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Abstract : The properties of the Alfvln compressional waves are discussed for a cold 
plasma when the magnetic field is inclined at an angle to the interface where ihere is a sharp 
change in the densities of the plasma. The condition for the existence of surface waves in terms 
of the densities pj andp2 is derived. This, is m contrast to the incompressible Alfv6n surface 
waves which exist at any density discontinuity.
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Ever since MHD waves were predicted a few decades ago, Alfvdn waves have been 
candidates for coronal heating. By Alfven waves, we mean the noncompressive 
intermediate MHD mode. They propagate along the magnetic field B with a speed equal to 
\'a = tif(4np),/2, where p is the density of the medium. An excellent review on Alfvdn waves 
and their importance to coronal heating is given in Hollweg [I],

Several authors have studied Alfven waves, in coronal loops, flux tubes and other 
regions of the solar atmosphere. Uberoi and Somasundaram [2,31 have studied Alfven 
surface waves along cylindrical plasma columns. Alfv6n surface waves along coronal 
streamers have been studied by Satya Narayanan and Somasundaram [4]. Roberts [5] 
discusses MHD waves in the solar atmosphere. Surface waves along moving cylindrical 
plasma colums was studied in the context of coronal loops by Somasundaram and Satya 
Narayanan [6 ]. Uberoi [7] discusses the resonant absorption of compressional Alfven 
surface waves. Resonant behaviour of MHD waves on magnetic flux tubes has been 
considered by Goossens et al [8 ]. Recently, Erdelyi and Goossens [9] discussed resonant 
absorption of Alfvdn surface waves in coronal loops with visco-resistive MHD. In all these 
sludies, the magnetic field was along or perpendicular to the interface ol discontinuity. 
However, Satya Narayanan [10] studied a two layered model wherein the magnetic field
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was inclined at an angle to the upper fluid of the interface while the lower fluid w;as field 
free. In this study, we extend the work of Satya Narayanan [10] and assume the magnetic 
field to be nonzero in both the layers. Moreover, the inclination of the magnetic field on 
either side of the interface in general, need not be the same.

To begin with, we discuss the dispersive characteristics of Alfv6 n surface waves 
when the magnetic field is not inclined to the interface. Consider a compressible fluid with 
mass density p(jc) in the presence of a uniform magnetic field Bq in the z direction. The 
wave equation got from the linearized magnetohydrodynamic equations can be written as

where

and

R(x) = eaB2/a k x (B$ -  e),

a (x )  = 1 +
(0*V2„2

v j (£ 0 2 -  k 2V2 )'

e(x) = [(O2fi0p(x) -  k,?B$].

( 1 )

(2)

j O )

Here, is the fluid displacement in the x direction, vN is the sound speed and lith e  
Alfvtfn speed, k = (*n, k±) is the wavevcctor in the (z, v) plane. The simplest model ot\the 
wave equation is for the case of cold plasma. In this case ys can be neglected compared to 
vA which reduces eq. ( 1) to

(4)

In terms of the z component of the magnetic field bz, eq. (4) can be written as

£
d 2b_
dx2 + (e /B 2 - k 2) d£_ db__ 

dx dx (5)

We consider surface waves when there is a sharp discontinuity in the density. Assume that 
p = Pi in the regionx < 0 and p = p 2 for x > 0. The equation for bz reduces to

+ (eM ) ~ k l )  = °. (6 )

since de/dx = 0. Eq. (6 ) has solutions given by

b .(x ) = Bte ^ x  < 0, (7)

and br(x) = B2e~K-*x > 0, '  (8 )

where Kv = (-£ , /B$ + k l f 2, (9)

*  2 = { - t i / H  + * 1 )'/2.and ( 10)



Compressional Aljvin surface waves with inclined magnetic fields 

Introducing the boundary conditions at the interface given by

533

^z\x=Q* lx = O'

and
dbz
dx * = o+ = (v«2) db, 

dx
X =  0

(ID

the dispersion relation for the surface waves can be written as

= ( 12)
The above equation will have real roots only when cl and f2 have opposite sign. Introducing 
p( = kfi Bl / co2p 0 , as the critical density at which the Alfv6 n wave speed equals the phase 
speed, we can see that one of the density must be above the critical density while the other 
must be below it. Moreover, K, and K2 should both be positive for the roots ^represent 
surface waves. Taking k±/kn = tan 0, the required relationship for the existence of the 
surface wave in terms of the densities can be written as

1 -  c o s 2 Q (13)

On writing x = [ 1 -  (p1/pc)] and y = [(/VPc) “ 11* eq. (13) can be written as 

ysin Gx ~ --------:----------- -— ,
- y cos 0 + sin * 0

which gives

P l _  =
Pc

1 + —  cos2 0 
Pc

(14)

(15)

It i\ interesting to note that for any given ratio between ks and kn in the plane of the 
magnetic field, the furface waves will exist only for values of p] andp2 which satisfy (15). 
However, incompressible Alfven waves can exist at any density discontinuity.

We generalise the above result to inclined magnetic fields. Let the magnetic-field be 
of the form

n0l 2 = (0 , B0i 2 cos y, 2, B012 sin y, 2) (16)

and the wave vector to be

K -  (0 ,/csin 0,/: cos 61). (17)

Here, fio. 2 denotes the strength of the magnetic field on either side of the interface and « 
are the inclination angles of the magnetic field in the regions, respectively. The dispersion 
relation by solving the linearized magnetohydrodynamic equations and applying the 
boundary conditions, can be written as [1 1 ]

t, £ 2 + T2£, = 0 , (18)

70B(6)-13
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where

and

£| = P i(-(o2 + k2v2M sin2 ( 0  + y,), 

e2 = p2 (-ti>2 + fc2v j2 sin2 (0 + y2),

( -> V/ 2

- f * 3 - 7 T -  •V l 42

(19)

(20)

(21 )

T| and r2 have the above form because we are considering cold plasma. Substituting (19),
(2 0 ) and (2 1 ) into eq. (18) and simplifying yields

£ l _ , ) '  + sii.’ ( » + 7 t )} = _ i j ' 1

4 ,
p.

sin2 (0 + 7 ,)J (22)

Putting —• - 1 = a and —  -  1 = y, cq. (2 2 ) can be simplified to yield 
Pi Pi

(.v, +  ( a ,2 +  A^A'-,)1/ 2 )
v = A + !--------- ' ■ m  >

where A, = sin: (0 + y ,), A7 = sin2 (ft + y2), A = A2 /A ,,

A, = cos*’ (0+X |), Aj = cos2 (0 + y2), .v, -  (I .t)2A

x2 = 4.r4(l -  x )2 A4, a  ̂ = Â  + (l -  a) 2 A|.

Fq. (2 2 ) puts more restriction on the existence of Alfvdn surface waves as a function 
of the densities Pi and fh and the angles y, 2

It is clear from the expression (22) that p2/p, depends on ft yj and y>. We are forced 
to study I or restricted values of these parameters. Figure I presents the behaviour of p2/p, 
as a function of p|/p( K>r various values of 0 = 0°, l()°, 40°, 60° and-80J and for a given 
value of y, = 7()(J, y2 = 45° The variation of p 2/p, is significantly less compared to the case 
when the inclination angles y, and y> have the value k! 2 . it is interesting to note that fh/p, 
can lake values less than l which was not the case when y, = y2 = tt/ 2. The condition lor 
the existence of surface waves in this case is that the densily p 2.can also be less than the 
critical density p( wherein the phase speed of the surface wave equals the Alfven speed in 
the mediurm I. Figures 2 and 3 present the behaviour of pilpt as a function of p|/p( tor 
Y\ = 70° and y = 60° and 80°, respectively. There is a drop in the value of p 2/p( for yj = 7(F 
and Yi = 60° compared to y, = 70° and Yi -  45°. Also the variation in fh!pt for ft= 80° is
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quile significant compared to Figure 1 while the variation is more or less the same for other 
values of the angle ft The value of p 2/pc increases monotonically as the wave propagation 
angle is increased.

Pi! A

|.j|»urc 1. The behaviour ol the plasma densities on either side ol (he density 
discontinuity plotted as a function of 0 for Y\ -  10", Yl = 4^°

Figure 2. The behavioui of the plasma densities on either side ol the density 
discontinuity plotted as a lunclion of 0for Y\ = 70°, Yl -  *>0°

Figure 3 depicts /VA as a function of P|/A for j\ = 70° and ft = 80 . Wc see a 
dramatic change in behaviour of Pi!p( in this case. The variation ot p^Pi i-s 4uilc signific'
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for 0 = 60° and 80° while it is not much for other values of ft Also in this case, the 
monotonicity is lost. There is a crossing of values of p^pc when px/pc > 0.6. The value of 
p jp t is less for 0 = 0°. It is interesting to note that in this case, p1 is always less than pc 
except when 0 = 80° and pj/pf = 0.

Figure 3. The behaviour of the plasma densities on either side of the density 
discontinuity plotted as a function ol 0 lor Y\ = 70°. yo -  80°

This study presents the dispersive characteristics of Allven surface waves lor a cold 
plasma when the magnetic field is inclined at an angle to the interface of density 
discontinuity. The density surfaces depend greatly on the inclination angle of the magnetic 
field. The phase speed of these waves are also greatly dependent on the angle y. However, 
the effect of magnetic field ratio is felt for angles & lying between 10° and 80 ’. More 
realistic geometries will have to be considered. This will be carried out in future studies.
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