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Precedence Table

.x := e] (textual substitution) Highest precedence
- 0 < O

u Ww

= (conjunctional)

VoA

= &

= (associative) Lowest precedence
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Definition of a model

A model o 1s an infinite sequence of the form

O :.50,51,52,...

where s( 1s the 1nitial state and each state s;, 0 < 7 1s the state at time <.
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Example

X 3 9 10 11 12
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The notation

(J7j) — P

means that the expression p holds at position j in a sequence o.



A Calculational Deductive System for Linear Temporal Logic

The notation

(0,7)

— P

means that the expression p holds at position j in a sequence o.
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The next operator O

The semantics of the unary prefix operator O 1s

(0,j) =Op iff (o0,7+1)Fp

That 1s, O p holds at position 7 1ff p holds at position 7 + 1.
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o Sop S1 S22 S3 S4 S5  Sg
z 8§ 9 10 11 12 13 14
10<x<13 | F F T T F F
010<2<13 | F T T F F F
(0,1)) EO10<xz <13 because (0,2)F=10<z <13




A Calculational Deductive System for Linear Temporal Logic

o So S1 S22 83 S4 S5 Sg
z 8§ 9 10 11 12 13 14
10<2z<13 | F F T T F F
010<z<13 | F T T F F F
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o So S1 So 33 S4 S5 Sg

z 8 9 10 13 14
10<z<13 | F F . F F
010<z<13 | F T . F F
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o So S1 S22  S3 S84 85 56
z 8§ 9 10 11 14
10<2z<13 | F F T . F
010<z<13| F T T . F F
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The until operator U/

The semantics of the binary infix operator I/ 1is

(0,7) EpUq iff

3k 1 k> 7 (0,k)

=g N\ (Vi | j<i<k: (0,7
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(0,7) EpUq
o So S1 So S3 S4 S5 Sg S7 Sg  Sg
x -1 0 1 2 3 4 5 6 7 8
Y 9 8 7 6 5 4 3 2 1 O
O<x <y
2<y<5H

O<z<ylU(2<y<5H)
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(0,5) EpUq
o Sy S1 S2 S3 S4 S5 Sg S7 S3 Sy
x —1 0 1 2 3 4 5 6 7 8
y O 8 7 6 5 4 3 2 1 0
O<x <y F F T T T F F F F F
2<y<5H
O<zx<y U ((2<y<5H)
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(0,7) EpU g
o S9 S1 S S3 S4 Sy Sg ST Sy S8
x -1 0 1 2 3 4 5 6 7 8
y O 8 7 6 5 4 3 2 1 0
O<x <y F F T T T F F F F F
2<y<5H F F F F F T T T F F
O<zx<y U ((2<y<5H)
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(0,7) EpUq
o S0 S1 S92 S3 S4 S5 S6 S7 S8 S8
x -1 0 1 2 3 4 5 6 717 8
y 9 8 7 6 5 4 3 2 1 0
O<z <y ¥Fr F T T T F F F F F
2<y <) ¥ F ¥ F F T T T F F
O<x<y)U2<y<bH) | ?
Fklk>7:(0,k) EqA Vil j<i<k:(0,1) =p))
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o

(0,7)

(@)
~J

Va)
oo

x
Y
O<x <y
2<y<5H
O<zx<y U ((2<y<5H)

Gk 1 k>j:(0,k)

- T W W
—~ TN N

=g N\ (Vi | j<i<k: (0,7

o O o0




A Calculational Deductive System for Linear Temporal Logic

(0,7) FEpUq
o So S1 So S3 S4 Ss5 Sg S7 Sg Sg
x 1 0 1 2 3 4 5 6 71 8
Y 9 8 7 6 5 4 3 2 1 0
0<z<y F[F T T T| F F F F F
2<y<5h F F F F F T T F F
O<x<yU(2<y<b) | F F

Gk 1 k>j:(0,k)

=g N\ (Vi | j<i<k: (0,7
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(0,7) FEpUq
o So S1 So S3 S4 Ss5 Sg S7 Sg Sg
x 1 0 1 2 3 4 5 6 7 8
Y 9 8 7 6 5 4 3 2 1 0
0<z<y F F[T_T T| F F F F F
2<y<5h F F F F F T T F F
O<zxz<yyU2<y<d | F F T

Gk 1 k>j:(0,k)

=g N\ (Vi | j<i<k: (0,7
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(0,7) FEpUq
o So S1 So S3 S4 Ss5 Sg S7 Sg Sg
x 1 0 1 2 3 4 5 6 71 8
Y 9 8 7 6 5 4 3 2 1 0
0<z<y F F T[T _T| F F F F F
2<y<5h F F F F F T T F F
O<zx<yyU(2<y<bd) | F F T T

(Fklk=j:(0k)=Eqn(Vilj<i<k:(0,i)Fp))
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(0,J) EpUq
o So S1 So S3 S4 Ss5 Sg S7 Sg Sg
z -1 0 1 2 3 4 5 6 71 8
y 9 8 7 6 5 4 3 2 1 0
0<z<y F F T T F F F F F
2<y<5h F F F F F T T F F
O<zx<yU2<y<bd) | F F T T T

(Fklk=j:(0k)=Eqn(Vilj<i<k:(0,i)Fp))
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(0,7) EpUq
o S0 S1] 89 S3 S4 S; Sg S7 Sg S§
T -1 0 1 2 3 4 5 6 7 8
y 9 8 7 6 5 4 3 2 1 0
0<x<y F F T T T F F F F F
2<y<5h F F F F F T T F F
O<x<yU(2<y<bd) | F F T T T

(Fklk=j:(0k)=Eqn(Vilj<i<k:(0,i)Fp))
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(0,7) EpUq
o S0 S1] 89 S3 S4 S; Sg S7 Sg S§
T -1 0 1 2 3 4 5 6 7 8
y 9 8 7 6 5 4 3 2 1 0
0<x<y F F T T T F F F F F
2<y<5h F F F F F T T F F
O<x<yU(2<y<bd) | F F T T T

What is pUg when k = j, q = true, and p = false!

(Fklk=j:(0k)=Eqn(Vilj<i<k:(0,i)Fp))
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(0,7) EpUq
o S0 S1] 89 S3 S4 S; Sg S7 Sg S§
T -1 0 1 2 3 4 5 6 7 8
y 9 8 7 6 5 4 3 2 1 0
0<x<y F F T T T F F F F F
2<y<5h F F F F F T T F F
O<x<yU(2<y<bd) | F F T T T

What is pUg when k = j, q = true, and p = false!

Fklk=2j:(0k)Eqn(Vilj<i<k:(o,i) =Dp))
L

true
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(0,7) EpUq
o S0 S1] 89 S3 S4 S; Sg S7 Sg S§
T -1 0 1 2 3 4 5 6 7 8
y 9 8 7 6 5 4 3 2 1 0
0<x<y F F T T T F F F F F
2<y<5h F F F F F T T F F
O<x<yU(2<y<bd) | F F T T T

What is pUg when k = j, q = true, and p = false!

(Fklk=j:(0k)=qn(Vilj<i<k:(o,i)Fp))

| |
true false
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(0,7) EpUq
o S0 S1] 89 S3 S4 S; Sg S7 Sg S§
T -1 0 1 2 3 4 5 6 7 8
y 9 8 7 6 5 4 3 2 1 0
0<x<y F F T T T F F F F F
2<y<5h F F F F F T T F F
O<x<yU(2<y<bd) | F F T T T

What is pUg when k = j, q = true, and p = false!

Fk1k>j5:(0,k)EqN Vil j<i<k:(o,7) Ep))
1 I R S
true false false
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(0,7) FpUq

o S0 S1 S92 S3 S4 S5 S6 S7 S8 S8

T -1 0 1 2 3 4 5 6 7 8

Y O 8 7 6 5 4 3 2 1 0

0<z<y F F T T T F F F F F

2<y <5 F F F F F T T F F
O<x<yyU2<y<bd | F F T T T T
The “empty range rule”

Fklk=2j:(0k)Eqn(Vilj<i<k:(o,i) FDp))
L |

false
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(0,7) EpUq
o So S1 So S3 S4 Ss5 Sg S7 Sg Sg
x 1 0 1 2 3 4 5 6 71 8
Y 9 8 7 6 5 4 3 2 1 0
0<x<y F F T T T F F F F F
2<y<5h F F F F F T T F F
O<z<y)U(2<y<5)| F F T T T T T

(Fklk=j:(0k)=Eqn(Vilj<i<k:(0,i)Fp))
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(0,7) EpUq
o So S1 So S3 S4 Ss5 Sg S7 Sg Sg
x 1 0 1 2 3 4 5 6 71 8
Y 9 8 7 6 5 4 3 2 1 0
0<x<y F F T T T F F F F F
2<y<5h F F F F F T T F F
O<z<y)U2<y<5) | F F T T T T T T

(Fklk=j:(0k)=Eqn(Vilj<i<k:(0,i)Fp))
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(0,7) EPUq
o S9 S1 So S3 S4 S; Sg S7 Sg  S3
. 1 0 1 2 3 4 5 6 7 8
y O 8§ 7 6 5 4 3 2 1 0
O<z<y F F T T T F F F
2<y <5 F F F F F T T T F F
O<z<y)U(2<y<5 | F F T T T T T T F

(Fklk=j:(0k)=Eqn(Vilj<i<k:(0,i)Fp))
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(0,7) EPUq
o S9 S1 So S3 S4 S; Sg S7 Sg  S3
. 1 0 1 2 3 4 5 6 7 8
y O 8§ 7 6 5 4 3 2 1 0
O<z<y F F T T T F F F F
2<y <5 F F F F F T T T F F
O<z<y)U(2<y<5 | F F T T T T T T F F

(Fklk=j:(0k)=Eqn(Vilj<i<k:(0,i)Fp))
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The eventually operator <

The semantics of the unary prefix operator < 1s

(0.5)EOp iff (3k1k>j:(0k) ED)
Sp S1 S22 83 S4 S5 Sg
x 1 2 3 4 5 6 7
3<xr<0 F F T T T F F
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The eventually operator <

The semantics of the unary prefix operator < 1s

(0,7) =<Cp iff (Fklk>75:(0,k) EDp)
Sop S1 S22 83 S4 S5 Sg
x 1 2 3 4 5 6 7
3<x<6 | F F F F

T
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The eventually operator <

The semantics of the unary prefix operator < 1s

(o) E<Cp iff (Fklk>j:(0,k) Ep)

Sso S1 S22 53 5S4 S5  S6
x 1 2 3 4 5 6
3<x<6 | F F F F
SB3<x<6)| T T
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The eventually operator <

The semantics of the unary prefix operator < 1s

(o) E<Cp iff (Fklk>j:(0,k) Ep)
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The eventually operator <

The semantics of the unary prefix operator < 1s

(o) E<Cp iff (Fklk>j:(0,k) Ep)
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The eventually operator <

The semantics of the unary prefix operator < 1s

(o,)) ECOp ifft (Fklk>j:(0,k) Ep)
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The eventually operator <

The semantics of the unary prefix operator < 1s

(o,)) ECOp ifft (Fklk>j:(0,k) Ep)
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The eventually operator <

The semantics of the unary prefix operator < 1s

(o,)) ECOp ifft (Fklk>j:(0,k) Ep)
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o S9 S1 SS9 S3 S4 S; Sg S7 Sg Sg
P F F T F F T F F F F
q F F T T F F T T F F
Sp T T T T T T F F F F
g | T T T T T T T T T T
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<& A is a liveness property.

Example: p2 = < p4

Algorithm 4.1: Third attempt

boolean wantp « false, wantq « false

p

q

loop forever
non-critical section
wantp <« true
await wantq = false
critical section
wantp < false

loop forever
non-critical section
wantq <« true
await wantp = false
critical section
wantq < false
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The always operator O

The semantics of the unary prefix operator O 1s

(o,5) EQp iff (Vklk>j:(0,k) Ep)
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The always operator O

The semantics of the unary prefix operator O 1s

(o,5) EQp iff (Vklk>j:(0,k) Ep)
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The always operator O

The semantics of the unary prefix operator O 1s

(o,5) EQp iff (Vklk>j:(0,k) Ep)




A Calculational Deductive System for Linear Temporal Logic

The always operator O

The semantics of the unary prefix operator O 1s

(o,5) EQp iff (Vklk>j:(0,k) Ep)
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The always operator O

The semantics of the unary prefix operator O 1s

(o,5) EQp iff (Vklk>j:(0,k) Ep)
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The always operator O

The semantics of the unary prefix operator O 1s

(o,5) EQp iff (Vklk>j:(0,k) Ep)
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The always operator O

The semantics of the unary prefix operator O 1s

(o,5) EQp iff (Vklk>j:(0,k) Ep)
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The always operator O

The semantics of the unary prefix operator O 1s

(o,5) EQp iff (Vklk>j:(0,k) Ep)
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p | T T F T T F T T T T
¢ | T T F F T T F F T T
Oop | F F F F F F T T T T
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o So S1 S92 S3 S4 S5 Sg¢ S7 S8 So9
P T T F T T F T T T T
q T T F F T T F F T T
Odp| F F F F F F T T T T
Odg| F F F F F F F F F F
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O A is a safety property.

Example: O —(p4 A g4)

Algorithm 4.1: Third attempt

boolean wantp « false, wantq « false

p

q

loop forever
non-critical section
wantp <« true
await wantq = false
critical section
wantp < false

loop forever
non-critical section
wantq <« true
await wantp = false
critical section
wantq < false




To show starvation-free, must prove

O (p2 = O pd)

Algorithm 4.1: Third attempt

boolean wantp « false, wantq « false

P q
loop forever loop forever
pl: non-critical section ql: non-critical section
p2: wantp « true q2: wantq « true
p3: await wantq = false q3: await wantp = false
p4: critical section q4: critical section
p5: wantp < false q5: wantq « false




A Calculational Deductive System for Linear Temporal Logic

True and False are constants

rrue

false

T =S
M 3=
es BT IING
i |3
T | 2
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True and False are constants

0] So S1 S22 S3 94
true | T T T T T
false | F F F F F

The case analysis metatheorem is NOT valid
in linear temporal logic!
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Next o

(1) Axiom, Self-dual: O-—-p=-0p
(2)  Axiom, Distributivity of O over =: O (p=¢) = Op = Ogq
(3) Linearity: Op=-0-p
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(4) Distributivity of O over V: O (pVg)=0pVOgq
Proof -

O(pVaq)
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(4) Distributivity of O over V: O (pVg)=0pVOgq
Proof -

o (pVaq)
= ((3.59) Implication p =g = —-pVq)
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(4) Distributivity of O over V: O (pVg)=0pVOgq
Proof -

o (pVaq)
= ((3.59) Implication p =g = —-pVq)

O (—p = q)
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(4) Distributivity of O over V: O (pVg)=0pVOgq
Proof -

o (pVq)

((3.59) Implication p =g = —pVq)
O (
<

(2) Distributivity of O over =)
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(4) Distributivity of O over V: O (pVg)=0pVOgq
Proof -

©(pVa)

—  ((3.59) Implication p = ¢ = —pVq)
O (=p=9)

= ((2) Distributivity of O over =)
O-p=Ogq
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(4) Distributivity of O over V: O (pVg)=0pVOgq

Proof -
©(pVaq)
—  ((3.59) Implication p = ¢ = —pVq)
O (—p=4)
= ((2) Distributivity of O over =)
O-p=Ogq

= {(3.59) Implication p =g = —pV g with p,g:= O —p,0q)
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(4) Distributivity of O over V: O (pVg)=0pVOgq

Proof -
©(pVaq)
—  ((3.59) Implication p = ¢ = —pVq)
O (—p=4)
= ((2) Distributivity of O over =)
O-p=Ogq

= {(3.59) Implication p =g = —pV g with p,g:= O —p,0q)
—OpVOg
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(4) Distributivity of O over V: O (pVg)=0pVOgq
Proof -

o (pVag)
= ((3.59) Implication p =g = —-pVq)
O (=p=q)
= ((2) Distributivity of O over =)
O—=p=0gq
= ((3.59) Implication p = g = —pV g with p,q := 0 -p,0 )
—O—pVOgqg
= {(3) Linearity)
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(4) Distributivity of O over V: O (pVg)=0pVOgq
Proof -

o (pVag)
= ((3.59) Implication p =g = —-pVq)
O (=p=q)
= ((2) Distributivity of O over =)
O—=p=0gq
= ((3.59) Implication p = g = —pV g with p,q := 0 -p,0 )
—O—pVOgqg
= {(3) Linearity)
opvoqg |
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(5) Distributivity of © over A: O (pAg)=0pAOgq
Proof:

O(pAq)



A Calculational Deductive System for Linear Temporal Logic

(5) Distributivity of © over A: O (pAg)=0pAOgq
Proof:

©(pAg)
= ((3.12) Double negation, ——p = p, twice)



A Calculational Deductive System for Linear Temporal Logic

(5) Distributivity of © over A: O (pAg)=0pAOgq
Proof:
o (pNg)
= ((3.12) Double negation, =—p = p, twice)
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(5) Distributivity of © over A: O (pAg)=0pAOgq
Proof:
o (pAg)
= ((3.12) Double negation, =—p = p, twice)
((3.47b) De Morgan, —(pV q) = —p A\ —q)
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(5) Distributivity of © over A: O (pAg)=0pAOgq
Proof:
o (pAq)
= ((3.12) Double negation, ~—p = p, twice)
= ((3.47b) De Morgan, —~(pV gq) = -~pA—q)
O =(=pV—q)
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(5) Distributivity of © over A: O (pAg)=0pAOgq
Proof:

©(pAg)
= ((3.12) Double negation, ——p = p, twice)
= ((3.47b) De Morgan, —~(pV gq) = -~pA—q)
O =(=pV—q)

= {((1) Self-dual with p := (=pV —q))
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(5) Distributivity of © over A: O (pAg)=0pAOgq
Proof:

©(pAg)
= ((3.12) Double negation, ——p = p, twice)
= ((3.47b) De Morgan, —~(pV gq) = -~pA—q)
O =(=pV—q)

= {((1) Self-dual with p := (=pV —q))
-0 (_Ip\/_'Q)
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(5) Distributivity of © over A: O (pAg)=0pAOgq
Proof:

©(pNg)
= ((3.12) Double negation, ~—p = p, twice)
= ((3.47b) De Morgan, —~(pV gq) = -~pA—q)
O =(=pV—q)
= {((1) Self-dual with p := (=pV —q))
= ((4) Distributivity of O over V with p,q := —p,—q)
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(5) Distributivity of © over A: O (pAg)=0pAOgq
Proof:

©(pNg)
= ((3.12) Double negation, ~—p = p, twice)
= ((3.47b) De Morgan, —~(pV gq) = -~pA—q)
O =(=pV—q)
= ((1) Self-dual with p := (=pV —q))
= ((4) Distributivity of O over V with p,q := —p,—q)
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(5) Distributivity of © over A: O (pAg)=0pAOgq
Proof:

©(pAqg)
= ((3.12) Double negation, ——p = p, twice)
= ((3.47b) De Morgan, —~(pV gq) = -~pA—q)
O =(=pV—g)
= {((1) Self-dual with p := (—=pV —q))
= ((4) Distributivity of © over V with p,q := —p,—q)
(0=pVO—q)
((3.47b) De Morgan, —~(pV g) = —p A —q)

-1
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(5) Distributivity of © over A: O (pAg)=0pAOgq
Proof:

©(pAg)
= ((3.12) Double negation, ~—p = p, twice)
= ((3.47b) De Morgan, —~(pV gq) = -~pA—q)
O =(=pV—q)
= {((1) Self-dual with p := (—=pV —q))
= ((4) Distributivity of O over V with p,q := —p,—q)
= ((3.47b) De Morgan, ~(pV q) = ~p /A —q)
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(5) Distributivity of © over A: O (pAg)=0pAOgq
Proof:

©(pAg)
= ((3.12) Double negation, ——p = p, twice)
= ((3.47b) De Morgan, —~(pV gq) = -~pA—q)
O =(=pV—q)
= ((1) Self-dual with p := (=pV —q))
= ((4) Distributivity of O over V with p,q := —p,—q)
= ((3.47b) De Morgan, ~(pV q) = ~p /A —q)
= ((3) Linearity, twice)
OpAOgq i
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(6) Distributivity of O over=: O(p=q)=0Op= 0y

Proof:
Exercise for the student. Hint: Start with mutual implication.
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(7) Truthof O: O true =true
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OpV O -—p
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(7) Truthof O: O true =true

Proof:

O true

—  {(3.28) Excluded middle p V —p)
O (pV —p)

= {((4) Distributivty of O over V)
OpV O -—p

= ((1) Self-dual)
OpV-0p
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(7) Truthof O: O true =true

Proof:

O true
= ((3.28) Excluded middle p VV —p)
O (pV —p)
= {((4) Distributivty of O over V)
OpV O -—p
= ((1) Self-dual)
OpV-0Op
= ((3.28) Excluded middle p V —p with p := O p)
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(7) Truthof O: O true =true

Proof:

O true
= ((3.28) Excluded middle p VV —p)
O (pV —p)
= {((4) Distributivty of O over V)
OpV O -—p
= ((1) Self-dual)
OpV-0Op
= ((3.28) Excluded middle p V —p with p := O p)
true
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(8) Falsehood of O: O false = false

Proof:
Exercise for the student.
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Until U

(9) Axiom, Distributivity of O over U: O(pUg)=OpU Oq

(10) Axiom, Expansionof U: pUg=qV (pAO(pUyq))

(11) Axiom, Right zeroof U: p U false = false

(12) Axiom, Left distributivity of U over V: pU(¢Vr)=pUqgVpUr
(13) Axiom, Right distributivity of U overV: pUrVqgUr= (pVqg Ur
(14) Axiom, Left distributivity of U over A: pU (¢A7)=pUqgApUr
(15) Axiom, Right distributivity of U over A: (pAqg)Ur=pUrAqUr
(16) Axiom, U implication ordering: pUgA—-qUr=pUr

(17) Axiom, Right U V ordering: pU (¢qU7r)= (pVgq) Ur

(18) Axiom, Right A U ordering: pU (¢gA7r)= (pUq) Ur



A Calculational Deductive System for Linear Temporal Logic

(19)
(20)
(2D)
(22)
(23)
(24)

Right distributivity of U over=: (p=¢ Ur=(pUr=qUr)
Right zeroof U: p U true = true

Left identity of U : falseU q=q

Idempotencyof U: pUp=0p

U excluded middle: pU qVp U —q

pU(@Ur)ApUr=qUr
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(22) Idempotencyof U: pUp=p
Proof:
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(22) Idempotencyof U: pUp=p
Proof:
pUp
= ((10) Expansion of U )

pV(pAO(pUp))
—  ((3.43b) Absorption, pV (pAg) = p withg:= 0 (p U p))
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(22) Idempotencyof U: pUp=p
Proof:
pUp
= ((10) Expansion of U )

pV(pAO(pUp))
—  ((3.43b) Absorption, pV (pAg) = p withg:= 0 (p U p))

» |
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25 pU(—qUr)AqUr=pUr
(26) pUgA—gUp=p

27) pAN—pUqg=q

28) pUg=pVg

(29) U insertion: ¢ = pUq
(B0) pAg=plUq
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(29) U Insertion: g=pUg
Proof :
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(29) U Insertion: g=pUg
Proof :
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A Calculational Deductive System for Linear Temporal Logic

(29) U Insertion: g=pUg
Proof :

pUgqg
= ((10) Expansion of U )

gV (pANO(pUq))
< ((3.76a) Weakening, p = pV q)

g |
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(30)
(D
(32)
(33)
(34)
(35)
(36)
(37)

pANg=plUgq

Absorption: pVpUqg=pVyg

Absorption: pUqgVg=pUgq

Absorption: pUgAqg=q

Absorption: pUqV(pAqg) =pUq
Absorption: pUqgA(pVqg) =pUq

Left absorptionof U: pU(pUq)=pUq
Right absorptionof U: (pUq) Ug=pUq
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Eventually <
(38) Definitionof ¢: $ g =true U g
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(39) Absorptionof & into U: pUgNANTg=pUq
(40) Absorptionof U into<C: pUgV OCqg=<g
(41) Absorptionof U into<C: pUOCqg= g

(42) Eventuality: pUqg= g

(43) Truthof &: $true = true

(44) Falsehood of & @ <& false = false

(45) Expansionof &: Op=pVvV Oodp

(46) Weakeningof &: p=<p

(47) Weakeningof &: Op=<p
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(46) Weakeningof &: p=<p
Proof :

Op
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(46) Weakeningof &: p=<p
Proof :

Cp
= ((45) Expansion of <)



A Calculational Deductive System for Linear Temporal Logic

(46) Weakeningof &: p=<p
Proof :
op

= ((45) Expansion of <)
pVO<p
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(46) Weakeningof &: p=<p
Proof :
op
= ((45) Expansion of <)

pVO<p
< ((3.76a) Weakening the consequent, p = pV q)
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(46) Weakeningof &: p=<p
Proof :

<p
= ((45) Expansion of <)
pVO<p
< ((3.76a) Weakening the consequent, p = pV q)

» 1
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(48) Absorptionof Vinto C: pvVOp=3p

(49) Absorption of ¢ into A: OCpAp=p

(50) Absorptionof &: OOp=3Cp

(51) Exchangeof O and &: O0COp=<0p

(52) Distributivity of & over Vi O (pV ) =OpV Og
(53) Distributivity of & over A: O (pAqg) = Op Ay
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Always O

(54) Definitionof O0: Op = - —p

(55) Axiom, U Induction: O (p= (OpAq)Vr)=(p=0OqVqglUr)
(56) Axiom, U Induction: O(p= O(pVyq) = (p=0pVpUyg)
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(57) 0O Induction: O(p= Op) = (p= Op)
(58) < Induction: O (Op=p) = (Op=p)
(39) Op=-0O-p

(60) DualofO: —-Op=<"-p

(61) Dualof &: -Op=0-p

(62) Dualof G O: -COp=0C—p

(63) Dualof OC: OCp=3o0p



Duality: - 0OA

lrue

false

(60) DualofO: —-Op=<"-p
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(61) Dualof &: -Op=0O-p
Proof -

L—=p
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(61) Dualof &: -Op=0O-p
Proof -

L—=p
= ((54) Definition of O )
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(61) Dualof &: -Op=0O-p
Proof -
L1—p

= ((54) Definition of O )



A Calculational Deductive System for Linear Temporal Logic

(61) Dualof &: -Op=0O-p
Proof -
L1—p
= ((54) Definition of O )

= ((3.12) Double negation, =—p = p)
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(61) Dualof &: -Op=0O-p
Proof -

LU=p

= ((54) Definition of O )
= =mp

= {((3.12) Double negation, =—p = p)
—|<>p .



Duality: - <A

Irue

false

| time —

(61) Dualof: -Op=0-p
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(64) Truthof O: Otrue = true

(65) Falsehood of O: 0O false = false

(66) Expansionof O0: Op=pA O0Op

(67) Expansionof O0: Op=pAOpAOOp
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(63)
(69)
(70)
(71)
(72)
(73)
(74)

Absorptionof AintoO: pADOp=0Op
Absorption of O intoV: OpVp=yp
Absorptionof & intoO: OpAOp=0p
Absorptionof O into &: OpVvVOp=3p
Absorptionof O: OOp=0p
Exchangeof O andO: OOp=00p

p=0Op=p= O0Op



A Calculational Deductive System for Linear Temporal Logic

(75)
(76)
(77)
(73)
(79)
(30)
(81)

pAOap =< (p A O—p)

Strengthening of O :
Strengthening of O :
Strengthening of O :

Strengthening of O :

O generalization:

Op = —(q U —p)

Up=p
Op=<p
Op = Op
Op= O00p

Op=0O0Op
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Temporal deduction
(82) Temporal deduction:

To prove O P, A O P, = (,assume P, and P, and prove ().
You cannot use textual substitution in P; or F.
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Always, continued

(83)
(84)

(85)
(86)
(87)
(83)

Distributivity of Aover U: OpAqUr= (pAqg) U (pAr)
U implication: OpA<Cg=pUgqg

Right monotonicityof U: O(p=¢q) = (rUp=1Uq)
Left monotonicityof U: O(p=q)=(pUr=qUr)
Distributivity of —over O: O -—p = —-0Op

Distributivity of & over A: Op A= < (pAg)
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(89)
(90)
O1)
(92)
(93)
94)
(95)
(96)
O7)
(93)

& excluded middle: $p Vv O —p

O excluded middle: OpV <o —p

Temporal excluded middle: <pVv <O —p

<& contradiction: Op AO—-p = false

O contradiction: Op A< —p = false
Temporal contradiction: Op AO-p = false
O0< excluded middle: OCpVv o O—p

<& 0O excluded middle: COpv OO —p

0 < contradiction: OCpA<O-p = false
<& 0O contradiction: COpADOO—p = false
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(99) Distributivity of 0 over \: O(pAqg)=0OpA0Ogq

(100) Distributivity of O over V: OpV Og=0O(pVq)

(101) Logical equivalencelawof O: O(p=g¢q) = (Op = 0gq)
(102) Logical equivalencelawof G: O(p=gq) = (Op=<Cyg)
¢) = (Op=0g)
(104) Distributivity of & over =: $(p=¢q) = (Op = <gq)

(103) Logical equivalence lawof O: 0O (p

(105) Distributivity of & over =: (Op=<Cq) = O (p = q)
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Proof metatheorems

(136) Metatheorem: P is atheorem iff O P is a theorem.

(137) Metatheorem O: If P = () is a theorem then O P = O () is a theorem.
(138) Metatheorem < : If P = () is a theorem then & P = <& () is a theorem.
(139) Metatheorem O : If P = () is a theorem then O P = O () is a theorem.



A Calculational Deductive System for Linear Temporal Logic

(140) U O implication: pUOg=0O(p U q)

(141) Absorptionof U intoO: pUDOp=0p

(142) Right A U strengthening: pU (¢ A7) =pU (¢ UT)
(143) Left A U strengthening: (pAg)Ur= (pUq) Ur
(144) Left AU ordering: (pAq) Ur=pU (¢ UT)

(145) <& 0O implication: <COp=0Cp

(146) O < excluded middle: O<Cpv OO —p

(147) <& O contradiction: COpAOO-p = false
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(151) Absorptionof & intoO<C: OOOCp=0CDp
(152) Absorptionof O into CO: O<COp=<0Op
(153) Absorptionof O<C: OOO<Cp=0Cp
(154) Absorptionof CO: <COoOp=<C0Op
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(159) Distributivity of O < over A:
(160) Distributivity of & O over V:
(161) Distributivity of O < over V:
(162) Distributivity of & O over A:

O0C(pAq)=00pAD0OCq
SOopv<oogq=<0(pVy)
O0C(pVe) =0CpvOdg
CO(pAg)=0O0pA<Ogq
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frue

false —
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false

(159) Distributivity of OO over A: OC (pAq) = 0OCpATOCq
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(162) Distributivity of &0 over A: CO(pAq) =<OpA<OOg
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(168) Progress proofrule: COpAO(Op=<q) = g



