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1 Dvojný integrál

1.1
∫∫
A

xy dx dy ,A = {(x, y);x2 + y2 ≤ R2, x < 0, y > 0}

[
∫ R
0

∫ π
π/2r

3 cos (ϕ) sin (ϕ) dϕdr = −1
8 R

4]

1.2
∫∫
A

xy dx dy ,A = {(x, y); (x− 1)2 + (y − 2)2 ≤ 1}

[
∫ 1
0

∫ 2π
0 (1 + r cos (ϕ)) (2 + r sin (ϕ)) r dϕdr = 2π]

1.3
∫∫
A

x2 − 1 dx dy ,A = {(x, y); 1 ≤ (x− 1)2 + (y − 2)2 ≤ 4, y > 0}

[
∫ 2
1

∫ π
0

(
(1 + r cos (ϕ))2 − 1

)
r dϕdr = 15π

8 ]

1.4
∫∫
A

x− 2y dx dy ,A = {(x, y);x2 ≤ y ≤
√
x}

[
∫ 1
0

∫ √y
y2
x− 2 y dx dy =

∫ 1
0

∫ √x
x2

x− 2 y dy dx = − 3
20 ]

1.5 Odvoďte vzorec pro objem koule o poloměru R pomoćı dvojného integrálu.

[2
∫ R
0

∫ 2π
0

√
R2 − r2 (cos (ϕ))2 − r2 (sin (ϕ))2 r dϕdr = 4

3 R
3π]

2 Trojný integrál

2.1
∫∫∫
A

x dx dy dz, A je omezena plochami x = 0, y = 0, z = 0, z = 3, x + y = 2

[
∫ 3
0

∫ 2
0

∫ 2−y
0 x dx dy dz = 4]

2.2
∫∫∫
A

xyz dx dy dz, A je omezena plochami x = y2, y = x2, z = 0, z = xy

[
∫ 1
0

∫ √y
y2

∫ xy
0 xyz dz dx dy = 1

96 ]
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2.3 Odvoďte vzorec pro objem koule o poloměru R pomoćı trojného integrálu.

[
∫ R
0

∫ 2π
0

∫ π
0 r

2 sin (φ) dφ dϕdr = 4
3 R

3π]

2


