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Abstract:

In this paper the concept of fuzzy functional compactness and fuzzy
seminormality is introduced in fuzzy topological spaces. Some interesting
properties and characterizations of these spaces are obtained.
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1. Introduction

Ever since C. L. Chang [2] introduced and developed the concept of fuzzv
topological spaces based on the concept of fuzzy set introduced by L. A. Zadeh [14].
the fuzzy concept has invaded many branches of Mathematics. Since then various
important concepts in classical topology such as compactness have been extended
fuzzy topological spaces.

The concept of functional compactness and seminormality in general topologs
was introduced and studied in [1,3,5,6,10,11,13] and [4,8,9,12] respectively. Thev
are focinating classes of spaces possessing many interesting properties. The purpose
of this paper is to introduce fuzzy functional compactness and fuzzy seminormality
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in fuzzy topological spaces. We give various characterizations along with some
interesting preliminary properties of these spaces.

2. Preliminaries

The interior and the closure of the fuzzy set A in X will be denoted by Int A
and ¢l A respectively. A fuzzy set A in X is said to be fuzzy regularly open if
Int (c] X) = A and fuzzy regularly closed if ¢l (Int A) = . A fuzzy set is fuzzy
regularly opeh ifits complement is fuzzy regularly closed. For the concepts not defined
in this paper we refer to [2,7].

3. Fuzzy Functionally Compactness in Fuzzy Topological Spaces

Definition 1: A fuzzy Hausdorff space (X, T) is fuzzy functionally compact <> For
every fuzzy closed set A in.X, satisfying the property that for every fuzzy continuous
map ffrom (X, T,) onto a fuzzy HausdorfT space (¥, T,), f{4) is fuzzy closed.

Definition 2: A fuzzy Hausdorff space (X, T) is said to be fuzzy absolutely closed <
For every fuzzy T - fuzzy open cover G = {u/aed}ofX there exists a finite
subfamily HopHoy o Ha such that /, < I{l cl(p, ).

Definition 3: A base for (X, T) is called fuzzy regular open, if it consists of fuzzy
regular open sets.

Definition 4: Let p be a fuzzy point in X and (X, 7) be a fuzzy topological space. 4 €
X is said to be a fuzzy regular open neighbourhood of p if there is some regular open
fuzzy set uin X suchthat pepand p < A

Definition 5: A fuzzy topological space (X, T) is called fuzzy semi normal < given
a fuzzy closed set 4 and fuzzy open set 1 such that A <y, then there exists a fuzzy
regular open set o such that 4 <o <.

Definition 6: A fuzzy topological space (X, T) is said to be fuzzy regular semi normal
if given a fuzzy regular closed set A of X and a fuzzy open set x of X such that 1 > A,
there exist a fuzzy regular open set & of X such that A0
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Proposmon 1. A fuzzy topological space (X, T') is fuzzy semi normal <> Given any
fuzzy closed set A and a fuzzy closed set u such that A + u < I, then there exists a
fuzzy open set Usuchthat,u <(clo)and(clo)+ A<,

Proof: Assume (X, T) is fuzzy semi normal. Given that A and u are fuzzy closed sets
suchthatl+y <I NowA+u<1=A<1-u Thendis fuzzy closed and / — pis
fuzzy open. Hence by assumption there exists a fuzzy regular open set p such that

Asps]-u | (1
Put o = I - cl(p), then
clfo) =cl[1-cl(p)]
Scl[l-cl(l-p)]

>cl [Int u] 2u

Also
cl(o)+ A=cl[I1-cl(p)]+A
=cl[Int(1-p] +A=(1-p)+4
Nowfrofn(l)
p=A
l-ps1-2

ie, l—-p+As<1
ie,cl(p)+A<1
Conversely, suppose A is fuzzy closed and u is fuzzy open set such that AL
Choose a fuzzy open set p such that
| I—p<el(p), el (o) + ASp

This means A <1 - ¢l (p) < . Therefore it is sufficient if we show that / - ¢l (p) 15
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fuzzy regular open set.

Intel[1-cl(p]=Intcl[1-{1-Int(]-p)}]
=Intcl [Int (]-p)]
=Int[1-Int{1-Int(l-p)}]

=Int[1-Int(cl(p)]<Int(1-p)

<l-cl(p
Also,
I-cl(p)2Intcl(1-cl(p)
=Intcl(1-cl(p)=1-cl(p
=1 - cl (p) is fuzzy regular open. | a

Proposition 2: Let (X,T) be a fuzzy Hausdorff functional compact space. If
F={p,/aeAd)}isabase on X such that the intersection A of the elements of F is
equal to the intersection of the closures of the elements of , then Fis a base for the
fuzzy neighbourhood of A.

Proof: Given that every fuzzy continuous mapping f from X to a fuzzy Hausdorff
space is fuzzy closed. Also given that ¥ is a fuzzy base on X such that

A= A, 12, T}

= /\A{clxla /2, € F}
We claim that #is a base for the neighbourhood of A.
Suppose not, then there exist a fuzzy open set  in X such that

Dpu=a . B

(W) VyeF (I-p)+ytlie y—usgOie ytuie,y>pu
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Take ¥ = X and define a base 3 for a fuzzy topology 7 on ¥ as follows:

peB()f () (1-1)e T
or

@f'perF

Thus ( ¥, 7) is a fuzzy Hausdorff space. Let f: X — Y be the identity map. Then /'x
fuzzy continuous and therefore by hypotheses f'is fuzzy closed. But f{1 - 1) is no
fuzzy closed. This is a contradiction. Hence the proposition. O

Proposition 3: In the following statements the following implications are valid.
(i) < (ii) and (iil) < (iv) < (v).
(i) (X T)is fuzzy functionally compact.
(i) Every fuzzy continuous function from X into any fuzzy Hausdorff spac:
is fuzzy closed.

(iii) Given a fuzzy regular open set A of X, a fuzzy open cover Bof (/ - £
and a fuzzy open neighbourhood 4 of 4, then there exists p, € B,
1 < i <n such that

1y :ﬂV|:CIX\_/1pai}

(iv) Given a fuzzy regular open cover @ of any fuzzy closed set 4, then thes
exists p, € B, I <i <nsuch that

Acly 1\:/1 Pe,
(v)  Xis fuzzy absolutely closed and fuzzy regular seminormal.
Proof: The equivalence of (i) and (ii) follows from the definition.
(iil) = (v)
Let A be any fuzzy closed set. Let 8 = {p,_ /a € A } be any fuzzy regular open cov=
of 1.
Then u=1- QZA p, is fuzzy regular closed and J:A p,=1-p=Bisafuzz
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Proof: Let f be a fuzzy continuous mapping of X into a fuzzy Hausdorff space Y. Let
A be a fuzzy closed set in X. Then A/ X, is fuzzy closed in X, fori=1tonand // X
are also fuzzy continuous fori=1ton.

Then f{4) = I{l (f/X )(A/X, ) is fuzzy closed in Y. Therefore X is fuzzy
functionally compac:c.

Proposition S: Let.X bea fuzzy Hausdorff space and Z a fuzzy functionally compact,
fuzzy Hausdorff space Y. Let / be a fuzzy continuous mapping of Z onto X. Then Xis
fuzzy functionally compact.

Proof: Let f be a fuzzy continuous mapping of X into a fuzzy Hausdorff space Y.

f foh

\%
Y

Let A be any fuzzy closed setin X. Then f{fA) = (fo ) (W'(2)) is fuzzy closed since
Z is fuzzy functionally compact and f o 4 is fuzzy continuous.

This proves that X is fuzzy functionally compact.
ACKNOWLEDGEMENT

The authors wish to thank the referee for his helpful suggestions towards the

improvement of this paper.
References (

[1]  Angelo, Bella; A note on functionally compact spaces, Proc. Am. Math.
Soc. 98 (1986) No. 3, 507-512



(2]

(3]

(4]
(5]

(6]

(7]

(8]

(%]

[10]

(11]

(12]

(13]

[14]

G. PALANICHETTY AND G. BALASUBRAMANIAN 45

Chang, C. L.; Fuzzy topological spaces, J. Math. Anal. Appl. 141 (1968)
82-89

Dickman, A. K. Jr. and Zame, A.; Functionally Compact Spaces, Pacific J.
Maths. 31 (1969) 303-312

Dorsett, C.; Semi-normal spaces, Kyungpook Math. J. 25 (1985) 173-180

Goss, G. and Viglino, G.; Some topological properties weaker than compactness,
Pacific J. Maths. 35 (1970) 635-638.

Goss, G. and Viglino, G.; C—compact and functionally compact spaces, Pacific
J. Maths. 37 (3) (1971) 677-681

Mukherjee, M. N. and Ghosh, B.; Concerning nearly compact fuzzy topological
spaces, Bull. Cal. J. Math. Soc. 83 (1971) 545-552

Noiri(Kumamoto), T.; Semi-normal spaces and some functions, Acta Math.
Hungar, 65 (3) (1994), 305-311

Frink, Orrin; Compactifications and semi-normal spaces Hungarian J. Math.
86 (1964) 602-607

Ho, Kim; Notes on C-compact spaces and functionally compact spaces
Kyungpook Math. J. 10 (1970) 75-80

Lim, Tech-Cheong and Tan, Kok-Keong; Functional Compactness and C-
Compactness J. London Math. Soc. (2) 9 (1974), 371-377

viglino, G.; Seminormal and C-compact spaces, Duke Math. J. 38 (1971)
57-61.

Willard, S. W.; Functionally compact spaces, C-compact spaces and mappings
of minimal Hausdorff spaces Pacific . Maths. 38 (1) (1971) 267-272

Zadeh, L. A.; Fuzzy sets, Information and control, 8 (1965), 338-353.




