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ABSTRACT 

A detailed calculation of element production in the early stages of a homogeneous and isotropic ex- 
panding universe as well as within imploding-exploding supermassive stars has been made. If the recently 
measured microwave background radiation is due to primeval photons, then significant quantities of 
only D, He3, He4, and Li7 can be produced in the universal fireball. Reasonable agreement with solar- 
system abundances for these nuclei is obtained if the present temperature is 3° K and if the present 
density is ^ 2 X 10“31 gm cm3, corresponding to a deceleration parameter #0 ~ 5 X 10~3. However, 
massive stars “bouncing” at temperatures ^ 109 ° K can convert the universal D and He3 into C, N, 
O, Ne, Mg, and some heavier elements in amounts observed in the oldest stars. The mass gaps at ^4 = 5 
and 8 are bridged by the reactions He3(He4,y)Be7(He4,y)Cn. Bounces at higher temperatures bridge 
the mass gaps through 3 He4 —» C12 and mainly produce metals of the iron group, plus a small amount 
of heavier elements synthesized by a new kind of f-process (rapid neutron capture). It is found that 
very low abundances of He4, as recently observed in some stars, can be produced in a universe in which 
the electron neutrinos are degenerate. 

I. INTRODUCTION 

In this paper we shall consider the synthesis of elements on short time scales and at 
very high temperatures. The time scales are typically of the order of 10-T03 sec, while 
the temperatures range upward of 109 ° K. These conditions are in marked contrast to 
the situation in stars, where lower temperatures and longer time scales usually obtain. 
It will appear that synthesis proceeds differently in many respects, and that abundances, 
particularly with respect to isotopic composition, are different from those which are 
produced in stellar nucleosynthesis. 

The short time scales of the present paper are applicable to systems in rapid dynamical 
motion. These include the universe itself, if indeed the universe evolved from a hot, dense 
state, and also large masses of gas that collapse to such a state and subsequently explode. 
Our investigation deals with masses upwards of ^lO3 Mo. 

Nuclear reactions were first applied to the early stages of a Friedmann universe by 
Alpher, Bethe, and Gamow (1948), and also by Fermi and Turkevich (1950). It was 
assumed in these investigations that initially all baryons were neutrons, an assumption 
which placed a severe restriction on the relation between the baryon density p& and 
temperature. Writing 

Pb = h r9
3 gm cm-3, (i)1 

where r9 is in units of 109 ° K, the parameter h had to be set rather precisely (10~6 > 
h > IQr7) in order that hydrogen and helium emerged in approximately equal abun- 
dances in the final material. A small change of h was sufficient to make the difference 
between essentially all hydrogen and essentially all helium. 

This situation was changed by Hayashi (1950), who pointed out that at very high tem- 
peratures neutrons and protons come into statistical equilibrium through the weak inter- 
actions; for example, 

e~ p n ve. (2) 

* Supported in part by the Office of Naval Research [Nonr-220(47)] and the National Science Foun- 
dation (GP-5391). 

1 It should be noted that eq. (1) only holds exactly if no net energy is being transferred between the 
electrons and photons due to pair creation and annihilation (see § II). 
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4 ROBERT V. WAGONER, WILLIAM A. FOWLER, AND F. HOYLE Vol. 148 

If none of the electron-leptons (e~, e+, ve, ve) is degenerate,2 then at very high tempera- 
tures the mass fractions Xp, Xn satisfy the equation 

Xp= e(Mn-Mp)c'JkT ' (3) 

Xn 

It now appeared, both in the calculations of Hayashi and in those of Alpher, Follin, and 
Herman (1953), that hydrogen and helium emerged in the cooling material in comparable 
concentrations, provided only that the parameter h in equation (1) was not set too low, 
h > IO“6. 

It was the hope in these investigations that the synthesis of all elements could be 
explained in terms of the early history of a Friedmann universe. However, the well- 
known difficulties at masses 5 and 8 prevented this hope from being realized. Hayashi 
and Nishida (1956) attempted to evade the difficulties by working at much higher values 
of the parameter h, i.e., at much higher baryon densities at a given temperature. This en- 
abled the gaps at masses 5 and 8 to be jumped over by the triple-a reaction, 3 He4 —» C12. 
But a new difficulty soon emerged. Further nuclear reactions, of the type C12(He4,Y)016 

and C12(ÿ,7)N13(He4,^)016 produced a buildup toward heavier elements, with the result 
that effectively all the carbon produced by the triple-a reaction was built into heavy 
metals in the region of the iron group. This was in disagreement with the observation 
that C and O are much more abundant than the heavy metals. 

Partly for these reasons, and partly because some 10 years ago it was found that stars 
of different populations differ widely in their metal content, “universal synthesis’’ was 
abandoned in favor of stellar nucleosynthesis. The discovery by Merrill (1952) of Tc in 
5 stars served as a conclusive demonstration that the ^-process of Burbidge, Burbidge, 
Fowler, and Hoyle (1957) was operative in stars. Many of the details of the observed 
abundances of the elements were explained in terms of stellar processes. Yet one major 
problem remained, the origin of helium. Stars appear to be deficient as producers of the 
present galactic helium abundance by a factor of as much as 10. This led Hoyle and 
Tayler (1964) to revive the possibility of a universal synthesis of helium, or of a synthesis 
in supermassive objects* preceding the formation of stars in our Galaxy and in other 
galaxies. Hoyle and Tayler gave a review of the observed helium concentrations in vari- 
ous objects, ranging from about 0.27 by mass in the Sun up to more than 0.40 in some 
planetary nebulae, and they suggested that the helium concentration may never be low, 
even in the oldest stars. The observed helium concentrations were found to be explicable 
for a synthesis at high temperature over a range of the parameter h from 10“4 to 102. 
This covered physical cases from a Friedmann universe with h « 10-4 to isolated massive 
stars with M > 106 ikfo. 

Interest in the Friedmann case has been much stimulated by the recent discovery of 
Penzias and Wilson (1965), that at a wavelength of 7.3 cm the universe has a background 
temperature of some 3° K (see also Dicke, Peebles, Roll, and Wilkinson 1965). A 
similar value at 3.2 cm has also been found by Roll and Wilkinson (1966), while Field 
and Hitchcock (1966) and Thaddeus and Clauser (1966) have inferred ^3° K at 0.26 
cm from the rotational structure of the interstellar absorption bands of CN. Since the 
universal baryon density cannot average much less than ^3 X 10-31 gm cm-3 or much 
more than ^3 X 10“29 gm cm-3 at the present day, this temperature determination 
leads to the conclusion that h probably lies in the range lO^-lO“3. Peebles (1966a, b) 
has reconsidered the Friedmann case with a view to obtaining the solar helium value, 

2 Gamow^ assumption that initially all baryons were neutrons requires that electron antineutrinos 
(vt) be highly degenerate (see § VI). 

3 Throughout the remainder of this paper we will drop the prefix super and will refer to these objects 
as massive stars. However, these stars, with masses > lOWo, are not to be confused with stars with 
masses in the range 10-100 Mo, which are often referred to as massive stars. 
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No. 1, 1967 SYNTHESIS OF ELEMENTS 5 

and has found that & « 3 X 10“5 does indeed lead to a helium mass fraction of about 
0. 27. 

In this paper it is our aim to do the following: 

1. Include in the calculations all significant reactions involving nuclei with atomic 
weights A < 23. (In this way we obtain approximate abundances for all individual 
nuclear species with ^4 < 23 plus the total abundance for A > 24. In what follows 
all nuclei with ^4 > 24 are designated as >Mg.) 

2. Consider a wide range of values of h. 
3. Consider massive stars with M > 103 ikf o as well as the universe. 
4. Consider the effects of neutrino degeneracy. 

Throughout the paper, we shall make the following assumptions : 

1. General relativity (without the cosmological constant) correctly describes the large- 
scale dynamics of the system. 

2. The universe once passed through a phase in which T > 1011 ° K, while the massive 
stars reached temperatures > 109 ° K. In an open cosmology, there is no limit to the 
temperature at an early enough epoch, because in such cosmologies the universe is 
taken to emerge from a singularity, at which p& —> <», so that T —* . In a closed 
oscillating cosmology, if such is possible, the temperature at maximum pb must be 
high enough to disrupt helium into baryons, and effectively to promote “a new deal” 
so far as the abundances of the elements are concerned. Otherwise there would be a 
systematic increase in the abundances from cycle to cycle. This is ruled out by 
observation at least in the case of a large number of cycles in which all matter would 
be processed to helium or heavier elements. 

3. The universe was approximately homogeneous and isotropic within the past light 
cones of the matter of interest during the element-building epoch. An inhomogeneous 
universe might be approximated by many massive stars characterized by various 
values of h. In the massive-star case, we neglect pressure gradients except at the 
“bounce,” and use the dynamics of a sphere of uniform density as a first approxima- 
tion. A few special cases with longer and shorter time scales than those characteristic 
of spherical dynamics are treated. We do not require a detailed model for the large- 
scale dynamics at this stage, since what is of the most importance is merely the time 
scale in the temperature range at which the nuclear reactions proceed. 

4. The electrons are non-degenerate, but not necessarily the neutrinos or antineutrinos. 

II. GENERAL PROPERTIES OF THE MATTER 

Before considering the reactions among the various nuclei, let us discuss the more 
general properties of the system. We are concerned with processes occurring in the 
temperature range 60 > Zg > 0.1. This limits our consideration to the least massive of 
each family of particles, since r9 = 60 corresponds to an energy of approximately 5 MeV. 
Therefore there will be present nuclei, protons, neutrons, photons, electrons, positrons, 
and neutrinos and antineutrinos associated with both electrons and muons. 

Since we consider the case & « ph/T^<£ 105, the electrons will be non-degenerate, 
and so also the baryons, which, however, are also non-relativistic and whose pressure we 
may neglect. For the most part, we shall assume that Lev, the ratio of electron lepton 
number to baryon number satisfies \Lev\ <3C 103//?, so that the e-neutrinos will also be 
non-degenerate. For convenience, we assume the same restriction on the muon lepton 
number, although the only effect of /¿-neutrinos is in the expansion rate. In § VI we 
consider the effects of neutrino and antineutrino degeneracy. 

The formulae we shall use are valid as long as all particles except neutrinos remain in 
thermal equilibrium with the photons at temperature T. It can easily be shown that 
photon and particle scattering is sufficient to maintain this condition in the temperature 
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6 ROBERT V. WAGONER, WILLIAM A. FOWLER, AND F. HOYLE Vol. 148 

range of interest. Above Tg « 100, the reactions tt* ^ (r « 2 X 10“8 sec) and 
ß— 6~ “h ve d

- Vfi (t ^ 2 X 10”6 sec) are fast enough to keep the electron and muon 
neutrinos in thermal equilibrium if they are non-degenerate. As the temperature drops, 
however, both types freeze out and expand adiabatically thereafter with the same effec- 
tive temperature. In the case of massive stars, we assume that the neutrinos escape 
before undergoing appreciable interaction, so that their density is effectively zero. 

In order to specify the dynamical properties of our system, we must know the rate of 
change of physical distance between particles, as well as the relation between the 
properties of the medium and this distance measure. 

The expansion (+) or contraction (—) rate used is given by 

1 dR /SttG , Xc2 l c2Y/2 

Rii=±(rrp+^--kR>) 
(4) 

where R(t) is the distance measure, G the gravitational constant, X the cosmological 
constant in cm“2, p the total mass-energy density in gm cm-3, and k = — 1 for an open 
universe, +1 for a closed universe, and 0 for a Euclidean universe. In our calculations, 
X = 0. The approximate relations holds in two circumstances : 

a) During the high-density (p > 10“20 gm/cm“3) phase of a closed or open, or at any 
stage in a Euclidean Friedmann universe. 

b) Within a spherically symmetric and homogeneous isolated mass having zero kinetic 
energy upon dispersal to infinity. (In this case, k = 0.) Of course, in an actual body there 
must be a pressure gradient, whose effect we assume negligible, except during a “bounce.” 

Both of these cases are described by the metric 

ds2 = c2dt2 
-^2(oj 

ár2+r2(d02 + sin2 6d<t>2) 
tT+WDT2? !■ 

(5) 

where r is a comoving radial coordinate. 
The second relation needed, the work-energy equation, can be expressed in general as 

|(pV-g)+£!¿( V-g)=o (6) 

if comoving coordinates and proper time are employed, where p is the total pressure and 
g is the determinant of the metric. For the metric (5), this becomes 

(7) 

An additional quantity of interest is q0, the deceleration parameter corresponding to 
the present epoch (Sandage 1961). It is related to the present Hubble expansion parame- 
ter Ho, the present mass-energy density po, and the present pressure p0 ~ 0, by the 
equation 

/ RR\ 4tG ( , 3¿o \c2\ 
q° V È2)o 3Ho2 \ 0 ' c2 AttG) 

>§ (¿ = +D (8) 

= è (¿ = o) 

= o to î ( ^ = -1 ) 

= — 1 ( steady state ). 

< 

\c‘ kc 

Ho2 Ho2R ?) 
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No. 1,1967 SYNTHESIS OF ELEMENTS 7 

Taking X = 0, if0 = 100 km (sec-Mpc)-1 = (3.086 X 1017 sec)-1 = (0.98 X 101« yr)-1 

(Sandage 1962) and expressing po in gm cmr8 and the present temperature To in ° K 
gives 

go =2.66 X 1028 p0 = 26.6 ^r0
3-> 718 h for r0 = 3° K . (9) 

The thermodynamic relations that we shall need are derived in Appendix A. The 
main results are summarized in Table 1 for the case of non-degenerate neutrinos. 

In Figure 1 are plotted the general properties of the matter in the case of the universe. 
The same general relations hold approximately within a massive star for all particles 
except the neutrinos. 

TABLE 1 

py = 8.42 TV gm cm-3 

Pe = i Py (T9»6) 

P = Py + Pe + P* + P& 

py = 3 PyC2 erg cm“3 

Pv ^ \ PvC2 

Pe = \ PeC2 (Tg » 6) 

T oc 

Tv oc 

dT = 

dt 

R~l, except during pair creation or annihilation. 

R~l Tv= T (T*» 6) 

,1/2 

446 
Pi(n 

p1(T)irdpi(T)i~l 

c2 11 dT J 

where p\(T) = p7 + pe, p\(T) = py pe, and t is in seconds . 

Ts = 10.4 r1/2 

(L\ = \2.1S(Py+Py/C2) 
KtJ ip.m+p.m/c2! 

1.40 

(Ts » 6) 

(T9«6). 

Using conservation of baryon number and neglecting the effect of energy gain or loss 
in the nuclear reactions gives the relation 

p&jR3 = const, do) 

while the baryon pressure is negligible. The evolution of the density must be specified 
in the calculation. Such a specification will turn out to be equivalent to a choice of the 
parameter h. It follows that the baryons have negligible effect in equation (7), which may 
now be written as 

^ ^[^3( Py+Pe+Pp) ] + Py+Pf + “^ = 0 . (ii) 

This is the equation of adiabatic expansion. It serves to determine the temperature of the 
radiation as a function of R. Then equation (4) serves to determine both R and T as 
functions of the time. 

At high temperatures (T9 > 100), all constituents are in thermal equilibrium, so that 
the neutrino temperature Tv is the same as the photon temperature T. Since at these 
temperatures all the terms in equation (11) have the same dependence on temperature, 
this equation gives T oc Rr1, 

By the time the temperature has dropped to r9 « 10, the neutrinos no longer interact 
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8 ROBERT V. WAGONER, WILLIAM A. FOWLER, AND F. HOYLE Vol. 148 

with the other particles. They are thus “frozen out,” and equation (11) separates into 
two equations, 

^[-^(pT+Pe) ] +P7 + ~^= 0 (12) 

hjR(R3pr)+p^°- <13) 

TIME (sec) 
I04 I08 I012 to16 

Fig. 1.—Densities of baryons, electrons, neutrinos, and photons, as well as photon and neutrino 
temperatures during the expansion of a homogeneous and isotropic universe from very high temperature. 
This is a generalized version of Fig. 1 of Dicke et al. (1965). 

Equation (12) now determines T sls sl function of R. It will not be a simple relation, 
since the e± density and pressure are complicated functions of T in the temperature 
range where they are annihilating into the radiation field. The relations are given in 
Appendix A. This conversion raises the temperature of the photons relative to the 
neutrinos. Equation (13) now integrates immediately to give pv i?-4. Since pv 7\4, 
Tv remains proportional to R~l. 

As r9 falls below ^1, the pairs disappear, and equation (12) effectively becomes 

¿¿(KV,) + P,-0, 

giving py oc Æ“4, so that T Rrl again. Since p& « Rrz, we obtain equation (1), defining 
the parameter h, which is inversely proportional to the entropy of the photons. Prior to 
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No. 1, 1967 SYNTHESIS OF ELEMENTS 9 

Tg « 10, equation (1) holds with an effective value for h equal to the ultimate value 
multiplied by 2.75. 

It should be noted that since p„ °c equation (12) actually holds at all tempera- 
tures. Then equations (4) and (12) give the relation between temperature and time 
which is needed to integrate the rate equations. The result is expressed in the equation 
for dT/dt in Table 1. 

III. NUCLEAR REACTIONS AND THEIR RATES 

We have considered both the magnitude of the cross-sections and the probable abun- 
dance of the various constituents in deciding which reactions are most important in 
determining the abundances of the various nuclei. Table 2 gives a list of the 144 reactions 
included, with the corresponding rates. Table 2 also lists the energy released, Q in MeV, 
in each reaction listed. In the case of positron emission the energy release includes 
1.022 MeV from the annihilation of the positron. Subscripts are appended to the rates 
in those cases where it is necessary to distinguish between various end products. Flow 
diagrams are presented in Figures 2a and 2b. It is to be noted that in almost all cases 
both the direct and inverse reactions have been included, although this was not always 
necessary. Except for the lighter nuclei, the incident particles are protons and alpha- 
particles. 

Except in the case of the neutron, we have included only the free decay of the short- 
lived jö-unstable nuclei. This appears to be a fairly good approximation, since the strong 
interactions should control the abundances in the region Tg > 1 where these weak proc- 
esses could be important, even though the number density of electrons and neutrinos 
can be large compared to that of baryons. We have not explicitly included the ß decays 
having long lifetimes, since we simply add the abundance of the unstable nucleus to 
that of the decay product at the end of the calculation, e.g., Be7—* Li7. 

In describing the abundance of a given nucleus, we use the mass fraction, defined by 
the relation 

AjU 

pbN j 
(15) 

where Ai is the mass number of the ith constituent, its number density, and Na, 
Avogadro’s number. The conservation of mass requires = 1. 

We wish to construct a differential equation to determine the variation of Xi with 
time t. To this end we classify the reactions in the following way: 

1. Weak interactions (wß) or photodisintegrations (7) that either create or destroy 
nucleus i. The contribution of all such reactions to (1/^0 dXi/dt can be written formally 
as ± ^j{Xj/Aj) in which \k{j) is the inverse mean lifetime for the reaction between 
a lepton or photon k with a nucleus j. If j = i, i is destroyed by the reaction, and the 
appropriate term appears with a negative sign, while the opposite is true if j 9^ i. The 
specific rate \y(j) is only a function of temperature. 

2. Reactions in which i is destroyed in company with the nucleus j, together with 
reactions in which nuclei j {9^ i) and k (^ i) produce i. The effect of all such reactions 
is given by ±Sy>fc (Xj/Aj)(Xk/A¿)[jk\ where [jk] = p& Aa (<n/) A term appears with a 
positive sign if neithery nor k is equal to i; otherwise, with a negative sign. IÎ j — k 9^ i, 
the term is multiplied by \ in the production of i but not in the destruction of j. An ap- 
propriate factor, n, must be included if n nuclei of type i are produced in the reaction. 

3. Reactions involving three nuclear constituents j, k, t, formally written as 
± ^j>k>l (Xj/Aj)(Xk/A¿)(X¿/Afy[jM\. A term appears with a positive sign if 7, k, and l 
are all different than i; otherwise with a negative sign. Iíj = k9¿¿9£i the term is multi- 
plied by I in the production of i and the destruction of / but not in the destruction of j. 
Ii j = k = 19* i, the term is multiplied by J in the production of i and by J in the de- 
struction ofy. In practice only one reaction of this type is important, 3 He4--» C12 + 7. 
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TABLE 2 

Reactions Included and Their Rates (in Sec-1) 
(a) Weak 

(1) n + ve ^ p + e~ 

(2) n + e+ ^ p + ve 

(3) n p e~ ve 

M /•“ (e+q)2(t2--i)inede 
K:(n> tÍJí [l + e-u+«)z,-4>,,](l + e‘z) 

. rœ (e—q)2(e2 — l)1/2e de ) 

"(TTe-€Z)Tl + e(e~q) zi>-<h] ) 

^w(p) == Xw(w)( q, (f)p) 

r = 1700 sec; q = ^—^= 2.53; <t>v = <S>,/kT,; 
me 

O(MeV) 
0 7824 

1 804 

0 7824 

mec2_5.93 v mec2 5.93 

~kf rT’ kT\~ f¡7 

(4) B8—> 2 He4 + e+ + ve 18 07 

XßCB8) = 0.89 sec-1 

(5) Cu—> Bu + e+ + Ve 1981 

X3(C1]) = 5.63 X IO“4 

(6) N^-^C^ + ^ + y,, 17 45 

X^N12) = 55.4 

(7) N13 —> C13 e+ ve 2 221 

X/s(N13) = 1.15 X IO“3 

(8) O14 —> N14 -\- e+ -{• ve 5 148 

\ß(Ou) = 9.8 X 10-3 

(9) 015^N16 + e+ +y« 2 761 

X3(015) = 5.62 X 10-3 

(10) F17—>017 + e+ + j'« 2 762 

X^(F17) = 1.05 X IO"2 

(11) Ne18 ^ F18 + e+ + ve 4 227 

X„(Ne18) = 0.474 

(12) Ne19—> F19 + e++ve 3 256 

X^Ne19) = 3.85 X 10~2 

(13) Na20 -s- Ne20 + e++ ve 15 33 

X^Na20) = 1.7 

10 
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TABLE 2—Continued 

(14) Na21 —>■ Ne21 -{- e+ + ve 

Xß(Na21) = 3.0 X 10-2 

(15) Mg22 —>■ Na22 -{■ e+ ve 

X^(Mg22) = 0.178 

(16) Mg23 —>• Na23 + e+ + ^ 

X^(Mg23) = 5.8 X 10-2 

(b) Strong and Electromagnetic 

(1) p n T) y 

[pn] = 2.5 X 104 p6 

Xr(D) = 4.68 X 109 [pn] p6-
1 exp (-25.82 T,-') 

(2) ÿ + D ^ He3 + 7 

[/>D] = 2.23 X 103 Pb Ti-V* exp (-3.72 ^-^^(l + 0.112 TV'3 

+ 3.38 TV'3 + 2.65 r9) 

X7(He3) = 1.63 X IO40 [/>D] pr1 exp (-63.75 T,-1) 

(3) « + Dí±T+7 

[wD] = Pi, (75.5 + 1250 T,) 

X7(T) = 1.63 X 10l° [«D] pi,-’ r9
3/2 exp (-72.62 T,rl) 

(4) n + He3 p -\-T 

[»He3]^ = 7.06 X 108 pb 

[pT]n = [«He3]p exp (—8.864 T<rl) 

(5) ÿ + TôHe4 + 7 

[pT]y = 2.87 X 104 Pb rr
2/3 exp (-3.87 T^) (1 + 0.108 TV'3 

+ 0.466 T?/3 + 0.352 r9 + 0.300 r9
4/3 + 0.576 r9

6/3) 

X^He4)* = 2.59 X 1010 [pT]y pr1 r9
3/2 exp (-229.9 T<r') 

(6) n + He3 ^ He4 + y 

[wHe3]7 = 6.0 X 103 pi, r9 

X7(He4)» = 2.60 X 1010 [wHe3]7 pr1 exp (-238.8 Trl) 

(7) D + D ^ w + He3 

[DD]„ = 3.9 X 108 pi, r9-
2/3 exp (-4.26 T^) (1 + 0.0979 

+ 0.642 TV/3 + 0.440 T%) 

[wHe3]D = 1.73 [DD]„ exp (-37.94 r9
_1) 

(8) D + D^ÿ + T 

[DD]p = [DD]„ 

[7>T]d = 1.73 [DD]P exp (-46.80 7)rl) 

11 

Q(MeV) 
3 522 

5 04 

4 08 

2 225 

5 494 

6 257 

0 7638 

19 81 

20 58 

3 269 

4.033 
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TABLE 2—Continued 

(9) D + D ö He4 + 7 

[DD]7 = 24.1 p6 rr
2'3 exp (-4.26 Tr1'*) (7V/3 + 0.685 T, 

+ 0.152 r9
4/3 + 0.265 r9

6/3) 

X7(Hc4)d = 4.50 X 1010 [DD]7 pb-
1 r9

3'2 exp (-276.7 T,~l) 

(10) D + He3 ö He4 + p 

[DHe3] = 2.60 X 109 Pb TV“3'2 exp (-2.99 Tr1) 

[He4/>] = 5.50 [DHe3] exp (-213.0 TV1) 

(11) D+T^He4 + » 

[DT] = 1.38 X 109 pi, Tr'm exp (-0.745 TTr1) 

[He4«] = 5.50 [DT] exp (-204.1 Tr1) 

(12) He3 + He3 ö He4 -{■ p p 

[He3He3] = 1.19 X 1010 p6 T,-™ exp (-12.25 rr1'3)(l + 0.0340 TV'3) 

[He4/)/)] = 3.37 X IO“10 [He3He3] p6 Trin exp (-149.2 Tr1) 

(13) T + Tï±He4 + « + » 

[TT] = 1.10 X 109 pi, r9-
2/3 exp (-4.87 r,-1'3) (1 + 0.0857 7'9

1'3) 

[He4««] = 3.37 X IO“10 [TT] pb T^3'2 exp (-131.5 Tr1) 

(14) He3 + T^He4 + /) + « 

[He3T]j,„ = 5.60 X 109 Pb Tr2'3 exp (- 7.72 Tr113) (1 + 0.0540 TV'3) 

[He4/)»] = 3.37 X 10-10 [He3T]p„ Pi, Tr312 exp (-140.4 Tr1) 

(15) He3 + T^He4 + D 

[He3T]D = 3.88 X 109 Pi Tr2'3 exp (-7.72 Tr1'3) (1 + 0.0540 TV'3) 

[He4D] = 1.59 [He3T]D exp (-166.2 Tr1) 

(16) He3 + He4 ö Be7 + 7 

[He3He4] = 4.8 X 106 Pb Tr213 exp (-12.8 Tr1/3) (1 + 0.0326 TV'3 

- 0.219 TV'3 - 0.0499 T9 + 0.0258 TV'3 + 0.0150 TV'3) 

X7(Be7) = 1.12 X 1010 [He3He4] pr1 T9
3/2 exp (-18.42 Tr1) 

(17) T + He4 Li7 + y 

[THe4] = 5.28 X 106 pb Tr213 exp (- 8.08 Tr1'3) (1 + 0.0516 T9
lls) 

X7(Li7) = 1.12 X 10l° [THe4] pr’ T9
:t'2 exp (-28.63 Tr1) 

(18) » + Be7 /) + Li7 

[«Be7]p = 6.74 X 109 p6 

[pU\ = [»Be7]„ exp (-19.07 Tr1) 

12 

O(MeV) 
23 85 

18 35 

17 59 

12 86 

11 33 

12 10 

14 32 

1 587 

2 467 

1 643 
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TABLE 2—Continued 

(19) p + Be7 B8 + 7 

[/>Be7] = 5.19 X 105 pi T<r213 exp (-10.26 T»-1'3) 

(1 + 0.0407 TV'3) [1 - exp (-1.564 Tg-1)]-1 

Xt(B8) = 1.31 X 10'» [/.Be7] pr1 T,3'2 exp (-1.564 T,-1) 

(20) p + Li7^ He4 + He4 

[/>Li7]He‘ = 1.42 X 109 Pb Tr213 exp (-8.47 rr"3)(l + 0.0493 T,1'3) 

[He'He4],, = 4.64 [/.Li7]He' exp (-201.3 T^1) 

(21) « + Be7 ^ He4 + He4 

[«Be7]He4 = 1.2 X 107 Pb T, 

[He4He4]„ = 4.64 [MBe7|H,4 exp (-220.4 T<r') 

(22) p + B10 ö He4 + Be7 

[/>B]0] = 1.10 X 10u Pb [Tr2'3 exp (-12.04 Tr1'3) + 3.28 X lO“2 

Tg-3'2 exp (-12.35 T<r') + 5.08 X IQ-2 exp (-16.18 Tg-1)] 

[He4Be7]p = 0.749 [/>B10] exp (-13.32 T<rl) 

(23) n + B10 ^2 He4 + Li7 

[wB10] = 5.08 X 10s Pb 

[He4Li7] = 0.749 [wB10] exp (-32.39 T%~') 

(24) He4 + Be7 5± Cn + y 

[He4Be7]7 = 5.7 X 103 Pi exp (-6.44 T<rl) 

X7(C
11) = 4.06 X 101» [He4Be7]r Pb-' T^12 exp (-87.56 T^1) 

(25) He4 + He4 + He4 ^ C12 + 7, 7 or e+, e- 

[He4He4He4] = 1.80 X 10“8 p6
2 Tr3 [exp (-4.32 Tr1) 

+ 30.3 exp (-27.4 Tg“1)] 

XT(C12) = 2.05 X KJ2» [He4He4He4] pr2 T,/ exp (-84.42 Tr1) 

(26) /> + B11 -> He4 + He4 + He4 

[/>BU] = 3.97 X 106 P6 Tr312 [exp (-1.74 Tr1) 

+ 1.96 X 104 exp (-7.18 Tg-1)] 

(27) /> + Cu ^ N12 + 7 

[pCn] = 1.06 X 106 pb Tr312 exp (-5.7 Tr1) + 2.05 X 107 pb Tr213 

exp (-13.7 Tr113) (1 + 3.04 X 10"2 T^3 + 1.19 T*2'3 + 0.254 Tg) 

X>(N12) = 2.36 X IO10 {pCn\ pr' TV'2 e p (-6.65 Tg“1) 

(28) He4 + C11 ^/> + N14 

[He4C11] = 2.2 X 1016 p6 Tr213 exp (-31.9 TV1'8) 

[/>N14]He4 = 3.71 [He4Ca] exp (-33.89 Tr1) 

13 

O(MeV) 
0 1348 

17 35 

18 99 

1.148 

2 791 

7 545 

7 274 

8 682 

0 573 

2 920 
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TABLE 2—Continued 

(29) p + C12^ N13 + 7 

[pC12] = 1.06 X 106 pb Trm exp (-4.92 T^1) + 2.05 X 107 P(> T,-2'* 

exp (-13.7 r9-
1/s) (1 + 3.04 X lO“2 + 1.19 r9

2/3 + 0.254 T9) 

X7(N
13) = 8.87 X 109 [pC'2] P6-1 TV/2 exp (-22.55 Trl) 

(30) He4 + C12 O16 + 7 

[He4C12]7 = 2.34 X 108 Pb T9~
2 exp (-32.2 Tr1/3) 

X7(0
16)He< = 5.20 X 101» [He4C12]Y pb~

l Tf'2 exp (-83.11 T^) 

(31) He4 + N12 ^ p -\- O15 

[He4N12] = 1.2 X 1017 Pb Tr2'3 exp (-35.6 T,-1'3) 

[/>016] = 4.29 [He4N12] exp (-111.9 TV1) 

(32) He4 + C13 ^ w + O16 

[He4C13] = 1.2 X 10“ pb T,-2'3 exp (-32.3 TV'/3) 

[»O16] = 5.87 [He4C13] exp (-25.72 TV1) 

(33) p + Cu*± N14 + 7 

[pC13] = 1.34 X 106 pb Tr3'2 exp (-5.97 TV1) + 8.04 X 107 pb T9~
2'3 

exp (-13.7 TV173) (1 + 0.0304 V113 + 0.958 TV3 + 0.204 V) 

X7(N
14) = 1.20 X 1010 [/>C13] pb-1 T9

3'2 exp (-87.61 TV1) 

(34) ¿. + N14^0,6 + 7 

[/>N14]y = 4.2 X 107 pb TV273 exp (-15.2 Tr1/3) + 2.2 X 103 pb TV3/2 

exp (-3.01 TV1) 

XT(015) = 2.73 X 1010 [^NI4]r pi-1 T*3'2 exp (-84.62 T,-1) 

(35) He4 + W3^p + O16 

[He4N13] = 1.5 X 1017 pb TV273 exp (-35.9 Tr173) 

[/>016]He< = 5.86 [He4N13] exp (-60.55 Tf1) 

(36) p + N13 ö O14 + 7 

[ÿN13] = 4.2 X 107 pb TV2'3 exp (-15.2 Tf1'3) 

X7(0
14) = 3.59 X 1010 [/>N13] pr1 T9

312 exp (-53.68 Tf1) 

(37) He4 + O14 «s ÿ + F17 

[He4014] = 7.2 X 1017 pb Tf2'3 exp (-39.3 Tf1'3) 

[T>F17W = 0.500 [He4014] exp (-13.81 Tf1) 

(38) p + N16 He4 + C12 

[/»N15] = 8.17 X 1011 pb Tf2'3 exp (-15.2 Tf1'3) (1 + 0.0274 7V/3 

+ 6.72 TV/3 + 1.29 r9) + 1.27 X 108 pb Tf3'2 exp (-3.68 Tf1) 

[He4C12]p = 0.700 [^N15] exp (-57.62 Tf1) 

14 

Q(MeV) 
1 943 

7 161 

9 641 

2 215 

7 549 

7 292 

5 218 

4 626 

1 192 

4 965 
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TABLE 2—Continued 
()(MeV) 

(39) He4 + O16 Ne19 + T 3 533 

[He4016]7 = 1.9 X 103 Pb exp (-12.1 Tfl) 

\y(Ne19) = 5.6 X 1010 [He4Ol5]7 pr1 exp (-41.00 TV1) 

(40) He4 + O16 ^ Ne20 + 7 4 730 

[He4016]7 = 38 p;, Tr312 [exp (-10.35 T,~l) + 8.4 exp (-12.2 Tf1) 

+ 23.4 exp (-23.1 Tr1)] 

X7(Ne20) = 5.71 X 101» [He4016]7 pr1 TV'2 exp (-54.89 r^1) 

(41) ^. + O16 ^ F47 + 7 0 598 

[ÿ01'i]7 = 1.69 X 108 Pb Tr2'3 exp (-16.7 rr1'3) 

X7(F
17) = 3.06 X 109 [ÿOl6]7 p6-' TV*/2 exp (-6.94 TV“1) 

(42) /. + O17 ^ He4 + N14 1 193 

[pO11] = 6.5 X 1012 Pi Fr273 exp (-16.6 T,~113) 

[He4N14] = 0.672 [/.O17] exp (-13.84 Fr1) 

(43) p + F17 ^ Ne18 + 7 3 922 

[¿F17]7 = 6.6 X lO3 Pb F9
1/2 exp (-7.70 Fr1) 

X7(Ne18) = 1.10 X 1011 [/>Fj7]7 p6-i F
372 exp (-45.51 F“1) 

(44) He4 + F17 ^ ÿ + Ne20 4 129 

[He4F17] = 4.9 X 1018 pb Tc213 exp (-43.0 F-1/3) 

[ÿNe20]He4 = 18.8 [He4F17] exp (-47.92 F“1) 

(45) /> + F19 *3: He4 + O16 8 115 

[/>F19] = 4.2 X 1010 Pb F“2/3 exp (-12.1 F_I/3) 

[He40,6]j, = 0.645 [ÿF19] exp (-94.17 F“1) 

(46) He4 + Ne18 ^p + Na21 2 640 

[He4Ne18] = 2.5 X 1019 pb F“273 exp (-46.5 F-1/3) 

[ÿNa21]He
4 = 0.795 [He4Ne18] exp (-30.64 F"1) 

(47) p + F18 ^ He4 + O15 2 877 

[7>F18J = [¿>F19] 

[He4Ol6]j, = 0.493 [/>F18] exp (-33.39 F_1) 

(48) He4 + Ne19 z^p + Na22 2 070 

[He4Ne19] = [He4Ne18] 

[ÿNa22]He‘ = 0.920 [He4Ne19] exp (-24.02 F“1) 

(49) /> + Ne19 «2 Na20 + 7 0.761 

[ÿNe19] = 890 Pi F
1/2 exp (-8.40 F“1) 

X7(Na20) = 3.7 X 1010 [/-Ne19] pr1 F3/2 exp (-8.83 F~l) 

15 
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TABLE 2—Continued 
<?(MeV) 

(50) p + Ne20 ^ Na21 + 7 2 432 

[7>Ne20]r = 1.4 X 105 Pi, rr3/2 exp (-4.17 TV*) 

X7(Na21) = 4.65 X 109 [/>Ne20]7 pr1 exp (-28.22 Tf1) 

(51) He4 + Ne20 ^ Mg24 + 7 9 317 

[He4Ne20]7 = 3.35 X 104 Pb exp (-15.69 Tr1) 

X7(Mg24) = 6.09 X 10'0 [He4Ne20]7 p6-
1 T,3'2 exp (-108.1 T^) 

(52) He4 + Na20 ^ p + Mg23 8 888 

[He4Na20] = 1.0 X 1020 Pb T<rV3 exp (-49.9 

[/>Mg23]He* = 0.813 [He4Na20] exp (-103.1 Tr1) 

(53) p + Ne21 ^ Na22 +7 6 741 

[¿Ne21] = 4.0 X 104 pi, exp (-8.23 Tr1) 

X7(Na22) = 1.07 X 1010 [¿Ne21] pb~' T,3'2 exp (-78.23 Tf') 

(54) He4 + Ne21 ^ + Mg24 2 557 

[He4Ne21] = [He4Ne18] 

[wMg24] = 13.1 [He4Ne21] exp (-29.67 T,~v) 

(55) p + Na21 ^ Mg22 + 7 5 244 

[¿Na21]7 = 3.0 X lO3 Pb 7y/2 exp (-9.06 Tr1) 

X7(Mg22) = 7.47 X 1010 [¿Na21]7 pr1 TV'2 exp (-60.86 Tf1) 

(56) He4 + Na21 0 ¿ + Mg24 6 884 

[He4Na21] = [He4Na20] 

[¿Mg24] = 13.1 [He4Na21] exp (-79.89 TTr1) 

(57) p + Na22 ^2 Mg23 + 7 7 579 

[¿Na22]7 = 3.0 X 104 Pb T^2 exp (-8.99 T<rl) 

X7(Mg23) = 3.27 X 101» [¿Na22]7 pb~
3 r9

3'2 exp (-87.95 Tr1) 

(58) He4 + Na22 ¿ + Mg26 3 144 

[He4Na22] = [He4Na20] 

[¿Mg25] = 3.85 [He4Na22] exp (-36.49 

(59) He4 + Mg22 0 ¿ + Al25 3 927 

[He4Mg22] = 5.0 X 1020 Pb Tr2ld exp (-53.1 7y/3) 

[¿Al26] = 0.550 [He4Mg22] exp (-45.57 Trl) 

(60) p + Na23 0 He4 + Ne20 2 379 

[¿Na23] = 6.0 X 105 Pi, T»'/2 exp (-3.93 Tr1) 

[He4Ne20]j, = 1.24 [¿Na23] exp (-27.61 T,rl) 

16 
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SYNTHESIS OF ELEMENTS 17 

TABLE 2—Continued 

(61) p + Mg23 ^ Al24 + y 

[¿Mg23]T = 1.9 X 103 p,, TV'2 exp (-9.75 Trl) 

Xy(A124) = 2.50 X 1010 [pMg°% pr1 r9
3/2 exp (-19.93 Tr1) 

(62) He4 + Mg23 «i p + Al26 

[He4Mg23] = [He4Mg22] 

[/.Al26] = 1-21 [He4Mg23] exp (-21.75 Tr1) 

(63) p + N15 ^ O16 + 7 

[/>N16]V = 4.22 X 108 pi TV“2'3 exp (-15.2 r9-'/
3) (1 + 0.0274 TV'3 

+ 2.98 TV'3 + 0.57 r9) + 1.16 X 104 Pb T<rm exp (-3.68 T^) 

= 3.64 X 1010 [/.N15]y pr1 TV'2 exp (-140.5 Tr1) 

(?(MeV) 
1 717 

1 874 

12 13 

In several reactions three nuclei are produced and the reverse of these reactions is usually 
included. 

The total rate of change of abundance of nucleus i is therefore given by 

Ai 
dX, 
dt ± Mi) ± Exx/i*] ± Z XX 

y A 3 3>k Æ3 A* Ak ÆI 
(16) 

with appropriate modifications for identical particles as noted above. Note that by using 
mass fractions rather than number densities, an extra term due to changes in volume is 
not needed in the rate equation. The technical problem in constructing equation (16) for 
each nuclear constituent is to obtain expressions for [jk], and [jkl]. A discussion of 
this process may be found in Appendix B and more details will be found in Fowler, 
Caughlan, and Zimmerman (1967). 

It is of interest to compare the reaction rates we have employed with those used by 
Fermi and Turkevich in 1950. In the intervening period a considerable amount of experi- 
mental evidence has been obtained for reaction rates on which they were compelled to 
make theoretical or semi-empirical estimates and new reaction mechanisms have been 
discovered. For the most important reactions involved, the approximate ratios between 
our rates and those of Fermi and Turkevich can be expressed as follows: for all four reac- 
tions in D(^,7)T(/>,7)He4 and D(^,7)He3(w,7)He4, a factor of ^10; for D(D,7)He4, a 
factor of ^IQ-3, for He3(He3,2^)He4, a factor of 10-2, and for He3(He4,7)Be7, a factor 
of ^lOO. It will be clear that the last two factors mentioned aid considerably in 
bridging the mass gap at ^4 =5. Furthermore Fermi and Turkevich did not consider 
Be7(He4,7)Cn, which we have found is effective in bridging the mass gap at ^4 = 8 
since Be7(^,7)B8 remains in equilibrium with B8(7,A)Be7 because of the low value of 
Q — 0.135 MeV. In addition they did not consider 3 He4—> C12 + 7, which is well 
known to be effective in bridging both mass gaps at relatively high densities. 

In constructing X¿(y), [jk], and [jkf], the appropriate distribution functions for par- 
ticles and photons at the same temperature T are used, since they are in thermal equi- 
librium. 

The rate equations provide us with n first-order differential equations giving the time 
rate of change of each of the n mass fractions. In principle, these will provide a unique 
solution by numerical integration from chosen initial conditions. However, if the loss 
(or gain) rate per nucleus becomes much larger than the expansion rate, the loss rate 
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Fig. 2a.—Flow diagram indicating reactions included. Most inverse reactions have also been included 
except in the case of the nuclear beta-decays. For all nuclei heavier than B10, the other initial nucleus 
is either a proton or He4. 

Fig. 2b.—Details of the reactions among the very light nuclei which are included in the calculation. 
All inverse reactions have also been included. 
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SYNTHESIS OF ELEMENTS 19 

quickly balances the gain rate, and the equilibrium mass fraction appropriate to the 
instantaneous temperature results. Since the computer must take finite time steps, it 
cannot accurately compute the small time derivative given by the difference between 
the large and varying, but almost equal, gain and loss rates. Therefore, if a given nucleus 
is in this equilibrium condition, its mass fraction is computed by solving the algebraic 
equation resulting from setting (dXi/dt)T = 0 in equation (16). 

A further difficulty arises if one reaction strongly couples two or more constituents. 
In this case the particular reaction rate will dominate in the rate equation for the con- 
stituents involved, so that if the nuclei are in equilibrium through this reaction, only one 
independent relation exists between them. One or more sums of the rate equations in- 
volved must then be used to solve for the sum of the mass fractions involved. The 
original rate equation is used to find the smaller of the mass fractions, and then the sum 
is used to give the larger. The reactions which necessitate this procedure are those with 
large cross-sections and small energy releases. 

The time steps were adjusted so that no constituent whose abundance was greater 
than 10-15 could vary by more than ^10 per cent during any one time step. The esti- 
mated accuracy thus achieved in the numerical integration of the rate equations was ^1 
per cent for the protons and alpha-particles, and ^10 per cent for the remaining nuclei 
with A < 17. For the heavier nuclei, the accuracy is less due to the necessity of ter- 
minating the reactions at Al. 

IV. INITIAL CONDITIONS 

We are concerned with specifying initial conditions for two distinct problems: (1) a 
universe which emerges from a state of very high temperature; (2) a massive object, 
initially at low temperature, which collapses inward to a state of significantly higher 
temperature (T9)m.ax and ííbounces,, back to a final state of lower temperature. 

The initial temperature for the universal case is taken as Tg = 60 (Z = 0.1). This is 
high enough so that all nuclei are in statistical equilibrium with each other, making the 
composition independent of the previous history of the universe. The proton-neutron 
ratio is given by equation (3), obtained by setting (dXn/dí)T = 0 or (dXp/dt)T = 0 in 
their rate equations. Similarly, by considering the reactions j Æ = ¿ + 7 which control 
the abundance of nucleus i at this high a temperature, one obtains, neglecting factors of 
order unity in (A36), 

X{i) « 10-10 X(j) X(k) Pb TV3'2 eQikT , (i7) 

so that the initial abundances decrease rapidly with increasing mass number. Since we 
know the variations of T and Tv with time from Table 1, it is necessary to specify only 
the entropy of the photons per gram of baryons. This choice gives the parameter h. 
Calculations are then performed for various values of h. Recall that h relates p& and T9 

in the later stages of the expansion, in accordance with equation (1). Integrations are 
carried down to a temperature (Tg ~ 0.01) where the abundances have become con- 
stant. 

In the case of a massive star, we set p„ = 0 throughout the calculation. Integration 
begins at a low enough temperature (r9 « 0.01) to prevent reactions from immediately 
affecting the specified initial abundances. Again we must specify the parameter h (see 
§ VII). The third quantity which must be specified is the temperature at which the 
system ííbounces.,, The collapse rate is given by equation (4) until this temperature is 
reached, at which point the velocity is reversed, and the expansion rate again given by 
equation (4). Again integration proceeds to the final temperature Tg « 0.01. In several 
cases alternative collapse and expansion rates have been used as discussed in § IX. 
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20 ROBERT V. WAGONER, WILLIAM A. FOWLER, AND F. HOYLE 

V. RESULTS EOR THE UNIVERSAL FIREBALL 

In this section we shall discuss our results in the case of a universe containing non- 
degenerate neutrinos. The evolution of the abundances of the various nuclei during a 
typical run is illustrated in Figure 3, which covers only the time interval during which 
the mass fractions were changing appreciably. The final abundances by mass (if > 10“12) 
for various values of h are given in Tables 3A and 3B and plotted in Figure 4. The sym- 
bols po, </o, and T0 indicate the present density, deceleration parameter, and temperature, 
respectively. We have also used 6 = T0/3

o K to express To in terms of the currently 
fashionable value for the universal temperature. The long-lived ^-decays of T, Be7, and 
Na22 are taken into account at the end of the integration by adding their abundances to 
those of the daughter nuclei, He3, Li7, and Ne22. 

TIME (sec) 
10 I02 I03 I04 

Fig. 3.—Evolution of abundances during the expansion of a typical low-density universe {h = 
3.6 X 10~5, ?o = 0 026 for r0 = 3 ° K). 

TABLE 3A 

Element Production in “Low-Density” Universes 

h. 
po/08 

go/Ö8 

3 64X10-8 
1 0 XIO"8» 
1 6 X10-6 

1 15X10 
3 1 X10-33 
8.2 X10-5 

3 64X10- 
1 0 X10-32 
2 6 X10-4 

1 15X10-' 
3 1 X10-32 
8 2 X10-4 

3 64X10-6 
1 0 X10-31 
2 6 X10-3 

1 15X10-6 
3 1 X10-31 
8 2 X10-3 

3 64X10-6 
1 0 X10-30 
2 6 X10-2 

1 15X10-4 
3 1 X10-3< 
8 2 X10-2 

3 64X10-4 
1 0 X10-29 
2 6 XlO-i 

H.. 
D 
He3 

He4 

Li7 

0 980 
1 5X10-2 

1 8X10-4 

4 2 X 10~3 

9 7 X10-12 

0 952 
1 5X10~2 

3 8X10“4 

3 2X10“2 

5 IXIO'10 

0 892 
9 1X10'3 

3 6X10"4 

9 8X10-2 

3 3 X10”9 

0 807 
3 2X10“3 

1 8X10-4 

0 190 
3 4X10~9 

0 763 
6 2X10~- 
6 3 X10“6 

0 236 
5 2 X10“10 

0 748 
8 9X10“5 

3 8X10“6 

0 252 
2 IXKT10 

0 737 
1 2X10“5 

2 1X 10~6 

0 263 
4 4X10“9 

0 728 
2 7X10~7 

9 9X10~6 

0 272 
2 1X10“8 

0 719 
2 5 X10“12 

5 6X10“6 

0 281 
4 3 X10“8 
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TABLE SB 

Element Production in “High-Density” Universes or Massive Stars 
Emerging from Very High Temperatures* 

h 
po/03 

go/03 

H 
D 
He3 

He4 

Li7 

B11 

C12 

P13 
N14 

N15 

016 

017 

Ne21 

Ne22 

>Mg 

1 15X10- 
3 1 X10- 

0 82 

0 709 

4 4X10-6 

0 291 
1 1X10“7 

4 6X10-12 

1 6X10-12 

3 64X10-3 1 15X10-2 
1 0 XIO"23 3 1 XIO"23 

2 6 8 2 

0 701 

3 5X10- 
0 299 
2 9X10- 
1 7X10- 
3 9X10- 
3 6X10- 
8 9X10- 

-6 

0 691 

2 4X10 
0 309 
6 8X10 
4 8X10 
7 7X10 
8 4X10 
2 0X10 

9 2X10-1 

0 681 

1 OXIO“6 

0 319 

3 64X10 
1 0 X10-27 

26 

1X10-6 

6X10-11 

6X10-9 

1X10"8 

2 X10-9 

2 4X10-1 

1 15X10-1 

3 1 X10-2' 
82 

0 670 

1 7X10 
0 330 
8 1X10 
3 9X10 
5 3X10 
7 3X10 
2 8X10 
1 1X10 
2 6X10- 

2 9X10- 
5 5X10- 
1 ixio- 

-]2 

3 64X10- 
1 o xio- 
2 6 X102 

0 660 

5 7X10 
0 340 

1-9 

4X10 
7X10 
0X10 
5X10 
4X10 
7X10 
2X10 

-7 

2 6X10 
5 5X10 
2 8X10 

-h 

1 15 
3 1 X10-26 
8 2 X102 

0 648 

2 ^XIO"15 

0 352 
5 9 X10-9 

0X10 
2X10 
5X10 
7X10 
1X10 
1X10 
6X10 
7X10 
1X10 

-12 

3 64 
1 o xio- 
2 6 X103 

0 631 

0 369 
1 4X10~12 

8 6X10 
9 6X10 

7X10 
9X10 
3X10 
9X10 
7X10 
8X10 
0X10 

-12 

11 5 
3 1 x 10-26 
8 2 X103 

0 603 

0 397 

3 3 X10-8 

4 3X10"8 

3 2X10-8 

4 6X10-8 

1 2X10-12 

7 1 xlO-10 

1 5 XlO"9 

8 6XlO-6 

* Mass fractions less than 10 12 are not entered 

i<r4 icr3 icr2 1er1 1 10 102 io3 104 

/>o/03 (gm cm"3) 

Fig. 4.—Element production in a universal fireball or a massive object expanding from > 10. 
The particular universe can be specified by either the parameter h, the present baryon density and 
photon temperature To, or the present deceleration parameter and TV The symbol 6 represents 7o/3° K, 
where the 3° K has been adopted from recent measurements at radio frequencies of a presumed universal 

Population II abunc lances are of order Í0“2 of solar-system values. 
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For the present, we shall assume that the measurements of background radiation do 
indeed result from the expanded primeval fireball, so that 0=1. Then the observed 
upper limit (Sandage 1961) on the deceleration parameter, < 3, restricts us to “low 
density’’ universes, h < 10~2. From Figure 4 we see that the only nuclei produced in 
significant quantities are D, He3, He4, and Li7. 

The route around mass 5, arising from the reactions He4(He3,Y)Be7 and He4(T,7)Li7, 
shows itself in the production of Li7. The shape of the curve is due to the dominance of 
the former reaction at high densities and the latter at lower densities (h < IQ“6). Al- 
though an effective route around mass 8 does not appear to exist, it should be mentioned 
that the production of heavier elements in this range of h values depends most strongly 
on the reaction Be7(He4,Y)Cn, the cross-section for which has not been measured. The 
process 3 He4 —* C12 is ineffective at the densities under consideration. The values for 
D and He4 are in good agreement with those obtained by Peebles (1966a, b). The values 
for He3 and Li7 are new. 

TABLE 4 

Comparison with Observed Abundances 

Element 

D . 
He3 

He4 

Li6 

Li7 

Be9 

B10 .. 
B11 

C12 

ris 
N14 

N15 . 
O 
>Mg 

Where 
Observed 

Earth 
Meteorites 
Sun* 
Earth (Li6/Li7) 
Meteorites 
Meteorites 
Meteorites 
Meteorites 
Sun 
Earth (C13/C12) 
Sun 
Earth (N16/N14) 
Sun 
Sun, meteorites 

Observed 
Mass 

Fraction 

2X10-4 

6XIO-5 

0 27 
IXIO-9 

IXIO'8 

IXIO-9 

IXIO-9 

5 X10-9 

4X10-3 

4X10-5 

8XIO-4 

3X10-6 

8XIO-3 

2 X 10~3 

Calculated Mass Fraction 
eor Different go/03 

5 0X10-3 

2X10-4 

5 X 10~5 

0 25 
<10~12 

3X10-10 

<10~12 

<io-12 

<io-12 

CIO"12 

CIO"12 

CIO“12 

CIO"12 

CIO"12 

CIO"12 

1 0 

CIO-12 

4X10-6 

0 29 
CIO"12 

IXIO'7 

CIO"12 

CIO'12 

4X10-12 

CIO’12 

CIO“12 

2X10"12 

CIO'12 

CIO"12 

CIO"12 

2 6X103 

CIO'12 

CIO-12 

0 37 
CIO"12 

IXIO'12 

CIO'12 

CIO"12 

CIO"12 

9X10-8 

IXIO“7 

8X10-8 

2X10-12 

IXIO"7 

IXIO"6 

♦From solar structure and evolution calculations. 

A comparison of the results for three different universes with observed solar system 
abundances is made in Table 4. For the present, let us restrict our consideration to the 
elements whose abundance is calculated to be > 10“12. 

No single value of h reproduces the observed values, although the region IQ-6 < h 
« 2o/(718 03) < 10~~4 yields a mixture in rough agreement with them. With 0 ~ 1, 
this range of ^"corresponds to 10“3 <qo< 10“1. The highest density case, h = IQ“4, 
with 0 not much in excess of unity, is close to = J, the particular value that separates 
the open cosmologies from those that are closed. Evidently we must examine in some 
detail how far our calculations of the D, He3, He4, and Li7 concentrations for this special 
case must be considered as discrepant from the values given in Table 3A. Placing the 
numbers in juxtaposition we have 

D He3 He4 Li7 

Solar system 
Calculation {h—\. 15XlO-4) 

2X10“4 

3X10'7 
6X10-6 

IXIO"5 
0 27 
0 27 

lO“8 

2X10- 
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To reconcile the cases of He3 and D it is necessary to argue that isotopic separation 
has taken place within the solar system. In the original planetary material the concen- 
tration of water vapor must have been ten times greater than the metallic content, in 
particular Mg, Si, Fe. Of the original water only about 1 part in 3 X 104 has been retained 
by the Earth. In whatever process led to the loss of water it is possible, as Urey (1952) 
has pointed out, the DHO was slightly less subject to fractionation than H20, and hence 
that D became concentrated in the small remaining fraction of the water. The value of 
D/H in terrestrial water would then be accidental and of no cosmological significance. 

The value given in Table 4 for He3 was obtained by Signer and Suess (1964) from the 
analysis of a special class of gas-rich meteorites in which the concentrations of He, Ne, 
Ar, Kr, and Xe are too high to be attributable to a radiogenic origin or to spallation 
production by cosmic rays. Signer and Suess suggest that the grains of which the me- 
teorites are composed may have been subject to bombardment by a primitive solar 
wind, the gas becoming trapped at the grain boundaries. On this picture the meteorites 
were built by a subsequent compacting of grains. The issue is evidently one of how far 
the He3/He4 ratio in the solar wind can be considered to be representative of the original 
primordial composition of the solar material. In particular, it is possible that evaporation 
into the solar wind is favored by the smaller mass of He3, in which case the He3/He4 

ratio measured in these meteorites might be substantially higher than the primordial 
value. 

Although the discrepancies in D and He3 might be explained along these lines, there 
are important counterarguments. The ratio D/H measured in meteorites appears to be 
close to the terrestrial value, which would be surprising if D/H has been subject to a 
large change through fractionation. Different samples might be expected to show differ- 
ent ratios. This issue is of such importance that more data on D/H in meteorites are 
needed. Especially is it important to insure that measured values have not been affected 
by contamination. The Ne/He ratios in the gas-rich meteorities are about Taking 
the solar helium abundance as 3 X 109 on the Si = 106 scale, this would indicate a Ne 
abundance of ^lO7, which is as high as the usually quoted value for the unfractionated 
solar neon abundance. Hence there does not seem to have been any appreciable frac- 
tionation between He and Ne, and therefore it is hard to maintain the existence of much 
fractionation between He3 and He4, unless the evaporation of the solar wind was con- 
trolled by an electromagnetic process, in which case the charge-to-mass ratio of ions 
may have played a significant role. 

Unless we appeal to isotopic fractionation to overcome the discrepancies of D and 
He3 it is necessary to conclude that one or more of the following must hold good: 

1. Our calculations contain appreciable inaccuracies. 
2. The measured thermal radiation at 3° K is not primeval. 
3. The parameter h is smaller than ^TO“4, is appreciably less than 0.5, and the 

cosmology is open. 
4. The observed concentrations of D, He3, and Li7 are to be explained in terms of local 

processes, not in terms of cosmic synthesis. 
5. At least one of our original assumptions is untrue. 
The nuclear reaction rates for the very light nuclei involved in this section of our cal- 

culations are very well known. We are therefore reluctant to believe that the calculated 
values are subject to serious error. 

There has so far been no general disposition on the part of physicists and astronomers 
to question the cosmological significance of the measurements of Penzias and Wilson, and 
of those of Wilkinson and Roll (see, however, Kaufman 1965 and Layzer 1966). We do 
not wish to do so here in any very serious respect, but we do think it worthwhile pointing 
out the following remarkable coincidence. The average spatial density of galactic mate- 
rial is ^3-7 X 10”31 gm cm-3 (Oort 1958). Of this, about one-third is probably helium, 
giving an average helium density of ^10~31 gm cm-3. Since the conversion of 1 gm of hy- 
drogen to helium yields ^6 X 1018 ergs, the average energy production—if the helium has 
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come from hydrogen—has been ^6 X 10“13 erg cm-3. This energy density, if thermalized, 
would yield a temperature of just 3° K. Because in a cosmological expansion the baryon 
density decreases as R~z while the radiation density decreases as i?~4, the coincidence is 
an accident if the measured 3° K is a relic of a cosmological fireball. On this view the 
expansion factor Æ has increased since the fireball by ^109 so that no such coincidence 
could have obtained over most of the expansion. It would be an accident of the present 
epoch. This is not the case if the observed radiation results from the thermalization of 
energy from recent hydrogen to helium conversion in stars. A thoroughgoing discussion 
relevant to this subject is given in Felten (1966). 

Reducing h to 7 X 10~6, in line with choice (3), we have the following comparison: 

He3 He* Li? 

Solar system 
Calculation 

2X10"4 

2X10-4 
6X10-6 

5X10-6 
0 27 
0 25 

IO"8 

3 X 10~10 

The discrepancy in Li7 may not be too serious, because we can imagine inhomogenei- 
ties being present with higher values of h. Inhomogeneities operate in the sense that an 
effective contribution from higher values of h is much more likely than an effective con- 
tribution from lower values. This is because densities lower than the average make less 
contribution than densities which are higher than the average. The Li7 concentration 
can be brought into line if about 10 per cent of the material had an h value as high as 
10“3. Note also that h values both slightly lower and higher than this choice of 7 X 10-6 

produce Li7 near the observed abundance. 
For 0=1 and h = 7 X 10-6, p0 « 2 X 10~"31 gm cm-3, very near the estimated 

3-7 X 10-31 gm cm-3 for the average density of galactic material. Substitution in equation 
(9) gives go ^ 5 X 10~3, and the cosmology is certainly open, by a considerable margin. 
The age of the galaxies on such a cosmological model would be close to iJo“1 ^ 10- 
13 X 109 years, for Ho = 75-100 km (sec-Mpc)-"1. (We have used Ho = 100 in com- 
puting £o.) Considering the observational and theoretical uncertainties involved, this is 
in rough agreement with current estimates for the ages of the oldest stars in the Galaxy. 
It is also consistent with estimates from nuclear chronology by Fowler and Hoyle (1960). 
There are thus formidable reasons for supporting this cosmological model. These reasons 
are displayed together in Table 5. 

TABLE 5 

Open Cosmology with Background Temperature 3° K and 
Deceleration Parameter « 5 x 10~3 

pb « hTg3 gm cm“3 h~ 7 X 10“6 

This value of h gives a production of D, He3, and He4 in good agreement with 
solar system abundances. Inhomogeneity can remove the discrepancy in Li7. 

With T = 3° K at the present epoch, pb~ 2 X 10“31 gm cm“3, in good agree- 
ment with the average density of galactic material. 

The age of the galaxies is ^'#<r1. With Ho“1 ~ 10-13 X 109 years, this age is 
consistent with estimates of the ages of the oldest stars in our own Galaxy, and with 
nuclear evidence for the age of the Galaxy. 

How far can the issue be inverted? How far can Table 5 be construed as ruling out 
other systems of cosmology, for example, the cosmology g0 = +1? The new item in 
Table 5 is the agreement of the calculated D, He3, He4 concentrations with solar-system 
values. The other items are, of course, well known. To deal with this question we must 
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now consider whether an alternative explanation of the D, He3, and Li7 concentrations 
is possible, as proposed in choice (4) above. The He4 is relatively insensitive to h, so that 
agreement for He4 is not a critical result, particularly as observational evidence exists 
for helium concentrations up to 0.4. 

Beryllium is observed in stellar spectra. Beryllium is important because it is not pro- 
duced in the universal fireball. Beryllium must be produced by spallation at stellar 
surfaces and He3, Li7 will also be generated along with the beryllium. The question is 
what concentrations of He3 and Li7 will be produced in this way? 

The number of spallation events per second produced by high energy protons on a 
target nucleus i is proportional to 

Nifcxij(E)n(E)v(E)dE) 

in which Ni is the density of target nuclei, or# is the cross-section for production of a 
nucleus^*, and n(E) dE is the number of protons with energies between E and E + dE. 
The cross-section a becomes small as E decreases below 100 MeV. On the other hand, it 
is reasonable to assume that n(E) falls steeply as E increases above 100 MeV, $>oE ^ 100 
MeV probably gives the main contribution to the integral. 

We wish to compare the production of He3 with Be9. For He3 the most effective target 
nucleus is He4. For Be9 the most effective targets are C12 and O16. In stellar material 
He4 is about 102 times as abundant as carbon and oxygen. Further, <t for the production 
of He3 is more than 100 mb for protons of 100 MeV on He4 whereas the cross-section for 
Be9 production may well be as low as 1 mb. Combining these factors, we expect He3 

production to exceed that of Be9 by a factor ^104. 
A recent survey by Merchant (1966) of the Be abundances in the atmospheres of a 

number of stars gives values up to ^30 on the Si = 106 scale. The corresponding abun- 
dance of He3 should therefore be ^3 X 105, giving a mass concentration of ^3 X 10~"5, 
not much different from the required value for the Sun. 

There are two other possible explanations for the solar-system He3 abundance. If 
the primitive D/H ratio in the Sun was 1.5 X 10-4 as found terrestrially, then the 
D(^,7)He3 reaction plus convective mixing has produced He3/He4 = 1.5X10_3or 
X(He3)/Y(He4) ~ 10“3 in the solar surface. This is five times the mass fraction ratio 
given in Table 4. This result probably indicates that the primitive solar D/H ratio was 
not equal to the terrestrial value as discussed below in greater detail but the point must 
not be overlooked in the discussion of D and He3 abundances. Finally, it is clearly pos- 
sible for He3 to have been produced in stellar nucleosynthesis, again by the D(/>,7)He3 

reaction, in this case taking place in regions in stars where He3(He3,2^)He4 and 
He3(He4,7)Be7 are inoperative. The highly evolved models of Iben (1965a, 1966) and 
of Hayashi, Höshi, and Sugimoto (1962) indicate that X(He3)/Y(He4) ^ 2 X 10-3 in 
late stages of stars with masses in the range 1-5 Mo. This is ten times the solar system 
mass fraction ratio and might be taken to indicate that only 10 per cent of solar helium 
was produced in stars, but for our purposes the result at least indicates the possible 
copious production of He3 in ordinary stellar nucleosynthesis. 

On the basis of a spallation explanation for the abundance of the light nuclei, a positive 
result is also obtained for Li7, which should be favored compared to Be9 by a factor of 
at least 10. With ^30 for the Be abundance, a Li7 abundance of ^300 can be expected. 
This exceeds the solar-system value by a factor of ^6. 

Further evidence for spallation also comes from the presence of Li6 in stars, for Li6 

is not synthesized in a fireball. According to Herbig (1964) the maximum observed ratio 
in stars for Li6/Li7 is which corresponds to thejspallation value. Herbig’s results 
demonstrate the following result: In some, but not all, stars in which lithium is most 
abundant the ratio Li6/Li7 takes its spallation value. This shows that yields from’spalla- 
tion are comparable with the total Li concentration. Although at this stage we^cannot 
eliminate the possibility that approximately equal contributions to lithium concentra- 
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tions come from spallation and from a universal fireball, the facts do weaken the case for 
lithium from a fireball. 

It remains to discuss the case of D. The composition of solar material shows that 
some, if not all, of the solar material has passed through a previous generation of stars 
or of massive objects. This is necessary if we are to understand the detailed abundances 
that are present in the Sun. Moreover, the work of Salpeter (1959) and of Schmidt (1959) 
also indicates that much of the material of the Sun has passed through previous stars. 
Deuterium would not survive therefore in much of the material, even if D is adequately 
synthesized in a fireball, because D does not survive inside stars. Hence if D/H in the 
Earth is to be explained without isotopic fractionation in terms of the D/H value gen- 
erated in a fireball the value of D/H at emergence from the fireball must be higher than 
the terrestrial value, say, X(D)/X(H) > 3 X 10-3. This would demand an uncom- 
fortably low value of h, namely, h < 10^6. 

An alternative explanation of tlie origin of the terrestrial D in terms of spallation 
processes within the planetary material itself has been proposed by Fowler, Greenstein, 
and Hoyle (1962). At the present stage of the argument this alternative explanation still 
seems attractive. 

We conclude that D, He3, He4, and Li7 in solar-system abundances could well have 
been produced during the early stage of a universe with h ~ 7 X 10“6 and with 
#o ~ 5 X 10“3, To « 3° K, and pb ~ 2 X 10~31 gm cm-3 at the present time. However, 
there are a number of attractive alternative explanations for the solar-system abun- 
dances of the light nuclei. He4 remains as the key nucleus in the possibility that nucleo- 
synthesis took place during the early high-temperature stage of the universe. The He4 

content of Population II stars remains uncertain. In three stars located in the galactic 
halo Sargent and Searle (1966) find that the He/H ratio is lower by a factor of ^100 
than it is in main-sequence stars of Population I. On the other hand, theoretical calcula- 
tions on the structure and evolution of horizontal branch and RR Lyrae stars by 
Faulkner (1966) and Christy (1966) indicate that the He abundance needed to yield good 
agreement with observations is of the order of 20 to 30 per cent by mass. 

VI. NEUTRINO DEGENERACY 

Let us now consider the possibility that the universe is filled with enough neutrinos or 
antineutrinos to induce degeneracy (ZePdovich 1964; Dicke et al. 1965). If either were 
completely degenerate up to some Fermi level <£„, this would produce a mass density 

= 2920 ViMcV) gm cm-3. a») 

a- 
Thus we see that in order that the neutrino density be within the upper limit p < 
3 X 10“29 gm cm-3 set by the observed deceleration of distant galaxies, the Fermi level 
at present can be at most ^TO-2 eV. This is well within the upper limit of ^1 eV im- 
posed by measurements of the very high-energy cosmic ray flux (Cowsik, Pal, and 
Tandon 1964). 

The thermodynamic properties of partially degenerate neutrinos also depend on their 
temperature. However, partial degeneracy still allows them to interact sufficiently at 
temperatures > 1011 ° K so as to make their temperature equal to the photon tempera- 
ture until the pairs annihilate. Therefore, in computing quantities involving the dis- 
tribution function (Al) for neutrinos and antineutrinos, we have taken Tv to be the same 
function of T as for the non-degenerate case. This is valid even in the completely degen- 
erate case, since then the results are independent of Tv. 

As can be seen from the form of the distribution function (Al), the Fermi level and 
neutrino temperature Tv both decrease as Rrl during the expansion. The quantity which 
shall be of interest to us is $v/kT, which thus remains constant, except during the pair 
annihilation. 
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Degeneracy affects element production in two ways. First, the increased density in- 
creases the expansion rate, allowing less time for the nuclear reactions to proceed. This 
is the only way in which the muon-neutrinos affect the problem. For simplicity we have 
only considered the case where ^(v^) = $(ve) = although values of greater 
than $(ve) would change the results substantially through the effect on the time scale. 
Since pv oc R-* even under degeneracy, it is only necessary to compute the Fermi-Dirac 
integral at the starting temperature for a given choice of $v/kT. 

Second, the reaction rates governing the interconversion of neutrons and protons 
(\w(n) and \w(p) in Table 2(d)) are altered. Electron-neutrino degeneracy results in a 
preponderance of protons, while electron-antineutrino degeneracy allows the neutrons to 
remain dominant until the Fermi level has decreased to the point where they can de- 
cay, MeV. Thus choosing a negative value of $v/kT determines the temperature at 
which element building can effectively begin. If the present photon temperature is 
3° K, this would set |<i>„/&r| < 40, resulting in a “turn-on” temperature >108 ° K. 

The element abundances were computed in the same manner as for the non-degenerate 
universes, after first choosing values for h and (^v/kT)o, where the subscript denotes the 
(constant) value after the pairs annihilate. In the case of complete degeneracy, 
\$v/kTv\ 1, the ratio of electron-lepton number to baryon number, denoted by Lev, 
is related to these parameters by the simple expression 

¿e, = P+ 2.33 X 108 -, (19) 
rl 

where P is the ratio of protons (including those within nuclei) to protons plus neutrons. 
For “high-density” (h > 10-3) universes with neutrino degeneracy (<i>„ >0), it is 

found that the abundances are even lower than those of Figure 4, due to the lack of neu- 
trons. Therefore, we do not consider this case of much interest. High-density universes 
with antineutrino degeneracy (4>y < 0), on the other hand, present the possibility of 
making substantial quantities of C, N, and O. This is due to the fact that element build- 
ing can begin at a low enough temperature to prevent charged particle reactions from 
proceeding through the heavier nuclei. However, a buildup of heavier nuclei may still 
be possible through the fast /3-decays of neutron-rich nuclei. A detailed analysis requires 
the inclusion of reactions other than we have considered here, and so remains for the 
future. 

In Figures Sa and Sb are the results for two low-density universes, h = lO-4 and 10-6. 
The major effect of neutrino degeneracy (4>v > 0) is a sharp drop in the He4 abundance, 
followed by declines in the other abundances as the degeneracy is increased. Note that, 
for both values of h, the He4 is reduced by a factor of 10 below the non-degenerate result 
for (4>„/£r)o = 1-4- 

In the case of antineutrino degeneracy, the He4 reaches a maximum at (<ï>„/Ær)o — 
—1.5, corresponding to equal numbers of neutrons and protons being present at the time 
when the nuclear reactions can begin to produce He4. As the degeneracy is increased, the 
protons are produced at lower temperatures, so that the charged particle reactions have 
increasing difficulty in building up the heavier nuclei. Finally, even the deuterium is 
reduced due to the lowering of the density at which it can be produced. 

Thus we see that both small positive values and large negative values of (<£„/&T^o can 
reduce the He4 to that seen in the helium-poor stars (Sargent and Searle 1966; Greenstein 
1966). However, the negative values appear to produce too much D and He3 unless 
essentially no He4 is allowed. 

VII. MASSIVE STARS 

The dynamical behavior of massive objects can be understood from Table 6, in which 
we consider how various quantities change under a homologous, adiabatic change of 
dimension. The ratio of specific heats 7 for the gas is taken as §, while that for the 
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Fig. 5a.—Element production in a low density {h = 10~4) universe in the case of neutrino ($y > 0) 
and antineutrino ($„ < 0) degeneracy. The Fermi level of the electron neutrinos is denoted by while 
T is the photon temperature, and the subscript refers to the value after the pairs annihilate. Lev is the 
ratio of electron lepton number to baryon number. 
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radiation field is f. Part I of Table 6 portrays the case when radiation makes a negligible 
contribution to the mass of the object, Part II the case when matter makes a negligible 
contribution. Radial changes in a spherically symmetric object are considered as well as 
one-dimensional changes in the smaller dimension of a flattened object. 

Confining ourselves for the moment to the first part of the table, we note the curious 
circumstance that for spherically symmetric changes both the radiation pressure gradient 
(erg cm-4) and gravitational force density (erg cm-"4) have the same dependence on the 
scale factor £. It follows that, when the main contribution to the pressure comes from 
radiation, these terms do not come into balance if they are initially out of balance. 
Equilibrium can be reached through the minor contribution of the gas pressure, provided 

TABLE 6 

Behavior of Various Forces within a Massive Star 
under Adiabatic Changes of Dimension 

Part I: Negligible Contribution of Radiation to Mass of Object 

Spherically Symmetric Change R—^ÇR 
Gas pressure gradient £-(i+3y) = £-6 
Radiation pressure gradient °c £~5 

Gravitational force density £“5 

Centrifugal force density f~6 

One-dimensional Change Z—> £Z 
Gas pressure gradient ^ = £~8/3 

Radiation pressure gradient °c £-7/3 

Gravitational force density oc 

Part II: Negligible Contribution of Matter to Mass of Object 

Spherically Symmetric Change R—^i-R 
Radiation pressure gradient £~5 

Gravitational force density «: £~7 

Centrifugal force density oc £~7 

One-dimensional Change Z —» £Z 
Radiation pressure gradient «: f~7/3 

Gravitational force density °c £~6/3 

the two main terms are nearly equal. A disequilibrium involving a small difference may 
need a large value of £ in order for the gas pressure term to make up the difference. 
Write 

0 = 
Gas pressure 

Total pressure ’ 
Radiation pressure gradient 
Gravitational force density 

The relative change of dimensions necessary to bring a disequilibrium into equilibrium 
is in general given by £ « A/ß. Equilibria in which ß <K 1 may be described as “soft”— 
such equilibria are controlled by the minor gas pressure gradient term. In contrast, when 
ß « 1 the total pressure gradient is effectively proportional to £“6, and a small initial 
disequilibrium is corrected by a minor adjustment of £. Such equilibria are “hard.” 

If A ß the system may fail to find any equilibrium at all. Collapse inward or expan- 
sion outward to infinity occurs in such cases. Also when R is such that 2 GM/Rc2 > ß 
a non-rotating system fails to find equilibrium (Chandrasekhar 1964; Fowler 1964,19§6; 
Wright 1964). The proportionality of the gravitational force density to £~5 includes only 
Newtonian gravitation. The post-Newtonian approximation, in which terms of the sec- 
ond order in the relativistic parameter 2 GM/Rc2 are retained, adds a term that varies as 
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£~6. Should this term exceed the term due to the gas pressure gradient, as it does when 
2 GM/Rc2 > ß, the gas pressure term fails to stabilize the system. 

These curious properties arise from the geometry of spherical symmetry. Table 6 
shows the situation to be quite different in the one-dimensional case. Here a small dis- 
equilibrium is corrected by a small change of dimension, regardless of whether ß « 1 or 
ß « 1. The one-dimensional case is applicable to infalling massive objects with rotation. 
Provided rotary forces are not initially very small, the centrifugal force, being propor- 
tional to f~6, eventually balances the component of the gravitational force toward the 
axis of rotation. Further collapse then follows the one-dimensional case. (By the rotation 
not being initially very small we mean that the centrifugal force must become important 
before R decreases so much that 2 GM/Rc2 rises to unity, so that Newtonian arguments 
can be considered to hold good to an adequate approximation.) 

An infalling massive object having sufficient rotation will “bounce,” rather than fall 
into a state of equilibrium. This is because the dynamical energy of infall causes the 
equilibrium position to be overshot. The object falls in and bounces out again. The 
bounce is “hard” because the forces which oppose gravity aré small during the infall and 
only become large at the bounce. The time scale is so short that energy losses are neg- 
ligible. Furthermore, the energy released by nuclear reactions does not seriously raise the 
temperature for h < 103. 

The matter density in our models is given by p& « hT9
3, while the radiation density 

py = 8.4 TV. Therefore, for temperatures T%> 10-1 hy most of the mass of the object 
is due to photons and possibly pairs, and we must refer to Part II of Table 6. Two 
interesting points emerge. First of all, we see that, if gravitational forces initially domi- 
nate over the radiation pressure, they will increase their relative strength during the 
ensuing collapse. In an actual body, whose mass is initially due to its matter density, the 
requirement that it be massive enough to initially collapse guarantees that the gravita- 
tional force will indeed dominate when it becomes a radiation sphere. It is easily seen 
that at this point the radius of the body has approached its Schwarzschild radius. The 
second point is the constancy of the ratio of gravitational and centrifugal forces. This 
would imply that rotation could not halt the radial collapse, if it were not for the fact 
that there will always be some contribution from the matter density. However, again 
this situation will be altered in the relativistic region. 

In the one-dimensional case, we see as before that the pressure gradient will eventually 
halt collapse, although the bounce will not be quite as “hard” as in the matter density 
case. Thus we have the general result that a flattened configuration will always halt 
gravitational collapse, at least in the non-relativistic region. 

We now wish to estimate the values that should be given to the parameter h in the 
bounce of a local object, and also consider the maximum temperature which can be 
attained at the bounce itself. Let us consider an initially spherical body which collapses 
to the radius R at which centrifugal force halts the collapse in two dimensions. Collapse 
then continues in the other dimension until bounce occurs for a flattened body of radius 
R, thickness 2Z, and average density pm = (p& + p7)max. For a massive star, the major 
contribution to the pressure comes from the photons, so that p ~ \ aTA. Including the 
density and pressure of possible pairs will not significantly alter our results. We discuss 
six points which enable us to estimate or place limits on the quantities of interest. 

1. The initial spherical collapse arises from the radiation of energy which continues 
at the onset of the general relativistic instability for R < 2 GM/ßc2. In terms of the 
central temperature (Fowler 1964, 1966) the instability condition is 

r9 > 2xio4(^p). (20) 

We are interested in central temperatures at which nuclear processes take place rapidly. 
In § VIII we discuss bounces at r9 > 20. The massive star must become unstable at 
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less than the bounce temperature. The conclusions reached thus apply ioxM/Mo > 103. 
In § IX we discuss bounces at r9 « 0.5 to 2 for which M/Mo > 4 X 104 and M/Mo > 
104, respectively. 

2. The initial spherical collapse becomes a spheroidal one under the influence of rota- 
tion and the general-relativistic instability is removed. Using the balance between pres- 
sure and gravitational forces which exists in the flattened body shortly before the bounce 
gives a rough estimate of the maximum density pm and temperature Tm at bounce. We 
have 

dp, 
dZ 

ArGpJZ. 

Since the pressure is primarily due to radiation, to order of magnitude one can rewrite 
this equation as 

~ ~i7rGpJZ or TJ ” (—“^1/2 dZ 

But M « 27rpm R2Z so that 

" J P mZ . 
a / 

/3 GM2\m 

\ iraR* ) 
(21) 

3. Demanding that the body remain non-relativistic throughout the collapse so that 
a visible bounce can ultimately occur yields the inequality 

2 GM 
Rc2 <1 . (22) 

4. Combining equations (21) and (22) yields an upper limit on the bounce temperature 
as follows 

/ 3cs V/4 

\l6iraG*M2J 
or 

fMoV12 

Tm< 

r9m <10 
\M / 

(23) 

5. An approximate but more detailed analysis of the binding energy required for 
hydrostatic equilibrium in a rotating body under general-relativistic conditions has been 
made. The exact results derived by Bardeen (1965) for a non-rotating object with poly- 
tropic index n = 3 and pressure/internal energy = I^ — 1 = i have been employed and 
the rotation has been treated in up to two orders beyond the Newtonian term using re- 
sults of Bardeen and Anand (1966). It is found that the binding energy becomes very 
negative for small a = (p/pbC2)c = (SHT/pß)c at the center but that the rotational terms 
can return the binding energy to zero for a < 0.4 if differential rotation governed by the 
conservation of angular momentum for all mass elements (Fowler 1966) is permitted. 
If overshooting is neglected it can be assumed that the bounce occurs when the binding 
energy required for hydrostatic equilibrium returns to zero so that 

<2Xl°-@) 
1/2 

(24) 

which is very similar to the result in equation (23) above. From equations (20) and (24) 
one has 

^ ^ /^oV/2 

VMyS2X104SVM/ ‘ 
(25) 
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6. Since the pressure is due to radiation the fundamental adiabatic relation p& « hT$z 

still holds, even during the one-dimensional collapse. If h is determined during hydro- 
static equilibrium before collapse the results of Fowler and Hoyle (1964) show that 

or Ä = 1, 10, 100, 1000 for M/Mo = 1010, 108, 106, 104 respectively. Combining equa- 
tions (25) and (26) yields 

2 X 10-6 h2 < T9m <02 h. (27) 

The upshot of the arguments of the present section can now be summarized. High- 
temperature bounces with ~ 20 are permitted for 100 < Ä < 3 X 103 or 103 < 
M/Mo < 106. These are treated in the next section. In § IX we treat bounces in tifie 
range 0.5"<T9m <2 during which significant nucleosynthesis occurs in the time scales 
permitted/The maximum in this range requires 10 < A < 103 or 104 < M/Mo < 108. 
The minimum in this range requires 2.5 < A < 500 or 4 X 104 < M/Mo < 1.6 X 109. 
Because of the order of magnitude nature of our analysis of the bounce we"also give re- 
sults for A « 1 or if/If o « 1010. 

VIII. BOUNCES AT VERY HIGH TEMPERATURES 

In this section we treat bounces in massive stars at very high temperatures which we 
have somewhat arbitrarily specified as T9m> 20. At the outset a comparison with the 
results of the universal fireball is instructive. We have seen from Figure 4 that a universal 
fireball with A < 10“3 does not produce any nuclei with ^4 > 7. The gap at mass 8 is not 
bridged. For larger A the gap can be bridged, however, because of the reactions 
He4 + Be7 —» C11 + 7 and 3 He4 —> C12 + 7, which become rapidly more important as 
A increases to values of order 102—i.e., for massive objects. 

Let us estimate the relative importance of these two processes for making carbon, 
which then allows further synthesis to proceed. The reactions He3 + He4 Be7 + 7 
keep the Be7 in equilibrium above Tq ~ 0.6, which is also the temperature range where 
these processes are important. The Be7 mass fraction is then given by 

X (Be7) 
7X ( He3 ) X ( He4 ) [He3He4 ] 

12A7(Be7) 

= 5.20X10-nX ( He3 ) X ( He4 ) p6r<r3/2108 00/7,* . 

(28) 

The reaction He4 + Be7—> C11 + 7 (Q = 7.545 MeV) then gives 

dX(Cn) 

dt !|X(He4)X(Be7)[He4Be7]. 

This reaction should proceed mainly through the 8.10 MeV state in C11, but the rate is 
unknown. Using formula (A32) in Appendix B, we have 

[He4 Be7] « 9.5 X 109 p6 Tr3/2 [(2/ + 1) Ty]r 10"2 80/r>. (29) 

Using equation (28), we then have 

¿XT11- = 0.195 [ ( 2/ + 1 )r7]rX (He4)(He3) hiTin0i 20lT>. (30) 
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The reaction 3 He4—» C12 + 7 (Ç = 7.274 MeV) gives 

r¡ Y ( P12 1 
= i X if X ( He4 )3 [ He4He4He4 ] 

« 5.62 X lO-^XCHe4)3^3^"188/r> , 

where we neglect the contribution of the second resonance in reaction rate (25) in Table 
2(6). Therefore, the ratio of the rates is 

dX(Cn) 

dt /3-5 X 1°8[ ( 27+ 1 )r7]{fr|S]107 W'T (32) 

We have estimated / = f, F7 = 10~7 MeV,4 giving 

dt / dt LX(He4)J 
(33) 

The relative strength is seen to be strongly temperature-dependent. Referring to the 
high-density part of Figure 4, it turns out that the metal (> Mg) production is due to 
the triple-a reaction, while the lower-mass heavy elements are produced from the 
lO^-lO-6 He3 that is produced in the region h > 10-1. The figure shows how the final 
abundance of He3 drops as the production of these elements increases. In order for 
synthesis through this route to be effective, the C11 must form N12 through C11 (¿>,7) or 
N14 through C11 (He4,ÿ) before it decays to B11. 

In the introductory section we remarked that Hayashi and Nishida (1956) found that 
C12 produced at high temperatures and densities is rapidly processed by reactions of the 
type C12(M)N13 (He4,ÿ)016 (ÿ,7)F17 (He4,ÿ)Ne20. . . . Our computations for objects 
emerging from temperatures Tg > 10 confirm this result. We find that, when h becomes 
large enough for appreciable amounts of C12 to be produced by the triple-a reaction, the 
resulting carbon is rapidly processed into the metals. We attribute the weak metal con- 
centrations found in the oldest stars to this process. Obviously such concentrations were 
not derived from previous stars of normal mass. Nor were they derived from a universal 
fireball if Tq = 3° K. . 

The only difference in the calculation of element production in a massive star bouncing 
at r9m > 20 and in the universe is the neglect of the neutrino density, which slightly 
increased the time scale and slightly changes the n-p weak reaction rate. Therefore, the 
results indicated on Figure 4 for 6 > 1 should apply in this case also. In particular, the 
metal production is seen to increase rapidly with h, in keeping with the dependence of 
the triple-a rate on p&2. In Figure 6 we present the abundance evolution for h = 20 
within an object emerging from very high temperatures in which we did neglect the 
neutrino density. (Although this h value is slightly below the limits found in § VII, it 
illustrates the major points.) Recall that the initial conditions are set by statistical 
equilibrium. 

We feel that these results contain a most significant point. The neutrons remain more 
abundant than the metals down to a temperature r9 = 4. Since their mass fractions are 
equal at this point, there are of the order of 40 neutrons per metal nucleus present. This 
is sufficient to synthesize nuclei in significant abundances up to ^4 « 100 but not higher. 
However, for the higher h values this occurs before the bulk of the metals is generated. 
As the temperature continues to fall, the neutrons drop out, and they have essentially 
disappeared at the stage where the metals are mainly synthesized. We find that, al- 
though the final metal abundance changes markedly as we vary h, the abundance of 

4 Recent measurements by Spanur (1966) on the 8.56 MeV “mirror” state in Bu indicate that J *= 
f, r7 « 2 X 10-6 MeV. The maximum production of C12, C13, N14, O16, > Mg in Fig. 4 is thereby in- 
creased by approximately a factor of 2. 
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metals subject to an equal abundance of neutrons remains at ^10“5 as we increase h 
above 20. The implications are: (1) a mass fraction of ^lO-5 of metals is subject to an 
r-process in which neutrons are added rapidly; (2) most of the metals remain in the iron 
group, because when they are synthesized too few neutrons remain to promote an r- 
process. 

This process produces mass fractions of individual elements with 60 < ^4 < 100 of 
order IG^-IO-6. Thus we expect metal production in the iron group to be~accompanied 
by a “tail” of heavier elements. Hence heavy elements should be present in material 
emerging from massive objects—^provided the latter have bounced at high enough tem- 

TIME (sec) 

Fig. 6.—Evolution of abundances during the expansion from very high temperature of a typical 
massive object with h = 20(ilf » 108Mo). 

peratures. Observational evidence that the heavy elements in old halo red giants do 
indeed cut off at ^4 « 100 is discussed by Pagel (1965). 

A determination of the precise composition of the metals and their “tail” goes beyond 
the immediate scope of the present paper. It is our intention to consider details in a 
future paper. 

DC. BOUNCES AT Tg « 1 

Quite different results are expected in the case of a bounce occurring at a temperature 
where the abundances are not fixed. This is due to two factors: (1) The effect of the 
initial composition on the final abundances. It is assumed that the massive objects now 
under discussion formed from material enriched in elements heavier than hydrogen by 
nucleosynthesis in the universal fireball or in massive objects which bounced at very 
high temperature. (2) The strong Coulomb effects in the reaction rates. 

In Figures 7-9 we give results for h = 1, 10, 102, 103 and r9m = 0.5, 0.7, 1.0, and 2.0 
for the following initial compositions: 
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Fig. la.—Element production in massive local objects which bounce at temperatures in the range 
0.5 < Fa < 2 0 with initial composition X(H) = 0.7, X(He4) = 0.3, and X(He3) = 0. 

35 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



FR
A

CT
IO

N
 

BY
 M

A
SS
 

FR
A

CT
IO

N
 

BY
 

M
A

SS
 

00 

Fig. 7c.—Same as Fig. la 

Fig. Id.—Same as Fig. 7a 
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Fig. 8a.—X(R) = 0, X(He4) = 1.0, and X(He3) = 0 
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Fig. 9a—X(H) = 0.7, X(He4) = 0 3, and X(He3) = 10'4 
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Fig. 9c.—Same as Fig. 9a 

Fig. 9d.—Same as Fig. 9a 
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Figures 7a-7d:X(ÿ) = 0.7,X(He4) = 0.3, all others = 0. Either the universal fireball 
or previous massive objects produced considerable He4 but no He3. 

Figures Sa-Sd: X(He4) = 1.0, all others = 0. The He4 core of a massive object which 
remained stable during hydrogen burning finally implodes due to relativistic effects. 

Figures 9a-9d: X(p) = 0.7, X(He4) = 0.3, X(He3) = 10~4, all others = 0. The uni- 
versal fireball produced considerable He4 plus a small amount of He3. (See what follows 
for further amplification.) 

We have connected the computed values for the four temperatures by estimated 
curves. Let us now discuss these results in turn. 

Figures la-ld and Sa-Sd are curiously uninteresting. In Figures 7a-7d, for h > 102 

and T9m ~ 2 we obtain a significant amount of metals, which would be expected to be 
mostly in the region of Mg and Si at this temperature. Otherwise no element is produced 
in adequate quantities to explain even the low abundances observed in Population II 
stars. In Figures 8a-&d, C12 is the only additional element produced in significant quanti- 
ties at high h and T9m, except perhaps for N15 and Na23 produced for Ä = 103 at r9m = 2. 
The C12 survives because no protons are present. 

Figures 9a-9d represent by far the most interesting case. The range 0.7 < T^m < 1.0 
for h « 102, for example, gives average abundances of C13 « 10-4, C12 « 6 X 10~5, 
N14 ~ 5 X 10~5, O16 « 3 X IO“6, Ne21, Ne22 « 10~6

; Mg24 « 3 X 10"5, and perhaps 
Si28 « 10“5. Some relative abundances are seen to differ appreciably from these values 
for other choices of h and T9m, however. At such temperatures we do not expect much 
synthesis beyond Si28. The C, N, and >Mg abundances strikingly reflect the effect of 
the initial He3 being converted into heavier elements. Below T9 « 1, the low Q-value of 
O16 (ÿ,7)F17 and the Coulomb barrier for a-particles prevent synthesis from proceeding 
beyond oxygen. The O14 and O15 then decay to form carbon and nitrogen. 

The higher temperature bounces discussed in the previous section, together with the 
results in Figures 9a-9d, would give a reasonable approximation to all the elements ob- 
served in Population II stars. However, it is to be emphasized that Figures 9a-9d require 
He3 or D to be present initially. (Any D present initially will be converted into He3.) 
How could this have been the case? Two answers are possible: (1) The material of a 
massive bouncing object has already experienced very high temperatures in a universal 
fireball. (2) The He4 in the material has been subject to extensive spallation. If possibility 
(2) could be eliminated, we should perhaps be able to arrive at the critical conclusion 
that conditions at low h, h < 10“4, and T9 > 10 have occurred, either in a universal 
fireball or possibly under unknown localized radiation conditions in which general rela- 
tivity played a critical role. Elimination of the spallation possibility is difficult, as we 
have already shown in § V. It is particularly difficult to eliminate spallation under con- 
ditions where massive objects are collapsing in strong gravitational fields, since such 
conditions might be expected to lead to the extensive production of particles with rela- 
tivistic energies. A strong radio source generates ^1060 ergs in the form of such par- 
ticles. If 1 per cent of this energy were used to produce He3 from He4, the quantity of 
He3 would be of order 1040 gm, enough to give a concentration of ^10“4 for He3 through- 
out a galactic mass. 

Some abundances in Figures 9a-9d are not at all like solar system abundances. Nitro- 
gen is often as abundant as C12, C12 is often more abundant than oxygen, C13 « C12, and 
neon occurs as Ne21 and Ne22. Could the first stars have possessed these curiosities? For 
stars of low surface temperature, the excess carbon would lead to carbon bands appearing 
in the spectrum. This is not seen in the cool giants of Population II, which would appear 
to be an objection to a direct association of the composition of Figures 9a-9d with the 
stars of globular clusters. On the other hand, C13 is not easily produced in ordinary stars. 
It is therefore of interest to find C13 appearing so prominently in the present calculations. 
It seems possible that the rare nuclei C13 and Ne21 were synthesized in massive objects 
under the conditions of Figures 9a-9d. These nuclei are just the ones that experience 
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(He4,w) reactions in stars, a circumstance that might well have promoted the early 
occurrence of an ¿-process in evolving stars (Pagel 1965). 

In order to investigate the effects of expansion rates other than (4) on element pro- 
duction in massive stars, abundances were computed for an object with h = 102 which 
bounced at T$ = 1.0. In one case, the rate (4) was multiplied by a factor proportional 
to r9

3/2, appropriate to the flattening phase of a collapsing rotating body. In the other 
case, it was multiplied by a factor proportional to T9""1/2, appropriate to the early stages 
of collapse following the general-relativistic instability in a spherical body. In both cases, 
C, N, and Ne22 abundances were roughly proportional to the time scale near bounce. 
The O16 and Ne21 remained nearly constant, while the heavier elements (>Mg) varied 
roughly as the square of the time scale. 

X. CONCLUSIONS 

1. Helium is produced in a universal fireball as well as in massive objects which have 
bounced, provided that both emerged from temperatures T9 > 20. The mass fraction 
of He4 produced lies between 0.2 and 0.3 for the universal fireball (assuming To — 3° K), 
but can be higher in a massive object. It is therefore of great importance to determine 
helium concentrations in different astronomical bodies. A confirmation of X(He4) « 0.4 
for B stars and for some planetary nebulae could point toward massive objects as the 
site of origin for the helium. On the other hand, if it could be shown that X(He4) is al- 
ways close to 0.27, this would be evidence favorable to a universal fireball. 

2. D, He3, and Li7 are also produced in a universal fireball. The ratio He3/He4 appears 
to have been ^2 X 10-4 in the Sun at the time of formation of certain meteorites. This 
is explicable in terms either of spallation, synthesis in ordinary stars, or production in a 
fireball. In addition, if D/H was equal to the terrestrial value, 1.5 X 10-4, in the primi- 
tive Sun, then He3/He4 should equal 1.5 X 10“3 now. The ambiguity regarding spallation 
and fireball production also applies to Li7. 

3. Elements heavier than Li7 are not produced in significant quantities at low values 
(<10“2) of the parameter h, i.e., for po/T0

z < 10-29. 
4. Metals of the iron group are produced in massive objects which bounce at very 

high temperatures, r9m > 20. As the first of these metals are synthesized they are built 
by neutrons to still heavier elements (60 < ^4 < 100) by a new kind of r-process. How- 
ever, this process only affects a mass fraction of ^10~5, for by the time the main bulk 
of the metals are synthesized the neutrons have disappeared. 

5. Elements heavier than Mg24 are also synthesized at lower bounce temperatures, 
Tom ~ 2, in massive objects initially composed of H and He4. In this case, however, 
there are no neutrons to produce an r-process. 

6. A massive object composed initially of essentially pure He4 can also synthesize 
C12, but little else that is of interest. This indicates the fact that 3 He4 —» C12 can 
bridge the mass gaps at ^4 = 5 and 8. 

7. Significant quantities of Li7, C12, C13, N14, N15, O16, Ne21, Ne22, and metals are 
produced in massive objects having the range of parameters 1 < Ä < 103 and 0.5 < 
Tgm < 2.0, provided a concentration >10“5 of He3 is initially presenTin the material 
alongé with H and He4. This is an example of the effectiveness of the reactions 
He3 (He4,Y)Be7 (He4,7)Cn in bridging masses 5 and 8 if sufficient He3 is present, and 
the density and temperature are high enough. 

8. None of the cases we have investigated in this paper produce abundances for 
A > 12 at all similar to the abundances found in the solar system and in Population I 
stars. This points strongly to these being due to stellar synthesis. 

9. It is possible that the abundances obtained here are applicable to the oldest 
Population II stars, although there may be difficulty in explaining some of the relative 
abundances. 
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10. The abundances of D, He3, He4, and Li7 calculated for Ä « 7 X 10“6 may be 
taken to support the view that a universal fireball existed in the early stages of the 
expansion of the universe. The evidence on this point is not unequivocal, however. If the 
present radiation temperature ~ 3° K, this value of h corresponds to a present decelera- 
tion parameter ço ~ 5 X 10~3 and present universal density p0 — 2 X 10~~31 gm cm-3. 

11. The very low helium content recently observed in some stars could be the result 
of the original “big bang” if the universe contains degenerate neutrinos. 

We are grateful to Georgeanne Caughlan and Barbara Zimmerman for aid in the 
determination of some of the nuclear cross-sections. 

APPENDIX A 

THERMODYNAMIC RELATIONS 

The basic relation used in computing the thermodynamic properties of the photons and 
leptons is the distribution function for the number density of particles in the energy range dEy 

|iU 

where g is the number of spin states and the + (—) sign corresponds to Fermi-Dirac (Bose- 
Einstein) particles. For the photons, 4> = 0. For the electrons and positrons, we also set 4> = 0, 
which corresponds to the extreme non-degenerate approximation (Fowler and Hoyle 1964) of 
neglecting the difference between the number of electrons and positrons compared to their sum. 
Although this approximation breaks down when the positrons have annihilated, the electron 
density is then so low as to have no effect on the problem. 

Besides being true for those particles in thermal equilibrium, equation (Al) also holds for 
those massless particles which “freeze out” during the expansion of the universe, i.e., the 
neutrinos, as may be easily proved. The temperature Tvy which appears in the distribution func- 
tion in this case, then satisfies the relation Tv cc Rrl. 

By use of equation (Al), the mass density of the photons is given by Stefan’s law, 

py = ac~2 TA = 8.422V gm cm-3, (az) 

while their pressure is 

py = \pyC2 = 2.52 X 1021 2V ergs cm-3. (A3) 

Similarly, in the case of the universe with no neutrino or antineutrino degeneracy, we obtain for 
each type of neutrino and antineutrino p = jq ac~2 T\, so that their total mass density is 

p„ = J ac~2 TV = 14.73 TV gm cm-3, (A4) 

while their total pressure is 

Pp = ÍPpC2 = 4.41 X 1021 TV4 ergs cm-3. (A5) 

At energies much higher than the electron rest mass, the Fermi-Dirac distribution must give 
the same results per degree of freedom for electrons and neutrinos, so that for pe = p(e+) + 
p(e~), we have 

Pe = 2 X |pT = lac~2 TA (T9 » 6) , (Aô) 
and 

Pe = W2 (^9 » 6) . (A7) 
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Multiplying equation (Al) by E/c2, expanding, and integrating gives (recalling 4» « 0) the 
more general result 

Pe = 15.567y [M(Z) - XVM(2Z) + . . .] gm cm-3, (as) 
where 

and Kn(Z) is a hyperbolic Bessel function. We also have 

pe/c2 = 5.19r9
4 [K* (Z) - XV R2(2Z) + . . .] gm cm"3. (A9) 

The error introduced by keeping only the first two terms in the series « 1 per cent. As mentioned 
before, neglecting 4> is valid only as long as the total number of electrons and positrons, given by 

ne = 3.38 X 1028 TV [i?2 (Z) - fi?2 (2Z) + . . .] cm"3 (Aio) 

in this approximation, is much larger than the difference in number density of electrons and 
positrons, given by the total number density of positive charges 

n+ = nN^^Zi 6.02 X 1023My^ (All) 

where Xi, A-¿f and Zt- are the mass fraction, mass number, and atomic number of the iûi nucleus, 
while Na is Avogadro’s number. 

The total density and pressure may be written as 

p = Pi(r) + p2(R), p = pi(T)p<¿(R), 

where pi(r) — py + Pe, P2(R) = P? + P&, pi(T) = py + pe and P2ÇR) = pv The photon and 
electron density and pressure are best retained as functions of the temperature. The neutrino 
density and pressure may be considered functions of R alone because, as shown in § II, Tv = 
T oc R-1 before the neutrinos freeze out, while Tv oc Rr1 after they freeze out. Using the fact 
that pb ^ R~9, the work-energy equation (7) can be put in the form 

A 
dT 

+ 4A 
3<zr 

(p,*3) 
dTl c2 (AI2) 

Since p, œ R—\ the neutrino terms cancel, giving 

dR_ -R dpi(T) r9»6 R 
dT 3[pi(T)+pi(T)/c2] dT T,«h T’ 

The relation between photon temperature and time which is needed in order to use T as the 
independent variable in the integration of the rate equations is found by using the expansion 
rate (4), 

dT _ dR/dt 

dt dR/dT 
+ (24irGp)1/2[pi(r) 4 

c2 JL dT J 
(A14) 

At very high temperature (Tg > 10), where p = fp7, pi = ^pT, and T Rr1, this equation may 
be integrated with T = «> at / = 0 to give 

r9 = (lliKjcur2)1^ tr112 = 10.4 r1'2, (Ais) 
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a relation which remains approximately true at lower temperatures, provided the radiation 
density is greater than the baryon density. 

Using the facts that TV—>T at high temperatures and Tv oc it can be easily shown 
(Alpher et al. 1953) that the neutrino temperature is related to the photon temperature by the 
simple expression 

r(ll/4)(p7+j>7/c
2)]  > . 40 

L PÁT) +pi{T)/c2 J ^«ó'- 

The factor ^ = 2.75 represents the additional degrees of freedom converted into the radiation 
field when the pairs annihilate. 

Details of much of the above material are provided by Alpher et al. (1953) and Fowler and 
Hoyle (1964). 

APPENDIX B 

COMPUTATION OF REACTION RATES 

The reaction rates are essentially defined by the structure of the rate equation (16). We 
may also write the rate equations in the form 

Xj,T) - XiGi(Xk,T), (Ai7) 

where, in the equation for Xi — X(He3), for instance, 

í'(He3) = fX(¿)X(D)[¿D] + fX(D)2 [DD]„ + X(¿)X(T)[/>T]„ 

+ |X(He4) {\7 (He4)» + X(¿)[¿He4] + X(/>)2 [¿¿He4] 

+ X(p)X(n)[¿wHe4] + ¿X(D)[DHe4]} + fX(Be7)XT (Be7) 

G (He3) = XT (He3) + X(n)([nHe3]p + [wHe3]D + [wHe3]7) 

+ iX(D)[DHe3] + iX(He3)[He3He3] + lX(T)([He3T]rjn 

+ [He3T]D) + iX(He4)[He3He4] . 

The subscripts on some of the rates are to distinguish between various end products. 
The reaction rates XnU) corresponding to the interaction of a lepton or photon k with a 

nucleus j, are given by 

Ml) = f nk(E,T,$)cr(E)v(E)dE, (Ais) 

where njc is the distribution function (Al) appropriate to particle k, a{E) is the cross-section, and 
v and E are the velocity and energy of the lepton or photon in the center-of-momentum frame. 
For a free decay, X^O’) is just the inverse mean lifetime. 

The calculation of the n-p weak reactions (l)-(3) in Table 2(a) was done on the basis of the 
current theory of ß-decay (Bjorken and Dreh 1964), using the invariant amplitude 

Q 
317 = ^2” a Ys ) ] [ f^eY^ (1 Ys)^]» (Ai9) 

For the two-particle processes (1) and (2) in Table 2(a), we find 

(A20) 
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where g is the number of spin states for the incident lepton, F is the fraction of phase space 
available to the emerging lepton, p and E its momentum and energy, while r is determined from 
the lifetime of the neutron. Using the appropriate distribution functions, we obtain 

1 r00 

X,U) =- / 
r 4 

1 z"00 

X«+(w) =- / 
T Jl 

1 r00 

1 r00 

(e-q)H^(€^iy^ed€ 
{\ + etZ)[\ + e^-q)Zv-*v] 1 

(e+qye^+«)Zv+*v{ê - 1 Y'hde 
_( 1 + 7^) [ 1 + e(e+e) ~ ’ 

( € - g )2 e ( ( 62 - 1 ) 1/2€ Je 

( 1 + [ 1 + * 

(€+g)2e^(c2-l)1/2€j€ 

(l + e€Z)[l + e(c+«)Z^]’ 

(A21) 

(A22) 

(A23) 

(A24) 

where q — (mn — m^)/me — 2.53, Z — meC^/kT, Zv = mec
,l/kTV) and </>v = $v/kTv. 

For the neutron decay, one obtains in a similar manner, 

— q )2efZe^q~€)zv+<t,v(é — 1 )ll2edt (A25) 

Evaluating the integral for F = > 0 allows one to determine r in terms of the measured 
half-life /i/2 of the neutron: 

I ¿1/2 
In 2 

= 1700, (A26) 

where I = 1.67 is the value of the integral, while tyt = 704 sec. The reverse reaction rate can be 
found by invoking statistical balance and comparing phase space factors. It is thus 

1 rq (€-g)2(€2-l)l/2€¿€ 

r Ji (l + e€Z)[l + e^-^z^]‘ 
(A27) 

In fact, the other reverse rates could also have been determined in this manner. 
By combining both the direct and inverse rates, we obtain the total rates for destroying 

neutrons and protons given in Table 2(a). We obtain the rates for these processes within a 
massive star by simply taking the limit » 0 (Zy-+ <&), —> 0. 

The quantities (<rv)jk, corresponding to the interaction of two nuclei, are given by 

(<rv)jk= f f (v,T)<j(v) vdv . (A28) 
-'o 

Here f(v,T) is the Boltzmann distribution function for the nuclei of temperature T and v their 
relative velocity. A useful expression for the reaction rate is 

[jk] = pbNA (<Tv}jk = 3.73 X 1010 phA-1'2 Tf-3/2f<rEe-n 6 E/T> dE, (A29) 

where A is the reduced mass number, <r is expressed in barns, and the center-of-momentum 
energy E is expressed in MeV. 

For measured non-resonant reactions between nuclei, the expression derived by Bahcall 
(1966) was used. A convenient form is 

[jk] = 7.83 X 106 Ph A~11* (ZyZ*)1'3 r9-
2/3 <rrSeff, (A30) 
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where r = 4.249 (Z/Z*2 A Tf1)1'3, and 

Seff = S(0) [1 + 0.09807 (ZyZ*)-2/3 A-1'3 TA13} + S'(0) [122.04 (Z3Z*)2/3 Alß T^3 

+ 83.776 r9] + Y"(0) [7.447 X 103 (ZyZ,)4'3 ^2'3 T^3 

+ 1.300 X 104 (ZyZi)2/3 TV'3] 

in barns-keV. The slowly varying quantity S{E) is defined by the relation (Burbidge et al. 1957) 

where M is the reduced mass of the colliding nuclei, Zj and Zk are their charges, while the cross- 
section factor S and its derivatives at zero energy are expressed in barns-keV, barns, and barns- 
keV“1, respectively. The adopted values for these quantities will be found in Fowler et al. (1967). 
It is important to note that equation (A30) is only valid under the condition r > 1. We find 
this condition to hold in all cases considered. Furthermore we find, in general, that the term in 
5"(0) should be omitted if the contribution (A32) (below) of a low-lying resonance is included. 

For computing other reaction rates, the appropriate formulae appearing in Appendix C of 
Fowler and Hoyle (1964) were used. In the case that individual resonances in the compound 
nucleus are narrower than the thermal energy, and width and spin measurements or estimations 
are available for each, we obtain 

log [ J & ] = 11.19 + log p& — § log AT$ 

+ log ^ ( coT^/r ) r exp ( - 11.6 £r/:r9 ), 
r 

(A32) 

where the widths of the incoming channel F^ outgoing channel r2, total width F, and resonance 
energy Er are in MeV, and where co = (2/ + l)/(2/y + 1)(2/a; + 1) is the statistical factor 
applying to the formation of the state with spin J from the initial nuclei with spins Jj and 

In estimating many of the reaction rates involving the heavier elements, we have used the 
fact that, at sufficiently high excitation, compound nuclei exhibit overlapping resonances, so 
that continuum cross-sections may be used. The energy dependence is then dominated mainly 
by optical model and barrier penetration factors. For most particle-particle reactions, such as 
(He4,A) and (^,He4), where r2 « F, we have used equation (C61) of Fowler and Hoyle (1964) to 
obtain 

log [jk] « 8.71 + log p& + f log ZjZk - f log + 0.457 (AZ^R^ 
(A33) 

§ log T9 - 1.845 (Zy%
2 A/T9yis. 

The interaction radius in fermis, Rf ~ 1.07 (24o)l/3 + with A0 equal to the mass number of 
the heavy nucleus, and a/ equal to 2.17 for an incoming p, 3.51 for D, 3.10 for T, 3.27 for He3, 
and 3.01 for He4. 

For many of the unknown particle-7 reactions (p,y) and (He4,7), in which Fi F, we have 
used equation (C6F) of Fowler and Hoyle (1964) to obtain 

log [jk] ~ 8.48 + log Pb + 2 log Rf + h log T9/A + log (Ty/D), 
(A3 4) 

— 5.04 Eq*/T9 . 
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An analysis of empirical data for the ratio of 7-width to level spacing yielded 

log<\^X = - 6-70 - 2 log ^c + 0.29( ACB')^ + ( i7i■ 

Here Ac is the mass number of the compound nucleus, the effective Coulomb barrier height 
Eq* = 0.4 ZjZk/Rf MeV, and Bf = Q + E0* — A, where Q is the energy release (in MeV) of 
the reaction, and A = 0, 1.5 and 3.0 MeV for odd Z-odd N, odd A, and even Z-even N com- 
pound nuclei, respectively. We have made the substitution r9* = 5.93 (ZjZk/ARfz)lf2. 

If the reaction rate corresponding to the process 0+l-->2 + 3is known, then the rate for 
the inverse reaction can be obtained by employing statistical equilibrium, giving 

[23] gogi (AoAiy* 
g2g3 \A2A3/ 

exp 
( 

11.6 
T9 

(A35) 

where gi = 2/¿ + 1 is the number of spin states of nucleus t. Similarly, if the rate for 0 + 1 —> 
2 + 7 is known, the inverse rate is given by 

M2)W) 
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