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\rx fdqqrw dyrlg sdudglvh1
\rx fdq rqo| dyrlg vhhlqj lw1

� Fkduorwwh Mrnr Ehfn

41 YA|iNaýW|íNA

Lw lv uduh wkdw dq|rqh dssodxgv pdwkhpdwlfdo qrwdwlrq/ dqg uduhu vwloo iru wkdw
dssodxvh wr frph iurp p| iuhvkphq fdofxoxv vwxghqwv1 Exw wkdw lv lqghhg zkdw
rffxuuhg zkhq L ñuvw suhvhqwhg vrph qrwdwlrq L kdg ghylvhg wr dvvlvw wkhp zlwk
dqwlglòhuhqwldwlrq1 Zlwk wkh lqwhuhvw lq fdofxoxv uhirup wrgd|/ wklv fdofxoxv qrwd0
wlrq uhirup surylghv d frqfuhwh/ wdqjleoh zd| wr juhdwo| lpsuryh wkh whdfklqj dqg
ohduqlqj ri dqwlglòhuhqwldwlrq1
Lw lv frpprq sudfwlfh wr xvh i 3 wr ghqrwh wkh ghulydwlyh ri d ixqfwlrq ri d

vlqjoh yduldeoh/ i= Wkxv lw vhhpv txlwh qdwxudo wr ghñqh d vlplodu qrwdwlrq iru
dqwlglòhuhqwldwlrq1

Ghñqlwlrq 4141 Ohw ;i ghqrwh dq dqwlghulydwlyh ri i/ l1h1 ghñqh

;i @

]
i +{, g{=

Zh fdq uhdg ;i dv _dq dqwlghulydwlyh ri i% ru vlpso| _dqwlsulph ri i%1 Wkurxjk0
rxw wklv duwlfoh zh zloo dvvxph i / j/ x/ dqg y duh F4 ixqfwlrqv ri d vlqjoh yduldeoh
{ rq vrph ñ{hg rshq lqwhuydo1 Dovr/ iru wkh wlph ehlqj ohw*v qrw ixvv ryhu frqvwdqwv
ri lqwhjudwlrq +zh zloo glvfxvv wkhp odwhu lq ghwdlo,41
Duphg zlwk wklv qrwdwlrq zh kdyh wkh Pdjlf Irupxod

;i 3 @ i=+Pdjlf Irupxod,

Dovr qrwlfh wkdw dqwlsulplqj lv olqhdu/ l1h1 ;+i . j, @ ;i . ;j dqg ;+fi, @ f ;i iru
f 5 U1
Ohw ; kdyh kljkhu rshudwru suhfhghqfh wkdq ixqfwlrq hydoxdwlrq/ vr wkdw ;i +x,

phdqv +;i, +x, dqg qrw ;+i +x,, 51 Lq wklv qrwdwlrq wkh uxohv iru x0vxevwlwxwlrq dqg
lqwhjudwlrq e| sduwv ehfrph vlpso|

;+i +x,x3, @ ;i +x,+Wkh Vxevwlwxwlrq Uxoh,

dqg

;+xy3, @ xy ý ;+yx3, =+Lqwhjudwlrq e| Sduwv,
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5 NHQQHWK J1 PRQNV

Xvlqj wklv qrwdwlrq/ zh fdq lpsuryh rq wkh Sduwv irupxod1 Li zh vxevwlwxwh ;y
iru y lq wkh Sduwv irupxod zh rewdlq d surgxfw uxoh iru dqwlglòhuhqwldwlrq

;+xy, @ ;yxý ;ý;yx3ü+Surgxfw Uxoh,

Qrwlfh wkdw wklv uhtxluhv rqo| rqh pruh fkdudfwhu wr zulwh +dqg phprul}h6, wkdq
wkh Sduwv irupxod/ exw dv zh zloo vhh/ juhdwo| vlpsolñhv fdofxodwlrqv iru wkh vwxghqw1
Frqvlghulqj wkdw wkh Surgxfw Uxoh lq wudglwlrqdo fdofxoxv qrwdwlrq lv]

x +{, y +{, g{ @ x +{,

]
y +{, g{ý

] ë]
y +{, g{

ê
x3 +{, g{

lw lv qrw vxusulvlqj wkdw lw kdv qrw ehhq frpprqo| wdxjkw lq hohphqwdu| fdofxoxv
frxuvhv1 \hw wkh dqwlsulph qrwdwlrq pdnhv wklv irupxod qrw rqo| zrundeoh/ exw
dfwxdoo| hdvlhu wr xvh wkdq wkh Sduwv irupxod/ dv zh vkdoo qrz looxvwudwh1

51 äB,Wý,B|íNAt �Baj .Bt+

5141 Wkh Ghdwk ri Lqwhjudwlrq e| Sduwv1 Vrphwlphv rqh h{dpsoh lv zruwk d
wkrxvdqg zrugv1 Lq wklv vhfwlrq zh suhvhqw wzr wkrxvdqg zrugv zruwk1

H{dpsoh 5141 Hydoxdwh ;+{ frv +{,, =
Vroxwlrq= Ohw x @ { dqg y @ frv +{, = Wkhq x3 @ 4 dqg ;y @ vlq +{, = Wkxv

;+{ frv +{,, @ ;+xy,

@ ;yxý ;ý;yx3ü
@ { vlq +{,ý ;vlq +{,

@ { vlq +{, . frv +{,

H{fhoohqw$ Qrwlfh wkhuh lv qrw d vlqjoh
U
ru gx ru gy ru g{ lq wkh hqwluh vroxwlrq$

+Lqvhuw vwxghqw dssodxvh khuh1, Wkh vwxghqw grhv qrw kdyh wr _fkrrvh gy% ru dq|
vxfk vloolqhvv1
Frqvlghu krz vlpsoh wklv lv iurp wkh vwxghqwv* shuvshfwlyh1 Wkh| duh idfhg zlwk

wkh dqwlghulydwlyh ri d surgxfw1 Wkh| qdph rqh idfwru x dqg wkh rwkhu y= Wkh|
frpsxwh x3 dqg ;y= Wkh| vxevwlwxwh lqwr wkh Surgxfw Uxoh irupxod dqg vlpsoli|1
Wklv lv pxfk pruh qdwxudo dqg vwudljkwiruzdug wkdq fkrrvlqj x dqg gy ru hyhq x
dqg y3 iru wkh idfwruv1
Fdq lw eh d ðxnhB Zkdw derxw wkh guhdghg xvh0Sduwv0wzlfh0dqg0vroyh w|sh ri

h{huflvhB

H{dpsoh 5151 Hydoxdwh ;+h{ vlq +{,,
Vroxwlrq= Ohw x @ vlq +{, dqg y @ h{= Wkhq x3 @ frv +{, dqg ;y @ h{1 Wkxv

;+h{ vlq +{,, @ ;+xy,

@ ;yxý ;ý;yx3ü
@ h{ vlq +{,ý ;+h{ frv +{,,

Qrz ohw x @ frv +{, dqg y @ h{= Wkhq x3 @ ý vlq +{, dqg ;y @ h{1 Wkxv
;+h{ frv +{,, @ ;+xy,

@ ;yxý ;ý;yx3ü
@ h{ frv +{, . ;+h{ vlq +{,,
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Frpelqlqj wkhvh uhvxowv |lhogv

;+h{ vlq +{,, @ h{ vlq +{,ý h{ frv +{,ý;+h{ vlq +{,,

zklfk zh wkhq vroyh iru ;+h{ vlq +{,,

;+h{ vlq +{,, @ 4
5
h{ +vlq +{,ý frv +{,, =

Vwloo qrw d vlqjoh gx> gy> ru
U
dq|zkhuh wr eh irxqg$ Wklv vroxwlrq lv pxfk pruh

gluhfw dqg fohdq wkdq wkh xvxdo phvv1 Grzq zlwk Lqwhjudwlrq e| Sduwv$ Orqj olyh
wkh Surgxfw Uxoh lq dqwlsulph qrwdwlrq$

5151 Wkh Vxevwlwxwh0r0pdwlf1 Wkh rwkhu pdmru whfkqltxhv ri dqwlglòhuhqwldwlrq
frpprqo| wdxjkw lq froohjh fdofxoxv frxuvhv duh x0vxevwlwxwlrq dqg lqyhuvh2wulj
vxevwlwxwlrq1 Duphg zlwk wkh dqwlsulph qrwdwlrq zh fdq ghylvh d vlpsoh xqlirup
surfhgxuh iru frpsxwlqj dqwlghulydwlyhv e| hlwkhu phwkrg zklfk lv qhduo| dojrulwk0
plf lq qdwxuh1
Uhfdoo wkdw wkh Vxevwlwxwlrq Uxoh lq wklv qrwdwlrq lv=

;+i +x,x3, @ ;i +x,

Lq wklv vhwwlqj zh zloo uhihu wr x3 dv wkh sulph idfwru1 Vxssrvh zh zdqw wr xvh
wkh Vxevwlwxwlrq Uxoh wr hydoxdwh ;+j +{,, = Zh zlvk wr fkrrvh x @ k +{, vr wkdw
j +{, @ i +x,x3 iru vrph i= Wkhq zh fdq dozd|v lqvhuw d sulph idfwru lqwr wkh
h{suhvvlrq e| pxowlso|lqj j +{, e| x3

k3+{, vlqfh wklv iudfwlrq lv htxdo wr rqh
7= Wklv

jlyhv xv dq dojrulwkplf dssurdfk wr x0vxevwlwxwlrq +uhvs1 lqyhuvh vxevwlwxwlrq,
dqwlglòhuhqwldwlrq h{huflvhv1

Dojrulwkp= Wr hydoxdwh ;+j +{,, e| vxevwlwxwlrq +uhvs1 lqyhuvh vxevwlwxwlrq,
41 Fkrrvh x @ k +{, +uhvs1 { @ k +x,,1

51 Glòhuhqwldwh wr rewdlq x3 @ k3 +{, dqg uhzulwh wklv lq wkh irup x3
k3+{, @ 4

+uhvs1 glòhuhqwldwh wr rewdlq 4 @ k3 +x,x3,1
61 Zulwh ;+j +{,, @ ;+j +{, ü 4, @ ;

í
j +{, ü x3

k3+{,

ì
+uhvs1;+j +{, ü k3 +x,x3, dqg

vlpsoli|1
71 Vxevwlwxwh wr rewdlq dq h{suhvvlrq ri wkh irup ;+i +x,x3, =
81 Dsso| wkh Vxevwlwxwlrq Uxoh dqg vlpsoli|1

Wkxv/ wkh jrdo lq hyhu| vxevwlwxwlrq sureohp lv wr fkrrvh d x +ru k +x,,/ lqvhuw
wkh sulph idfwru lqwr wkh h{suhvvlrq/ vlpsoli|/ vxevwlwxwh dv xvxdo dqg dsso| wkh
Vxevwlwxwlrq Uxoh1 Wklv surfhgxuh lv txlwh hdv| lq sudfwlfh dqg xqlñhv wkh pdq|
glòhuhqw vxevwlwxwlrq dqwlglòhuhqwldwlrq whfkqltxhv xqghu rqh urri/ dv looxvwudwhg lq
wkh iroorzlqj w|slfdo h{dpsohv1

H{dpsoh 5161 Hydoxdwh ;
í
{h{

5
ì
=
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Vroxwlrq= Ohw x @ {5= Wkhq x3 @ 5{> vr x3
5{ @ 4= Wkxv

;
í
{h{

5
ì

@ ;
í
{h{

5 ü 4
ì

@ ;
ë
{h{

5 ü x
3

5{

ê
@ ;

ë
h{

5 ü x
3

5

ê
@ 4

5
;+hxx3,

@ 4
5h
x

@ 4
5h
{5 =

H{dpsoh 5171 Hydoxdwh ;
ý
{
s
{. 4

ü
=

Vroxwlrq1 Ohw x @ {. 4/ vr wkdw { @ xý 4= Wkhq x3 @ 4= Wkxv
;ý{s{. 4ü @ ;ý{s{. 4 ü 4ü

@ ;ý{s{. 4 ü x3ü
@ ;ý+xý 4,sx ü x3ü
@ ;

íí
x6@5 ý x4@5

ì
x3
ì

@ 5
8x

8@5 ý 5
6x

6@5

@ 5
8 +{. 4,

8@5 ý 5
6 +{. 4,

6@5
=

H{dpsoh 5181 Hydoxdwh ;
ýs
7ý {5ü =

Vroxwlrq= Ohw { @ 5vlq +x, = Wkhq 4 @ 5 frv +x,x3= Wkxv

;
ís

7ý {5
ì

@ ;
ís

7ý {5 ü 4
ì

@ ;
ís

7ý {5 ü 5 frv +x, x3
ì

@ 5 ;
ët

7ý +5 vlq +x,,5 ü frv +x, x3
ê

@ 7 ;
ý
frv5 +x,x3

ü
@ 5 ;++4 . frv +5x,,x3, =

Qrz ohw y @ 5x= Wkhq y3 @ 5x3/ vr y3
5x3 @ 4= Wkxv

5 ;++4 . frv +5x,,x3, @ 5 ;
ë
+4 . frv +5x,,x3 ü y

3

5x3

ê
@ ;++4 . frv +y,, y3,
@ y. vlq +y,

@ 5x. vlq +5x,

@ 5dufvlq
í{
5

ì
. vlq

í
5 dufvlq

í{
5

ìì
@ 5dufvlq

í{
5

ì
. 4

5{
s
7ý {5=

Qrz |rx mxvw fdq*w ehdw wkdw$ Mxvw dv zlwk wkh Sduwv h{dpsohv/ wkhuh lv qrw d
glòhuhqwldo ru lqwhjudo vljq wr eh irxqg lq dq| ri wkhvh h{dpsohv1
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Qrwlfh wkdw lq vrph fdvhv iroorzlqj wkh dojrulwkp lv ryhunloo/ dowkrxjk lw vwloo
grhv zrun1 Frpsduh/ iru h{dpsoh/

H{dpsoh 5191 Hydoxdwh ;
ý
5{ frv

ý
{5
üü
=

Vroxwlrq= Ohw x @ {5= Wkhq x3 @ 5{> vr x3
5{ @ 4= Wkxv

;ý5{ frv ý{5üü @ ;
ë
5{ frv

ý
{5
ü ü x3
5{

ê
@ ;+frv +x,x3,
@ ;frv +x,

@ vlq +x,

@ vlq
ý
{5
ü
=

zlwk wkh voljkwo| pruh hïflhqw=

H{dpsoh 51:1 Hydoxdwh ;
ý
5{ frv

ý
{5
üü
=

Vroxwlrq= Ohw x @ {5= Wkhq x3 @ 5{= Wkxv
;ý5{ frv ý{5üü @ ;+frv +x,x3,

@ ;frv +x,

@ vlq +x,

@ vlq
ý
{5
ü
=

Lq wklv fdvh wkhuh lv qr qhhg wr frpsxwh x3
5{
dqg vxevwlwxwh vlqfh x3 lwvhoi dsshduhg

dv d idfwru1 Vkruwfxwv vxfk dv wklv zloo vxuho| eh qrwlfhg e| pdq| vwxghqwv/ zkhuhdv
wkh dojrulwkp surylghv hyhq zhdn vwxghqwv zlwk d frqvlvwhqw phwkrg iru dwwdfnlqj
doo vxevwlwxwlrq w|sh dqwlghulydwlyhv1
Wkh dgydqwdjh ri wklv phwkrg lv wkdw lw exlogv rq hyhu| vwxghqw*v delolw| wr dojh0

eudlfdoo| vlpsoli| txrwlhqwv1 Wkh glvdgydqwdjh lv wkh qhhg wr mxvwli| pxowlsolfdwlrq

e| x3
k3+{, zkhq k

3 +{, @ 3 dqg j+{, @ 3= Krzhyhu/ doo ri wkh xvxdo phwkrgv ri vxevwl0
wxwlrq duh vwloo dydlodeoh lq wkh dqwlsulph qrwdwlrq/ vr qrwklqj lv orvw1 \hw zh kdyh
jdlqhg d fohdqhu qrwdwlrq dqg qr orqjhu qhhg wr mxvwli| wkh xvh ri glòhuhqwldov lq
lqghñqlwh lqwhjudov dv dojheudlf remhfwv1 Kdylqj d vlqjoh xqlirup phwkrg wr dwwdfn
d zlgh ydulhw| ri sureohpv iuhhv xv iurp kdylqj wr fdwdorjxh d sohwkrud ri dg0krf
surfhgxuhv/ vr wkdw zh fdq vshqg wlph rq pruh lpsruwdqw frqfhswv1

61 äNAWjV|t -jîjB,ja

6141 Lpsuryhg H{srvlwlrq1 Dv li khoslqj wkh vwxghqw wr pdvwhu wkh frpsxwd0
wlrqdo whfkqltxhv ri dqwlglòhuhqwldwlrq lvq*w hqrxjk/ wklv qrwdwlrq fdq dovr dvvlvw
wkhlu xqghuvwdqglqj ri wkh pdwhuldo e| foduli|lqj wkh h{srvlwlrq1 Frqvlghu wkh surri
ri wkh Sduwv irupxod1

Surri1 Ehjlq zlwk wkh surgxfw uxoh/

+xy,
3 @ xy3 . yx3

dsso| ; wr erwk vlghv/
;+xy,3 @ ;+xy3 . yx3,

dsso| wkh Pdjlf Irupxod dqg olqhdulw|/

xy @ ;+xy3, . ;+yx3,
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dqg vroyh iru ;+xy3, wr rewdlq
;+xy3, @ xy ý ;+yx3, =

Wklv ghulydwlrq lv vr vlpsoh wkdw d w|slfdo iuhvkphq fdofxoxv vwxghqw frxog hdvlo|
xqghuvwdqg dqg uhsurgxfh lw1 Wr rewdlq wkh Surgxfw Uxoh zh qhhg rqo| vxevwlwxwh
;y iru y lq wkh Sduwv irupxod dqg vlpsoli| xvlqj wkh Pdjlf Irupxod1
Zkdw derxw wkh Vxevwlwxwlrq UxohB

Surri1 Ehjlq zlwk wkh fkdlq uxoh/

+I +x,,3 @ I 3 +x,x3

dsso| ; wr erwk vlghv/
;+I +x,,3 @ ;+I 3 +x,x3,

vlpsoli| zlwk wkh Pdjlf Irupxod/ dqg uhzulwh wr rewdlq
;+I 3 +x,x3, @ I +x, =

Ilqdoo| vxevwlwxwlqj ;i iru I dqg vlpsoli|lqj zlwk wkh Pdjlf Irupxod jlyhv wkh
uhvxow

;+i +x,x3, @ ;i +x, =

Djdlq/ vrphwklqj d w|slfdo vwxghqw fdq hdvlo| iroorz dqg hyhq uhsurgxfh1

6151 Wkh Ixqgdphqwdo Wkhruhp1 Wkhuh lv d shgdjrjlfdo sureohp L uxq lqwr
zkhqhyhu L whdfk wkh ixqgdphqwdo wkhruhp1 Wkh wudglwlrqdo qrwdwlrq iru wkh ghñqlwh
lqwhjudo/

U e
d i +{, g{> fdq eh wkrxjkw ri dv d pqhprqlf ghylfh iru uhfdoolqj wkh

ghñqlwlrq dv d olplw ri Ulhpdqq vxpv +
U 'S

/ g{ ' ü{l / hwf1,1 Exw zkhq zh
ghñqh wkh v|pero

U
i +{, g{ wr vwdqg iru dq dqwlghulydwlyh ri i/ zkdw kdsshqv wr wkh

pqhprqlf fruuhvsrqghqfh ehwzhhq
U
dqg

S
B ehwzhhq g{ dqg ü{lB Wkxv zkhq

zh vwdwh wkh ixqgdphqwdo wkhruhp lq wkh wudglwlrqdo qrwdwlrq/ zh duh hòhfwlyho|
vd|lqj ] e

d

i +{, g{ @

]
i +{, g{

ññññe
d

zklfk dsshduv wr pdq| vwxghqwv wr eh doprvw d frqwhqw0iuhh ghñqlwlrq1 Diwhu doo/ lw
mxvw vd|v lqwhjudov duh uhodwhg wr lqwhjudov$
Rq wkh rwkhu kdqg/ wkh dqwlsulph qrwdwlrq suhvhuyhv wkh pqhprqlf qdwxuh ri

erwk wkh ghñqlwh lqwhjudov dqg dqwlghulydwlyhv/ ehfdxvh wkh ;i qrwdwlrq lv fhuwdlqo|
uhplqlvfhqw ri wkh i 3 qrwdwlrq iru ghulydwlyhv rqo| ehlqj _xqgrqh%1 Iru d vlplodu
uhdvrq L frqvwdqwo| wu| wr dyrlg wkh whup lqghñqlwh lqwhjudo lq ohfwxuh/ dqg xvh
lqvwhdg wkh whup/ dqwlghulydwlyh1 Wkxv lqvwhdg ri fodlplqj wkdw wkh ixqgdphqwdo
wkhruhp vd|v wkdw _lqghñqlwh lqwhjudov dqg ghñqlwh lqwhjudov duh uhodwhg%/ lw lv ehwwhu
wr vd| wkdw _lqwhjudov duh uhodwhg wr dqwlghulydwlyhv%1 Wkh zrug lqwhjudo lv uhvhuyhg
lq ohfwxuh wr phdq ghñqlwh lqwhjudo rqo|1
Lq wkh dqwlsulph qrwdwlrq wkh ixqgdphqwdo wkhruhp ehfrphv] {

d

i +w, gw ì ;i +{,+Ixqgdphqwdo Wkhruhp L ,

ru
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] e

d

i +{, g{ @ ;i +e,ý ;i +d, =+Ixqgdphqwdo Wkhruhp LL ,

Lq wklv irup lw lv pxfk pruh fohdu wr wkh qrylfh wkdw wkhuh lv vrph frqwhqw wr
wkh wkhruhp ehfdxvh lw lv fohduo| uhodwlqj _wkdw v|pero wkdw orrnv olnh wkh olplw ri
Ulhpdqq vxpv% wr _wkrvh v|perov wkdw orrn olnh dqwlghulydwlyhv%1

71 Cûj �B|û ëjûíAa |ûj �B}íW

Hyhu|wklqj vkrxog eh pdgh dv vlpsoh dv srvvleoh/
exw qrw rqh elw vlpsohu1

�Doehuw Hlqvwhlq

7141 Zkdw kdsshqhg wr wkh .F*vB Dw wklv srlqw |rx pd| eh uhdfklqj iru |rxu
uhg shqv wr wdnh rò d ihz srlqwv iru wkh plvvlqj frqvwdqwv ri lqwhjudwlrq +vkrxogq*w
zh fdoo wkhp frqvwdqwv ri dqwlglòhuhqwldwlrqB, lq wkh duwlfoh wkxv idu1 Lq sduwlfxodu/
rqh pljkw dujxh wkdw wkh pdjlf irupxod vkrxog eh ;i 3 @ i . F lqvwhdg ri zkdw zh
kdyh suhvhqwhg1 Krzhyhu/ zh vdlg dw wkh rxwvhw wkdw zh zrxog ghñqh i ì j wr phdq

Iru vrph frqvwdqw ixqfwlrq F/ i @ j . F

dqg wkdw zh zrxog ixuwkhu deeuhyldwh i ì j e| zulwlqj i @ j> wkh dfwxdo phdqlqj
ri i @ j ehlqj ghwhuplqhg lq hdfk fdvh e| frqwh{w1 Wkxv wkh Pdjlf Irupxod/
;i 3 @ i> lv mxvw dq deeuhyldwlrq iru ;i 3 ì i zklfk lv fohduo| wuxh1 Vlploduo| wkh @ lq
wkh Vxevwlwxwlrq/ Sduwv/ dqg Surgxfw Uxohv vkrxog doo eh ì> dv zhoo dv pdq| ri wkh
htxdo vljqv lq wkh h{dpsohv dqg surriv glvfxvvhg wkxv idu1 Wkxv/ e| wklv frqyhqwlrq/
;+frv +{, . 5, @ vlq +{, . 5{ lv fruuhfw hyhq zlwkrxw wkh .F li zh lqwhusuhw wkh @
dv ì =
Wklv lv qrw d qhz sudfwlfh lq fdofxoxv ru vrphwklqj qhz wkdw kdv ehhq lqwurgxfhg

dv d uhvxow ri rxu fkdqjh ri qrwdwlrq1 Wr vhh wkdw wklv lv wuxh zh vkrxog frqvlghu
pruh fduhixoo| zkdw zh phdq e| wkh v|pero

U
i +{, g{=

7151 Zkdw lv
U
i +{, g{ dq|zd|B Wkh qh{w wlph |rx duh dw oxqfk zlwk d jurxs

ri pdwkhpdwlfldqv/ dvn hdfk ri wkhp krz wkh| ghñqh wkh v|pero
U
i +{, g{= Dv

wklv lv rqh ri wkh prvw iuhtxhqwo| wdxjkw v|perov lq froohjh pdwkhpdwlfv wrgd|/ rqh
zrxog wklqn wkdw doo pdwkhpdwlfldqv zrxog djuhh rq d vwdqgdug xqlirup ghñqlwlrq
iru wklv v|pero1 Exw wklv lv kdugo| wkh fdvh$
Lq sduwlfxodu/ wkh ghñqlwlrq vkrxog doorz xv wr lqwhusuhw/ lq d suhflvh pdwkhpdw0

lfdo zd|/ frpprq vwdwhphqwv olnh]
frv +{, g{ @ vlq +{, . F+714,

dqg ]
i +{, . j +{, g{ @

]
i +{, g{.

]
j +{, g{+715,

dqg ]
4 . 5vlq7 +{, g{ @ {. 5

]
vlq7 +{, g{=+716,

Lq p| rzq lqirupdo vxuyh|v wzr dqvzhuv zhuh riwhq jlyhq=

41
U
i +{, g{ lv d ixqfwlrq1 Lq sduwlfxodu lw lv d v|pero zklfk vwdqgv iru dq

dqwlghulydwlyh ri i=
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51
U
i +{, g{ lv d vhw ri ixqfwlrqv1 Lq sduwlfxodu/ lw lv wkh vhw ri doo dqwlghulydwlyhv

ri i= Lq rwkhu zrugv/
U
i +{, g{ lv dq htxlydohqfh fodvv lq wkh txrwlhqw jurxs

F4 +d> e, @N zkhuh zh frqvlghu F4 +d> e, dv dq dgglwlyh jurxs dqg N lv wkh
vxejurxs ri wkh frqvwdqw ixqfwlrqv xqghu dgglwlrq1

Qrz li zh xvh wkh odwwhu ghñqlwlrq zkhq whdfklqj fdofxoxv/ wkhq krz gr zh
lqwhusuhw +714,/ +715,/ dqg +716, iru wkh vwxghqwvB Lq +714, zh kdyh d vhw rq wkh ohiw
kdqg vlgh ri wkh htxdov vljq/ exw d ixqfwlrq rq wkh uljkw1 Vr zh pxvw pdnh vrph
qrwdwlrqdo frqyhqwlrq zklfk doorzv xv wr lqwhusuhw wkh uljkw kdqg vlgh dv d vhw lq
vrph idvklrq +h1j1 wuhdw lw dv wkh vhw ivlq +{, . F = F 5 Uj ru wuhdw F dv wkh vhw
ri frqvwdqw ixqfwlrqv dqg vlq +{, dv d ixqfwlrq dqg wklqn ri vlq +{, . F dv frvhw
qrwdwlrq iru wkh htxlydohqfh fodvv/ hwf1,1 Exw wkhq lq dq htxdwlrq olnh +715, zh duh
wdonlqj derxw dgglwlrq ri vhwv/ dqg lq +716, lw lv hyhq zruvh/ ehfdxvh zh duh wdonlqj
derxw wkh dgglwlrq ri d ixqfwlrq dqg d vfdodu pxowlsoh ri d vhw rq wkh uljkw kdqg vlgh1
Vr li zh dgkhuh wr wkh lqwhusuhwdwlrq ri

U
i +{, g{ dv d vhw zh duh irufhg wr ghñqh

dgglwlrq ri vhwv ri ixqfwlrqv/ vfdodu pxowlsolfdwlrq ri vhwv ri ixqfwlrqv/ dgglwlrq ri
ixqfwlrqv wr vhwv ri ixqfwlrqv/ wr vkrz wkdw vfdodu pxowlsolfdwlrq glvwulexwhv ryhu
dgglwlrq/ hwf1 Li zh gr qrw whdfk wklv wkhq lw pxvw eh vzhsw xqghu wkh uxj iru wkh
vdnh ri vlpsoli|lqj wkh wrslf1
Rq wkh rwkhu kdqg/ li zh dvvxph wkh ñuvw ghñqlwlrq ri

U
i +{, g{> l1h1 wkdwU

i +{, g{ lv d v|pero zklfk vwdqgv iru vrph dqwlghulydwlyh ru i> wkhq +714, lv
fhuwdlqo| wuxh iru vrph ydoxh ri F1 Krzhyhu/ +715, lv fhuwdlqo| qrw wuxh lq jhqhudo
iru duelwudu| dqwlghulydwlyhv ri i> j> dqg i.j +h1j1 ohw i +{, @ frv +{, > j +{, @ 4> dqg
vxssrvh

U
i +{,.j +{, g{ @ vlq +{,.{.4>

U
i +{, g{ @ vlq +{, > dqg

U
j +{, g{ @ {,1

Rqfh djdlq zh kdyh uxq lqwr sureohpv zklfk vrphkrz pxvw eh vzhsw xqghu wkh
uxj1
Hyhq wkh khxulvwlf frqyhqwlrq xvhg wkxv idu lq wklv duwlfoh �xvlqj i @ j lq wzr

glòhuhqw zd|v� lv mxvw dqrwkhu phfkdqlvp iru vzhhslqj wklv vdph frqfhuq xqghu
wkh uxj1 Lv wkhuh qr vlpsoh vroxwlrqB

7161 Fohdqlqj Xqghu wkh Uxj1 Shukdsv wkh ehdxw| dqg hohjdqfh ri wkh dq0
wlsulph qrwdwlrq dovr surylghv xv zlwk d jrrg rssruwxqlw| wr khos rxu vwxghqwv
hyhq ixuwkhu e| uhprylqj wklv vruw ri pdwkhpdwlfdo fklfdqhu| iurp rxu frxuvhv1
Vr ohw*v wdnh lw djdlq iurp wkh wrs/ exw wklv wlph zh zloo qhyhu xvh i @ j dv dq

deeuhyldwlrq iru i ì j=
Ghñqlwlrq 7141 Ohw ;i ghqrwh dq dqwlghulydwlyh ri i1

Wkxv ;i lv d ixqfwlrq/ qdpho| vrph dqwlghulydwlyh ri i= Qrwh wkdw zh grq*w nqrz
zklfk dqwlghulydwlyh ;i lv/ mxvw dv zh grq*w nqrz zklfk ixqfwlrq lq F4 +d> e, wkh
v|pero i vwdqgv iru1

Ghñqlwlrq 7151 Zh ghñqh d uhodwlrq ì rq F4 +d> e, e|

i ì j li dqg rqo| li iru vrph frqvwdqw ixqfwlrq F> i @ j .F=
Wkxv zh kdyh wkh qrw0vr0pdjlfdo irupxodv=

Uhpdun 7141 Iru dq| ixqfwlrqv i> j> dqg k dqg frqvwdqw f

41 +;i,3 @ i=
51 ;+i 3, ì i=
61 Li i ì j wkhq i . k ì j . k=
71 Li i ì j wkhq fi ì fj=
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81 Li i @ j wkhq ;i ì ;j=
91 ;+i . j, ì ;i . ;j=
:1 ;+fi, ì f ;i=
;1 i ì i=
<1 Li i ì j dqg j ì k wkhq i ì k=
431 Li i ì j wkhq j ì i=
D w|slfdo fdofxoxv vwxghqw frxog hdvlo| yhuli| wkhvh surshuwlhv gluhfwo| iurp wkh

ghñqlwlrq ri ì1 E| &4/ &5/ dqg &; zh vhh wkdw iru hlwkhu lqwhusuhwdwlrq ri wkh
v|pero ;i 3 zh kdyh wkh qrw0vr0pdjlfdo irupxod

;i 3 ì i=
Uhpdunv &;043 vlpso| vwdwh wkdw ì lv dq htxlydohqfh uhodwlrq1
Ohw xv frqwlqxh lq wklv yhlq1 Iru h{dpsoh/ uhfrqvlghu wkh surri ri wkh Surgxfw

Uxoh1

Surri1 Ehjlq zlwk wkh surgxfw uxoh/

+xy,
3 @ xy3 . yx3

dsso| ; wr erwk vlghv +uhpdun &8 deryh,/

;+xy,3 ì ;+xy3 . yx3,

dsso| uhpdunv &5/ &9/ dqg &</

xy ì ;+xy3, . ;+yx3,

dqg vroyh iru ;+xy3, yld uhpdunv &6 dqg &43 wr rewdlq
;+xy3, ì xy ý ;+yx3, =

Vxevwlwxwh ;y iru y

;
í
x
ý;yü3ì ì xy ý ;ý;yx3ü

dqg dsso| uhpdun &4
;+xy, ì xy ý ;ý;yx3ü =

Fdofxodwlrqv fdq eh sodfhg rq d vlplodu vhfxuh irxqgdwlrq1

H{dpsoh 7141 Hydoxdwh ;+{ frv +{,, =
Vroxwlrq= Ohw x @ { dqg y @ frv +{, = Wkhq x3 @ 4 dqg ;y ì vlq +{, = Wkxv

;+{ frv +{,, @ ;+xy,

ì ;yxý ;ý;yx3ü
ì { vlq +{,ý ;vlq +{,

ì { vlq +{, . frv +{,

Exw zdlwB Krz fdq zh mxvwli| wkh qh{w wr odvw ì lq wkh h{dpsoh deryhB Diwhu
doo/ lw lv qrw wuxh wkdw li i ì j wkhq zh fdq dxwrpdwlfdoo| vxevwlwxwh i iru j lq dq|
h{suhvvlrq ru vwdwhphqw1 Iru h{dpsoh/ i ì j grhv qrw lpso| i5 ì j5 ru hyhq wkdw
;i ì ;j= Vr krz fdq zh mxvwli| vxevwlwxwlqj vlq +{, iru ;y lq wklv h{dpsohB Zhoo/ rqh
fdq hdvlo| yhuli| wkdw wklv vwhs lv dozd|v mxvwlñhg zkhq xvlqj wkh Surgxfw Uxoh iru
dqwlghulydwlyhv ehfdxvh i ì j lpsolhv ixý ;+ix3, ì jxý ;+jx3, = Wklv lv d ñqh srlqw
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wkdw w|slfdoo| jrhv xqqrwlfhg lq wkh wudglwlrqdo lqwhjudo qrwdwlrq iru lqwhjudwlrq e|
sduwv1
Qrwlfh wkdw zh frxog uhtxluh wkdw wkh vwxghqw zulwh

;+{ frv +{,, @ { vlq +{, . frv +{, .F iru vrph uhdo qxpehu F

dv wkh odvw vwhs lq wkh hydoxdwlrq li zh zlvk wr suhvhuyh frqvwdqwv ri lqwhjudwlrq
+frqvwdqwv ri dqwlglòhuhqwldwlrq$,1
Dovr/ zkloh zh duh fohdqlqj krxvh/ zh fdq holplqdwh wkh khxulvwlf ri pxowlso|lqj

e| x3
k3+{, lq vxevwlwxwlrq sureohpv li zh zlvk1 Iru h{dpsoh/

H{dpsoh 7151 Hydoxdwh ;+frv +5 vlq +{,, frv +{,, =

Vroxwlrq= Ohw x @ 5 vlq +{, = Wkhq x3 @ 5 frv +{, = Wkxv frv +{, @ 4
5x

3

;+frv +5 vlq +{,, frv +{,, @ ;ýfrv +x, 45x3ü
ì 4

5

;
frv +x,

ì 4
5
vlq +x,

@ 4
5
vlq +5 vlq +{,, =

Wkxv/ lq erwk h{srvlwlrq dqg frpsxwdwlrq zh fdq holplqdwh rxu khxulvwlfv8 dqg
vdiho| zdon wkurxjk wkh sdudglvh zh kdyh fuhdwhg rq vhfxuh pdwkhpdwlfdo jurxqg
+dowkrxjk wkdw jurxqg pljkw eh voljkwo| pruh dznzdug wr wuhdg xsrq$,1 Lq dffhohu0
dwhg ru krqruv fdofxoxv frxuvhv wklv vkrxog fhuwdlqo| eh grqh1 Lq d exvlqhvv2dssolhg
fdofxoxv frxuvh/ wklv lv suredeo| ryhunloo dqg xvlqj wkh khxulvwlfv ri deeuhyldwlqj

i ì j e| i @ j dqg pxowlso|lqj e| x3
k3+{, zloo prvw olnho| eh lq wkh vwxghqwv* ehvw lq0

whuhvw1 Lq d w|slfdo iuhvkpdq fdofxoxv frxuvh iru vflhqwlñf2pdwk rulhqwhg pdmruv wkh
ghflvlrq ri zkhwkhu wr xvh wkh khxulvwlfv ru xvh wkh ixoo h{srvlwlrq vkrxog suredeo|
eh pdgh e| wkh lqvwuxfwru lq wkdw frxuvh/ vlqfh wkh| duh idploldu zlwk wkh qdwxuh ri
wkh vwxghqwv dqg wkh frxuvh dw wkhlu sduwlfxodu vfkrro1

7171 H{whqglqj wkh Qrwdwlrq1 D qdwxudo txhvwlrq wr dvn lv li wklv qrwdwlrq fdq
eh h{whqghg wr kljkhu rughu dqwlghulydwlyhv ru ixqfwlrqv ri pruh wkdq rqh yduldeoh1
Lw lv d frpprq sudfwlfh wr zulwh

i +q,

wr ghqrwh wkh qwk ghulydwlyh ri i= Wkhuh duh wzr reylrxv zd|v wr h{whqg wklv qrwdwlrq
wr dqwlghulydwlyhv1 Zh frxog hlwkhu zulwh

+q,i

iru dq qwk rughu dqwlghulydwlyh ri i> ru hovh zh frxog zulwh

i +ýq,

iru wkh vdph wklqj1 Zkloh wkh iruphu qrwdwlrq lv pruh frqvlvwhqw zlwk wkh ; qrwdwlrq/
lw kdv wkh glvdgydqwdjh wkdw wkh phdqlqj ri dq h{suhvvlrq vxfk dv

j+5,i

lv dpeljxrxv/ zkhuhdv lq wkh odwwhu qrwdwlrq wklv phdqlqj lv fohdu1

D`üð*i êi @hi @| ð|c êi tüLý*_ @*tL i4Tü@tð3i |üi _ðt|ð?U|ðL? Mi|êii? @ uý?U|ðL? s @?_ |üi
i ThittðL? s E%ä é îý| |üi ð?|ihit|i_ hi@_ih êüL @||i4T|t |üðt êð** tLL? �?_ |ü@| |üi }@ð? ð? hð}Lh

ðt tLý?_*) Lgti| M) @ T@ð?uý* *Ltt Lu iæUði?U) @?_ U*@hð|)ë
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Wkhuh lv d ñqh srlqw wkdw rqh pxvw ehzduh ri zkhq ghdolqj zlwk kljkhu rughu
dqwlghulydwlyhv1 Dv phqwlrqhg deryh/ lw lv qrw wuxh wkdw i ì j lpsolhv ;i ì ;j1 Iru
h{dpsoh wkh fdofxodwlrq ;;{ ì ;ý4

5
{5
ü ì 4

9
{6 lv fhuwdlqo| zurqj1 Lqvwhdg zh vkrxog

kdyh

;;{ @ ;
ë
4

5
{5 .F

ê
ì 4

9
{6 . F{=

Wklv vlwxdwlrq lv pdgh hyhq zruvh li zh xvh wkh khxulvwlf ri deeuhyldwlqj ì e| @
vlqfh i @ j fhuwdlqo| grhv lpso| ;i ì ;j= Qrwh wkdw zh fdqqrw lwhudwh wkh Pdjlf
Irupxod/ vlqfh ;;i 33 ì i lv qrw wuxh li zh lqwhusuhw ;;i 33 dv ;;+i 33, > iru h{dpsoh1 Vr
zh pxvw wdnh fduh wr xvh/ exw qrw dexvh/ wkh qrwdwlrq zlwk uhvshfw wr kljkhu rughu
dqwlghulydwlyhv1
Iru ixqfwlrqv ri pruh wkdq rqh yduldeoh/ wkh qdwxudo qrwdwlrq wr xvh zrxog eh

{i iru wkh dqwlsduwldo ri i zlwk uhvshfw wr { dv d jhqhudol}dwlrq ri wkh qrwdwlrq i{
iru wkh sduwldo ghulydwlyh ri i zlwk uhvshfw wr {= Wkxv wkh pdjlf irupxod vwloo krogv

{i{ ì i=
dowkrxjk qrz wkh ghñqlwlrq ri ì pxvw eh prglñhg vr wkdw wkh frqvwdqw ixqfwlrqv
duh uhsodfhg e| ixqfwlrqv ri wkh rwkhu yduldeohv ehvlghv {= Exw wkh vdph zduqlqjv
dsso| derxw plvxvlqj wklv qrwdwlrq wkdw dsso| lq wkh vlqjoh yduldeoh fdvh1
Ilqdoo|/ zkloh zh duh uhylhzlqj fdofxoxv qrwdwlrq/ wkhuh lv rqh rwkhu plqru elw ri

qrwdwlrq wkdw ghvhuyhv phqwlrq1 Lqvwhdg ri xvlqj +d> e, iru wkh rshq lqwhuydo iurp
d wr e> zk| qrw xvh wkh pruh Pdsoh0olnh qrwdwlrq +d==e, +dqg vlplodu qrwdwlrq iru
kdoi rshq dqg forvhg lqwhuydov,B Dv lw vwdqgv/ wkh qrwdwlrq iru rshq lqwhuydov lq U
dqg srlqwv lq U5 lv h{dfwo| wkh vdph1 Zlwk +5> 6, dqg +5==6, lw lv fohdu zklfk lv wkh
srlqw dqg zklfk lv wkh lqwhuydo1
L kdyh dovr vhhq vrph vwxghqwv xvlqj wkh devroxwho| dekruuhqw qrwdwlrq `d> e^ iru

wkh lqwhuydo +d==e, = Wklv fdxvhv vhyhuh phqwdo glvfrpiruw rq p| sduw zkhq judglqj
h{dpv ehfdxvh L dozd|v wu| wr pdwfk eudfnhwv lq sdluv zkhq uhdglqj1 Wkxv dq
dqvzhu olnh

i lv lqfuhdvlqj rq `ý4>ý4^^`ý 4> 3^^^4>4^
lpphgldwho| fdxvhv p| uljkw dup wr uhdfk iru wkh W|ohqro erwwoh1

7181 Frqfoxglqj uhpdunv1 Wkh qrwdwlrq ; lv vr vlpsoh dqg qdwxudo wkdw rqh pxvw
zrqghu zk| zh kdyh ehhq oderulqj xqghu wkh wudglwlrqdo lqghñqlwh lqwhjudo qrwd0
wlrq iru vr orqj1 Shgdjrjlfdoo| wkh dqwlsulph qrwdwlrq fodulñhv wkh phdqlqj ri wkh
Ixqgdphqwdo Wkhruhp dqg vlpsolñhv wkh h{srvlwlrq lq ohfwxuh1 Frpsxwdwlrqdoo| lw
surylghv wkh vwxghqw zlwk fohdq frpsxwdwlrqdo dojrulwkpv zlwk zklfk wr hydoxdwh
dqwlghulydwlyhv1 Jlyhq wkh fxuuhqw lqwhuhvw lq fdofxoxv uhirup/ shukdsv lw lv wlph
wr vlpsoli| rxu vrphwlphv fxpehuvrph wudglwlrqdo qrwdwlrq lq rughu wr khos rxu
vwxghqwv vhh wkh phdqlqj ehklqg wkh v|perov dqg pruh hdvlo| pdvwhu wkh frpsxwd0
wlrqv zh dvn ri wkhp1 Qrwdwlrq grhv qrw fkdqjh wkh frqwhqw ri wkh pdwhuldo ehlqj
suhvhqwhg/ exw fdq hqkdqfh wkh h{srvlwlrq dqg vlpsoli| frpsxwdwlrqv lpphqvho|1
Lw kdv d frqfuhwh wdqjleoh dqg gluhfw lpsdfw rq rxu vwxghqwv/ iru zklfk wkh| pd|
eh wkdqnixo111 ru hyhq dssodxg1
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7191 Dfnqrzohgjphqwv1 L jlyh p| rzq dssodxvh dqg wkdqnv wr Whuu| Qdslhu iru
vhyhudo khosixo frqyhuvdwlrqv derxw wklv wrslf1 L dovr wkdqn Vwhyh Grxjkhuw|/ Mhuu|
Nlqj/ Plnh Iuderql/ dqg Wrp Vklpnxv iru wkhlu frpphqwv rq wkh ñuvw gudiwv ri
wklv sdshu1
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