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Using Krasnoselskii’s fixed point theorem in a cone, we present a new fixed point
theory for multivalued self maps between Fréchet spaces. Our analysis relies on a
diagonal process and a result on hemicompact maps due to K. K. Tan and X. Z.
Yuan (1994, J. Math. Anal. Appl. 185, 378-390). An application is given to
illustrate the theory.  © 2001 Academic Press

1. INTRODUCTION

The Schauder—Tychonoff theorem states that if K is a closed, convex
subset of a Fréchet space and F: K — K is continuous and completely
continuous then F has a fixed point in K. This fixed point theorem has
been widely used to establish the existence of solutions to various differen-
tial and integral inclusions (see [4, 6, 7] and the references there). One
particular problem which arises “if one is not careful” when one applies
the Schauder—Tychonoff theorem can be explained easily if one considers
the nonlinear boundary value problem

y"=y*+yf on(0,1)
y(0) =y(1) =y'(1) =0, (1.1)
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with 0 < @ < 1 < B. Note that y = 0 is a solution to (1.1) and it would
take a lot more work to show via Schauder’s fixed point theorem that (1.1)
has a nontrivial solution. Of course, it is well known [3, 5] that (1.1) has a
nontrivial solution y € C[0, 1] with y(¢) > 0 for ¢ € [0,1] and that there
exists a r > 0 with r < |yly < 1 (here |yl = supte[o,llly(t)l). As a result it
would be of interest to present a fixed point theorem for a nonlinear self
map F even if FO is 0. Our starting point will be Krasnoselskii’s fixed
point theorem in a cone [6], which of course provides a fixed point
theorem for a self map F: K — K where K C E; here E is a Banach space
and K is an annulus.

Our paper has two main sections. In Section 2 this fixed point is
extended to the Fréchet space setting for compact single valued maps. The
existence of a nontrivial fixed point will be established by means of a
diagonal process. Indeed, the ideas presented automatically provide a
generalization of the Schauder—Tychonoff theorem. To illustrate the appli-
cability of our theory we present a result which guarantees the existence of
a nontrivial C[0, %) solution to the nonlinear operator equation

(1) = [ K(t.5)F(s.y(s))ds  for 1 €[0,%).
0

Section 3 extends the results in Section 2 to upper semicontinuous, k-set
contractive (0 < k < 1) maps. Our theory again relies on a diagonal
process together with a result on hemicompact maps [8]. For the conve-
nience of the reader we state the result from [8] which we will use in
Section 3.

THEOREM 1.1 [8]. Let (X, d) be a metric space, D a nonempty, complete
subset of X, and G: D — 2% a condensing map with G(D) bounded. Then
G is hemicompact (i.e., each sequence (x,) in D has a convergent subse-
quence whenever d(x,,Gx,) = 0 as n — ©).

2. SINGLE VALUED MAPS

First, for the convenience of the reader we recall Krasnoselskii’s fixed
point theorem in a cone C of a Banach space E = (E, || - |). For notational
purposes, for n > 0 let

Uy={y € E:lyl <m}, oU, = {y € E:llyl = m},
and

U, = {y € E:llyll < n}.
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THEOREM 2.1 [6, p. 94]. Let E = (E,||-|) be a Banach space, C C E a
conein E, rp > 0,r, >0, r, # r, with R = max{r,, r,} and r = min{r, r,}.
Let F: C N (Uy \ U.) — C be a continuous, compact map with

IFx|l = llxll  forallx € 9U, N C (2.1)

and

| Fxll < ||x]] forallx € U, N C (2.2)

holding. Then F has at least one fixed pointy € C with r < ||lyll < R.

Note that Theorem 2.1 immediately guarantees a fixed point theorem
for self maps between Banach spaces.

THEOREM 2.2. Let E = (E,||-|)) be a Banach space, C C E a cone in E,
r>0,and R>r. Let F: C N (Uy \ U) —» C N (Ug \ U) be a continuous,
compact map. Then F has at least one fixed point y € C with r < ||yl < R.

Proof. We will use Theorem 2.1 with r, = R and r, =r. Let x € dUy,
N C (so |lx|l = R), and since F: C N (U \ U) = C N (U \ U.) we have
that

I Fxll < R = llxll,

i.e., (2.2) holds with r, = R.
On the other hand, if x € dU, N C (so ||x]| = r) then once again since
F: C N U\ U) - C N (g \ U) we have
| Fx|l > r = [|xI],

i.e., (2.1) holds with r, = r.
The result follows from Theorem 2.1. |}

We now extend Theorem 2.2 to an “applicable” fixed point theorem in
the Fréchet space setting. Let Ny ={1,2,...}. E is a Fréchet space
endowed with a family of seminorms {| - [,: n € N,} with

Ixl < x|, < -+ for all x € E.

Also assume that for each n € N, that (En, [-],) is a Banach space, and
suppose that

E12E22 e

with E = N,_, E, and |x|, < |x|,+, forall x € E,, (here n € N,). For
each n € N, let C, be a cone in E, and assume that

C]2C22 e,
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For p > 0 and n € N, let

U,,={x€E;:Ixl,<p} ad Q,, =0, ,NC,.
Note that
e Q, ,=d U, ,NC, and Q,,=U0,,nC,

(the first closure is with respect to C,, whereas the second is with respect
to E,). In addition, note that since |x|, < |x|,.; for all x € E, , , that

QO QQZ,pQ

1,p

and

We first establish a result which guarantees that the inclusion

y=1Fry (2.3)

has a solution in E.
The main points needed to establish the existence of solutions to (2.3)
are the following:
(i) the existence of continuous maps F,: C, N (U, x\ U, ,) = C,;

(ii) the sequence of maps {F,} has the property that a convergent
sequence of fixed points {y,} of {F,} converges to a fixed point of F; and

(iii) the assumptions on F, are such that Theorem 2.2 can be
applied.

We note here that F, need not be the restriction of F to E, (see
Theorem 2.4).

DEerINITION 2.1. Fix k € N,. If x,y € E, then we say that x =y in E,
if |[x — ylx = 0 (i.e., if x —y = 0; here 0 is the zero in E,).

DEerFINITION 2.2. If X,y € E thenwe say that x =y in Eif x =y in E,
for each k € N,.

THEOREM 2.3. Let r >0, R> 0, v > 0 be constants with v <r < R.
Suppose that the following conditions are satisfied:

Foreachn € Ny, F,: C, 0 (U, x\ U,.,)
- C, N (U, g\ U, ,) is continuous. (2.4)
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For eachn € N, the map %Z,: (Un,R\Un’y) nC,

— 2 (nonempty subsets of C,), given by

Z,y = |\J F,y (see Remark 2.2), is compact. (2.5)

For every k € N, and any subsequence A C {k,k + 1,...,},
ifxe C,,n€A,issuchthat R > |x|, > r, then |xly > y. (2.6)

If there exists aw € E and a sequence {y,} <y, with
y. € (U, g\ U,,) N C,andy, = F,y, in E, such that for every
k € N, there exists a subsequence S € {k + 1,k + 2,...} of N,
withy, > winE, asn - xin S, thenw = Fwin E.

(2.7)

Then (2.3) has a solution y, € E withy, € N;,_,((U, x\ U, ,) N C,).

Remark 2.1. In Theorem 2.3 it is automatically assumed for each
n € N, that F,: (U, x1\U, )NnC,—C,.

Remark 2.2. The definition of .7, in (2.5) is as follows. If y € (U, ;\
U, )NC,and y & (U, z\ U Hy)ﬁCnH then .7,y = F,y, whereas
1fye( e, R\ U, +1y)mc 1andy$( 2.8 \U,+2,) N C,,, then
Z,y =F,y UF,,,y,and so on.

Remark 2.3. We note that although (2.5)-(2.7) seem technical, they are
in fact easily checked in practice (see Theorem 2.4).

Proof. Fix n € N,. Theorem 2.2 guarantees that y = F,y has a solu-
tion y, € (U, x\ U, ) N C,. Let’s look at {y,},c y,- Note that y, € (U, »
\U,,)NC for cach n € N,. To see this note that |y,|, <R and
|xly < | x|, for all x € E, imply that |y,l; < R. Thus y, € U1 r for each
n, € N,.

On the other hand, |y,|, >, y, € C,, together with (2.6) implies that
[yt = v, so y, € (U, 1\ U, y) for each n € N,. Now (2.5) guarantees
that there exist a subsequence N of N, and a z, € U, x\U, ) NnC
with y, = z, in E, as n — % in Nj. Note in particular that y < |z,|; < R
Let N; = Ni*\ {1}. Look at {y,},c y,- Note that y, € (U, x\ U, ,) N C,
for each n € N,. Again (2.5) guarantees that there exists a subsequence
N of N, and a z, € (U, x \ U, ) N C, with y, > z, in E, as n — » in
N;*. Note in particular that y <|z,[; <R and z, =z, in E,. Let N, = Nj
\ {2}. Proceed inductively to obtain subsequences of integers

Nf 2ONFf 2 -, Nf 2{k,k+1,...},

and z; € (U, g\ U, ,) N C, with y, -z, in E, as n > = in N. Note
that z, ., = z, in E, for k = 1,2,... . Also, let N, = N* \ {k}. Fix k € N,,.
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Let y =2z, in E,. Note that y is well defined and y € E, for each
k=12.... Also, y,=F,y, in E, for n €N, and y, >y in E; as
n — o in N, (since y =z, in E,). This together with (2.7) implies that
y = Fy in E. Note also that y € N;,_ (T, x\ U, ,) N C,). 1

Remark 2.4. If (2.6) is removed in Theorem 2.3 then the above analysis
guarantees the existence of a y€ E with y=Fy in E and y €

N5~ U, g N C,); we are of course assuming here that .7,: U, . N C, —
26+ is compact for each n € N, in (2.5) (so we are automatlcally assuming
that F,: U, x N C, > C, for each n € N,). (The definition of .7, is as
follows: If ye€ U, ,NC, and y€¢U,,, N C, , then Zy=F,y,
whereas if ye€ U,, | ;N C,,; and y € U,,, r N C,,, then %,y =F,y
U F,, ,, and so on.) If in addition all mentions of R, r in (2.4), (2.5), and
(2.7) are removed and we use Schauder’s fixed point theorem instead of
Theorem 2.2 in the proof of Theorem 2.3, we get a generalization of the
Schauder—Tychonoff theorem. For completeness we state the result.

Let E be a Fréchet space endowed with a family of seminorms {|-|,:
n € N,}. Also, assume for each n € N, that (E,,|-|,) is a Banach space
and suppose that

E,DFE, D

with E = N7 _, E,. Foreach n € N, let C, be a closed, convex set in E,
and assume that

C,2C,2

Suppose the following conditions are satisfied:

For each n € N, F,: C,, — C, is continuous.

For each n € N, the map .%,: C, —» 2%, given by %,y = U%,_, F,.»,
is compact.

If there exist a w € E' and a sequence {y,},c y,, With y, € C, and
y, =F,y, in E, such that for every k € N, there exists a subsequence
Sclk+1,k+2,...} of Ny with y, > w in E, as n —» o in §, then
w=Fw in E.

Then (2.3) has a solution y, € E with y, € N,_, C,. (The definition of
%, is as follows: If ye C, and y & C,,,, then %,y = F,y, whereas if
yeC,,,and y& C,, , then Z,y=F,y UF,, ,y, and so on)

To illustrate the ideas involved in Theorem 2.3 we discuss the nonlinear
integral equation

y(1) =j(;wK(t,s)F(s,y(s)) ds  fort €[0,x). (2.8)
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THEOREM 2.4. Let 1 < p < » be a constant and 1 < q < = the conju-
gate to p. Suppose the following conditions are satisfied:

Foreacht €[0,»), the map s — K(t,s) is measurable. (2.9)
1/q
sup (f |K(t,5)]" ds) < oo, (2.10)
te [0,0)

fle(t’,s) —K(t,5)|"ds > 0ast >1t',  foreacht €[0,).
0
(2.11)

F:[0,%) X R — R is a L?-Carathéodory function: By this we mean that
(a) the map x — F(x,u) is measurable for all u € R;
(b) fora.e. x €[0,), the map u — F(x,u) is continuous;
(c) for each r > 0 there exists h, € L*[0,) with |F(x, y)| < h,(x)

fora.e. x €[0,%) and ally € R with |y| < r. .12
Foreacht €[0,%), k(t,s) >0 fora.e. s €[0,). (2.13)
F:[0,%) x[0,%) —[0,). (2.14)

30 <M < 1, k € L?[0,%), and an interval [a,b] [0,%), a < b
with K(t,s) > Mk(s) fort € [a,b] anda.e. s €[0,%). (2.15)
K(t,s) < k(s)  fort€[0,°)anda.e.s €[0,%). (2.16)

There exist a function y: [0,%) — [0, %), continuous and
nondecreasing, and a ¢ € LP[0,%) with [F(s,y)| < ¢(s)¢(y) (2.17)
forally €[0,%) and a.e. s €[0,x).

There existsa 7 € LP[a,b] with F(s,y) > 7(s)¢(y)
forally €[0,%) anda.e.s € [a,b]. (2.18)

dr > 0, withr < K,y(Mr) where K, = sup fK(t s)7(s)ds. (2.19)
t€[0,b]

AR > r,withR > K,y (R) where K, = sup fK(t s)d(s) ds.
te [0,%)

(2.20)

Choose ny € Ny withn, > b and let Ny = {n;,n, + 1,...}. Then (2.8) has a
solution y € C[0,2) with y > 0 on [0,%) and with Mr < |yl, < R for each
n € N, (here |y|, = suptg[o,,,]ly(t)l).
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Proof. Let n € N, with

E,y(t) = fOnK(t,s)F(s,y(s)) ds  fort e [0,n],
where y € C[0, n]. Let E, = (C[0, n],|-|,) and
C, = {y € C[0,n]: y(t) = 0for t € [0,n] and ten[liflb]y(t) > Mlyln}.
For p=r or R let

U, ,={xeC[0,n]: |x], < p}.

p

We seek to apply Theorem 2.3. Note that [7] guarantees that F,: C, N
(U, r\ U,.,) = E, is continuous for each n € N;. We claim that

F:C,n (U, x\U,,) —C,n (U x\U,,)  foreachn e N,.
(2.21)

If (2.21) holds then of course (2.4) is true for n € N,. To see (2.21) fix
n €N, and take y € C, N (U, g\ U, ). Then y(¢) = Mlyl, = Mr for
t € [a, b]. Also, from (2.16) we have

IF,yl, < fO"K(s)F(s,y(s)) ds. (2.22)

Next note that (2.15) together with (2.22) yields

n
min F,y(t) = min /K(t,s)F(s,y(s)) ds
t€la,b] t€la,bl’0

> MjO"K(s)F(s,y(s)) ds = M|F,yl,,

so F,y € C,. Also, since r < |y|, < R we have for ¢ € [0, n] that
(0] < [[K(55) ()9 (x(5)) ds

< (Iy1) [ K(1.5)b(5) ds < Ky b(R).

This together with (2.20) gives

IF,yl, < Ky w(R) <R,
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so F,y € U, . In addition, (2.18) and (2.19) imply that

|F,yl, > sup /bK(t,s)F(s,y(s))ds

tel0,n]"a

sup ["K(t,5)7(s)¥((s)) ds

tel0,n]"a

\%

> y(Mr) sup /bK(t,S)T(S)dS

tel0,n]” @

> y(Mr) sup [K(1,5)7(s)ds = b(M)K, =7,
ref0,b]”a

so F,y & U, ,. Thus (2.21) holds and so (2.4) is true for n € N,. To show
(25) for n eNl, fix n € Ny. Let y € (U, x\ U, ,) N C,. Without loss of
generahty assume that there exists [ € {0,1,2,...} with ye W, 1 g\

Ui ) NCpypand y & (U, 5 \ hete1,4) N Cn+1+1 Then, by defini-
tion (see Remark 2.2), %7,y = U”*! F y.Since y € U, , 1. g» (2.12) guaran-
tees that there exists a hp € L?[0,) with |F(s, y(s))| < hg(s) for a.e.
s €[0,n + []. Now for j {0, 1,...,1} we have for ¢ € [0, n] that

[Fey )] = [ h()| K(1.5)  ds
< ([’ a )l/p(/o””lK(t,s)lqu)w
s(f()w[h,e(s)]”ds)l/p s ([IK ()l ds)w.

te [0,0)

Thus for j € {0,1,...,1} we have

ool < ([ The(o))” ds)w sp [ [kt ds)w

te [0,0)

and so

7ol = f:[hk(s)]Pds)w s ([Ik Gl ds)w- (2.23)

€ [0,)
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In addition, for ¢,, t, € [0,n] and j € {0, 1,..., I} we have

|Fn+jy(t1) - Fn+jy(t2)|

< /()"*’hR(sNK(rl,s) — K(ty,5)|ds

1/q

< (f:[hR(s)]pds)l/p(f:|K(t1,s) —K(tz,s)|q ds) ,
and so

|Fn+jy(t1) - Fn+jy(t2)|
1/q

< ([ Trao” ds)l/p(fowlm,s) K(no)'a) @2

Now (2.11), (2.23), and (2.24) guarantee that {7, y: y € (U, x\ U, ,) N C,}
is uniformly bounded and equicontinuous on [0, n]. The Arzela—Ascoli
theorem implies that .Z,: (U, x\ U, ,) N C, = 2% is compact, so (2.5)
holds for n € N,. Next we show that (2.6) is true for n € N, with y = Mr.
To see this fix k € N, and take any subsequence 4 C {k,k + 1,...}. Now
if xe C,, n € A4,is such that R > |x|, > r, then x(¢) > M|x|, > Mr =y
for t € [a, b] and so min,e[a’b]x(t) > v. Thus |x|; = supte[()’kllx(t)l > v,
so (2.6) holds for n € N,. It remains to show that (2.7) is satisfied for
n € N,. Suppose there exist w € C[0,) and a sequence {y,},cy, with
v, € U, g\ U,,) N C, and y,(t) = F,y,(t), t € [0, n], such that for every
k € N, there exists a subsequence S C{k + 1,k + 2,...} of N, with
y, = win C[0,k] as n — o« in S. If we show that

w(t) =f0wK(t,s)F(s,w(s)) ds  fort €[0,),

then (2.7) is true for n € N,. Fix ¢t € [0,%). Consider k > ¢t and n € § (as
described above). Then y,(s) = F,y,(s), t € [0, n], for n € § and so

5u(0) = [TK () F(s.3,(5)) ds = ["K(1.)F(s.3,(s)) ds.

Now (2.12) guarantees that there exists a h, € L?[0,%) with |F(s, y,(s)|
< hi(s) for a.e. s € [0, n] and so

ya(1) —fOkK(t,s) (s,y,(s)) ds sfan(t,s)hR(s) ds

< [K(t.5)he(s) ds. (2.25)
k
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Let n — o through S in (2.25) and use the Lebesgue dominated conver-
gence theorem to obtain

‘w(l) —/()"K(t,s)p(s,w(s))ds < f:hR(s)lK(t,s)|ds

since y, = w in C[0, k. Finally, we let k — « to conclude that
w(t) — fwK(t,s)F(s,w(s)) ds = 0.
0

Thus (2.7) holds (with N, replaced by N,). To deduce the result we apply
Theorem 2.3 (with N, replaced by N,). |

Remark 2.5. Note from the above proof that (2.19) could be replaced
in Theorem 2.4 with the following: 3Jr >0 with r <
y(Mr)sup, c o, 1 [2 K(¢, $)r(s) ds.

Remark 2.6. Note that if ¢(x) =x% 0 < a < 1, then clearly (2.19) and
(2.20) hold since

«

=M *limx'"*=0 and lim = lim x'~¢ = oo,
o (M) g TS S

lim
x—0

3. MULTIVALUED MAPS

First we recall [1] the Petryshyn—Krasnoselskii Fixed Point Theorem for
multivalued maps between Banach spaces. Let E = (E, |- |)) be a Banach
space, and for notational purposes for n > 0 let

U,={y<E:lyl <n},oU,={y<E:lyl=n},
and
U, ={y€E:lyl<n}.
THEOREM 3.1 [1]. Let E = (E, ||-|]) be a Banach space, C C E a cone in
E, ry,>0, r,>0, and r, # r, with R = max{r,,r,} and r = min{r,, r,}.
Assume that ||| is increasing with respect to C and F: C N Uy— CK(C)

(here CK(C) denotes the family of nonempty compact, convex subsets of C)
is an upper semicontinuous, k-set contractive (here 0 < k < 1) map with

Iyl = llxl forally € Fx and  x €U, NC (3.1)
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and

Iyl < llxll forally € Fx and x€dU NC (3.2)

holding. Then F has at least one fixed pointy € C with r < ||yl < R.

Reasoning which is essentially the same as that in Theorem 2.2 (except
here we use Theorem 3.1) establishes the following fixed point theorem for
self maps between Banach spaces.

THEOREM 3.2. Let E = (E,||-|)) be a Banach space, C C E a cone in E,
r> 0, R > r, and || - || increasing with respect to C. Let F: C N Uy — CK(C)
be an upper semicontinuous, k-set contractive (0 < k < 1) map with F: C N
U\ U) = CK(C N (Ux \ U)). Then F has at least one fixed point y € C
withr <|lyll < R.

We now extend Theorem 3.2 to the Fréchet space setting. Let N, =
{1,2,...}. E is a Fréchet space endowed with a family of seminorms {|-|,:
n € Ny} with

lxl; <lx,| < - forall x € E.

Also assume for each n € N, that (E,,|-],) is a Banach space and
suppose that

E'1 D E‘2 D -
with E = N,_, E, and |x|, < |x|,.; forall x € E,, (here n € N,). For

each n € N, let C, be a cone in E, and assume that |-|, is increasing
with respect to C,. Also, assume that

C,2C,2 .
For p > 0 and n € N, let

U,,={x€E;Ixl,<p} ad Q,, =0, ,NC,.

n,p

Note that
(?CHQ,W = &E”U,W ncC, and Qn’p =U,,NnC,

(the first closure is with respect to C,, whereass the second is with respect
to E,). In addition, note that since |x|, < |x],., for all x € E, ,  that
Ql,p ) QZ,p D e

and

QQZ D e

s P s P
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We first establish a result which guarantees that the inclusion
y € Fy (3.3)
has a solution in E.

DEerINITION 3.1. Fix k € N,. We say that x € Fy in E, if there exists
w € Fy with x =w in E,.

THEOREM 3.3. Let r >0, R> 0, v> 0 be constants with v <r <R.
Suppose that the following conditions are satisfied:

Foreachn € Ny, F,: C, " U, x > CK(C,)
is an upper semicontinuous map. (3.4)
Foreachn € Ny, F,: C, N (U, x\ U, ,) = CK(C, n (T, x\ U, ,)).
(3.5)

For eachn € Ny, the map %,: U, x N C, — 2, given by

Z,y = U,_, FE,y (see Remark 3.1), is k-set contractive (0 < k < 1).
(3.6)

For every k € N, and any subsequence A C {k,k + 1,...},if

xe C,,ne€A,issuchthat R > |x|, > rthen |x|, > vy. (3.7)
If there exist aw € E and a sequence {y,},cn, with

V. € (U, x\U,,) NC,andy, €F,y, in E, such that for 3.8
every k € N, there exists a subsequence S € {k + 1,k +2,...} (3-8)
of Nywithy, > winE, asn - xin S, thenw € Fwin E.

Then (3.3) has a solutiony, € E withy, € N;,_ (U, x\ U, ) N C,).

Remark 3.1. The definition of .7, in (3.6) is as follows. If y € U, » N C,
and y & U,,, g NC,, then Zy =F,y, whereas if ye U,,, r N C,
and y €U, ., g N C, , then Zy = F,y UF,,y, and so on.

Proof. Fix n € N,. Theorem 3.2 guarantees that y € F,y has a solu-
tion y, € (U, x\ U, ,) N C,. Let’s look at {y,}, y,. As in Theorem 2.3 it
is easy to see that y, € (U, x\ U, ,) N C, for each n € N;. Now Theo-
rem 1.1 (with X =E,, G =%, and D = (U, x\ U, ,) N C,, and noting
that d,(u,, #u,) = 0 for each n € N, since |x|; < |x], for all x € E, and
Y, € F,y, in E,; here d,(x,S) = inf,_ s|x — yl, if S is a nonempty subset
of X) guarantees that there exist a subsequence N;* of N, and a z, €
(U, x\ U, ) N C, with y, >z, in E, as n —> « in N;*. Note in particular
that y < |z)l; < R. Let N, = Nj*\ {1}. Look at {y,}, c y.. Note that y, €
(U, x\ U, ) N C, for each n € N,. Now Theorem 1.1 (with X = E,,
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G =%, D=, z\U,,) N C,, and noting that d,(u,, #u,) =0 for
each n € N;; here d,(x,S) = infyeslx —yl, if S is a nonempty subset of
X) guarantees that there exist a subsequence N5 of N, and a z, € (U,
\U,,) N C, withy, -z, in E, as n > %« in N;*. Note in particular that
v <lz,h <R and z, =z, in E,. Let N, = N\ {2}. Proceed inductively
to obtain subsequences of integers

Nf2ONf 2 -, N¥ c{k,k+1,...},

and z, € (U, x\ U ,) N C, with y, -z, in E; as n — © in N;*. Note
that z, ., =z, in E, for k = 1,2,... . Also, let N, = N* \ {k}. Fix k € N,,.
Let y =2z, in E,. Note that y is well defined and y € E, for each
k=12.... Also, y, € F,y, in E, for n €N, and y, >y in E; as
n — % in N, (since y =z, in E,). This together with (3.8) implies that
y € Fy in E. Note also that y € N;,_ (T, x\ U, ,) N C,). 1

Remark 3.2. The idea in Theorem 3.3 together with the observation in
Remark 2.4 immediately guarantees a generalization of Fan’s fixed point
theorem. For completeness we state the result: Let £ be a Fréchet space
endowed with a family of seminorms {|-[,: n € Ny}. Also, assume that for
each n € N, that (E,,|-[,) is a Banach space and suppose that

E,DE, D ...
with E = N7 _, E,. For each n € N,, let C,, be a closed, convex set in E,

and assume that
C‘1 ) C2 D .-

Suppose the following conditions are satisfied:

For each n € N, F,: C,, = CK(C,) is upper semicontinuous.

For each n € N,, the map .%,: C, — 2, givenby %,y = U% _ F, Y,
is k-set contractive (0 < k < 1).

If there exist a w € E and a sequence {y,},cy, With y, € C, and
vy, € F,y, in E, such that for every k € N, there exists a subsequence
Sclk+1,k+2,...} of Ny with y, >w in E, as n — = in §, then
w € Fw in E.

Then (3.3) has a solution y, € E with y, € N’ _, C,. (The definition of
%, is as follows: If ye C, and y & C,,, then %,y = F,y, whereas if
yeC,,,and y & C,,, then Z,y = F,y UF,,,y, and so on.)
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