the construction X = lim. {Kj, f-i+1} It
means that according to Lemma 8.3 there is a map o : Z — X where Z = lim._{L;, glﬂ}
with a=!(z) = hm<_{M§Z .91 | }. Note that Z is at most n-dimensional as a limit
space of n-dimensioal complexes. If additionally we will have the property (4), then by
Proposition 8.4 the map « will be cell-like.

Show that the condition (4) holds. For that we prove the inclusion

m—|—1 (n+1) (n)
(M$m+1 ) C M
Let A be an n + 1-dimensional simplex from M, . . Then the image of A under the

cellular map f lies in n + 1-dimensional skeleton with respect to the CW-structure on
the Edwards-Walsh complex : f(A) ¢ EW (7! ,Z,n)!"1. By the property 4-Z of the
Edwards-Walsh resolution the n + 1-skeleton EW(T Z,n)n+1 is equal to | (7, 1),

From the construction of the Edwards-Walsh complex follows f(A) C o™ for some

simplex o € 7/, containing wf(A). In the proof of Lemma 8.3 part (D) it was shown
that

alg;Jrl (a1+1 (M$i+1 )) C O)\I/Z(xl) :

In our case it means that gm“(Mggm)H) C Oy, /2(x;). Hence g™ (0A) C Oy, j2(x).
Hence, o N Oy, /2(z;) # 0. Since diamo < A, /8, we have 0 C Oy, (x;). Therefore
gmtHA) € Oy, (z;) € M,,. Since gm+1(A) C| (7,)™ |, we have the desired inclusion
gt (A) € M, (n) Since M is contractible, the inclusion M ¢ M"Y is homotopy

trivial for any z. Hence, the map ¢gm*1 | : MQEZL)H — M™ is null homotopic. The
condition (4) is checked. [

The following is a relative version of the Edwards Resolution theorem.
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8.6. Theorem. Let (X, A) be a compact pair with dimz(X \ A) < n. Then there exists
a pair (Z,A) with dim(Z \ A) < n and a cell-like map o : (Z,A) — (X, A) which is the
identity on A.

Proof. The proof is exactly the same as in Theorem 8.5 with the only difference, that
we present (X, A) as the limit space of relative polyhedra (P;, A) with triangulations on
P;\ A having simplices with sizes tending to zero when one approaches the subset A. [

A map between compacta f : Y — X is called UV™map if every fiber f~1(y) is
approximately n-connected. We call a compactum Z approximately n-connected if it
has the UV"-property i.e. for any imbedding of Z to ANR for every neighborhood
U D Z there is a smaller neighborhood V' O Z such that the inclusion V' C U induces a
zero homomorphism for k-dimensional homotopy groups 7 (V) — 7 (U) for k < n.

8.7. Theorem. Let X be a compactum of the cohomological dimension dimz, X = n.
Then there is a compactum Z of dimension dimZ < n and a Z,-acyclic UV" " -map

oa: 4 — X onto X.

Proof. As in the proof of Theorem 8.5 we start from an inverse system of polyhedra
{P;, pi“} with the limit space X and construct two inverse sequences &1 = {K;, ff“}
and Sy = {L;, g/} with limits X = lim. S; and Z = lim._ Sy, satisfying the conditions
(1)-(3) of Lemma 8.3. In order to get the above properties of the limit map o we add
the following condition:

i1

(4) the map ¢/ : Mé”jl — M{™ induces zero homomorphism in cohomologies with
Z,-coefficients.
The construction of & and Sy is the same as in the proof of Theorem 8.5 with the

only difference that we consider the Edwards-Walsh resolutions for the group Z,, instead

of Z. We recall that M, is the star of some vertex. Hence Mén) is n — 1-connected.
Hence the limit map « is approximately n — 1-connected, i. e. UV"~1. All we have to

show is that (¢‘t1)* : H"(Mgffj); Z, — H”(Mé?ﬁl; Z,) is zero homomorphism. By the

IL .
Universal Coefficient Theorem it suffices to show that ¢

;. induces zero homomorphism

for Z,-homologies. By the argument of Theorem 8.5 we know that qZH =wo f| -
Tit1
Denote by h the restriction on Mé?fll) of the map f: K; 11 — EW(M,,,Z,,n). defined

in the proof of Theorem 8.5. We recall f is a cellular map and foi = jowo f=jo qf“

where i : MQEZZI — M)(gi—ll) and j : MQE«?) — EW(M,,,Z,,n) are inclusions. Hence
f(Mé"jl”) C EW(M,,,Z,,n)"+1. The property (4-Z,) of Edwrads-Walsh resolution
implies that the inclusion Mé”) C EW(M X,Zp,n)[”+1] induces a monomorphism of
homologies with Z,-coefficients. Then the commutative diagram

n - n+1
Hn(MOEH)l;Zp) - Hn(M( § )§Zp)

Tit1

(qz+1)*l h*J/
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implies that j*o(q;?“)* is zero homomorphism. Hence (qf“)* is zero homomorphism. [J
8.8. Remark. Let L C P be a family of prime numbers and let dimz, X < n for all
p € L. Then there exists Zy-acyclic, p € L, UV Y-map f : Z — X of n-dimensional
compactum Z onto X.

Proof. In the construction of the inverse sequences &7 and S, we apply the Edwards-
Walsh resolutions with different p € £ and with every p infinitely many times. Then the
result follows. [J

The following is a relative version of Theorem 8.7.

8.9. Theorem. Let (X, A) be a compact pair with dimg (X \ A) <n for prime p € L.
Then there ezists a compact pair (Z,A) with dim(Z \ A) < n and a Z,-acyclic, p € L,
UV tmap a: (Z,A) — (X, A) which is the identity on A.

§9. RESOLUTIONS PRESERVING COHOMOLOGICAL DIMENSIONS

NOTATION. Let g : X — K be a map onto a simplicial complex K with a triangula-
tion 7. By dimg(g,7) < n we denote the following property of g:

For every subcomplex L C K with respect to 7 an every extension problem ¢ : L —
K(G,n) is resolved by g.

We note that dimg(g, 7) is not a number. We consider the inequality

dimg(g,7) < n as one symbol.

9.1. Proposition. An Edwards-Walsh resolution w : EW(r,G,n) — K of a finite
complex K with a triangulation T has the property dimg(w, ) < n.

Proof. Consider a map ¢ : L — K(G,n). It can be extended without problems over
n-dimensional skeleton K (") of K. Then by induction we can show that the map w,, =
¢w | -1 (gemyop: w HEK ™ U L) — K(G,n) has an extension w41 over w ™ (K™D U
L). This follows from the property (3) of the Edwards-Walsh resolution. The union w
of maps wy, will be a solution of the extension problem ¢w |,-1(z). [

A map f: K — L between two simplicial complexes is called combinatorial if the
preimage f~1(M) of every subcomplex M C L is a subcomplex of K.

9.2. Lemma. Let X be a limit space of the inverse sequence of polyhedra
{K;, qf“} with fized metrics p; and fixed triangulations T; on K; such that

lim;_, oo mesh(gF(1g44)) = 0

for all k. Assume that all bonding maps q?“
7 and dimg (¢, 1) < n for infinitely many i. Then dimg X < n.

are combinatorial with respect to 7,41 and

Proof. First we note that extension problems on X of the type (¢°) (L, ¢) form a basis
of extension problems for the mappings to K (G, n), where L is a subcomplex of K; with
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respect to the triangulation 7;. By the assumption of Lemma, every such problem (L, o)
is resolved by a map ¢} for some j. Indeed, take j > i with dimg(qg_l, Tj—1) < n. Since

the map qZ ~1 is combinatorial, the problem (qf _1)_1(L, @) is resolved by qj:_l. Hence,

the original problem (L, ¢) is resolved by qf . Therefore every basic problem (¢5°) (L, ¢)
is solvable and, hence, by Proposition 5.4, all extension problems on X to K(G,n) have
a solution. Hence, by Theorem 1.1, dimg X <n. U

The Proof of Lemma 8.1 can be applied to prove the following.

9.3. Proposition. Let G be one of the following groups Z, Z, or Zy where L C P
15 a set of primes. Let K C L be a subcomplex of a simplicial complexr L and let w :
EW(K,G,n) — K be an Edwards-Walsh resolution. Then there ezists an Edwards-
Walsh resolution @ : EW(L,G,n) — L with @ |51 (k)= w.

9.4. Theorem. Let L be a set of prime numbers and let n > 2. Then for every
compactum X of the cohomological dimension dimg, ., X < n there exists a compactumY
having dimensions dimY < n+1 and dimz, ., Y <n and a Zg)-acyclic map a: Y — X
of Y onto X.

Proof. We construct inverse sequences {K;, ff“}, {L;, gf“} and a sequence of maps
{a: L; — K;} having the properties (1)-(3) of Lemma 8.3 with X = lim._ {K;, f/*'}
and dim L; = n + 1 for all 7. Then a compactum Z of Lemma 8.3 will be at most n + 1-
dimensional. In order to obtain the acyclicity of the map «, we require the following

(4) A homomorphism (¢:™)* : H*(a; ' (M,,); Z) — ﬁ*(a;rll(MmiH); Z ) is triv-
ial.

To obtain the inequality dimz ., Z < n we want to apply Lemma 9.2 and, hence, we
require the existence of metrics p; and triangulations x; on L; such that 1) a map gf“

is combinatorial with dimg, ., (gf“, k;) < n and with

limy oo mesh(gi ¥ (ki x)) = o for any i.
We construct that by induction. First we fix an inverse sequence of compact polyhedra
{P,,prt1} with limit space X. By the induction on m we construct the following diagram:

2 m
Ly 25— Ly " Lo
all OCQJ( OLmJ(
3 1
K]. K2 Km

On each K; we define a cover M* with the diameter d; and the Lebesgue number )\;, a
triangulation 7;, a metric p; and a base point ;. On each L; we define a triangulation
ki, a metric p; having the following properties

(1) (1) of Lemma 8.3 i.e. a;(L;) N M # () for every M € M,
(2) (2) of Lemma 8.3, i.e. d; < \j—1/4,
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(3) (3) of Lemma 8.3, i.e. the diagram

41

Liy1 —— Ky

ol

L —— K,

is A;/4-commutative.

(4) A homomorphism (qZH)* D H* (o Y(My,); Ziy) — H*(aijrll(Mle);Z(ﬁ)) is
trivial, where M,, € M* and z; € Oy, (x) C Cl(M,,)

(5) All spaces K; are imbedded into the product H;nzl K by the mapping

(f;a f%v '-'7fiz—17idKi7'rz+1’ 7x:1)

and the metric p; is the induced from a brick metric p! + ...+ p™ on the product.
Also we assumed that diam,: K; < 1/27,
(6) mesh,, (1;) < A;/16,
(7) For every M € M*, M is a contractible subcomplex of K; with respect to 7;,
(8) For every i there is r(i) such that K; = P.(;y and f/T' = pﬁ(zﬂ)(i),
(9) A complex L; has the following CW-complex structure: Take n + 1-skeleton
KZ-(HH) of 7; subdivide some of its n + 1-cells into a finite union of n + 1-cells
and replace some of the smaller n + 1-cells by n + 1-cells attached to the same
boundary by maps of degree having all prime factors in P \ £. Then «; is the

natural projection of L; onto K Z-(nﬂ) taking new n + 1-cells to original,

(10) The cellular structure on L; agrees with the triangulation ; i.e. every CW-
subcomplex is a simplicial complex with respect to k;,

(11) Every complex L; is supplied with a metric p; and mesh,, (g% (k;)) < 1/2" for
every j < i,

(12) g¢it! is combinatorial and g/t
Edwards-Walsh resolution.

The beginning of the induction: let K3 = P;, let 7{ be a triangulation on K; and
let p! be a metric on K; of the diameter < 1/2. Let M! be a cover of K; by stars
M = {Star(v) | v € (1])(D}. We define p; = p! and consider a subdivision 7; of 7] with
mesh,, (11) < A;/8 where \; is the Lebesgue number of M! with respect to the metric
p1- Define L to be the n + 1-skeleton of K7 with respect to triangulation 7 and define
a1 @ L1 — K as the inclusion. Take any metric p; on L; and fix a triangulation x; on
L with meshg, (k1) < 1/2. Fix a point 27 € K;. All conditions (1)-(12) are satisfied.

Now we assume that the diagram

— w; o f; where w; : EW (ki,Zzy,n) — L; is an

2

L, 2% I, L,,
alJ{ OCQJ( OLmJ(
fi —_1
K, Ko . K,,
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is constructed satisfying the properties (1)-(12). We consider the map

Qn © Wiy 2 EW (K, Z gy, ) —| rintl) |

According to the condition (9) the homology group H,(a"1(c)) is a finite (P \ £)-
torsion group for every n + l-dimensional simplex ¢ € 7,,. The same holds true for
every n-connected subcomplex N C K,,. By the property (4-Z(,)) for every simplex o
of dimension > n + 1 there is a short exact sequence

a7 (0 )) = Hya (o)) = 0

0— K — my(w,,

where K is L-local modulo torsions. Hence K/Tor(K) = ©Z,) and Tor(K) consists
of (P \ L)-torsions. We consider an exact sequence

0— K/Tor(K) — m(w,,

(@ (0" H))/Tor(K) — Hy(a™ (o)) — 0.

Since Ext(G,®Zs)) = 0 for any finite (P \ £)-torsion group G, we can present the
group m,(w,, (@~ (o"tY)))/Tor(K) as the direct sum of ®Z,) and some (P \ L)-
torsion group G,. Thus, we have an epimorphism 7, (w,,,' (¢~ (¢("*1)))) — ®Z,) with
a (P \ L)-torsion kernel U,. Now for every o € 7, of dimension > n + 1 we kill
the elements of the above group U, by attaching n + 1-cells. Then by attaching cells
of higher dimensions we turn the space EW (K, Z(),n) into a EW-resolution w,, :
EW(Tm, Z)y,n) — Kp of 7,,. Here the projection w,, takes new open cells to the
interior of corresponding simplices o. Since dimgz ., X < n, by Lemma 8.2 there is a
combinatorial lift p;, : X — EW(7,,Z),n) of Primy - X = Prony = K (see (8)).
Since EW (7, Z(r),n) is an absolute neighborhood extensor, there is a number £ and a
map f;, : Po — EW (7T, Z(),n) such that

() P (Wn s Prmy) < Am/16.

We define r(m + 1) = k, K,,11 = Py and f1 = pf(m). Take a metric p™*! on K11
of the diameter < 1/ 2m+1 and define a metric Pm+1 on the product H:’Sl K; as the sum
pm + p" 1. Fix a point z},, € (fm1)~(x},). The properties (5) and (8) are satisfied.

Consider a triangulation 7;, | of Ky, with

dm+1 = d({Star(v) | v € (17,11)V}) < A /4

and define
M= {Star(v) | v € (1,11) P}

Then (2) and (7) are satisfied.
Let Tyn41 be a subdivision of 7], with mesh,  (Tm+1) < Am41/16, where A,y is
the Lebesgue number of M™*! with respect to py,+1. Then (6) holds.
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Let fon @ Kiny1 — EW (1, Zr),n) be a cellular approximation of f;, with respect
to 741 and the standard CW-structure on EW (7,,,Zr),n). By the construction the
n + 1-dimensional skeleton of EW (7,,, Z(,),n) admits the following description:

EW(Tma Z(L:)a n)[n+1] = EW(KJTI% Z(C)a n)[n+1} Uﬁz Bz'n—i_l’

where 3; : 0B — EW (Km, Zcy,n)" 1) defines a (P \ £)—torsion element (5;). in
the homotopy group 7, (EW (Km, Z),n).

Now we construct a finite CW-complex L,,;; as follows. Consider n + 1-skeleton
Kf::ll) =] T,Sfjll) | and the restriction of f,, on it. We may assume that for every
n + 1-simplex A in 7,41 there is a partition of A into finitely many PL cells A =
D" y...uD?*! such that the image f,,,(D?*') is an n + 1-cell in EW (7, Zcy,n)n .
If f,, (D) = B;IH for some j, we delete the interior of D! and attach an n + 1-cell

D?H by means of a map 8[)?“ — 8DZL+1 of the degree equal to the order of the element
(Bj)«. We define amt1 @ Lpy1 —| nﬂfjf) |C K,np1 by taking every cell D! to DL
Then the properties (1), (9) hold.

Denote N,, = EW (km, Z(z), n)" 1. Now the map fn, =1 (wvpy: S (Nm) — Ny, has
an extension fm : Lims1 — Nyp. We define g7+ = w,, o fm. Then (12) holds.

Fix a metric p,,4+1 on Ly,+1. We may assume that L,,1; is a polyhedron and we take
a triangulation k41 on it with mesh;, (g?+1(/im+1) < 1/2m*! for all j < m + 1. Then
(10) and (11) hold.

In order to verify (3) we have to show that

P (G (@), fin T Qg1 (2)) < A f4-
Indeed, pim(cmgm ' (@), fin ™ ame1(2))
< (g (@), Wi frnm1(2)) + p(Win frn (@1 (), fn ™ (@1 (2)))
by (6) and (*) < pm (mwm fin (2), win ftm11(2)) + A /8
= o (W frn () W fOm 1 1(2)) + A /8 < A /8 + A /8 = N /4.

is contractible, its n-skeleton M;EZE) is

n-connected. Hence by the construction the preimage ;' ;(M,,,,,) = a;il(Mé’;i))

is n — 1l-connected. Note that

Now we check (4). Since a complex M, .,

H™ (g (MDY Z ) = H (MY Z ) = 0.

Tm+41 Tm+41 )

Since a;ﬂrl(Mg;i)) is n + 1-dimensional, it suffices to check (4) in the dimension n + 1.

Note that
H" ™Y EW(L, Zc):n); Z(cy) = 0.

Then by (12) (¢g™*1)* is a zero homomorphism in the dimension n + 1. O

We note that if £ =0, then Z;) = Q.
There is a relative version of Theorem 9.4.



50 A.N. DRANISHNIKOV

9.5. Theorem. Let L be a set of primes and let n > 2. Let (X, A) be a compact pair
with dimg . (X\ A) <n. Then there exists a compact pair (Z, A) with dim(Z\ A) < n+1
and dimgz ., (Z \ A) < n and a Z)-acyclic map o : (Z,A) — (X, A) onto X which is
identity on A.

9.6. Proposition. For every finite simplicial complex L there is the equality
mi(EW(L,Zy, k) =0 for k <i<2k—1.

Proof. Induction on dim L. If dim L = 0, then the proposition holds.

Assume that it holds for all m-dimensional complexes and let L be m + 1-dimensional.
We apply induction on the number of simplices in L. If L consists of one simplex, then
EW(L,Z,,k) = K(®Z,, k) and hence the proposition holds. Let L = K UA where A is
a simplex of the dimension m + 1. Since i < 2k — 1 and w™!(K”’) is k — 1-connected for
any subcomplex K’ C L where w : EW(L,Z,, k) — K’ is the Edwards-Walsh resolution,
the Mayer-Vietoris sequence holds for homotopy groups:

7i(A) @ mi(K) — mi(L) — mi_1(C) — mi(A) @ mi(K).

Here by A we denote the preimage w™(A) for a subcomplex A C K. Note that Ais an
Edwards-Walsh resolution of A. The induction assumption implies that m;(L) = 0 for

k+1 < i< 2k—1. Note that m;(C) — 7, (&) is a monomorphism. Then the exactness
of the Mayer-Vietoris sequence implies that 7;41(L) = 0.

9.7. Proposition. For any p, k and any simplicial complex L there exists an Edwards-
Walsh resolution w : EW(L,Z,,k) — L such that w(EW (L, Z,,k)") c L+ for
all n < 2k — 1. Moreover, any such resolution w : EW(L,Z,,k) — L given over a
subcompler L C K can be extended to w : EW (K, Z,,k) — K with the same property
W(EW (K, Z,, k)" ¢ KE+D for any n < 2k — 1.

Proof. Induction on m = dim K. If m = k + 1 the statement is correct. Let 0A be a
boundary of an m-simplex with some triangulation 7. Assume that w : EW(71,Z,, k) —
O0A be an Edwards-Walsh resolution with the above property. By Proposition 9.6
i (EW (1,Zp,k)) = 0 for k < i < 2k — 1. Note that m;(EW (7,Z,,k)) =0 for i < k. By
the property of Edwards-Walsh resolutions, m,(EW (7, Z,, k)) = @Z,. Therefore we can
construct EW (A, Z,, k) out of EW (7,Z,, k) by attaching cells in the dimensions 2k — 1
and higher. Hence w(EW (A, Z,, k)")) = w(EW (1,Z,,k)) C (0A)*+D ¢ A+ Then
by induction on the number of simplices in a complex K we can construct the required
Edwards-Walsh resolution.

9.8. Theorem. For any set of primes L C P and for every compactum X with
dimz X < n and dimsz < k for p € L with n < 2k — 1 there exists a compactum
Y with dimY < n and dimz, Y <k for all p € L and a cell-like map f:Y — X.

Proof. Define a sequence {p(i)} of primes such that each p € L enters the sequence
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infinitely many times. We construct inverse sequences of polyhedra

2 m
I9m—-1

Ly Lo L,,
11 o1
K1 KQ Km

as in the proof of Theorem 9.4 with the properties

(1) of Lemma 8.3,
(2) of Lemma 8.3,
(3) of Lemma 8.3,

L; is an n-skeleton of K; with respect to 7; and «; is the inclusion Ki(n) C K;

A map ¢!

—~
—_
~—

W N

N N e e e e e e e N

PR Mé?jl — Mgg?) is nul-homotopic for odd 1,

(5) of Theorem 9.4,

(6) of Theorem 9.4,

(7) of Theorem 9.4,

(8) of Theorem 9.4,

(10) of Theorem 9.4,

(11) of Theorem 9.4,

g'™! is combinatorial and g!™! = w; o f;i, where w; : EW (k;, Zp(%), k) for every
odd 1.

Then it yields a cell-like map o : Z — X. Since dim L; = n, a compact Z is at most
n-dimensional. Propositions 9.1 and 9.2 imply that dimz, Z < k for all p € L.

—~
[ N s U

— O © 0o ~J O Ot

—~~
—_
\)

We construct the sequences above by induction. If m is even, we construct au,11 :
L1 — K1, g™t and fm*! as in the proof of Theorem 8.5.
If m is odd, we consider an Edwards-Walsh resolution w,, : EW (K, Z, ma1y, k) —

L, = K,(,? ) as in Proposition 9.7. Again, by Proposition 9.7 there exists an extension
Wy, - EW(Tm,Zp(mTJrl),k) — K,,. We construct K11, fm+! and L,,.1 together with
a cellular map f, : K11 — EW(Km,Zp(mTH),k) as in Theorem 9.4. Then by the
property of this Edwards-Walsh resolution, stated in Proposition 9.7, w,, © fin(Lm+1) C
K9 « ki = L,,. Define g™+ = w,, 0 frn. O

§10. IMBEDDING AND APPROXIMATION

According to the classical theorem every n-dimensional compactum can be imbedded
in R?"*t1. In this section we study the following question: Given cd-type F find the
least possible number m such that F' has a representative X embeddable in R™. This
question makes sense for cd-types with bounded norm || F'|| < co. The main result in this
section is the following
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10.1. Theorem. For every cd-type F of |F| = n there is a compactum X C R"2
having cd-type F.

The prove of this theorem gives an independent proof of the Realization Theorem.
We recall that M (G, n) denotes a Moore space, i.e. a CW-complex with trivial ho-
mology groups in dimensions ¢ # n and with H,,(M(G,n)) = G.

10.2. Proposition. Suppose that the join product L « M (G, 1) is (n + 1)-connected for
some countable complex L and some abelian group G. Then there exists an n-dimensional

compactum Y C R"2 with nontrivial Steenrod homology group H,(Y;G) # 0 and with
L e AE(Y).

Proof. Let A = S' C 8™ be a circle in (n + 2)-dimensional sphere and let g :
A — M(G,1) induce a nontrivial element of the fundamental group 7 (M (G, 1)). Since
L x M(G,1) is (n + 1)-connected, we have L * M(G,1) € AE(S™""?). By Generalized
Eilenberg-Borsuk theorem [Dr3] there exists a compactum Y C S"*2 with L € AE(Y)
and an extension g : S"™2\Y — M(G,1). Since the natural inclusion i : M(G,1) —
K (G, 1) induces an isomorphism of the fundamental groups, the composition i o g is a
homotopically nontrivial map. Therefore ¢ o g is a homotopically nontrivial map. The
map i o § represents some nontrivial element a € H'(S"*? — Y;G). By the Sitnikov
duality there is a dual nontrivial element 8 € H,,(Y;G). This implies that dimY > n.
It is possible to show that dim Y = n but probably the easiest way to complete the proof
is by taking an n-dimensional subset of Y. [

10.3. Proposition. The suspension over the smash product of two CW-complexes is
homotopy equivalent to their joint product X(K N L) ~ K x L.

Proof. Since by the definition ¥(lim_, M,) = lim_, ¥M,, K AL =lim_{L, N K3 |
L, C L,Kg C K are finite subcomplezes} and K * L =lim_,{Ly, *Kg | Lo, C L,Kg C
K are finite subcomplexes}, it suffices to show that (K A L) ~ K % L for compact
CW-complexes. For any pair of compact based spaces (X, z¢) and (Y, yg) there is a closed
contractible set C' = X x {yo} U {xo} * Y lying in X %Y such that the quotient space
X xY/C' is homeomorphic to the reduced suspension over the smash product X AY. We
note that the quotient map is a homotopy equivalence. [J

10.4. Lemma. Suppose that two countable abelian groups have the properties HRQG = 0
and Tor(H,G) = 0 (Tor means the torsion product). Then for every n there exists an
n-dimensional compactum' Y C R" 2 with dimpy Y < 1 and with nontrivial the Steenrod

homology group H,(Y;G) # 0.

Proof. By virtue of Proposition 10.3, we may compute homology groups H;(M(H,1) *
M(G, 1)) via homology groups of the smash product. The homology group of the smash
product X AY is equal to the homology group of the pair (X x Y, X VY). Now the
homology exact sequence of the pair (M (H,1) x M(G,1), M(H,1) Vv M(G,1)) and the
Kunneth formula imply that H;(M(H,1)xM(G,1)) = 0 for all i > 0. Since m (M (H,1)x*
M(G,1)) = 0, the space M (H,1) * M(G,1) is n-connected for all n by the Hurewicz
theorem. Proposition 10.2 yields an n-dimensional compact Y C S"*2 with M (H,1) €
AE(Y). By Theorem 6 of [Dr4] ( see also Theorem 11.4) the property M € AE(Y)
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implies the property SP*M € AE(Y) where SP is the infinite symmetric power.
According to the Dold-Thom theorem [D-T] SP*M(H,1) = K(H,1).
So, we have the property K(H,1) € AE(X) and hence dimy Y <1. O

10.5. Theorem. For every n and every G € o there is a fundamental compactum X of
the type F(G,n) lying in R" 2.

Proof. We have four series of fundamental compacta. So, let us consider four cases.

1) F(Q,n). We define H = @, »Zp and G = Q. Then the properties G @ H =
Tor(G,H) = 0 hold. Apply Lemma 10.4 to obtain an n-dimensional compactum Y C
R"*? with dimgY < 1. Then it follows that dimz, Y < 1 for all primes p. The
Bockstein inequality BI2 implies that dimz .. ¥ < 1. The Bokstein inequality BI5 implies
dimz, Y < dimqY provided dimqY > 2. According to Lemma 10.4 H,(Y;Q) # 0.
That implies H"(Y; Q) # 0 and hence dimgq Y > n > 2.

Since Y is n-dimensional, dimq Y < n and hence dimg Y = n. The Bokstein inequal-
ity Bl4: dimq < dimg,, completes the proof in the first case.

2) F(Z,),n). Define H = @, Zy and G = Z,). Then we obtain n-dimensional

Y C R"™"? which is one-dimensional with respect to Z,~ and Z,. By virtue of the
Bokstein inequality BI6 dirnzpoo Y < max{dimq Y, dimg - Y — 1} it is sufficient to show
that alimzpoc Y =n.

Lemma 10.4 implies that H,,(Y;G) # 0. Therefore Hom(H"(Y),G) # 0 . Hence the
group H™(Y) can not be divisible by p. This means that H"(Y) ® Zp~ # 0 and hence
H"(Y;Zp) # 0.

3) F(Z,,n). Define H = Z[%] and G = Z,. By Lemma 10.4 we obtain an n-
dimensional compactum Y C R"™*2 which is one-dimensional with respect to the groups
Q,Zy) Zg, Zy (q # p) and H,(Y,Z,) # 0. Since Hom(H"(Y),Z,) is nontrivial, the
product H "(Y)®Z, is nontrivial and hence c-dimz, ¥ = n. The equality c-dimz , Y =n
follows by the Bokstein theorem which claims that for a finite dimensional compact space
Y there is a prime p such that dimY = dimgz,, Y, and the equality dimz . Y =n —1
follows from the Bokstein inequalities.

4) F(Zp>~,n) . Consider L = M(Z[=],1) VvV M(Z,,n —1).

1
p
First we show that L % M(Z,~,1) is an n + 1-connected space. We have

Hi(L* M(Zpeo,1)) = Hi_1 (L AM(Zpe,1)) =
Hia(M(ZL],1) A M (Zye 1) ® Hit (M(Zgin = 1) A M (Zye, 1),

Since Z[%] ® Zpo = 0 and Tor(Z[%], Z,~) = 0, it follows that the space M(Z[%], 1) A
M (Zp,1) is contractible. Notice that H;_1(M(Z,,n—1)AM(Zp~,1)) =0fori—1 <n.
Then the Hurewicz theorem implies that L « M (Zp, 1) is n + 1-connected.
Proposition 10.2 implies that there exist an n-dimensional compactum Y C R"™*2
with the property L € AE(Y) . Hence we have M(Z[%], 1) e AE(Y) and M(Z,,n—1) €
AE(Y). Therefore dimz[%] Y <1 and dimgz, Y < n — 1. These inequalities completely

define the space F(Zp~,n). O
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Proof of Theorem 10.1. By Theorem 4.11 we have F' = V®(G, k¢). Since kg < n, by
Theorem 10.5 every fundamental type can be realized by a compactum Xg C R™. The
countable wedge X = VX can be imbedded in R"*2. Note that Dy = F. O

10.6. Proposition. Let X C R"” be an arbitrary compactum. Then every map f : X —
R™ can be approximated by maps which do not change the cd-type.

Proof. Let f : X — R™ be given. Take a compact, n-dimensional polyhedron P C
R" such that X C P and extend f over P, i.e., get a map f : P — R" such that
f |x= f. Approximate f by a simplicial, general position map g : P — R"™. Then
g |a: A — R" is an embedding for every simplex A in P. Consider f’ = g |x. Since
X =U{XNA | A C P}, it follows that f(X) = U{f' (X NA) | A C P}. Then
Df’(X) = \/Df’(XﬂA) =VDxna =Dx. U

10.7. Theorem. For every compactum X of dim X < n — 2 every map f : X — R"
can be approximated by maps f' with Dx = Dy (xy X Dx V 2.

Proof. Let Z C R™ be a realization of the cd-type of X in R” given by Theorem 10.1.
Denote by X’ = ZV I? C R". Let C C C(X’,R") be a dense countable subset such
that Dgyx/y = Dx for all g € C. The existence of such C follows from Proposition
10.6. Denote by N the union of images Uzecg(X’). By the Completion theorem [O]]
there is a G set W O N such that dimg W = dimg N for all G € 0. Then every
compactum Z' C W has a cd-type < the cd-type of X’. Then the complement of W
in R™ is a countable union of compacta UY;. Note that every map ¢ : X’ — R" can
be approximated by maps avoiding Y; for every i. Then by the main Theorem of [Dr5]
dim(Y; x X’) < n. It implies that dim(Y; x X) < n and dim(Y; x I?) < n for all . The
last inequality means that dim Y; < n—2. Then by the Disjoining Theorem [D-R-S] f can
be approximated by maps f’ having the empty intersection with UY;. Since f/(X) C W,
Dyi(xy = Dx:. We may assume that f’ is a light map, then Dx < Dy (x). O

10.8. Corollary. For every compactum X with dimensions dimg X > 2 and dim X <
n—2 every map f: X — R"™ can be approximated with mappings f’ with dimg f'(X) =
dimG X.

REMARK. If X is not dimensionally full-valued compactum of dim X = 2, say, X is
a Pontryagin surface, then according to Theorem 1.10 a map f : X — R3 can not be
approximated by maps f’ preserving the cd-type.

§11. CLASSIFYING SPACES FOR COHOMOLOGICAL DIMENSION

11.1. Proposition. The following conditions for an abelian group G are equivalent:
(1) G is p-divisible;
(2) Ext(Zp~,G) =0;
(3) Ext(Zp~,G) is p-divisible.

Proof. This is a direct consequence of the short exact sequence

0 — lim" Hom(Zn, G) — Ext(Zy~,G) — G, — 0,
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where ép = lim G/p"G is the p-adic completion of G. [

We recall that a space M is called simple if the action of the fundamental group 71 (M)
on all homotopy groups is trivial. In particular this implies that 7 (M) is abelian.

11.2. Lemma. Let M be a simple CW-complex and let X be a compactum. If
dimg, vy X <@ for all 1,

then
dimg, (pn X <4 for all 1.

Proof. Let m,, = mp,(M) and H,, = H,(M). We prove dim,, X < n by induction on n.
Since H1(M) = w1 (M), the claim holds for n = 1.
Let dimy, 57y X < 7 hold for all i < n. For the group m,, there is a short exact sequence

0— @ G; — T, — F(m,) — 0,

p prime

where G} is the Sylow p-subgroup of 7, and F(m,) is torsion-free. By Lemma 2.2 it
suffices to show dimp(r,) X <n and dimag X <n.

Let us first show that F(m,) # 0 implies dimq X < n. If m;, ¢ < n, are torsion
groups, the Hurewicz theorem modulo the generalized Serre class of torsion groups implies
F(H,) # 0 and hence dimg X < n. If, however, at least one of the groups m; is not a
torsion group, then by the same Hurewicz theorem we obtain F'(H;) # 0 for some j < n.
Therefore, Q € o(F(H;)) and dimqX < dimpg, X <j <n.

Let p be a prime number. We consider the case when F'(7,,) is not p-divisible. In that
case Z,) € o(F(m,)). We show that dimz , X <n.

We may assume that all groups H;, ¢ < n, are p-divisible without p-torsions. Oth-
erwise, Z, € o(H;) or Z,~ € o(H;) and we have dimz X < dimy, X < i < n or
dimzpooX < dimy, X < ¢ < n. In view of the inequality BI2, in both cases we have
dimzpooX + 1 < n. Then the inequality dimg X < n and the Bockstein Alternative
(Theorem 2.7) imply that dimz, X <n.

Because of induction assumption, similarly we may assume that all groups m;, i < n
are p-divisible and without p-torsions.

Since M is a simple CW-complex its p-completion Mp exists [Bo-Ka]. Our assump-
tions, Proposition 11.1 and the exact sequence

0 — Ext(Zp, m;) — mi(M,) — Hom(Zp, mi_1) — 0
imply 7;(M,) = 0 for i < n.
;. From the Hurewicz theorem we obtain , (M,) = H,(M,). This group is m, (M,) =
Ext(Zpe,my,) and its p-divisibility would imply that it is the trivial group. Since F(my,)
is not p-divisible, by Proposition 11.1 Ext(Zy,~, F'(m,)) is not p-divisible. Note that the
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p-adic completion of a torsion free group F' (;Tn) = Ext(Zye, F(my,)) is without torsion.
The exactness of the sequence

Ext(Zpe, 1) — Ext(Zpe, F(m,)) — 0
implies that Ext(Zye,m,) = mn(M,) = H,(M,) is not a p-torsion group and is not
p-divisible. Therefore H,(M,) ® Z,~ # 0 and by the universal coefficient theorem
Hy(Mp; Zy) # 0. .
One of the main properties of the p-completion M +— M, is that it induces an isomor-
phism of homology with coefficients in Z, [Bo-Ka|. With exact sequences

O—>Zpk—>Zpk+1—>Zp—>O

and induction we can prove that the p-completion induces an isomorphism in homology
with coefficients in Z,~ for arbitrary n. Since the tensor product and homology commute
with the direct limit the p-completion induces also an isomorphism in homology with
coefficients in Ze.

Therefore H,,(M;Zy~) # 0. Since H,,_; has no p-torsion this implies H,, ® Zpe # 0.
Thus and dimgz ,, X <n.

Thus, we proved the inequality dimz , X <n for all p for which F(m,) is p-divisible.
Since the Bockstein family o(F(m,)) consists of all such p’s, we proved the inequality
dimF(wn) X S n.

To perform the induction step we still have to prove the inequalities dimgg X <n for
all p. When F'(m,,) is not p-divisible we have shown dimgg X <dimz, X < dimg ) X <
n.

Assume now F(m,) is p-divisible. We consider two cases:

1) G}, is not p-divisible. In this case 0(G}) = {Z;} and we have to show the inequality
dimz, X < n. Like above we can assume that all groups m;, H;, ¢ < n — 1, have no p-
torsion and are p-divisible. ;;From the exact sequence

0 — Ext(Zpe, m;) — mi(M,) — Hom(Zp~, mi_1) — 0

~

and Proposition 11.1 we obtain 7;(M,) = 0 for 0 < i < n. Since G} is not p-divisible,
Proposition 11.1 and the exactness of the sequence

0 = Hom(Zypes, F(7,)) — Ext(Zpe, Gp) — Ext(Zpee, m,) — Ext(Zpe, F(m,)) = 0
imply that the group

Tn(Mp) = Ext(Zpe, m,) = Ext(Zpe, G}))

is not trivial and is not p-divisible.
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Thus the Hurewicz theorem implies H;(M,) = 0 for 0 < i < n and the group H,, (M)

is not p-divisible. Therefore H,,(M,) ® Z, # 0 and H,(M,;Z,) # 0. {;From the main

properties of the p-completion we obtain H,,(M;Z,) # 0 and since H,,_; is without p-

torsion, H, ® Z, # 0. Therefore Z, € 0(H,) or Z,) € oc(H,). By virtue of Bockstein’s
inequality BI3 in both cases we have dimz, X' < n and dimgr X < n.

2) G}, # 0 is p-divisible. Then the group m, is p-divisible.

Since o(G}) = {Zp~}, we have to show that dimz .. X < n. We obtain this directly if
H,, has p-torsion elements, so assume H,, has no p-torsion. Again we can assume also
that all the groups m;, H;, 1 < i < n — 1, are without p-torsion. Therefore the exact
sequence

0 — Ext(Zpe, m;) — mi(M,) — Hom(Zp,m;_1) — 0

implies Wn(Mp) = 0 and the group 7Tn+1(Mp> maps epimorphically onto Hom(Z e, 7).
The latter group includes the p-adic integers Zp = lim. Z,~ since Hom(Z o, Ze ) = Zp.
Therefore Hom(Z,,m,) is not a p-torsion group and since Zy~ is divisible, the group
Hom(Zypo, my,) contains Hom(Zy, Zy,e) which is not p-divisible, as a direct summand.
Thus the group m,1(M,) = H,41(M,) is neither a p-torsion group nor p-divisible.
Therefore Hy, 4 1(M,)®Zp~ # 0 and H, 1 (M,; Zp~) # 0. This implies Hy, 41 (M; Zp~) #
0 and since by assumption H,, has no p-torsion elements the universal coefficient theorem
gives H,,41 ® Zp~ # 0 which in turn implies dimZ<p) X <n+1.

If all the groups m;, 1 < i < n — 1, are torsion groups, the Hurewicz theorem modulo
the generalized Serre class of torsion groups without p-torsion implies that H,, has p-
torsion and thus dimgz ., X < n. If, however, F/(m;) # 0 for some i, 1 <i <n —1, we
obtain dimg X <% < n — 1. Bockstein’s inequality BI6 then implies dimzpoo X <n 0O

We recall that the n-th symmetric power SP™ X of a space X is the orbit space X" /S,
of the action of the symmetric group S,, of degree n by permutations of coordinates on
the n-th power X™. For a pointed space X the inclusion X" x {zo} C X" induces an
embedding SP"X — SP"T1X. The infinite symmetric power SP>*X is the direct limit
lim;, SP"X.

11.3. Lemma. The infinite symmetric power SP>*M of a CW-complex M is homotopy
equivalent to the direct limit lim_ {[[;_, K(H;(M),i) | n € N}.

Proof. By Dold - Thom’s theorem we have m;(SP*°(M)) = H;(M). Therefore there is
a map of a Moore space f; : M(H;(M),i) — SP>M which induces an isomorphism of
i-dimensional homotopy groups. Note that the natural inclusion &; : M (H;(M),i) —
SP>*M(H;(M),i) induces an isomorphism of i-dimensional homotopy group. Consider
a map g; : SP*(M(H;(M),i)) — SP>M generated by f;: regard SP*Y as the free
abelian monoid over a space Y, then g;(n1z1 +noxo+...+npx2) = ny fi(x1) +na fi(x2) +
w.. + np fi(xy,) where x; are points in M (H;(M),i) and n; € N. Then f; = g; o &;.
Therefore g; induces an isomorphism of i-dimensional homotopy groups. We define a
map fi, : [[;_; SPM(H;(M),i) — SP>*M by the formula p, (w1, ..., w,)) = g1(w1) +
wo. + gn(wy,). Note that the base point in SP*°M (H,,+1(M),n + 1) defines the natural
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imbedding [/, SP®M (H;(M),i) C [[12 SP®M(H;(M),7). Then i, restricted to
[T, SP*M(H;(M),i) coincides with fi,,. Note that for n > i the map g; can be nat-
urally factored through u,,, mu, oy = g;. It implies that u,, induces an isomorphism of
homotopy groups in dimensions i < n. Hence p = Up,, : lim_{[]}_, SP°M (H;(M),1) |
n € N} — SP*M is a weak homotopy equivalence. Since both spaces are CW-
complexes, 1 is a homotopy equivalence. [

11.4. Theorem. Let M be a simple CW complex and let X be a finite dimensional
compactum. Then the following are equivalent:

(1) M e AE(X);

(2) SP>*M € AE(X);

(3) dimg, (ary X <k for all k;

(4) dimg, vy X <k for all k.

Proof.

1) = 2). Since X is compact, it suffices to show that SP"M € AE(X) for all n.
We recall that the support support(u) of an element p € SP™Y C Y is the unordered
set of coordinates of . We may assume that M is a subcomplex of a contractible
complex C. Then there is a natural embedding SP"M C SP"C and SP"C is an
absolute extensor for compact metric spaces. Let ¢ : A — SP™M be a continuous
map of a closed subset A C X. Then there exists an extension ¢ : X — SP"C. Let
I'y ={(z,y) € X xC |y € support(¢(z))} C X xC and let F' =T, N (X x M). Assume
that we can prove the property M € AE(I'y). Then the map 7 : F' — M, defined by the
projection m(x,c) = ¢, admits an extension £ : I'y, — M. Consider the map

¢ =SP"(&)oSP™(j) toio(¢,idx): X — SP™M,
where j : 'y — X xC and i : X x SP"(C) — SP"(X x C) are the natural embeddings.
It is easily seen that ¢ is an extension of ¢ over X.

Now we prove the property M € AE(I'y). We consider the following filtration on
X: X1 € Xo C -+ C Xp, where X, = {x € X | |support(¢(z))] < k}. Observe
that the sets X, are closed for all k. Let p : I'y — X be the restriction to I'y, of the
projection X x C — X. Put T'y, = p~1(Xj). In view of the Finite Union Theorem (see
[Dr4]), it suffices to show that M € AFE(T) for all k. Since I'; = X3, the condition 1)
implies M € AE(I'y). Assume that M € AE(T';). The space 'y 41 \ 'y has a locally
trivial fibration over the space X1 \ Xy with k& 4+ 1-point fiber. This implies that
M € AE(Tk41 \ T'y). Therefore, M € AE(T'j41) [Dr4].

2) = 3). By Lemma 11.3 we may conclude that lim_, [[}; K(H;(M),i) € AE(X).
Since X is finite dimensional, we have [[;_, K(H;(M),i) € AE(X) where n = dim X.
Hence K(Hi(M),k) € AE(X) for all k < n. Since X is n-dimensional, this property
holds for all k. Theorem 1.1 implies 3).

3) = 4). Apply Lemma 11.2.

3) = 1). By Theorem 1.1 we have H**1(X, A; 7, (M)) = 0 for every closed subset
A C X. It follows that all obstructions to an extension of a map f : A — M are

vanishing. Since X is finite dimensional, there is an extension f : X — M. Hence
M e AE(X). O
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11.5. Corollary. For finite dimensional compacta and for k > 1 the following condi-
tions are equivalent

(1) dimG X S k’,

(2) M(G,k) € AE(X).

This Corollary is a generalization of Alexandroff Theorem (Theorem 1.4.) for all
abelian groups. Thus, for finite dimensional compacta Moore spaces are classifying spaces
for the cohomological dimension as well as Eilenberg-MacLane spaces. The only possible
exception is in the dimension one.

PROBLEM. Does the property RP? € AE(X) hold for finite dimensional compactum
X with dimz, X =17

11.6. Theorem. For any compactum X of dimension dim X = n and any abelian group
G such that dimg X < k and k > 2 there exists a closed subsetY C X withdimY =n-—1
and dimg Y <k —1.

Proof. By virtue of the Bockstein theorem it suffices to proof that for G € o. Since
k > 2, the join product M(G,k — 1) x S° is a Moore space M (G, k). By Corollary
11.5, M(G,k) € AE(X). There exist two closed subsets Z1,Z~ C X such that every
separator C' C X has dimension > n — 1. Let f : {ZT,Z~} — S° be the separating
map. By the Generalized Eilenberg-MacLane theorem there is a compactum Y C X
with M (G,k — 1) € AE(Y) such that f is extendible to X \ Y. Hence Y is a separator
and hence dimY > n — 1. By Corollary 11.5 dimg Y < k — 1. We always may assume
that dmY =k —-1. O

11.7. Theorem. For any ring R, any k < n for finite dimensional compactum X the
following conditions are equivalent:
(2) every map f: A — K(R,k) given on a closed subset A C X can be extended
over to the complement X \'Y of a compact set Y of dimgY <n —k — 1.

Proof. Tt is sufficient to prove this theorem for rings R € o.

1) = 2). Let M = M(R,n—k —1)* K(R, k) be the join product. It is easy to verify
that dimy, () X < dimpg X. Then Theorem 11.4 yields the property M € AE(X). Then
by the Generalized Eilenberg-Borsuk theorem [Dr3| every partial map f: A — K(R, k)
can be extended over the complement of compactum Y with M(R,n—k—1) € AE(Y).
By Corollary 11.5, dimg Y <n —k — 1.

1) < 2). Let {fi : A; — K(R,k)} be a countable basis of extension problems.
The condition 2) gives us a compactum Y; of dimgy; < n —k — 1 and an extension
fi : X\Y; — K(R, k). By the Countable Union theorem dimgr UY; < n — k — 1. By the
Completion Theorem, there is a G5 set Z O UY; of dimp < n — k — 1. Note that every
compactum C C X \ Z has the property K (R, k) € AE(C). Hence, by Theorem 1.1 and
the Countable Union theorem, we have dimg(X \ Z) < k. The Uryhson-Menger formula
for the cohomological dimension [Dy2] implies that dimp X < dimg Z+dimg(X\Z)+1 <
(n—k—-1)4+k+1=n 0O

We note when k£ = n the above theorem is contained in Theorem 1.1.
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§12. COHOMOLOGICAL DIMENSION OF ANR COMPACTA

Absolute neighborhood retracts are locally contractible. This conditions gives a strict
restriction on cohomological dimension. Surprisingly enough that locally contractible
compacta can be dimensionally non-full-valued.

12.1. Lemma. Let X be an ANR-compactum and Y € AE(X), then K € AE(X) for
any CW-complex K homotopy equivalent to Y .

Proof. Let h : K — Y be a weak homotopy equivalence. The important property of h
is that h, : [Z, K] — [Z,y] is a bijection for all spaces Z which are homotopy equivalent
to CW-complexes. Let f : A — K is a map of a closed subset A C X. Extend f to
'+ V — K, where V is a closed neighborhood of A in X. Let f : X — Y be an
extension of ho f': V — Y. Take a homotopy lift f of f. Since ho f lint v is homotopic
to f |IntV ho f' |mv and IntV is homotopy equivalent to a CW-complex, it follows
that f ltnt v 18 homotopic to f’ | v. Hence, f |a~ f' |a= f. Thus, f extends over X
up to homotopy, so it extends over X by the Homotopy Extension Theorem. [J

12.2. Theorem. Let G =[], 4G be the direct product of abelian groups. Then
dimg X = max{dimg, X | s € S}
for any compactum X.

Proof. Since each G is a direct summand of G, Corollary 1.7 implies that dimg, X <
dimg X. Hence, maz{dimg, X | s € S} < dimg X. Suppose that maz{dimg, X | s €
S} = n. Note that Y = [[,.g K(Gs,n) € AE(X). Note that Y is weakly homotopy
equivalent to K(G,n). By Lemma 12.1, K(G,n) € AE(X), hence, by Theorem 1.1
dimg < n =max{dimg, X |s€ S}. O

12.3. Theorem. Let X be an ANR compactum, then

(1) dimg, X =dimg, X for all prime p,
(2) dimg X > dimq X for any abelian group G # 0.

Proof.

1) In view of the Bockstein inequality BI3 it suffices to show that dimgz , X <
dimz, X. Consider G =[], Z,x. Then by Theorem 12.2 and Proposition 2.3, dimg X =
max{dimzpk X} =dimz, X. Since G contains an element of infinite order and not divis-
ible by p, we have Z,) € o(G). By the Bockstein theorem (Theorem 2.1) dimz , X <
dimG X = dimzp X.

2) If Q € 0(G), then the inequality follows from Theorem 2.1.

If Z(,) € o(G), then the inequality BI4 implies the required inequality.

IfZ, € o(G), then we apply BI4, 1) and Theorem 2.1 to obtain dimgq X < dimgz , X =
dimzp X S dimG X.

If Z,~ € 0(G), then we consider the group A = Z,c X Zp X .... By Theorem 12.2
dimyq X = dimzpoo X < dimg X. Since A is not a torsion group and it is divisible by all
p, by the definition Q € o(A). By Theorem 2.1 dimg X < dimyq X < dimg X. O
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12.4. Corollary. Every ANR-compactum X is of the basic type, i.e. the formula
dim(X x X) =2dim X holds for X.

Proof. We consider a finite dimensional ANR compactum X. By Theorem 1.4 and
Theorem 2.1, dim X = dimz X = dimz(p) X for some prime p. By Theorem 12.3,
dim X = dimz, X. Then Criterion 3.17 completes the proof. [J

12.5. Theorem. FEvery 2-dimensional ANR compactum X is dimensionally full-valued.

Proof. By the Universal Coefficient Theorem the simplicial 1-dimensional cohomology
is a free abelian group. Therefore the Cech 1-dimensional cohomology is a torsion free
group. Hence by the Universal Coefficient Formula H'(A; Q) # 0 for any A. Take a
closed neighborhood U C X which is contractible in X and with dim U = 2. Then there is
a compact subset A C U with H?(U, A) # 0. The homomorphism v : H2(U, A) — H?(U)
is trivial, since ¢ is trivial in the following diagram and « is surjective because of 2-
dimensionality of X.

H*(U) «— H*U,A) «—— H'(A)

d |
(X)) «“— H*(X,A)
Therefore H'(A) # 0 and hence H'(A;Q) # 0. Since the inclusion A C X is homo-

topically trivial, the induced homomorphism in rational cohomologies is trivial. Hence
H?*(X,A;Q) # 0. Now by Theorem 12.3 X is dimensionally full-valued. [J

12.6. Theorem. For any prime p there exists an AR compactum M,, having dimen-
stons:

dim M, = dimZ<p) M, = dimz, M, = 4 and

dimq M, = dimz .. M, = dimz,Z M;, = 3 where q # p is prime.

For a map f: A — B we denote by Sy ={z € A| f~'f(z) # 2} C A the singularity
set of f. We use the following theorem which generalizes Borsuk’s ANR pasting theorem.

12.7. Theorem. Let A, B, X be ANR compacta and let « : A — X and f: A — B
have the following property: « restricted to the singularity set Sy is one-to one. Then
the pushout Y of the diagram

A;B

|
X
is an. ANR compactum provided it is finite dimensional.

Proof. Consider the diagram:

A —— B
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Since « is injective on Sy, the map ¢ is defined by the decomposition F = {af~1(y) |
y € f(S) and singletons}. It is clear that this decomposition is upper semicontinuous.
Hence Y is a compact metric space. There is the natural map ¢ : DM,y — Y of the
double mapping cylinder onto the pushout. By Borsuk’s ANR pasting theorem DM, s
is ANR. We show that map q is cell-like, then the result follows.

We consider three cases.

1) y € Y \ ¢aA. In that case ¢! is a singleton i.e. is cell-like.

2) y € paA \ paSy. In this case ¢~ ! is homeomorphic to the cone over a~!(z) where
¢(x) = y. Hence it is cell-like.

3) y € ¢paSy. In this case the restriction of a on a~'¢~!(y) is a retraction r onto
¢ '(y). Let S = a '¢~!(y) N Sy. Then ¢~ ! is homeomorphic to the union of the
mapping cylinder of r and the cone over S C a~ !¢~ !(y). We can define a contraction
of this union to a point as follows. First we can deform the mapping cylinder M,. to the
image space ¢~ (y) = S. This deformation can be extended to a homotopy of the whole
¢ (y). As the result we have a deformation of the space to the union of the mapping
cylinder of « restricted over S and the cone over S. Since this is homeomorphic to the
cone over S, we can contract that to a point. [J

12.8. Lemma. There is an imbedding of an infinite tree T = UT; in a four-dimensional
cube I* such that there is a sequence of reqular neighborhoods Ny C No C ... of the finite
trees Ty C Ty C ... with the properties:

(1) The union UN; = N is dense in I4,

(2) For every i there is an €;-retraction h; : Niy1 \ Int(N;) — CI(ON;4+1 \ ON;),

(3) Xe; < oo,

(4) The restriction h; |cion,\oN.,,) 5 an imbedding.
Proof. We construct T and N by induction. Assume that diam(I*) = 1 and choose a
point o € OI*. We define T} as the segment from zg to the center ¢ of the cube I*.
Take €; = 2 and let N; be a regular neighborhood of T} in I*. There is an €;-retraction
hy : Ny — CI(ON; \ 8I*). Consider a finite 1/2-net in Int(I*\ N;). Then we join
points of the net by smooth arcs in I* of the length < 1 with ¢. We may assume that
all arcs are disjoint and transversal to dN;. The union of these arcs with T gives T5.
Then we consider a regular neighborhood NJ of T, such that there is an es-retraction
ho : Ny \Int(Ny) — CI(ON4\ N1) with e = 1. Define No = NJUN;. Consider a 1/4-net
in Int(7*\ Ny) and join every point of the net with one of the closest point of the previous
net by an arc of length < 1/2 and transversal to 9N2 and so on. [

Proof of Theorem 12.6. Let N and T be as above. Let A = B = NNdI* = D be a 3-
dimensional disk. Define X = I*\Int(N). Since X¢; < 0o, the composition h = - - -ohgoh;
is a retraction of I* onto X. Hence X € AR. We define a = h |p. We define f : D — D
as follows. Denote Dy, = a~1(UX_CI(ON; \ N;11). Then we define fo : D — 0D as
a map of degree p. Since the second homotopy group is abelian, we can extend fy to
f1: D1 — Dy in such way that the restriction of f; on every component of the boundary

0D, is a mapping the component to itself with the degree p. Then we can extend f; to
f2 : Dy — Ds in the similar fashion and so on. Let U = U2, o~ 'CI(ON; \ N;y1). Then
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D\ U = C is a Cantor set. We define f on U as the union of f; and f |c= idc. We note
that « |7 is injective and Sy C U. Also it is easy to see that the pushout in this case is
at most 4-dimensional. Then Theorem 12.7 defines an AR-space M, =Y.

Note that Z = ¢(CI(0I* \ D)) is homeomorphic to the Moore space M(Z,,2). Since
H3(Z;Z,) # 0 and Z C Y € AR, the exact sequence of pair (Y,Z) implies that
dimz, Y > 4. Therefore the Bockstein Theorem and the Alexandroff Theorem together
with BI3 imply that

dim M, = dimz(p) M, = dimz, M, = 4.

We show that for every closed subset F' C Y the equality H3(F;Z,) = 0 holds for all
prime g # p. Then Theorem 12.3 and the Bockstein Alternative imply that

dimQ Mp = dimzq Mp = dimzpoo Mp =3.

Let K = 871(F). There is a sequence of open 3-balls {B;} in D such that

(1) each ball is a component of a complement to D; for some [,

(2) O\K - U;‘)ilBi;

(3) B;NK =4.
Denote D' = D\ U2, B; and consider F' = §(D’). We show that the inclusion F' C F’
induces an epimorphism in 3-dimensional cohomologies. Let g : F' — K (G, 3) be a map to
Eilenberg-MacLane complex. Since dim D’ = 3, there is an extension v : D’ — K(G, 3)
of amap go 3 |g-1(r). We define g : F — K(G,3) by the formula: g(z) =v3~! |p/ (2)
for z € F’. Since g is an upper semi-continuous multi-valued map, it suffices to show
that v371(z) consists of one point for all z € F’. By the definition this holds for z € F.
Let z € F’\ F. Then by the definition of D’ we have that 3=*(2)ND’ c U = f(U) C Sy.
Since « |, is injective, | f(f~'871(y))NSs |< 1. This implies that S~!(z) N D’ consists
of one point. Next, we show that H?(F; Z,) = 0. We consider the map v : My — DM, s
generated by the map f. Let ¢ : DM, s — Y be the quotient map of Theorem 12.7.
Consider the diagram generated by the map v restricted to the pairs (g~ (F’), D’) and
(y~tqg 1 (F"),D’") where D’ is considered here as the subset of D = B and D = A
respectively;

0 —— H3g\(F');2Z,) «——— Hg'(F"),DZy) «——— H*D';Z,)

. ] o

0 —— H*(v'q ' (F');Zq) «—— H*(y'q '(F"),D";Z,) «——— H*(D";Z,)

The homomorphism ¢- is generated by a relative homeomorphism and, hence, is an
isomorphism. The homomorphism ¢3 is generated by the restriction f |p, which is a map
of degree p of an infinite wedge of spheres to itself. Hence it induces an isomorphism of
cohomologies with coefficients in Z, for ¢ relatively prime to p. The Five lemma implies
that v* is an isomorphism.
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Let & : M, — X be the natural projection to the range. The diagram

DM, ; —2—'Y

d d

M, Y . x
restricted to F/ C Y produces isomorphisms diagram for 3-dimensional cohomology:

H?)(q_l(F,)§Zq> A Hg(Fl5Zq)

7 l

HP(y =g 1 (F"): Zg) —— HP(67H(F"): Zy)

Since X is 3-dimensional AR-space, H3(¢~'(F');Z,) = 0. Hence H3(F';Z,) = 0 and
H*(F;Z,)=0. O

12.9. Remark. For relatively prime p and q the dimension of the product does not
comply to the logarithmic law: dim M, x dim M, = 7.

Proof. By Alexandroff and Bockstein theorems we have dim(M, x M,) = dimz(M, X
M,) = max{dimgz, (M, x M,)} = by Theorem 12.3 = max{dimgz, (M, x M,)} =
max{dimg, M, + dimg_ M,} = 7.
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