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NAS RK is pleased to announce that News of NAS RK. Series of geology and technical 

sciences scientific journal has been accepted for indexing in the Emerging Sources Citation 
Index, a new edition of Web of Science. Content in this index is under consideration by Clarivate 
Analytics to be accepted in the Science Citation Index Expanded, the Social Sciences Citation 
Index, and the Arts & Humanities Citation Index. The quality and depth of content Web of 
Science offers to researchers, authors, publishers, and institutions sets it apart from other 
research databases. The inclusion of News of NAS RK. Series of geology and technical 
sciences in the Emerging Sources Citation Index demonstrates our dedication to providing the 
most relevant and influential content of geology and engineering sciences to our community. 

 
 
Қазақстан Республикасы Ұлттық ғылым академиясы "ҚР ҰҒА Хабарлары. Геология жəне 

техникалық ғылымдар сериясы" ғылыми журналының Web of Science-тің жаңаланған нұсқасы 
Emerging Sources Citation Index-те индекстелуге қабылданғанын хабарлайды. Бұл индекстелу 
барысында Clarivate Analytics компаниясы журналды одан əрі the Science Citation Index Expanded, 
the Social Sciences Citation Index жəне the Arts & Humanities Citation Index-ке қабылдау мəселесін 
қарастыруда. Webof Science зерттеушілер, авторлар, баспашылар мен мекемелерге контент 
тереңдігі мен сапасын ұсынады. ҚР ҰҒА Хабарлары. Геология жəне техникалық ғылымдар 
сериясы Emerging Sources Citation Index-ке енуі біздің қоғамдастық үшін ең өзекті жəне беделді 
геология жəне техникалық ғылымдар бойынша контентке адалдығымызды білдіреді.  

 
 
НАН РК сообщает, что научный журнал «Известия НАН РК. Серия геологии и технических 

наук» был принят для индексирования в Emerging Sources Citation Index, обновленной версии Web 
of Science. Содержание в этом индексировании находится в стадии рассмотрения компанией 
Clarivate Analytics для дальнейшего принятия журнала в the Science Citation Index Expanded, the 
Social Sciences Citation Index и the Arts & Humanities Citation Index. Web of Science предлагает 
качество и глубину контента для исследователей, авторов, издателей и учреждений. 
Включение Известия НАН РК. Серия геологии и технических наук в Emerging Sources Citation 
Index демонстрирует нашу приверженность к наиболее актуальному и влиятельному контенту 
по геологии и техническим наукам для нашего сообщества. 
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DEVELOPMENT OF MATHEMATICAL MODELS DESCRIBING  
THE PROCESSES OCCURRING IN THE RAILWAY TRACK 

CONSTRUCTION AS A WHOLE, OR IN THE WORK  
OF ITS INDIVIDUAL ELEMENTS 

 
Abstract. The article presents the development of mathematical models describing the processes occurring in 

the construction of a railway track as a whole, or in the work of its individual elements, an example of calculating the 
stress-strain state of the soil of two-layer embankments filled from the soils of the South Kazakhstan. 

Key words: ground, embankment, railway, roadbed, finite element model. 
 
Introduction. When designing an earthen cloth in the traditional calculations of normal, tangential 

and principal stresses, it is conventionally assumed that the grounds under the influence of a temporary 
train load operate in an elastic stage. In this case, the calculations do not take into account the hetero-
geneity of the constituent embankments. In mathematical models of embankments, they are assumed to be 
isotropic. 

Such design schemes and assumptions do not correspond to the actual load of the roadbed from the 
rolling stock. The top of the roadbed actually perceives the load from the ballast prism, which perceives 
the pressure of the sleeper sole. Behind the ends of sleepers, the top of the road bed is not loaded with a 
vertical train load [1-6]. 

As a consequence of this stresses distribution in the embankment body, in the initial period of railway 
embankments stabilization, longitudinal cracks running deep into the embankment, which are usually 
grounded by a uniform ground, can often be seen on their bumps. 

In traditional calculations of the roadbed, the top track structure (rail type, sleepers, ballast prism 
sizes) and the earthen cloth shape (width of the main platform, steepness of the slopes, the presence of 
berms, etc.) are not taken into account, the characteristics of which significantly affect the distribution of 
the train load top of the roadbed and in the roadbed body. 

In traditional calculations, the embankment sediments and the sediments of its base are considered as 
one-dimensional, although in fact deformations vary both along the path and the height of the embank-
ment, that is, they are voluminous. Traditional calculations of the roadbed cannot calculate many modern 
ways of roadbed treating. The drawback of the traditional calculating method of the roadbed is the lack of 
a unified approach to assessing the mechanical properties of the roadbed. Thus, in calculating the embank-
ments sediments and their bases, the ground is considered elastically deformable. When calculating the 
local and full stability of the embankment, it is considered that the ground is absolutely rigid. Also, 
different situations are possible, depending on the embankments arrangement from different types of 
grounds, which are not regulated by normative documents. 
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These drawbacks of the traditional calculations of the roadbed were due to the lack of computational 
computing systems and computing facilities (which are available today), as well as insufficient knowledge 
of the physical and mechanical (strength) properties of local grounds. It is obvious that with inaccurate 
initial data on the ground characteristics, precise numerical methods of calculations are inexpedient. 

Thus, the article considers: 
- improvement of the installation for ground testing on shear in order to determine reliable initial 

data, taking into account the influence of vibrodynamic and pulsating loads on the strength and 
deformation parameters of clay grounds of various types; 

- development of mathematical models describing the processes occurring in the construction of the 
railway track as a whole, or in the work of its individual elements; 

- an example of calculating the stress-strain state of groung of two-layer embankments spilled from 
the soils of the Southern region of Kazakhstan 

A great contribution to the study of the stress-strain state under the train load, using detailed virtual 
prototypes of railway embankments, was made by the professor [5-13]. 

Theory of the question. Finite element models of railway embankments. When considering a 

rigid body as an undeformable (absolutely solid), it is described by its mass   dm , the moment of 

inertia with respect to an arbitrary axis 0r


  d]r,r[I 2
0r0


 , the position of the center of inertia

  drr .)c.i(


, and the orientation


. All inertia moments of the body can be expressed through 

three moments of inertia relative to the main mutually perpendicular axes (passing through the center of 
inertia). The moment of inertia about an axis that does not pass through the center of inertia, located at a 

distance R from it, can be recalculated:   dRII 2
.)c.i( . For a body of constant cross section, 

the moment of inertia of the section relative to the axis perpendicular to it can be introduced:

 ds]r,r[I 2
0(sec)r0


 . 

Deformations of a rigid body can be described by a displacement vector rru deformed


 of each 

point r


of a solid body, but this description is convenient only for describing the change in the position of 
the entire body, but not its deformations. It is used to describe the motion of an undeformed body, since 
for this it is necessary to consider only the position of the center of mass and the orientation of the body              

( )c.i(r


 
and


). 

To describe the deformations of a rigid body and the resulting stresses, such a method requires the 
introduction of additional quantities characterizing the relative displacements of the points of the solid 
body. Such a value is the strain tensor ̂ , which is introduced by means of the expression:

rdrdrdd
deformedr


 ̂2)()( 22  . The strain tensor 




























j
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1
 is a symmetric 

tensor that, when going over to the theory of linear deformations, is rewritten in the form:
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1
. It can be divided into two parts, characterizing the volumetric and shear defor-

mation: 





  jkjkjkjk ll

3

1
ll

3

1
. The components of the strain tensor have no dimension. 

The stress tensor, which characterizes the "strength" characteristics of the deformation of a rigid 
body, is determined by an expression kjkj n , that makes sense if we consider within the body the 
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allocated volume, to which force     ddisdF in ˆˆ)(


 and moment     sdrM in ]ˆ,[)(


 

  ddir ]ˆ,[


 
"acts", the same expressions are valid for the whole body. The components of the 

stress tensor have the dimensionality of pressure [14, 15]. 
When considering the linear theory of elasticity, the tensors of stresses and deformations are 

connected by means of a fourth-order tensor: lmjklmjk  , all properties of which will not be 

described here. The tensor jklm characterizes the elastic properties of matter and, in the most general 

case, has 21 independent components of 14. The elastic properties of isotropic substances are described by 
two independent components (6 for orthotropic substances). Naturally, the tensor jklm itself can be a 

function of the coordinates if the substance is inhomogeneous. The components of the tensor jklm have 

the dimension of pressure. 
In many technical calculations, the elastic properties of substances are characterized by the Young's 

modulus E and the Poisson's ratio , they completely describe the elastic properties of an isotropic 
substance with linear elasticity, they are used for finite element calculations of technical structures. For 
problems with nonlinear elasticity characteristics, the quantities E and  can be introduced as functions 
that depend on the local values of the strain tensor jk . The Young's modulus of elasticity E has the 

dimension of pressure, and the Poisson's ratio  is a dimensionless quantity. The deformed state of a rigid 

body is described by an equation connecting the stress tensor ̂  with the "external" forces 


acting on the 

body and the acceleration of its individual points: adi


 ˆ . 
The application of methods for describing the motion of an absolutely elastic body to solids with 

finite values of elastic modules has an approximate nature. 
For a complete description of the rigid body state, it is necessary to twice integrate the equation

)()()()(ˆ rarrrdi
    in which each of quantities is a coordinate function of the point r


 3 of 

scalar quantities. If it is impossible to use any simplifying assumptions in the problem, then the order of 
the system is formally equal to infinity. Naturally, such problems in some cases allow an analytical 
description, but in practice this happens very rarely, and analytical methods are used only as approximate 
descriptions and approximations. 

Classical calculation methods allow solving problems only with significant idealization, replacing the 
actual construction with its design scheme. The introduction of computer systems into engineering 
practice allows, using numerical methods, to perform calculations of almost any complex structure, 
breaking it into finite elements. 

Standard engineering structures can be considered as combinations of structural elements connected 
by a discrete number of nodes. If the "force-displacement" relation is known for individual elements, then 
using the well-known techniques for calculating structures, one can obtain properties and study the 
behavior of the combined structure. 

Many complex theoretical problems of the railway track could not be solved in the past due to the 
lack of appropriate computer technology and software. Today, this technique can be effectively used to 
solve urgent problems of track economy. New materials, new machines and technological processes and a 
new strategy for servicing the railway track affect its design and its characteristics. 

It is advisable to begin the search for a constructive solution with the creation of a mathematical 
model and its analysis. The creation of the mathematical model is preceded by a comprehensive analysis 
of the behavior of the railway track during operation, the collection of load test characteristics, physical 
modeling of operational situations. The long-term work of the railways scientists of a number of countries 
has led to the establishment of important properties and elements characteristics of the force-displacement 
path that are necessary for preliminary assessment of the possible changes range in the initial data. 
Considerations of a qualitative nature are taken into account additionally and kind of "background" for 
mathematical modeling. 
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The models give an approximate mathematical description of the processes occurring in the railway 
track construction as a whole, or in the work of its individual elements. 

Models contain the target optimized function and some set of constraints. Varying variables, 
objective functions and constraints constitute a mathematical optimization problem. 

In physical modeling, it is usually possible to take into account only the main factors, and the 
influence of the unaccounted "background" should be checked when testing new path designs. The test 
system usually includes experimental research, operation on the experimental track sections of a number 
of railways, and then, after completion and sufficient testing, new technical solutions are fixed by 
standards for temporary and permanent use on the railways network. But the beginning of this complex 
path should not be the manufacture of an experimental design from drawings (the use of the trial and error 
method), but the study of new path design models or a new element in order to find and justify the 
parameters of reliable structural elements. Only when this is done, it is possible to manufacture prototypes 
for their further testing. 

Recently, new mathematical models have been developed that describe a virtual prototype of the path 
design. They contain all of its elements, taking into account their technical condition. These models can 
describe a worn path or path with separate deviations from specifications [16-19]. 

In models as elements there are: 
-rails; 
- all elements of intermediate rail fastenings, namely: linings and gaskets, metal sub-rail pads with 

flanges, terminals of intermediate rail fasteners, mortgages and anchor bolts, nuts and washers; 
- reinforced concrete sleepers with reinforcement, washers; 
- crushed ballast prism; 
-sand cushions, various options for reinforcing the ballast prism and earthen cloth with nets, carpets 

of non-woven materials, plates of expanded polystyrene. 
Elements of the path in models have strictly corresponding to the actual geometric dimensions and 

physical properties. 
EXPERIMENTAL PART. The use of the finite element method (FEM) for path constructions 

calculating. When calculating designs by this method, instead of the traditional design scheme, a precise 
geometric description of the structure is made, for which the following model objects are created: "points" 
(PT), "curves" and "lines" (CR), "contours" (CT), "surfaces" (SF) and "regions" (CP), "volumetric bodies" 
(VL, PH, PA). The types of finite elements that characterize their constants and physico-mechanical 
properties are declared. A finite element mesh can be created manually or with a parametric or automatic 
"splitting" of geometric objects, boundary conditions and loads can be declared for individual grid 
elements and for groups of elements associated with geometric objects. The design is calculated (in static, 
dynamics, oscillations, evaluation of the development of cracks, optimization of parameters, etc.). The 
results of calculations can be presented in the form of data lists, graphs, color diagrams and figures, 
"deformed species" or animation of the calculated processes (Figure 4). 

The solution of linear static problems reduces to the solution of the matrix equation: 

    FUR  , 

where [R] is the square stiffness matrix; {U} is the vector of unknown node displacements; {F} is the 
vector of external influences. 

The decision 

     FRU 1 , 

reduces to the inversion of the rigidity matrix [R]. 
The load of a railway track by a moving rolling stock is a random process, depending on its design 

and parameters, axial loads, speed of movement, deformations of the path under load, irregularities on 
rails and wheels, dynamic qualities of rolling stock, variability of stiffness and dissipation characteristics, 
stresses, etc. 

To ensure a complete similarity of the model in-kind, compliance with: geometric, mechanical, 
kinematic and dynamic similarity of the model in kind is required. 
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The difficulties of physical modeling usually consist in the impossibility of meeting the contradictory 
requirements of the determining similarity criteria while reducing the linear dimensions of the model. The 
search for self-similarity zones and domains of applicability of the equations makes it possible to partially 
solve these problems. When using "virtual prototypes" of models on a computer, there are no problems 
with linear dimensions and properties of materials. 

The finite element model of the railway track is shown in figures 1 and 2. 
 

 
 

Figure 1 – Axisymmetric finite element model of the railway track section (double-track line) 
 

 
 

Figure 2 – Fragment of the axisymmetric finite element model of the railway track  
(contact zone of the upper track structure and the roadbed top) 

 
The above technique can be used for calculating the roadbed on a weak base and in the presence of 

karst cavities in the bottom of the embankment. The applicability of numerical calculations methods to the 
assessment of the stress-strain state of ground embankment is substantiated by numerous works of 
academician NAS of Kazakhstan Sh. M. Aitaliyev and his students [4]. 

Calculation of the stress-strain grounds state of two-layer embankments spilled from the 
grounds of the Southern region of Kazakhstan. Most of the time, the stresses in the ground embank-
ment are determined by the intrinsic weight of the ground. On the axis of the embankment, they are equal 
to the hydrostatic pressure: 

σ = γh,t/m2, 

where γ  specific gravity of ground, t/m3; h  distance from the top of the roadbed, m. 
The train load causes the greatest additional stresses on the main area of the roadbed under the 

sleeper. With the removal down from the main site, these additional stresses decrease because of the 
spread to an ever larger area. Where σ- the stress component of the train load becomes less than                      
σ> 0,1 ּ◌hγ of hydrostatic pressure, the lower boundary of the working zone of the subgrade is located. 
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Consider the application of the numerical calculation method for the stress-strain state of a railway 
embankment using the example of a two-layer embankment on a solid foundation on a straight track. The 
characteristics of the two types of ground used for mound filling are given in table. 

 
Calculation characteristics of a two-layer embankment ground 

 

Characteristics of the ground layer Modulus of deformation E, MPa Poisson's ratio Specific gravity, t/m3 

1st layer 16,0 0,25 1,7 

2nd layer 5,0 0,30 1,75 

 
The developed finite-element model of a two-layer embankment (cross-section) is shown in figures 3 

and 4. 
 

 
 
 

Figure 3 – Distribution of vertical stresses in the grounds embankmentfrom the train load at the device of berms.  
Line А-В – vertical along the axis of the embankment 

 

 
 

Figure 4 – Embankment variant with the device of two berms 
 

Calculations are performed using the FEM method for distributing vertical stresses and complete 
displacements of the embankment grounds under a train load of 10 tf per running meter of railway track. 

 

 ● 

А
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As the calculations have shown, the lower - less durable layer of the ground has the characteristic 
deformation of the spreading of the embankment (this can be seen on the vector plot of ground movement 
under load (figure 5). Despite the small absolute values of spreading slopes from a single loading, the 
rheological nature of the lower ground layer will lead to the need for straightening of the path lifting on 
rubble, which is associated with the costs and restrictions of the speed of the movement of trains.Structural 
measures are necessary to prevent such deformations of the ground embankment, for otherwise It is a long 
time in the operation of the path will have to lead the way on, lifting of the ballast and to limit the speed of 
the large local subsidence way. 

 

 
 

Figure 5 – Vector plot of mound deformations with the berms device 
 

Considering two variants of embankment reinforcement: a 6 m high berm device and a "wall in the 
ground" device on the width of the main site of the roadbed in weaker ground (figure 6). We will perform 
calculations of these variants and compare the new data with the initial calculation. 

 

 
 

Figure 6 – Distribution of vertical stresses in the ground embankment from the train load when the wall is installed in the ground. 
Line А-В - vertical along the axis of the embankment 

 
After installation of a double-sided berm 4m wide on rubble top, delivered by train, the transverse 

movements of the weak lower layer of the embankment decreased slightly. Vertical sediments from the 
train load exceed the deformations of the variant with the "wall in the ground" device. According to the 
calculation (figure 6) in the version of the device "walls in the ground", the sprawl of the ground in the 
projection of the main site of the embankment ceased (figure 7). 
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Figure 7 – Vector graph of mound deformations with the construction of a wall in the ground 
 

The total elastic sediment of the embankment became smaller than in the version of the bilaterial 
berm apparatus. The mound stabilizes only when the width of the berm is 8 m. 

Conclusion.  
1. Appearance on the newly constructed railway sections of the "diseased roadbed" except for the 

violation of the technology of work is caused by the excessive use of standard designs, inaccuracy of the 
initial design data of the roadbed and the imperfection of traditional calculation methods, in which the 
ground embankments is considered as one-dimensionally deformable isotropic material under train load. 

2. In cases where heterogeneous grounds are used for erecting a roadbed, it is recommended to check 
their stress-strain state under the train load by numerical methods. 

3. It is recommended to use the finite-element virtual path model developed by us for calculating the 
stress-strain state of a layered embankment, including the upper structure and the earthen cloth. 

4. To evaluate the possible plastic deformation of a less durable ground layer in the embankment 
("creep in the mound"), it is recommended to calculate a vector plot of the ground displacement of the 
embankment under the train load. If the tangential stresses from the load exceed the permissible ground 
stresses, the lines of ground particles movement will noticeably deviate from the vertical and this is an 
indication of the need to reinforce the layered embankment. 

5. Comparison of options for possible design solutions for the stabilization of layered embankments 
should be carried out according to their technical and economic indicators, while the characteristics of the 
stressed-deformed ground state in the embankments variants are equal. 
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