Subharmonic functions

U always denotes a connected open set in C.

We recall the definition:

A subharmonic function is an uppersemicontinuous
function f : U — [—00, +00) such that f # —o0

and for all disks D(P, r) C U and for all harmonic h
on a neighborhood of D(P, r),

f<h on OD(P,r) = f<h on D(P,r).
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small circle  -mean value property

Theorem

Let f : U — [—00,+00) be uppersemicontinuous. Then f is
subharmonic <= VY P € U, dep > 0 such that

D(P,ep) C U and

1 27 )
f(P)gg/ f(P+ece®ydh, Vec(0ep).
0

We could call this the small circle sub-mean value property
(SCsMV).

We begin the proof with a technical lemma (to deal with the
semicontinuity):

Bernard Shiffman 110.607 Complex Variables



Let ¢ : 0D — [—00,+00) be uppersemicontinuous. Then there
exists a sequence of continuous functions @, : 0D — R such that

©n "\  pointwise.

Proof : Assume that ¢ #Z —oo. Let
n(e”) = sup{ip(e ") — njt]} € R.
teR

Clearly ¢n > pny1 > .
Claim 1: ¢, is continuous. (Exercise)
Claim 2: ¢ — .
Proof of Claim 2: Let 6 be fixed. Let
n(1) = () —

so that @,(e’®) = sup g,. Let ¢ > ¢(e™) be arbitrary. Since ¢ is
uppersemicontinuous, we can choose § > 0 so that
p(e®tt)y < ¢ vt € (=46,0).



Let A =supy < +o0. Therefore

A—nd for |t| >4
&nlt) S{ c for |t] <6

Therefore there exists ny € Z* such that
gpn(eiao) =supg, < c for n> ng.

Since ¢ > ¢(e%) is arbitrary, it follows that ¢,(e/%) — ¢(e®),
verifying Claim 2 and completing the proof of the lemma. O
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Let f: U — [—00,+00) be uppersemicontinuous. Then f is
subharmonic <— SCsMV.

Proof: (==): Let D := D(P, ) C U be arbitrary.

Suppose that f(P) > 5= [, d6.

Let o, € C(OD) such that o,(P +ce®®) \, f(P + ce”).

By Lebesgue monotone convergence, faD Yn — faD f.
Therefore we can chose ng such that f(P) > 5= [, ¢y, d6.
Let h be the solution to the Dirichlet problem on D with
h=n, on OD. Let 6 = f(P) — 5= [;, n, d > 0. Since OD
is compact and f — h < 0 is uppersemicontinuous on D,

ds < e such that f — h < §/2 on OD(P,s).

Therefore, (1) f —0/2 < hon OD(P,s); (2) h is harmonic on

D(P,¢).
f subharmonic = f(P) —46/2 < h(P) = 5 [;, hdf =
> Jop ©no d0 = f(P) — 6. Contradiction O
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proof—continued

Let f : U — [—00, +00) be uppersemicontinuous. If f satisfies
the SCsMV property, then f satisfies the “maximum principle”:

Py € U,f(Py) =supf = f = constant.

The proof of the lemma is similar to the proof that SCMV —
maximum principle.

Outline of proof that SCsMV — subharmonic: Let f satisfy
SCsMV. Suppose on the contrary that h harmonic on
D=D(P,r), f <hondD, f(Q) > h(Q), @ € D. Let

g =1f —hon D. Then g attains its maximum at a point of D
and hence is constant, by the above lemma. Contradiction [
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