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1. Introduction

Katsaras and Petalas [10] introduced the concept of fuzzy syntopogenous struc-
tures as the foundations of the theories of Chang fuzzy topological spaces [3], Hutton
fuzzy uniform spaces [5], Katsaras fuzzy proximity spaces [6, 7]. Katsaras [8, 9] de-
veloped the notions of a fuzzy syntopogenous structures in the sense of Lowen fuzzy
topological spaces [13], Lowen fuzzy uniform spaces [14] and Artico-Moresco fuzzy
proximity spaces [1, 2]. Moreover, Šostak [21] and Ramadan [16] expanded a fuzzy
syntopogenous structures in the sense of Šostak fuzzy topological spaces [20]. Šostak
[20] introduced the notion of ( L, ∧)-fuzzy topological spaces as a generalization of
L-topological spaces [13]. Höhle and Šostak substitute a complete quasi-monoidal
lattice (or GL -monoid) instead of a completely distributive lattice or an unit in-
terval. Ramadan et al [18] introduce the concept of L-fuzzy topogenous spaces and
L-fuzzy quasi- uniform spaces.

In this paper, we introduce the (L,�)-smooth topogenous spaces in the sense of
Šostak fuzzy topological spaces [20], Samanta fuzzy proximities and unformities [19],
and Yue et al. fuzzy quasi-uniform spaces [22]. It is different from the definitions of
L-fuzzy topogenous structures [8, 9, 16, 17, 18, 19]. We study a natural relationship
between (L,�)-fuzzy topogenous structures and (L,�)-fuzzy quasi-uniformities..
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2. Preliminaries

Throughout this paper, let X be a nonempty set. L = (L,≤,∨,�, ′, 0, 1) denotes
a completely distributive lattice with order-reversing involution ′ which has the least
and greatest elements,say 0 and 1, respectively. Let LX be the family of all L-fuzzy
subsets of X. For α ∈ L, α(x) = α for all x ∈ X.

Definition 2.1 ([4]). A triple (L ,≤,�) is called a strictly two-sided, commutative
quantal (stsc-quantale, for short) iff it satisfies the following properties:

(L1) (L,�) is a commutative semigroup.
(L2) a = a� 1, for each a ∈ L.

(L3) � is distributive over arbitrary joins, i.e.,
( ∨

i∈Γ

ai

)
� b =

∨
i∈Γ

(ai � b).

Remark 2.2 ([4]). (1) Each frame is a stsc-quantale. In particular, the unit interval
([0, 1], ≤, ∧, 0, 1) is a stsc-quantales.

(2) Every continuous t-norm T on ([0, 1],≤, t) with � = t is a stsc-quantales.
(3) Every GL-monoid is a stsc-quantale.
(4) Let (L,≤,�) be a stsc-quantale. For each x, y ∈ L, we define

x → y =
∨
{z ∈ L | x� z ≤ y}.

Then it satisfies Galois correspondence, that is,

(x� y) ≤ z ⇔ x ≤ (y → z).

(5) (L,≤,�,⊕,∗ ) is a stsc-quantale with an order-reversing involution ∗ defined
by x⊕ y = (x∗ � y∗)∗ unless otherwise specified.

Definition 2.3 ([4]). A stsc-quantale (L,≤,�,∗ ) is called a complete MV-algebra
iff it satisfies the following property:

(MV) (x → y) → y = x ∨y, ∀x, y ∈ L which is defined as
x → y = ∨{z ∈ L | x� z ≤ y}, x∗ = x → 0.

Lemma 2.4 ([4]). Let (L,≤,�,⊕,∗ ) be a stsc-quantale with an order-reversing
involution ∗. For each x, y, z ∈ L, {yi | i ∈ Γ} ⊂ L, we have the following properties:

(1) If y ≤ z then (x� y) ≤ (x� z) and (x⊕ y) ≤ (x⊕ z).
(2) x� y ≤ x ∧ y ≤ x ∨ y ≤ x ⊕ y.
(3) ∧i∈Γ y∗i = (∨i∈Γ yi)∗ and ∨i∈Γy∗i = (∧i∈Γyi)∗.
(4) x⊕ (∧i∈Γyi) = ∧i∈Γ (x ⊕ yi).
(5) (x ∨ y )� (z ∨ w) ≤ (x ∨ z) ∨ (y � w) ≤(x⊕ z)∨ (y � w).
(6) x � (x → y) ≤ y and x → y ≤ (y → z ) → (x → z).
(7) If x∗ = x → 0, then x → y = y∗ → x∗.
(8) If x∗ = x → 0, then x� (x∗ ⊕ y∗) ≤ y∗.
(9) If L is a complete MV-algebra, then

x� y = (x → y∗)∗, (x⊕ y) = x∗ → y,
(x⊕ z)� y ≤ x⊕ (y � z),
(x� y)� (z ⊕ w) ≤ (x� z)⊕ (y � w),
x⊕ (∨i∈Γ yi) = ∨i∈Γ(x⊕ yi) and
x� (∧i∈Γ yi) = ∧i∈Γ(x� yi).
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All algebraic operations on L can be extended pointwise to the set LX as follows:

(1) λ ≤ µ iff λ(x) ≤ µ(x),∀x ∈ X.
(2) (λ� µ)(x) = λ(x)� µ(x),∀x ∈ X.
(3) (λ → µ)(x) = λ(x) → µ(x),∀x ∈ X.

Definition 2.5 ([4, 12, 15] ). A map τ : LX → L is called an (L,�)-smooth
topology if it satisfies the following conditions:

(o1) τ(0) = τ(1) = 1,
(o2) τ(µ1 � µ2) ≥ τ(µ1)� τ(µ2), ∀ µ1, µ2 ∈ LX .
(o3) τ(∨i∈Γµi) ≥ ∧i∈Γτ(µi) for any {µi}i∈Γ ⊂ LX .

The pair (X, τ) is called an (L,�)-smooth topological spaces.

Let τ1 and τ2 be (L,�)-smooth topologies on X. We say that τ1 is finer than τ2 (τ2

is coarser than τ1), denoted by τ2 ≤ τ1, if τ2(λ) ≤ τ1(λ) for all λ ∈ LX .
Let (X, τ1) and (Y, τ2) be (L,�)-smooth topological spaces.
A function f : (X, τ1)→ (Y, τ2) is called (L,�)-smooth continuous map if τ2(λ) ≤

τ1(f−1(λ)) for all λ ∈ LY .
From [4, 5, 10, 11], let ΩX denote the family of all functions f : LX → LX with

the following properties:
(a) f(0) = 0 and µ ≤ f(µ), for every µ ∈ LX .
(b) f(

∨
i∈Γ µi) =

∨
i∈Γ f(µi), for {µi}i∈Γ ⊂ LX .

For f ∈ ΩX , the function f−1 ∈ ΩX is defined by

f−1(µ) =
∧
{ρ | f(ρ′) ≤ µ′}.

For f, g ∈ ΩX , we define, for all µ ∈ LX ,

(f � g)(µ) =
∧
{f(µ1) ∨ g(µ2) | µ1 ∨ µ2 = µ}, f ◦ g(µ) = f(g(µ)).

Then f � g, f ◦ g ∈ ΩX .

Lemma 2.6. For every f, g, h, f1, g1 ∈ ΩX , the following properties hold:

(1) If f ≤ f1, g ≤ g1, then f � g ≤ f1 � g1.
(2) f � g ≤ f, f � g ≤ g and f � f = f .
(3) (f−1)−1 = f .
(4) f ≤ g iff f−1 ≤ g−1.
(5) f(µ) ≤ ρ iff f−1(ρ′) ≤ µ′.
(6) Let a function f1,1 : LX → LX be defined by

f1,1(µ) =
{

1 if µ 6= 0,
0 if µ = 0.

Then f1,1 = f−1
1,1

∈ ΩX and f � f1,1 = f .
(7) (f ◦ g)−1 = f−1 ◦ g−1.
(8) (f � g)−1 = f−1 � g−1.
(9) (f � g)� h = f � (g � h).

When L = (L,≤,∨,�,′ , 0, 1) = (L,≤,∨,∧,′ , 0, 1) we have the definition
209
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Definition 2.7 ([4, 19]). A function U : ΩX → L is said to be an (L,∧)-smooth
quasi-uniformity on X if it satisfies the following conditions:

(FQU1) If f ≤ g, then U(f) ≤ U(g).
(FQU2) U(f∧g) ≥ U(f)∧U(g), for each f, g ∈ ΩX .
(FQU3) For each f ∈ ΩX ,

∨
{U(g) | g ◦ g ≤ f} ≥ U(f).

(FQU4) There exists f ∈ ΩX such that U(f) = 1.

The pair (X,U) is said to be (L,∧)-smooth quasi-uniform space. The (L,∧)-
smooth quasi-uniform space (X,U) is called an (L,∧)-smooth uniform space if it
satisfies

(FU) For each f ∈ ΩX ,
∨
{U(g) | g ≤ f−1} ≥ U(f).

Let U1 and U2 be two (L,∧)-smooth (quasi-)uniformities on X. U1 is finer than U2

( or U2 is coarser than U1) , denoted by U2 ≤ U1, iff for any f ∈ ΩX , U2(f) ≤ U1(f).

Remark 2.8. (1) Let (X,U) be an (L,∧)-smooth quasi-uniform space. Put

Ur = {f ∈ ΩX | U(f) > r}

for each r ∈ L− {1}, where L = [0, 1] , then Ur is a Hunton fuzzy uniformity on X
(see [5]).

(2) Let (X,U) be an (L,∧)-smooth quasi-uniform space. By (FQU1), (FQU2)
and Lemma 2.6(2), we have U(f∧g) = U(f)∧U(g), where L = [0, 1].

(3) If (X,U) is an (L,∧)-smooth uniform space, then, by (FU), (FQU1) and
Lemma 2.6(3), we have U(f) = U(f−1).

(4) Let (X,U) be an (L,∧)-smooth quasi-uniform space. By Lemma 2.6(6) and
(FQU4), since f ≤ f1,1 for all f ∈ ΩX , we have U(f1,1) = 1.

3. (L,�)-smooth topogenous spaces and (L,�)-smooth quasi-uniform
spaces

Definition 3.1. A function η : LX × LX → L is called an (L,�)-smooth topoge-
nous structure on X if it satisfies the following axioms for any λ, λ1, λ2, µ, µ1, µ2 ∈
LX :

(T1) η(1, 1) = η(0, 0) = 1.
(T2) If η(λ, µ) 6= 0, then λ ≤ µ.
(T3) If λ ≤ λ1 and µ1 ≤ µ, then η(λ1, µ1) ≤ η(λ, µ).
(T4) η(λ1 ∨ λ2, µ) ≥ η(λ1, µ)� η(λ2, µ).
(T5) η(λ, µ1 � µ2) ≥ η(λ, µ1)� η(λ, µ2).
(T6) η ≤ η ◦ η where, for any λ, µ ∈ LX ,

η ◦ η(λ, µ) =
∨

ν∈LX

(η(λ, ν)� η(ν, µ)).

The pair (X, η) is called the (L,�)-smooth topogenous space.
The (L,�)-smooth topogenous structure η is called symmetric if η = ηs where

ηs(λ, µ) = η(µ′, λ′), ∀λ, µ ∈ LX .
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Let η1 and η2 be two (L,�)-smooth topogenous structures on X. η1 is finer
than η2 (η2 is coarser than η1), denoted by η2 ≤ η1, if η2(λ, µ) ≤ η1(λ, µ) for each
λ, µ ∈ LX .

Remark 3.2. Let (X, η) be an (L,�)-smooth topogenous space. Then
(1) From (T3),(T4) and (T5), we have the following conditions:

(T4)′ η(λ1 ∨ λ2, µ) = η(λ1, µ)� η(λ2, µ).
(T5)′ η(λ, µ1 � µ2) = η(λ, µ1)� η(λ, µ2).

(2) If L = [0, 1] and � = ∧ we put ηr = {(λ, µ) ∈ LX × LX | η(λ, µ) > r} for each
r ∈ L − {1}. Define (λ, µ) ∈ ηr iff λ � µ. Then ηr is a Katsaras fuzzy topogenous
structure on X.

Example 3.3. We define a function η : LX × LX → L, where L = [0, 1] and � = ∧
as follows

η(λ, µ) =


1, if λ = 0 or µ = 1,

2
3 , if 0 6= λ ≤ µ 6= 1,

0, otherwise.

Then η is an (L,�)-smooth topogenous structure on X because for 0 6= λ ≤ µ 6= 1,
η◦η(λ, µ) ≥ η(λ, µ)∧η(µ, µ) = 2

3 , other cases and other conditions are easily proved.

Theorem 3.4. Let (X,U) be an (L,�)-smooth quasi-uniform space. Define

ηU (µ, ρ) =
∨
{U(f) | f(µ) ≤ ρ}.

Then (X, ηU ) is an (L,�)-smooth topogenous space. If (X,U) is an (L,�)-smooth
uniform space, (X, ηU ) is a symmetric (L,�)-smooth topogenous space.

Proof. (T1) There exists f ∈ ΩX such that U(f) = 1. Since f(1) = 1 and f(0) = 0,
ηU (1, 1) = ηU (0, 0) = 1.

(T2) If ηU (µ, ρ) 6= 0, then there exists f ∈ ΩX such that U(f) 6= 0 and f(µ) ≤ ρ.
It implies µ ≤ ρ.

(T3) If λ ≤ λ1 and µ1 ≤ µ, then for each f ∈ ΩX with f(λ1) ≤ µ1, we have
f(λ) ≤ f(λ1) ≤ µ1 ≤ µ. Thus, ηU (λ1, µ1) ≤ ηU (λ, µ).

(T4) Suppose there exist λ1, λ2, µ ∈ LX such that

ηU (λ1 ∨ λ2, µ) 6≥ ηU (λ1, µ)� ηU (λ1, µ).

From the definition of ηU (λi, µ) for i ∈ {1, 2}, there exists fi ∈ ΩX with fi(λi) ≤ µ
such that

ηU (λ1 ∨ λ2, µ) 6≥ U(f1)� U(f2).

On the other hand, since (f1 � f2)(λ1 ∨ λ2) ≤ f1(λ1) ∨ f2(λ2) ≤ µ,

ηU (λ1 ∨ λ2, µ) ≥ U(f1 � f2).

Since U(f1 � f2) ≥ U(f1) � U(f2), it is a contradiction. Thus, ηU (λ1 ∨ λ2, µ) ≥
ηU (λ1, µ)� ηU (λ1, µ).

(T5) Suppose there exist λ, µ1, µ2 ∈ LX such that

ηU (λ, µ1 � µ2) 6≥ ηU (λ, µ1)� ηU (λ, µ2).
211



M. A. Abdel-Sattar/Annals of Fuzzy Mathematics and Informatics 2 (2011), No. 2, 207–217

From the definition of ηU (λ, µi) for i ∈ {1, 2}, there exists fi ∈ ΩX with fi(λ) ≤ µi

such that
ηU (λ, µ1 � µ2) 6≥ U(f1)� U(f2).

Since (f1 � f2)(λ) ≤ f1(λ) � f2(λ) ≤ µ1 � µ2, ηU (λ, µ1 � µ2) ≥ U(f1 � f2). Since
U(f1 � f2) ≥ U(f1)� U(f2), it is a contradiction.

(T6) Suppose there exist µ, ρ ∈ LX such that

ηU ◦ ηU (µ, ρ) 6≥ ηU (µ, ρ).

From the definition of ηU (µ, ρ), there exists f ∈ ΩX with f(µ) ≤ ρ such that

ηU ◦ ηU (µ, ρ) 6≥ U(f).

Since
∨
{U(g) | g ◦ g ≤ f} ≥ U(f), there exists g ∈ ΩX with g ◦ g(µ) ≤ f(µ) ≤ ρ

such that
ηU ◦ ηU (µ, ρ) 6≥ U(g).

On the other hand, since g(µ) = f(µ) and g ◦ g(µ) ≤ ρ, we have

ηU (µ, g(µ)) ≥ U(g), ηU (g(µ), ρ) ≥ U(g).

Hence ηU ◦ ηU (µ, ρ) ≥ U(g). It is a contradiction.
Let (X,U) be an (L,�)-smooth uniform space. From Lemma 2.6(5) , since

f(µ) ≤ ρ iff f−1(ρ′) ≤ µ′ also U(f) = U(f−1), we have ηU = ηs
U . Hence (X, ηU ) is a

symmetric (L,�)-smooth topogenous space. �

Lemma 3.5. Let (X, η) be an (L,�)-smooth topogenous space. Let

η0 = {(µ, ρ) ∈ LX × LX | η(µ, ρ) 6= 0}.
For every (µ, ρ) ∈ η0, we define fµ,ρ : LX → LX as follows:

fµ,ρ(λ) =


0 if λ = 0,

ρ if 0 6= λ ≤ µ,

1 otherwise.

Then we have the following statements.
(1) fµ,ρ ∈ ΩX .
(2) If λ ≤ µ, ν ≤ ρ and fµ,ν ∈ ΩX , then fµ,ν ≤ fλ,ρ.
(3) For each fµ,ρ, there exists ν ∈ LX such that fν,ρ ◦ fµ,ν = fµ,ρ.
(4) If (X, η) is a symmetric (L,�)-smooth topogenous space and fµ,ρ ∈ ΩX , then

(fµ,ρ)
−1 = fρ′,µ′ .

(5) For each i = 1, ..., n, fµi,ρi
with (µi, ρi) ∈ η0, denote

Γ =

J ⊆ {1, ..., n} | λ ≤
∨
j∈J

µj


and put τJ =

∨
j∈J ρj for any nonempty subset J of {1, ..., n}. Then

∧n
i=1fµi,ρi

(λ) =


0 if λ = 0,∧

J∈Γ τJ if Γ 6= ∅,

1 if Γ = ∅.
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Proof. (1) From the definition of fµ,ρ, we have fµ,ρ(0) = 0. If 0 6= λ ≤ µ, then
fµ,ρ(λ) = ρ. Since (µ, ρ) ∈ η0, that is, η(µ, ρ) 6= 0, by (T2), µ ≤ ρ. Hence
λ ≤ fµ,ρ(λ). If λ 6≤ µ, then λ ≤ fµ,ρ(λ) = 1. It follows that λ ≤ fµ,ρ(λ). Finally, we
easily show that fµ,ρ(

∨
i∈Γ νi) =

∨
i∈Γ fµ,ρ(νi) from the following two conditions:

(a)
∨

i∈Γ νi ≤ µ iff νi ≤ µ for all i ∈ Γ,
(b)

∨
i∈Γ νi 6≤ µ iff νi 6≤ µ for some i ∈ Γ.

Hence fµ,ρ ∈ ΩX .
(2) From definitions of fµ,ν and fλ,ρ, it is trivial.
(3) From (T6), since η ◦ η(µ, ρ) =

∨
ν∈LX (η(µ, ν) � η(ν, ρ)) ≥ η(µ, ρ) 6= 0, there

exists ν ∈ LX such that η(µ, ν) 6= 0 and η(ν, ρ) 6= 0. Hence fµ,ν , fν,ρ ∈ ΩX .
Moreover, it is easily proved fν,ρ ◦ fµ,ν(λ) = fµ,ρ(λ) for any λ ∈ LX .

(4) Since (X, η) is a symmetric (L,�)-smooth topogenous space and fµ,ρ ∈ ΩX ,
then η(µ, ρ) = η(ρ′, µ′) 6= 0. It follows that fρ′,µ′ ∈ ΩX . We show that (fµ,ρ)

−1(λ) =
fρ′,µ′(λ) for all λ ∈ LX from the following statements (a), (b) and (c):

(a) If λ = 0,then (fµ,ρ)
−1(0) =

∧
{ν | fµ,ρ(ν′) ≤ 1} = 0 = fρ′,µ′(0).

(b) If 0 6= λ ≤ ρ′, then, by the definition of fµ,ρ, we have

fµ,ρ(ν′) ≤ λ′ iff fµ,ρ(ν′) ≤ ρ iff ν′ ≤ µ.

Hence
(fµ,ρ)

−1(λ) =
∧
{ν ∈ LX | fµ,ρ(ν′) ≤ λ′}

=
∧
{ν ∈ LX | ν ≥ µ′}

= µ′

= fρ′,µ′(λ).
(c) If λ 6≤ ρ′ and fµ,ρ(ν′) ≤ λ′, then , by the definition of fµ,ρ, we only have

fµ,ρ(ν′) = 0. It implies that ν = 1. Hence (fµ,ρ)
−1(λ) = fρ′,µ′(λ) = 1.

(5) If λ = 0 or Γ = ∅, then it is trivial. We only show that for Γ 6= ∅,
∧n

i=1fµi,ρi(λ) =
∧

J∈Γ τJ .
Suppose ∧n

i=1fµi,ρi
(λ) 6≤

∧
J∈Γ τJ . Since Γ 6= ∅, there exist J ∈ Γ with λ ≤∨

j∈J µj such that
n∧

i=1

fµi,ρi
(λ) 6≤ τJ .

Put for i ∈ {1, ..., n},

λi =

{
λ� µi if i ∈ J ,

0 otherwise .

Since λ =
∨

i∈J λi and λi ≤ µi for all i ∈ J , we obtain
n∧

i=1

fµi,ρi(λ) ≤
n∨

i=1

fµi,ρi(λi) ≤
∨
i∈J

ρi = τJ .

It is a contradiction. Hence ∧n
i=1fµi,ρi

(λ) ≤
∧

J∈Γ τJ .

Suppose
∧n

i=1 fµi,ρi(λ) 6≥
∧

J∈Γ τJ . There exist λi ∈ LX with λ =
∨n

i=1 λi such
that (

n∨
i=1

fµi,ρi
(λi)

)
6≥
∧
J∈Γ

τJ .
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Put ν =
∨n

i=1 fµi,ρi
(λi) and K = {k ∈ {1, ..., n} | ρk ≤ ν}. We obtain τK ≤ ν. If

i 6∈ K, then ρi 6≤ ν. Hence fµi,ρi
(λi) = 0, which implies λi = 0.

If k ∈ K, then λk ≤ µk because fµk,ρk
(λk) 6= 1. It implies that

λ =
n∨

i=1

λi =
∨

k∈K

λk ≤
∨

k∈K

µk.

Then there exists K ∈ Γ such that
n∨

i=1

fµi,ρi
(λi) = ν ≥ τK ≥

∧
K∈Γ

τK .

It is a contradiction. Hence
∧n

i=1 fµi,ρi
(λ) ≥

∧
J∈Γ τJ . �

Example 3.6. For each i = 1, 2, fµi,ρi
with (µi, ρi) ∈ η0, we have

fµ1,ρ1 � fµ2,ρ2(λ) =



0 if λ = 0,

ρ1 � ρ2 if 0 6= λ ≤ µ1 ∧ µ2,

ρ1 if λ ≤ µ1, λ 6≤ µ2,

ρ2 if λ ≤ µ2, λ 6≤ µ1

ρ1 ∨ ρ2 if λ ≤ µ1 ∨ µ2, λ 6≤ µ1, λ 6≤ µ2,

1 otherwise.

Remark 3.7. Let (X, η) be an (L,�)-smooth-fuzzy topogenous space. Define a
function Uη : ΩX → L by

Uη(f) =
∨{

n∧
i=1

η(µi, ρi) | ∧n
i=1fµi,ρi

≤ f

}
.

where the
∨

is taken over every finite family {fµi,ρi | i = 1, ..., n}. Then Uη is
an (L,�)-smooth quasi-uniformity on X. If (X, η) is a symmetric (L,�)-smooth
topogenous space, Uη is an (L,�)-smooth uniformity on X.

Definition 3.8. The (L,�)-smooth quasi-uniform space (X,U) is said to be com-
patible with (L,�)-smooth topogenous space (X, η) if ηU = η.

The class Π(η) denotes the family of all (L,�)-smooth quasi-uniformities which
are compatible with a given (L,�)-smooth topogenous structure η.

Theorem 3.9. Let (X, η) be an (L,�)-smooth topogenous space and the (L,�)-
smooth topogenous structure ηUη

induced by Uη. Then we have:
(1) ηUη

= η, that is, Uη ∈ Π(η).
(2) Uη is the coarsest member of Π(η).

Proof. (1) First, we will show that ηUη ≥ η. If η(µ, ρ) = 0, then it is trivial. If
η(µ, ρ) 6= 0, then by Lemma 3.5(1), there exists fµ,ρ ∈ ΩX such that Uη(fµ,ρ) ≥
η(µ, ρ) from Remark 3.7. It follows that fµ,ρ(µ) = ρ, from Theorem 3.4, ηUη

(µ, ρ) ≥
Uη(fµ,ρ). Hence ηUη

≥ η.
Suppose that ηUη 6≤ η. Then there exist µ, ρ ∈ LX such that

ηUη (µ, ρ) 6≤ η(µ, ρ).(3.1)
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From the definition of ηUη (µ, ρ), there exists f ∈ ΩX with f(µ) ≤ ρ such that

Uη(f) 6≤ η(µ, ρ).

From the definition of Uη, there exists a finite family {fµi,ρi
|
∧m

i=1 fµi,ρi
≤ f} such

that
m∧

i=1

η(µi, ρi) 6≤ η(µ, ρ).(3.2)

On the other hand, put Γ = {J ⊆ {1, ...,m} | µ ≤
∨

j∈J µj}. If Γ = ∅, then∧m
i=1 fµi,ρi

(µ) = 1 ≤ ρ. Thus, ρ = 1, and η(µ, ρ) ≥ η(1, 1) = 1. It is a contradiction
for the equation (3.1). If ρ = 0, by ηfη (µ, ρ) 6= 0 and (T2), µ = 0. Hence η(0, 0) = 1.
It is a contradiction for the equation (3.1). If Γ 6= ∅ and ρ 6= 0, by Lemma 3.5(5),
then there exists Γ = {J ⊆ {1, ...,m} | µ ≤

∨
j∈J µj} such that

m∧
i=1

fµi,ρi
(µ) =

∧
J∈Γ

τJ ≤ ρ.

Hence ρ ≥
∧

J∈Γ(∨j∈Jρj). Moreover, we have µ ≤ ∧J∈Γ(∨j∈Jµj). Since

η(∨j∈Jµj ,∨j∈Jρj) ≥
m∧

i=1

η(µi, ρi),

we have

η(µ, ρ) ≥ η(
∧
J∈Γ

(∨j∈Jµj),
∧
J∈Γ

(∨j∈Jρj)) ≥
m∧

i=1

η(µi, ρi).

It is a contradiction for the equation (3.2). Therefore η ≥ ηUη
.

(2) By (1), we have that Uη is compatible with η. Let U be an arbitrary member
of Π(η). We will show that Uη(f) ≤ U(f) for all f ∈ ΩX .

Suppose that there exists f ∈ ΩX such that

Uη(f) 6≤ U(f).

There exists a finite family {fµi,ρi
|
∧m

i=1 fµi,ρi
≤ f} such that

m∧
i=1

η(µi, ρi) 6≤ U(f).

Since U ∈ Π(η), that is, η(µi, ρi) = ηU (µi, ρi) for i = 1, ...,m, there exists gi ∈ ΩX

with gi(µi) ≤ ρi such that
m∧

i=1

U(gi) 6≤ U(f).(3.3)

On the other hand, put g =
∧m

i=1 gi. Since gi(µi) ≤ ρi, by the definition of fµi,ρi
,

we have gi ≤ fµi,ρi
. It follows that

g =
m∧

i=1

gi ≤
m∧

i=1

fµi,ρi ≤ f.

Hence U(f) ≥ U(g) ≥
∧m

i=1 U(gi). It is a contradiction for the equation (3.3). �
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Example 3.10. Define a function η : LX × LX → L, where L = [0, 1] and � = ∧
as follows:

η(λ, µ) =


1 if λ = 0 or µ = 1,
2
3 if 0 6= λ ≤ χ{x}, 1 6= µ ≥ χ{x},

0 otherwise
where χA is a characteristic function of A. Then (X, η) is L-fuzzy topogenous space.
From Remark 3.7, we can obtain a quasi-uniformity Uη : ΩX → L on X as follows:

Uη(f) =


1 if f = f1,1,

2
3 if fχ{x},χ{x} ≤ f 6= f1,1,

0 otherwise.

If 0 6= λ ≤ χ{x} and 1 6= µ ≥ χ{x}, then, by Lemma 3.5(2), fχ{x},χ{x} ≤ fλ,µ. Hence
ηUη

(λ, µ) = 2
3 . By a similar method, we have ηUη

= η.
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