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Fréchet spaces with quotients failing the bounded
approximation property

by

ED DUBINSKY* and DIETMAR VOGT (Potsdam, N.Y.)

Abstract. It is proved that every Fréchet-Montel space not isomorphic to @ has a quotient
space which does not have the bounded approximation property.

A separable Fréchet space E is said to have the bounded approximation
property if there is a sequence A,: E — E (ne N) of continuous linear operators
with dim 4,(E) < +o0 and limA4,x = x for all xeE. It was a problem of

Grothendieck ([4], p. 136) to find a nuclear Fréchet space without the bounded
approximation property. This was solved in [2]. A simplified construction was
given in [9].

In [3] it was also shown by means of the structure theory of nuclear
Fréchet spaces that the space (s) of rapidly decreasing sequences has quotients
without the bounded approximation property. This was extended to arbitrary
stable power series spaces in [8]. In this paper we show that every Fréchet—
Montel space (hence every nuclear Fréchet space) not isomorphic to « has a
quotient failing the bounded approximation property.

The basic idea for all of these constructions is an observation of
A. Pelczyniski that a Fréchet space which admits continuous norm but is not
countably normed cannot have the bounded approximation property (see [2]).
This leads to certain necessary conditions and the examples are constructed so as
to violate these conditions. Our proofis based on the condition given in [9] which
is simpler than the one used in [2] and [3] and easily follows from the bounded
approximation property. In Proposition 5 we show that in fact both of these
conditions are equivalent to countably normedness.

So our results also say that countably normedness which is clearly
hereditary under subspaces is, even in the presence of continuous norms, in a very
strict sense not hereditary under quotients. ‘

We use standard notation (see [2], [6], [7] e.g).

From [9] we take the following lemma.
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1. LemMA. If E has the bounded approximation property and a continuous
norm, then the following holds:
There exists koe N such that for each k > ko there exists j > k such that
every || ||;-Cauchy sequence in E which is || |lxy-null is also || [j-mull.
We use Lemma 1 to obtain a condition for the existence of quotients without
the bounded approximation property. We will use this formulation to obtain our
main results.

2. ProPOSITION. Let G be a Fréchet space and (|| |i)xen an increasing sequence
of norms which defines the topology of G. Suppose that G has a vector subspace L
which is closed in the normed space (G, || ||1) and satisfies the following condition:

For each k < j there exists x in the completion of (G, || |I;) such that x is the

| llo-limit of a sequence in L but not the || ||y ,-limit of any sequence in L.

Then G/L does not have the bounded approximation property.

Proof. Let E be the quotient G/L with topology defined by (| |y Where
|x+ L], = inf{jx+ y|l;. Since L is || [|;-closed it follows that | [, is a norm.

L

We wylsll show that the condition in Lemma 1 is violated. In fact, take any k,
and k = ko+ 1. Applying our assumption to k < j, we have a sequence (x,) in G
whichis || ||;-Cauchy, so that (x,+ L) is| [;-Cauchy; also (x,+L)is| |,-null but
not | [,-null.

Our next step is to formulate the condition of Proposition 2 in case G is a
nuclear K&the space K = K (a). Here a = (a,,) is an infinite matrix of positive
numbers increasing in k and satisfying

Zan,k A k+1 < +o0
"

for all ke N.

Then we define
K (@) = {& = (&): lElle = Y1E aye < +o0 for all k)

and (|| ||g) is an increasing sequence of norms defining a topology such that
K(a) is a nuclear Fréchet space.

The space K = K (a) is continuously embedded into the Cartesian product
w of countably many copies of the scalar field in such a way that for any vector
subspace H of K we can consider the completion H, of (H, || ||;) as a vector
subspace of w. The condition of Proposition 2 may then be expressed as follows:

K;n L, is not contained in Ly,q.

In order to obtain this condition for every k < j we will consider N to be
decomposed into infinitely many infinite subsets M*/, It suffices to find for
every k <j a subspace IX/ of K = (¢ =(¢)eK: &, =0 for n¢ M*/} such
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that L/ is || ||;-closed and K}/ I is not contained in 4. . The space
L={{=()eK: & e L for all k, j} will then satisfy the condition of
Proposition 2.

Sir}ce in the construction of I*/ we may assume without any loss of
generality that k=2, j=4 it will be enough to construct for every Kothe
space K = K(a) a || ||;~closed subspace L< K such that K,nL, is not
contained in Ls.

Now we are able to give the main technical result in the paper.

3. PROPOSITION. Any nuclear K&the space which admits a continuous norm
has a quotient without the bounded approximation property.

Proof.‘ We put b,y = dape 145 Cop = dgy, and by making a diagonal
transformation we may assume that

Z_E'ﬁ_< +ow, k=

5 2,3; (cpaely; limc,s = +oo.
nk+ 1 n

We have up to isomorphism
K= {0x, 31 16, Yl = L 1% buset Y Val €op < + 00 for all &}

and we define

L= {(x, )eK: y,= ¥

y=

b, x, for all n}.
1

In view of the above discussion we must show that L is closed in K w.r.t.
[I'll; and that K, ~nL, is not contained in Ls.
It is clear from the defining relation that L is coordinatewise closed so it is
closed wrt. || ||;.
Let A =(4,) be any element of I, with A, >0 for all n and write
A‘n - bv,3
Xy = b,,',‘, Yn Z Av bv,4’

vE 1

A=Y Anﬁ"ﬁ.
n=1 bn,4

' Itis clear from our assumptions that (x, y)e K,. We willshow thatitisin L,, .
ie, that it can be approximated in || ||, by elements of L.

Given ng, set

X n < ng,
ng n
fn = "b Z vav‘aa n= n0+15 Hp = Z fvbv.a:
ngt1,3 v=1 v=1

0, n>n,,
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We obtain
llix, »—(€, Ml

0 o0 1
= Z lxnl bn.z + Z Iynl Cr2t Xng+ 1 +B——r’”0 bn0+ 1,2
n=np+2 n=ng+1 ng+1,3
& b i b
< Y 4+4 Y Cppt ittt th g,
n=np+1 bn,4 n=ng+1 no+1,3

which goes to 0 as n, goes to oo. Thus (x, y)e K4 N L,.

Finally we must show that (x, y)¢ L. First we observe that the finitely non-
zero vectors in L are || ||;-dense in L. In fact, given (u, v)e L define (&, #) exactly
as above with x, y replaced by u, v. Clearly, (¢, n) is a finitely non-zero vector
in L and

(1, ©) = (&, 73
0 o 1
= Z Iunl bn,3+ Z Iunl cn.3+ “n0+1+r‘—‘ﬂno bn0+1.3
p=ngp+2 , m=ng+1 np+1,3
© o
= Z Iunl bn.3+”(u’ U)“3 Z cn,3+|un0+ 1"
n=n0+2 n=ng+1

The first two terms go to 0 as n, goes to co because of the assumptions and
the last because (4, v)e K and limc, s = co. Notice that |v,| < ||(u, v)|l; for
n

(u, v)e L and all n.

Thus it suffices to show that (x, y) cannot be approximated in|| |3 by finitely
non-zero vectors in L. Since x, y have no non-zero coordinates, this cannot be
done with such vectors having the number of non-zero terms bounded. Thus it
must be shown that (x, y) cannot be approximated in || ||; by vectors £, n of the
form

Xns "S"o,
no "
fn= e Z vav.Sa n=n°+1, Ny = Z évbv.ih
bno+l.3 v=1 v=1
0, n > ny.

with arbitrarily large ng.
Suppose then that we did have [|(x, y)~(&, #)lls < &. Then

"0 1
Z Ixn'—én| bn.?: < &, xn0+l+'l;—'77no bn0+1,3 <68
n=1 no+1,3
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b 0
[ Innol—lxno-l'l' bn0+1,3 = lynol-—lyno—nnol_"lno+1 rotld
bno—l- 1,4
"0 b
= ngl—| X (xv—év)bv‘3|—lno+l ng+1,3
ye= ] bn0+1,4

bn +1,3
= 'ynol_s—'j'no-i-lm‘n«;
no+ 1,4

~and letting ny go to co we obtain 2t > 4 which leads to a contradiction.

The result of Proposition 3 extends immediately to the class of all Fréchet
spaces admitting a nuclear K the space with continuous norm as quotient. These
spaces have been characterized among the separable Fréchet spaces by Bellenot
and Dubinsky [1]. Putting their results (in particular [1], Cor. 4) together with

' Proposition 3, we obtain the main result of this paper.

4. TueoreM. Every Fréchet-Montel space not isomorphic to o has a quotient
without the bounded approximation property. :

We will now show that the condition in Lémma 1 which we used for our
construction and also the condition used in [3] (see (iii) below) are in fact
equivalent to countably normedness.

Werecall that a Fréchet space E is called countably normed if its topology can
be defined by an increasing sequence of norms (| |lken such that the unique
extensions 4;: E, ., ~ B, of the identity are injective, where E, is the completion
of the normed space (E, || [|), or equivalently: such that any sequence (x,) in E

" which is Cauchy with respect to one of these norms Il Il and null with respect to

another || ||, is also null with respect to || [|,.. The main value of the conditions (i)
and (iii) below is that they are formulated in terms of an arbitrary fundamental
system of norms:

5. ProposimioN. Let E be a Fréchet space which admits a continuous norm
and let (|| |le)ken be an increasing sequence of norms which define the topology of E.
Denote by E the completion of the normed space (E, || ||) and by Ay: Eyx.( — B,
the unique extension of the identity. Then the following conditions are equivalent:
(i) E is countably normed.
(i) There exists ko & N such that for each k > ko there exists j > k such that
every || ||-Cauchy sequence in E which is || |j-null is also || ||e-null.

e

(i) There exists koe N such that for each xe () Aiy -+ Ax(Ey41) there
k=ko .
exists a sequence (x;) such that Xpo =X and X, = Ay Xprq for all k = k,.

Proof. (i) = (ii). Let (| |,)n beasequence of norms defining the topology of
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E and satisfying the definition of countably normedness. Choose k such that
| |; is dominated by || |, and give k > k,. Choose k_’ such that || ||, is
dominated by | |,.. Then choose j such that | |, is dominated by || [i;. The
conclusion is then clear.

(if) = (iii). For every k > ko choose j = j, according to (ii). We may assume

(ji) strictly increasing. If xe (N Ay, ... Ay (Ey+ 1) then we have for every k > k,
K=k

x. € E, such that x=AkO...A(:‘_,xk. Now condition (ii) says exactly that
Apg -+ Ar-1 is injective on A,...A; -1 (E,k). Hence A, "'Air-l(yjk)
=Ay...A;- (y) for all j =, in partiqu]ar for j =ji+1. So we can take x,
=A,... Ajk’" 1 (yjk).

(i) = (i). We may assume ko =1. Let F, = A, ... A (E;.;) with the
quotient norm induced from E 4. F = k(\l F, with the projective topology is a
countably normed Fréchet space. It is a continuously imbedded subspace of E, .
Let P,: E — E, be the canonical map. We will show that P;: E — E; maps E 1-
1 onto F. Since E and F are Fréchet spaces the closed graph theorem then
implies that E and F are isomorphic which proves the assertion.

P, is 1-1, because |||, is a norm.

Since Py = A, ... A, Py, for all k we have im P; < F.For y e F there exists
by assumption a sequence (x;) suchthat x; = y and x, = A4, x; . for all k. Since E
is complete, it follows that there exists xe E with P, x = y. Hence we have
F cim P, and the proof is complete.

The following result, which is a consequence of the above proof has some
application (see [5]).

6. CoroLLARY. IfEis a projective limit of a sequence of maps of Hilbert spaces
and E is countably normed then E is isomorphic to a projective limit of a sequence of
injective maps of Hilbert spaces.

Proof. If E is countably normed then by Proposition 5 and the hypothesis,
we have condition (iii) of Proposition 5 with each E, a Hilbert space. Therefore
the F, in the proof of (iii) = (i) are Hilbert spaces.

Since the proof of Theorem 4 was based on condition (i) in Proposition 5, we
can state the following

7. THEOREM. Every Fréchet-Montel space not isomorphic to w has a
quotient which has a continuous norm but is not countably normed.
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