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Rk *"SOLUTION‘OFFREDHOLM
B ~ INTEGRAL EQUATIONS

L] 'Solution of Homogeneous Fredholm Integral Equation
m Solution of General Fredholm Integral Equation

m Eigen Values and Eigeh Functions

» Orthogonality of Eigen Functions

21 SOLlJ_TION OF ' HOMOGENEOUS FREDHOLM INTEGRAL
EQUATION OF THE SECOND KIND WITH SEPARABLE (OR

DEGENERATE) KERNEL

' [MEERUT-2001] |
Consider a homogeneous Fredholm integral equation of the second kind

u) =A[ kG uyar Q)
Here, we have assumed that k(x, t) is separable, therefore, we can take

e =X f@e0 L )
Put this value of k(x, t) in equétion (1), we get

u(zx) = jf[ > fi(x) i) ] () dt= 23 [!fi(x) i) u() d

=13 fi) [ s®uya 3)

Assume that
b
[s®uydt = ¢ (=1,23,m) . @)
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“ = f g n S N i
Using the value of 4 in (6) and using (4), we pet
‘. )Z( a,
iw]
= y Fs
MCyayy + Chay,y 4 v Cay,)
5 (1 ,/l“ﬂ; )t 1(, }ll,"‘/, ()
Similarly, we can simplify (7), ®)

Then, we get a system of homogeneous
hnear equation to find the value of ( ;

“ /u!y,l‘ ‘u,l(

"Um(; ()

Ay Oy (1 ha,, W, by, =0
( (10)

Ill_,_ll A, 5 3 ,{] ,'urw)(n = ()

Fhe deternunant of (10) 1e 1), ), can be written as

(1 Auyy) A1Lyy hay, ‘
D) - A (1 Ay) . O | -l o
A (1) |
It D{A)# 0, the system of equations (10) has only trivial solution given by
C;, =G €, 0 Therelore, using (5), we observed that (1) ha

» (’lll\‘ 700 or
2 trivial solutions, 1e, uixy 0

It D(a) = 0 at least one of the ¢ scan be assigned arbitrarily and the remaining
¢ s can be determined accordingly. Hence, when D(3) « 0, then exists i‘“lt\itrl_y
many of mtegral equation (1)
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. ND REALITY OF EIGEN FUNCTIONS
Two functions fi(x) and f2(x), continuous on the interval [a, b] are said to be
Orthogonal on [a, b], if

fabﬁ(x) fa(x)dx = 0
THEOREM;I

If k(x,t) is Symmetric and f,(x) and f1(x) are eigen functions of k(x,t)
corresponding to eigen valyes Ao and respectively [Aq = A,]. Then fo(x) and
f1(x) are orthogonal on [a, b], L&,

j " (%) fu(x) dx = 0 [MEERUT-1995,9699,2001,03,04,08 GARHWAL-2001]
a

Proof : We have that fo(x) and fi(x) are eigen functions corresponding to eigen
values 1, and 2, [Ag # 4] respectively of homogeneous Fredholm integral

equation of second kind
u()=A kG yuya (1)
Since A, and A, are the eigen values of the corresponding eigen functions f;(x)

and f,(x), therefore, from (1), we can write

folx) = Ao [ Kz 1) fo(t) L @

and @ =M[ ket fea G)

We know that the kernel k(x, t) is symmetric, therefore
k(z, t) = k(t, x)

Multiplying both sides of (2) by f,(x), we get
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44 Integral Equations and Boundary Valué proble

A1) folx) = Mofu(x) [} Kz, 1) fut) at

Integrating w.r.t. x from a to b, we get

[ £ o) ax =36 [} ) { [Thtz, ) foty at) ax
= A Lbﬁ)(t) { Lbk(x, b fi(x) dx} dt
“n[AoO{ [ f@alar e (5)

Equation (3) can be rewritten as

Al =2 [k f6) ds

> AO=M[ kL) AE A = & [Tk x) fix) dx

ie,  [k(tx) fi(x)dx= xl A (6)
1
Putting this value in (5), we get
[} ) folw) dx =2, [ ) { % fl(t>} dt = 1— [} ot £ty dt
1 1

ie, M [ Al A® dx=o [ o) 4O dt =1, [ fo(s) fulx) dx
= (M- [ fo® filx) dx=0
Since A; #1y, ie, A;-Ay;#0. Therefore, j: fo(x) fi(x)dx =0

Hence, the eigen functions fy(x) and f,(x) are orthogonal on [a, b].

THEOREM-2

The eigen values of a symmetric kernel are real.
[MEERUT-1994,95,2005BP, GARHWA -1 999]
Proof : Let |
u) =2 [k ) u(t) dt
be a homogeneous Fredholm integral equation of second kind.
We shall show that the eigen values of A are real.

Let if possible equation (1) has an eigen value A, which is not real.
Therefore, we can write ‘
Ao =0+ P

Now, let ¢o(x)=u +iv
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Solution of Fredholm Integral Equations 47

be the corresponding eigen function of A,. Then, complex conjugate of A, would
necessarily be an eigen value corresponding to the eigen function ¢,(x) (Complex
conjugate of ¢,(x)).

Therefore, we have

Ao=a-ip 4)
and 60(,1*) =u-—iv (5)
Now, from (1), we can deduce that

$0(x) = Ao [ k(x, 1) bo(1) dt e 6)
and  o(x) =X, [ k(x, 1) Folt) dt - 7
Also,  k(x, t)= k(t, x) [ k(x, t) is symmetric] ' o ;(.8)

Multiplying both sides of (6) by §,(x) and then integrating w.r.t. x over the

interval [a, b], we get

[, 8 do(x) dx =1, [ $O(x){ [ kCx, ) bt dt} dx
= o [[ 4] [[ ¥, 1) Bo(x) dx |
= Lb(bo(t){ [kt 0 8() dx} at )

Equation (7) can be written as
80(x) = 2o [/ K(x, 5) Bols) ds = T [ k(t, ) Fols) ds = Xy [[ k(t, x) Fo(x) dx

ie, [kt x)Go(x)dx= % Wn (10)
Putting this value of (10) in (9), we get
[ 9(x) do(x) dx =14 [ G0 { i m} dt
= Ko [ o) bo(x) dx =4[ bo(t) Go(t) dt
= Rof)Bolx) (0 dx = Ao [} 4o() Bo(x) dx
> M- R@b@dz=0 a1

Using (2), (3), (4) and (5), we get

Ao — Ag = (o +B) - (o — iB) = 2iB

and  Oo(x) §o(x) = (-iv)(+iv) ¢ (12)
= y? + ¢
Putting the values of (12) in (11), we get
L R (13)
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" . . . . . srefore
SHNT (1) s an eigen function corresponding to eigen value &, therefor

Sx) =

e P s N

Thus | @'+ o) dv=0
«d

Theretore from (13), we can say that § - 0

Le. imagmary part of the eigen value A=a - ) is zero

Hence i, =a. which s purely real Hence all eigen values of symmetric kernel
are reai

SOLVED EXAMPLES

EXAMPLE]

i

A 2 he corresponding e1gen funchons of the homogeneous mtegral
agudtion
w(x) = X | sinzxcosxt u(t)dt
Solution : Here. we have
W{x) =A| sinxxcosxt u(l)dt
whach can be written as
u;,xhlsmntgosx:u(t)d‘z (1)
Assume that
¢ !;x(‘.‘tfﬁn-’ Jf :)
Then from (1) we get
W) =CAsinxz 3)
- wif CAsSin x¢ 4
Putting the value of u(t) trom {4) in (2) we pet
[ cos=ti sinxt)dt = =5 { sin2xt 4¢
J 5 J
A ( cosoxf ‘.\_ ] 5
2 L 2x i 2 . «X 2z
Theretore ( = 0 and hence wx)=0 [from
= Forany 4, equabon (1) has only zero solution w(1) = 0

Hence (1) doesnot have any eigen values or E1gen functions
EXAMPLEZ

Find the cagen values and ePen fumchions of the homopeneous imbegrel cquation

1 I M
W1} s o.L(‘ ¢ wit) 4t
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Soluﬁon of Fredholm Integral Equations 49

Solution : The given equation can be written as

u@=re el uyar )
Assume that C = jol eutydt (2)
Then from (1), we have

u(x)=ACe* ()]
= uty=rCet (4)
Putting this value in (2), we get '

2t 71
sz;e'(lCe‘)dt =AC[%J =%€(e2—l)

= C[l—%(ez—l)J=0 | )
If C=0, then (3) gives u(x) = 0. We, therefore, assume that for non-zero solution
of (1), C =0, then (5) gives

A, 2
1-=("-1)=0 Azspro L 6

which is an eigen value of (1).

To find the corresponding eigen function, putting the value of A [from (6)] in (3),
we get

2C ,

£
82 - 1 S L = En i

Hence, the eigen function, corresponding to the eigen value 22 3 is e* [ the
e p—

u(x) =

2L . '
constant — 3 is taken as unity].

EXAMPLE 3

Solve the homogeneous Fredholm integral equation of the second kind
u(x) =4 [ sin(x + 8) u(t) dt [MEERUT-2002]

Solution : Here, the given integral equation can be written as

2
u(x) = ljo "(sinx cosfi+ cosxsint) u(t) dt

=Asinx jj‘co;t uft) dt + Acosx ["sint u(t) dt e 1)

Let us assume ‘
C=[" costuyat @
and G = ["sintu(t)dt . - 3)

Using (2) and (3), (1) reduces to
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i Integral Equations and Boundary Value Problems
u(x)=)\,Cl sinx+lCz COSX e (4)
= u(t)=A2Cysint+1Cycost . (5)

Putting the value of u(t), from (5) in (2), we get
2n .
C, = jo cost (ACysint+AC, cost) dt

_ 7\.C1 2z A.C 2x
= TJO .«31n2tdt+TZJ'0 (1+cos2t)dt

A C 2 2n - s 2n
=__1[_Cos tJ +L(:2_[t+sm2t:,
2 2 0 2 ; | R B
or  G=0+ AGr  or (- AnC, =0 7 . (6)
Similarly, from (3), we get c S =

2n s
G, = J.o sint (AC;sint+1C, cost) dt

= % ;n(l—COSZt)dt+%gj;nsin2t dt
_ K_Cl[t_sin2tr“+£[_c032t]2"
2 2 1, 2 2
o C; =ACym or AnC,-C,=0 L 7

(6) and (7) gives the system of linear homogeneous equations for determination of
C, and G, . For non-zero solution, we must have
1 -An

ln _1 =0 . T - i T =

= —1+A%2=0 = A=+l
n
Therefore, the required eigen values are givenby 1, = 1 and A, =- L
m n
Determination of Eigen Function

(1) For A=2, =1
T

Putting A = 1 in (6) and (7), we get
n .

L 9)
| G -G=0 L (10)
which implies, C; = C,. Therefore, from (4), we have

u(x) =1C1sinx +1C1 cosx = —C—l(sinx+ cosx)
n T T

Let L 1. Hence, the required eigen function is given by
n

U (x) = (sinx + cosx) (11)
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() For A=2,=-1
T
Putting A = o in (6) and (7), we'get
(9
G+G=0 (12)
and G+CG=0 (13)

which implies, C, = -C, . Therefore, from (4), we have
u(x) =- 1C1 sinx + (—l) (—Cl)cbsx = (—&) (sinx - cosx)
/9 i T

Taking ( - gl) =1, the required eigen function is given by
g T - —p = =

Uy(x) =sinx-cosx

EXAMPLE 4

Find the eigen values and eigen functions of the homogeneous integral equation
u(x) = XJ‘;(cos2 x cos2t+cos3xcos’ ) u(t) dt

[MEERUT-1998, 2000, 01, 03,06(BP), 07(BP),08, GARHWAL-2004, KANPUR-2005}
Solution : Here, the given equation can be written as

u(x) = Acos? xfox (cos2tu(t) dt + Acos Bxfoxcos3t ult)ydte ... (1)
Let us assume | i

G = foncos 2t u(t) dt T (2

Cr = [Tcostu@yar )
Using (2) and (3), (1) gives

u(x)=ACycos’x+ACycos3x . 4)
= u(t)=AC,cos*t+A1Cycos3t 5)

Putting this value of u(t) in (2), we get
G = J-o" cos2t (\C; cos’t + AC, cos3t) dt
\

=> Cl[l—Arcosﬂcosztdt]—lczr cos2tcos3tdt=0 ... (6)
- g o J “ 0 oy _ \
= I] . =12 '

3 1+ 2t
Let I = fo cos2t cos’tdt = J'o’t cosZt[—%—]dt

1 1 ¢x(1+cos4t
—§f0c052tdt+5_fo(———2 )df
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- 100 B - \WiMRIeral Equations and Boundary Value Problems
= 0+l[t+wr - B
1 4 I 4
Also

< [*® 1 (=
¥ 12_joCosthOS3tdt=§Jo[cos5t+cost]dt

=l[sin5t+ int * 0
2 5 Sin ]0 &=
Putting the values of I and I, jn (6), we get

; R %
Stmilarly, using (5), () gives C, = J-Oncos3t(7LC1 cos’t+AC,cos3t)dt
= )‘Cl.[o COSSl‘dt+C2[}\'|.Oxcos3tcos3tdt—l]zo ...... (8)
Now, since cos’(n—t) = ~cos®t, therefore j;cosstdt =0 . 9)
x 1
Also, Io cos’t cos3t df = i Io cos 3t (cos3t + 3cost) dt
= lJ"‘cos'*’3tdt+§j"cosssf cost dt
4 47
- ljx1+cos6tdt+g]-_ug_os4t+cost dt
40 2 47 2
_ 1[ sin6t}" 3[3in4t . }" n
== t+ + = +sint = —
8 6 1, 8 4 0 8
Therefore, fon cos’t cos3tdt = g ...... (10)
Using (9) and (10), (8) gives
0.C, +CZ(M—1)=0
8
A
or o.c1+c2(1-?")=0 ...... (11)

For non-zero solution of the system of equations (7) and (11), we must have

RECH
4 =0
Axn
1_A7
0 3 |
AT AT : 4 8
—— —_——_— = A,=— or —
= (l 4)(1 8) b= i ma

Hence, the eigen values of (1) are given by
AM=4/n and A,=8/n
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Determination of Eigen function

(1) For A=A=4/n

. 4 .
Putting A=, = —in (7) and (11), we have
0C, +0C,=0 (13)
...... (14)

- - & 2 ) 3% S
On solving, we get C, =0 and C, is arbitrary.
Putting these values in (4), we get
u(x) =AC,cos’x = é—Cl cos’x
; ; s
.4
Setting - C, =1, the required eigen function corresponding to A = LN given by
_ m
uy(x) = cos® x
(2) For A=2,=8/n
Putting A =1, =% in (7) and (11), we have

"Cl + O.Cz = 0 ...... (15)
aI\d O.Cl + 0.C2 = 0 ...... (16)
. On solving, we get _ o L

C,=0 and C, is arbitrary.
Therefore, from (4), we have

u(x)=AC,cos3x = §C2 cos3x
e

Setting %CZ =1, the required eigen function corresponding to 2 = - is given by

U,(x) = cos3x

EXAMPLE 5
Fir.d the eigen values and eigen functions of the homogeneous integral equation
u(x) =2 jll (5xt° +4x% + 3tx) u(t) dt  [MEERUT-1999, GARHWAL-1999]

T r——

Solution : Here, the given equatior{ can be written as
u(x) = 5Ax j‘l Bu(t) dt + 4220 I_llt u(t) dt + 3\ J:t u(t) dt

= 5[ £u(t) dt + (4" +3x) A [ama 1)
%

Let us assume
i
i
,k;f
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undary Value P

G = [P ur)dt

and C,= j_ll tu(t) dt
Then, (1) gives

u(x)=51rxC; + AC,(4x? + 3x)
= u(t) = 5L Cy + ACy(4t* +31)
Putting this value of u(t) in (2), we gét

Ci= ;t?[ 5ALC,t + A Cy(412 +31) ] dt

SN I L B A AN - Y L 6.
= SKCI[_S_:l_l +lc2|:4(€)+3('§)]_1 = Zlcl +:—5‘)\1C2

= C1(1—2x)—glC2=0
Similarly, putting the value of u(t) in (3), we get
C, = [ H[5ACi +ACy(at? +30) ] at

£ # =AYk
=50C,| = | +AGC| 4| — [+3| <
3 . 4 3 .a

=ty -1—30-XC1+C2(1—27L)=0
/" For non-zero solution of (6) and (7), we must have
1-2A —g A 0
——13—07L 1-2A )

= (1-22)2-422=0 = x:i-

Determination of Eigen function

Putting A = % in (6) and (7), we have

1 3
=C;-—C,=0
271710 °
and —§C1+—1-C2=o
6 2
On solving, we get
3
G, ==C
1552

Putting A = 1/4 and using (10), equation (4) becomes

e

; roblems
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L 1(3 1 3
”(x)—S.Z(gCZJx+ZC2(4x2+3x) =C2(x2+5x)
Setting C, =1, we have u(x)=1* + %x which is the required eigen function.

EXAMPLE 6

@\? Determine the eigen values and eigen functions of the homogeneous integral equation

. u(x)= [ k(x, 1) u(t) dt
o [ xt-1),  O0<xst :
where k(;g, t) = — [GARHWAL-1999]
- . 1 tx-1), t<x<1 ’ ' | B
Solution : Here, we have
u) =A [k yuma e (1)
x(t-1), 0<x<t
where k(x,t)=¢ (2)
t(x-1), t<x<1

Equation (1) can be written as
u(x) = x[ [Tk yuy dt + [ kx, 0 ut) dtJ
= [MGc-Dudt+ [Aae-Dumdt 3)
Differentiating (3) w.r.t. x and using Leibnitz’s rule, we get
u'(x)= J.Oxlt u(t)ydt + Ax(x-1)u(x)-0+ Ll Mt -1) u(t)dt + 0 - Ax(x - 1) u(x)
= w(@= [Atu@dts [Ae-nuwde 4)

Now, differentiating (4) w.r.t. x and using Leibnitz’s rule as above, we get
u(x)=0+Axu(x)-0+0+0-A(x-1)ux)

=5 u'(x)-Au(x) =0 E e (5)
Putting x = 0 and x = 1 successively in (3), we get

u(0)=0 and uw(n)=0 ~ (6)
Now, we shall solve (5) with boundary conditions (6) to find the eigen values and
eigen functions.

Now, there are following cases.
(i) A=0
Put A =0 in (5), we get u"(x)=0

The general solution of the above equation is



: ems
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ulx)=Ax+8 waew (7)
Now using (6), we get
0=B ®)
and  0=A+B 9)

=5 A=B=0
Therefore (7) implies u(x)=0 which is not an eigen function and therefore A = 0
is not an eigen value. ~ R

(i) A=p?=0) B
Put A =i? in (5); e get u"(x) =2 u(x)=0..
whose general solution is given by "
u(x) = Ae"* 4+ Be™™ | g - (10)

'; Now putting x = 0 and x = 1 in (10) and using (6), we get
0=A+B A e (11)
| and  0=Ae*+Be* L (12)

On solving, we get A = B = 0. Therefore, (7] gives u(x) = 0, which is not an eigen
function and therefore, A = p* does not give eigen values.

(D) A=-p?(u=0) .
Put A = —p? in (5), we get u"(x) + p? u(x) = 0.

whose general solution is given by

u(x)=Acospux+Bsinpx (13)
Now putting x = 0 and x = 1 in (13) and using (6), we get

0=4 (14)
and 0=Acosp+Bsipp (15)

On solving (14) and (15), we get A=0 and Bsinp=0.

But B0 [ B=0and A =0, again we shall not get an eigen function].
Therefore, (15) gives

SET=S

sinu=0 = p=nn, ne:N

= The required eigen values are given by

’
1 n=A=-pl=-n’n’, neN

Also, from (13), the corresponding eigen functions are given by
, u,(x)=Bsinnnx [+A=0,p=nn]

or u,(x) =sinnnx [Setting B=1]

which is the required eigen function.
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EXAMPLE 7

Determine the eigen values and eigen functions of the homogeneous equation

u(x) = A jo” k(x, t) u(t) dt

where  k(x, t) ={ coszsint; 0Sx=f 1\ IEFRUT-1999, GARHWAL-2002]

costsinx; t<x<m

Solution : Here, given that B -

u(x) = A ["k(x, t) u(t) dt )
- : : b cosx sint; O<x<t 7 - - E
h ; = - £ o ) ] = e SET S D e (_2) e
e Ry { costsinx;. t<x<m -
Equation (1) can be written as
u(x) =x[ [Tz, £y ey de + [ k(x, 1) u(t) dt]
=> u(x) = J‘;(}» costsinx) u(t)dt + J': (Acosxsint)u(t)dt ... (3)

Differentiating (3) w.r.t. x, we get
u'(x)= —d— '[I(lcost sinx) u(t) dt + j— I”_()ueosx sint) u(t) dt

_ 6 x
= bz {lcostsmxu(t)}dt+lcosxsxnxu(x)—x

-AcosOsinx u(O)Eg + L -a—;{lcosx sint u(t)} dt

+Acosxsinn u(n)% -Acosxsinx u(x)% [By Leibnitz’s rule]
= f: (Acost cosx) u(t) dt+ Acosx sinx u(x)
+ J‘: (A sinx sint) u{t) dt — Acosx sinx u(x)
= u'(x)= J.Ox(kcost cosx)‘._‘u(t) dt - j: (Asinxsint)u(t)ydt ... 4)
Differentiating (4) w.r.t. x, we get
u'(x) = Bd; J:(l cost cos:E) u(t)dt - -‘% J.:(XSinx sint) u(t) dt

x @ Eoasack
= | a{lcost cosx u(t)} dt + A cos® x u(x) Zi -AcosOcosx u(O) il
dx

n 0
_[L ax{lsmx sintu(t)} dt+ Asinxsin nu(n)—x—ksm xu(x)——;}

= —j (Xcostsmx) u(t) dt + A cos? x u(x)
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- I: (Acosxsint)u(t) dt + Asin? x u(x)

=2 u(x)—[ f;(l costsinx) u(t) dt + f:(x cosx sint) u(t) dt]

= A u(x) - u(x) [Using (3)]

= u(x)-A-Yu@x)=0 (5)

Now, putting x = 7 in (3) and x =01in (4), we get : oes
u(n)=0 . e e (6)

and  u'(0)=0 i veeeee(7)

-Now, we find the. eigen values and éorreéponding functions. There are _fbﬂgwing
three cases that arise :
(i) r-1=0,ie,A=1
Put A =1 in (5), we get u"(x)=0.

whose general solution is given by

ux)=Ax+B (8)
=5 u'xy=A 9
Putting x = = in (8) and using (6), we get
" 0=Amn+B - et Ta (10)
Similarly, putting x = 0 in (9) and using (7), we get i
0= (11) :
On solving (10) and (11), we get A=0,B=0. |
= u(x) =0, which is not an eigen function and hence A =1 is not an eigen 3
value. ‘
(i) A= 1=u® (1 0) |

Put A-1=p? in (5), we get u'(x)-p? u(x)=0.

whose general solution is given by

w(x)=Ae* +Be* (12)
= u'(x)= Ape** — Bue™* e (13) |
Now, “
um=0=  0=A*+Be™ (14) ‘

u'0)=0 = 0=Ap-Bp
Solving (14) and (15), we get A=B = (. ,
= u(x) =0, which is again not an eigen function and hence A =1 4 u? is not an

_gmem

eigen value.

-_— e

S P N
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(i) A - 1=—p2 (u=0)
Put & -1 =4 in (5), we get u"(x) + p? u(x) = 0.

whose general solution is given by

u(x)=Acospx +Bsinpx (16)
= u'(x)=-Apsinpx+Bpcospyx . (17)
Now, u(n)=0 = Acospyn+ Bsinpr=0 .. (18) :

u'(m=0 =  Bu=0 - (19) -

Now, we must take A = 0, otherw15e A= 0=B g1ves u(x) 0Oas before '
Hence, (19) g—wes cos;,ur 0.

S ﬁi-?idl e
> un= 2n+1-— = =-'n+—)--
- e ( rs i ( .

But A-1=-p® = A=1-p?
Therefore, the eigen values are given by

2 1)?
A, =1- :1—(n+—)
: 2

Now, putting B = 0 and p =( n +21) in (16), the corresponding eigen functions
u,(x) are given by
u,,(x)=Acos(n+21}x or un(ij=cos(n+%)x [Setting A = 1]
which is the required eigen function.
EXAMPLE 8

Determine the eigen values and eigen functions of the homogeneous in tegral equation
u(x) =2 [ k(x, t) u(t) dt

sy, Wad=] o0 DEEdh [GARHWAL-2000]
’ ’ x(t+1); t<x<1

Solution : Here, the given integfal equation is
u@) =A[ k@ Huwa (1)

t(v.1’+1),‘ ngst 2
x(t+1); t<x<1 e )
Equation (1) can be written as

fx) =3 [ [kt do + [z, yugr) dt]

where, k(x, t)= {

= @)= [+ uyde+ [Ma+nuwyar L (3)
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Solution of Fredholm Integral Equations

eigen value.

(ii) A =p? (u=0)

Put A = 2 in (5), we get w(x)-u* u(x)=0.

The general solution of the above equation is

u(x)= Ae*” + Be™* , e (17)
= u'(x) = Ape*™ — Bue™* . - Eedn ?(18)_;
=  u(0)=A+B and u'(0)=Au—By
Therefore, from (10), we get A+ B= Aji-Bp. | 7 §(19) '

S A B =0-

 Putting x = 1 in (17) and (18), we get

u(l)= Ae* + Be™ and wu'(1)= Ape" — Bue™
Therefore, from (11), we get
Ae" + Be™ = Aue* — Bue™
= Aé*(1-p)+ Be*1+p)=0 L. (20)
Now, for non-trivial solution of (19) and (20), we must have -
1-p 1+p 0
ei(1-p) e™(1+p)
(1= p)(T+p)e™ = (1- p)(1+p) e =0

=
= (I-p(d+p)(e"-e*)=0
=5 2(1-p)A+p)sinhp=0 (21)
p#0 = sinhp=0. Therefore, from (21), we have (1-p) (1+p)=0.
= p=1 and p=-1
When p =1, (19) and (20) gives
A0+2B=0 and A0+2Be'=0 (22)
=5 B =0 and A is an arbjtrary constant.
Therefore, (17) reduces to
u(x)=Aée e (23)
When p = -1, (19) and (20) gives
2A+B0=0 ’
and 2Ae+B.0=0 } ,,,,,, (24)
= A = 0and B is an arbitrary constant.
Therefore, (17) reduces to
...... (25)

u(x) = Be*
Now setting A =11in (23) and B =1 in (25), the required eigen function is e* which

i



62 Integral Equations and Boundary Valué problems
correspond to eigen value A =p® = (1)* = (-1)? = 1.
(i) A = —p® (u = 0)
Put A = —p? in (5), we get u"(x) + p® u(x) = 0.
The general solution of the above equation is
u(x)=Acospx +Bsinpx e (26)
= u'(x)=-Apsinpx + Bpcospx . i (27)
Puttipg x =0 in (26) and (27), we get u(0)= A and u'(0)=Bu.
_ Therefore, from (10), we get . o .
TUASBY ......(28)
Putting x = 1 in (26) and (27), we get
u(l)=Acosp+ Bsinp and u'(l)=- Apsinp+ Bucosp
Therefore, (11) gives
Acosp+Bsinp=-Apsinp+Bpcosp e (29)
Using (28) in (29), we get
Bucosp + Bsinp = -Bpu®sinp + Bucosp
= B(1+p?)sinp=0 (30)

But B#0.

Again (1+p2)#0, for otherwise 1+p>=0 would give p*=-1 which is not
possible as it is real and therefore p’ can not be negative.

Now (30) gives sinp=0.

= p=nm, ne N

Therefore, A = —p% =-n*n?, neN

Putting p=nn and A =By in (26), we get

u(x) = By cosnnx + Bsinnnx= B(pcosnnx + sinnnx)

Setting B =1, we get u(x) = pcosnnx +sinnnx.

which is the required eigen function.

EXAMPLE 9

Detetrl{niné the eigen values and corr‘ésponding\gz\'gen functions of the homogeneous integral
equation \

u(el=t L’( 4 %) u(t) dt
[MEERUT-1997, 98, 2005BP, 06, GARHWAL-1999]

N\

\

Solution : Here, we have
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u(x) = )»Lz(xt + xitj u(t) dt

which can be written as

2 A2 1
u(x) = AxJ'I tu(t)dt + o ! ?u(t) ae (1)
Let us assume
2
C = [ tu(t)dt e @)
and ;= [* % u(t) dt o 3)
- Putting these values in (1), we get ' .
ur=ACa+22 @)
X
= u(f)= xcn"tcz ...... 5)

Putting this value of u(t) in (2), we get
AC
C, = L (xcln tz)dt

]’ 8 1
=xc1[§} +AG,[t)} = AC, (§—§)+1C2(2 1)

1
or (1-%)q AC=0 (6)
Similarly, putting the value of u(t), from (5),in (3), we get
21 AC
G = (AClt+ tz)dt
o

)

1

= —‘ACI"'(I—%‘;\.)Cz:O ...... (7)
For non-zero solution of (6) and (7), we must have
1-§~A )
=0
& 1-1%
2
= 1—51 1—51 -A"=0=> A°-17A+6=0

2_
(8, Heiid (127) 2 - %(17t¢265)

Hence, the required eigen values are given by



44 Integral Equcﬁons.ond Bou

A =%(l7+~/265)=l6.6394 v

1 v 8)
and A, =—2—(17—J265)=0.3606 |

Determination of Eigen Function

(i) For A =2, =16.6394
Putting A =1, = 16.6394 in (6) and (7), we get

[1fg(16-6394)]cl—16.6394c2=o e

—16.6394Cl+(1—%(16.6394))C2=0 ' e
On solving (9) and (10), we get 11)

CZ = "22732 C1 .... (
Therefore, from (4), the eigen function u,(x) corresponding to the eigen value
A=2X; =16.6394 is given by

u(x) = ACyx + X (-2.27320,)
X

= u(x)=2C, [(x-z.zml] = [x—2.2732(%)] (Setting 16.6394C, = 1)
: - ) x

which is the required eigen function.

(if) For A =2, =0.3606

Putting A =2, =0.3606 in (6) and (7), we get

[1—%(0.3606)]C1—0.3606C2 = . (12)
and  -0.3606C, +(1 —%(0.3606))C1 =6 - (13)
On solving (12) and (13), we get

¢, =0.4399¢, (14)

Therefore, from (4), the eigen function u,(x) corresponding to the eigen value
A=, =0.3606 is given by

uy(x) = A Cyx + (0.4399C)) = 2 Cl[x+ 0.4399(1)]
X

x
= [ X+ 0.4399( ;)] » . (Setting 03606 C, = 1)
which is the required eigen function.

EXAMPLE 10

 Show that the homogeneous integral equation

u(x) =12 fol (tVx - x/t) u(t) dt does not have real eigen values and eigen functions

7“. R
b3 8
¢ s «

»ope
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Solution : Here, the given equation can be written as

1 1
u(x)~= MW [ tu(t)dt-ax [ eutyae 1)
Let us assume
1
Cy = [ tu(t)dt L b))
1 >
and C, = J.o JE u(t) dt [ (3) :
'Putting'these‘\}aluesin(l),'we get |
@ =ACYE -G o -
= wEiicicac: T Ly
Putting this value of u(t) in (2), we get "
K. ' £5/2 £ 1
cl_jot(xclf—xczt)dt xcl{ /2} xcz[ﬂo
= (1—2?)‘)c1+"c2_o ...... (6)
Now, putting the values of u(t) from (5) in (3), we get
C, = [ VEACVE-ACyt) dt
2t 572 11 218 52 71
(5] l57], e 5] e[
- —&Cl+(1+%)C2—O ...... (7)
For non-zero solution of (6) and (7), we must have
1-§A %
D(A) = =0
_A 1+3k
2 5
2 2 5
1-=A || 1+=A 0 1+ —=0
- ( 5 )( 5 ) 67 "150

= A'+150=0 =  A=1iV150

showing that D(A) # 0 for any real value of A. Hence, the system of equation (6)
and (7) has unique solution C, = 'C2 =0, V real A. Therefore, from (4), u(x) = 0 is
the only solution. Hence, the given equation does not have real eigen values and
eigen functions. \ ’



gy

TG ~

e ) A, = 4n’ —:.1,'71‘4,,7(;36).=_$i:n-2nx;ri51,2,3,.'.'. T T - I

(iv) Ay = (" * %)2 -1, u,(x)= sin(n + %) x,n=1,23...
(6) A2 =-1-p2, u,(x)=sinp,, 1=123
2.3 FREDHOLM INTEGRAL EQUATION WITH SEPARABLE
‘ KERNEL
| . | [MEERUT-1997, 2000, 01, 05}
Consider the Fredholm integral equation of second kind is given by
u@)-F@ Ak nude T (1)
The separable kernel k(x, ) can be written as
wwo-Si@a0 @
Put this value in (1), we get
u(x) = Fx) + 1, [;f.-(x) g,-(t)} u(t) dt
R A TOTOL A o)
Let us assume ey 60
N ASIN S e
Paoupar=C T deN ()
Then from (3), we have
_F(x)+AY.C,
e ¥ &

o find the solution of the given equation (1), in the form of (5), we should find the

: roblems
68 integral Equations and Boundary valve P

(iv) Eigen values and eigen functions do not exist
(v) Thereareno real number and real eigen functions

(vi) h=—1—,u(x) =sinx
T

8 u(x)=sin’*
n_-

@ @) A=-3-3u()=1- 227 (i) A=

(i) A =1/2, u(x):(%);p,(%)xz |

(iv) Eigen values and eigen functions do not exist

= ] ) 1 e S gl posing
(i) - k,,—~=>:(5.) B 5ty (X) =8N X + Py COS Pk

2
(i) A, =(n+%) _cosh1; u,(x) =sinp,(n+x), 1= 1,2,3,..-

value of constants ;.

e




'S';.‘."

?

..?

. \q\ ‘_',
F L

I
[

|

LA UL IR IR K )

|

|

o

D
,A

[
f

o0

]

Solution of Fredholm Integral Equations 69

Now, multiplying (5) successively by g,(x), g,(x),...... . 8,(x) and integrating over

(a’ b)/ We get

s

b n
[0 u@dr= [ @) F@)dx+23.C [ g(x) fimydx ... (6)
i=1
b b n
[} 8200 u(x) dx = [ go(x) F) dx + 13, EC N CI . Z— @
~ i=1
. b T : ; . A - n b ) .
L L@ u@) di= [ g, F@) dx + A G [ g (x) fimydx .(8)
ey _ . o i=1 : ) :
“"Define
b . .
aj = ['gi(x) fi(x)dx  G.jeN)y e ©)
b
Bi=[ g@Fxdx (jeN) e (10)
Putting these values in (6), we get
Cl = ﬁl + XZ C,(X.l, = Bl + k[clall + C2a12 Fimesas + C”aln ]
i=1
= (1~la11)cl —lalz C2 T eesens —Kal,,cn =B1
Similarly, we can solve (7) and (8).
Therefore, we get the following system of linear equations.
(l - kau)Cl - xa12C2 = eeeses = lal,,Cn = B_] ...... (11)
"kaz‘lcl + (1 - xazz)Cz = esesee = kaz,,cn = Bz ...... (12)
-1a,,C; —ra,,C —...... (1-Aa,,)Cy=B, e (13)
Therefore, the determinant of D(A) of this system is given by
l - A.U.u —7\.(112 -—lal,,
Aoy 1% Aay, Ao (14)

D(A) = :
-Aay, —Aiéx,,z (1- );a,,,,)

which is a polynomialin A of degree n.

Now, there are following cases :

Case I : When at least one right member of the system (11)

.| 4 Here, we have the following two situations :

Q)

(13) is non-zero.

11)......

If DA)=0 : In this case, a unique non-zero solution of the system
(13) exists and therefore (1) has a unique non-zero solution given
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u(x) - x AL: (ex+Hu®yd (1)
Fquation (1) can be written as

u(x)=x+ }{(1 + .r)JO, u(t) dt + jnlt u(t) dt]

=+ A[(1+0)G+C) e (2)
where C,=[lu)dt and = [tugydt 0 ) R
Using (2) and.(3), we get f -

= [[[t+A [+ C 4G ] Jdt = <-AJ (“VACI‘ 4 lo&("? )

’ : AL -"‘f' ."'1 / J{ 0{6
Aj£(4()006(,+ =
= [1 ?\J'(‘Ht)dt](‘ +[I )\Jtdf o=y T’dl \‘/1\“"' ,\L',i’,/ j/‘ ()

and Cz_jt[t+kl+t)Cl+xL2]dt

A o J/ e
By evaluating the integrals, we obtain a system of algebrau equation. 9 o
(1—%)(: xcz—l LT o AT
OA 1 1 R P ‘
—— i _ — \, ’”I ) \[,’, . \’ P 4
6C1+(1 zx)cz . [N e \,() )
The determinant D(A) of the system (4) is given by o N1 =Mo" 1 &
3A
1-— A 2 !
7 M\,
5,k -(-3)(-3)-%F0
6 2 O
Since D(\) # 0, therefore, system (4) has a unique solutlon
o =ttt — A v L2

12-20 -2 2 12-24A -3 Y 7
Hence, the solution of integral equation (1) is given by (2) and (5) such that

ux)=x+ A —[10+ (6 +A)x] 0 N L
(12-241-2%) _ —

C

EXAMPLE 2 | _— e

Solve u(x)=e" + A jol 2¢" ¢ u(t)ydt.  [MEERUT-2002,06, 08, GARHWAL-2000,02]

Solution : Here, the given equation can be writtenas A ( S/ (A

u(x)=e’+21e’jle'.u(t)dt Fe MONS, whfS Y Lrrenas (1)
0 (30 )0 e ‘.
1 ™ ,. -
Let C=| ¢ u(t)dt ok . L A cenene(2)
-[0 -_— /»i’ . ‘1‘ ‘r e (", .‘ | -4(, (/‘;K , ‘\‘"[._{“‘v ( i
From (1) and (2), we have
u(x)=e" +20Ce" =e*(1+2CA) — . - r Y e (3)
I - 1O Vo)1=l ¢
E ) k| - 2 Q4 < 7 J\ ! |
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_ Putting this value in (3), we obtained the solution of integral equation (1) given by

he Integral Equations and Boundary Value Pro_blems

= uty=e' 1+2c2) 4)
Therefore, from (2), we have

C= .[; [e_’. e’ (1+2C\)]dt

Ll
2

2t 1
= (1+2Ck)[ ] =(1+2AC)%(82_1)
0

. L _ )
e, . Cl-Me-1)]= l(8.2 -1 = Cas=:f 21 — = where A#—5—
2 R TR vy B G

_ -1 ), 1—x(e2—1)+x(e2-1)]
u(x)=e [1+2h2[1-7»(62—1)]] e[ AT

i 1

= u(x) = ——5——, where A
(%) T2 1) re Ae—g—

EXAMPLE 3

Solve the following integral equation
u(x)=x+A [ (1+sinx sint) u(t) dt [KANPUR-1999]
Solution : The given integral equation can be written as '
u(x)=x+ 7&[ I:u(t) dt + sinxL:sint u(t) dt]
=x+A[C +Cysinx] L 1)
where C, = [Tu(t)dt, C;= [osintugyas L )
From (1) and (2), we have
Ci= [ [t+XC +ACysint]dt
G = I:sint [t + AC; + LC, sint] dt
= cl[l-xjodt]—czxjosintdt=jotdt
n 51' .2 = : 1
= ~C17&j'osintdt+C2[l—kjo‘sm tdt]=J’o tsint dt
Therefore, we obtain a system of algebraic equation by evaluating the above
integrals.

7!2

(1-Am)C, —2ACy = 5

9""2}\.(:14-(1—%1.)(:2:7{' _ L (3)

The determinant D(A) of the system (3) is given by
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Solution of Fredholm Integral Equations 73

1-An -2X 1
D= o 1-2Z =(l"k”)(l_l_27£] w0 G .
2 DCA)

Since, D(1) # 0, therefore the system (3) has a unique solution given by

2xn+1n2(1—1kﬁ) . m(lF24m)
G =(1~M)2(1_%7;:)' 412 0 Cz_(pkn)(;/-lm)— 412}

Puttmg these valuesof C, and C2 (1), we obtain the reqmred soluhon of the :

, mtegral equatlon (1) glven by

' T.o(, 1. ) -
) =3 27m+2n (11—57\7!) X n(1 —127ur) 2 it

(l—kn)(l "EMJ* 0 Q —Mt)((l-z)m) + 41

EXAMPLE 4 - ]

0 Find the solution of the integral equation
G‘%m u(x)= f(x) _+1l'|‘02n (sinx cost) u(t) dt
Solution : Here, the given equation can be written as
" u(x) = f(x)+Asinx. ffozncostu(t) - (1)

ie, u(x)= f(x)+ ACsinx . (2

wher.er C= fozncos tuydt L (3)

= u(t)= f¢)+ACsint L 4)

Put this value in (3), we get
2n . 2z AC p2r
£ = jo cost[f(t)+7LC§mt]dt = .[0 cost f(t) dt+7.[0“51n2t dt

ﬂ : _ 2x
= [? costf(t)dtJE{ C°“°’2‘J
0 21 2 ],

_ ACl 1 1
= fo cost f(t) dt+7[—§ —J I cost f(t) dt
- Putting this value in (2), we obtain the required solution, given by
u(x) = f(x)+ ).sinxf:x f(t) cost dt

ie,  u(x)=f(x)+ lf:x (sinx cost) f(t) dt
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EXAMPLE 5
Solve u(x) =1+ [, (1+ &™) u(t) dt [MEERUT-2005, 06(BF)]
Solution : Here, the given equation can be written as
u(x)=1+ J'Ol u(t) dt + ¢* j’: N @
Let  C=[ubydt - -
wd  Ge[dwpdt .. 3)
Therei’ofré, (1) give-'s’ | s e B4 e A
W) A+C+CE T 4)
= W=1+C+Ce T (5)
Put this value in (2), we get
C= [[(1+C +Ce)dt=[t+ Gt + Celh = 14C +Cale = 1)
= C2 = - 1 s (6)
e-1)
Similarly, from (3), we have
‘ 2 1
G = J‘1 e[1+ C, +Coe']dt = [_e' +Ciel + G ‘—}
0 - - L == 2 "
- G2
= e—1+C1(e-1)+—2—(e -1)
1 -1
= —(e_l)—e—l+C1(e—1)—2(e_l)
TR S Gl
= Ci(e-1)= 1 5
~(¢* —4e+5)
...... 7

) and (7) in (4), the required solution is given by
e2-4e+5 €
=l= -
WA =15 1) e-1
(1) - e -2-1_ ¢ | ; e’ -3-2¢"(e-1)
= MOETZETE e-t 2e-1)

Using (6

u(x)=x+ )»J'Ol (xt? + tx?) u(t) dt

the given equation can be written as

Solve

Solution : Here,
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75
u(x)=x+ ?»JO] (xt” + £x2) u(t) dt
- 1 1
= x+hx[ £ u(t) dt + Ax? jﬂ tultyas. (1)
1
et G=ffwgae )
1
od G tua 3)
Putting these values in (1), we get =
U =x+rCx+rcsr )
S . ut)=t+ACt+ e (5)
Putting this value in (2)} we get
4 4 5
Ci= [ Aterctnc)ar = | L AGE AGE
e 47 4 5,
_1.a¢ g,
i . 5 (6)
Similarly, from (3), we get
1 £ AGE A ]
G = J'O HE+ACit +ACt?) dt = [E+—3# +T2L
5 g el,2G,1G
3 3 4 - iz
ie, -G +(12-34)C=4 @)
On solving (6) and (7), we get
60+ - il 80 2
240-1201 -2 240-120A -1
Putting these values in (4), we get the required solution, given by
Ax(60 + 1) 80Ax?
u(x) = = 3 5
240-1200 -2  240-1201-A
u(x) = (240 - 60A)x + 80Ax2
= T 240-120h- 2
EXAMPLE 7
Solve the following integral equation
u(x) = g(l -4x)+ lj:(xlogt— tlogx) u(t) dt
Solution : The given equation can be written as
u(x) = g(l -4x) + k[xj'ollogt'u(t) dt - logxI:t u(t) dt] ------ (1)
= §(1—4x)+l(C,x—Czlogx) ...... )
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where Cl = j;logtu(t)dt, Cy = J()l t u(t) dt (3)
Using (2) in (3), we have

1 6
Cl = J.Dlogtli—S-(l —4t)+ X(Clt—Czlogt)] dt
and (;_j [ (1- 40+MCt(;bgﬂ]ﬂ
or Cl[l xj tlogtdt]+xc;j ﬂogﬂ dt—-j(1 4t)log t dt

and -xgj %u+cg1+xjtmgtﬂ]~-jta 4t) dt

or [1 A —tzlogt—%tz) j|+kC2[t(logt)2—2(tlogt—t)]:)
0

[@)

= 2[(t-2)logt - (-],

1 2 1
vt a6 (30 vc i3] 547
0 0

or ~-<;[1+2]+2xc2-0 SR

(6}

_Cy(A/3)+ (1-A/4)C, =1 - - @

On solving, we get

_ 2
C2=—4—t—l-C1:> &+16 L C, =1
8 3" 3
96\ 4+A 96\ 12(4+ 1)
L N P . Ll =
= G=giar 2= T TG 48+ 200 48+ 2007

Now, putting the values of C; and G, in (2), the required solution of the equation
is given by

u(x) =§(l—4x) + l[

96rx 12(4+l)10gx]
48 + 2922 48 + 2912

6 48 2 2,2
s el 20 I+ a+— |1
or u(x) 5(1 4x) + ™ 2912[ x ( ogx

EXAMPLE 8

Bt o

Solve the integral equation

u(x) = cosx + A [ sinzu(t) dt [GARHWAL-2001]

" Solution ; The given equation can be written as
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Solution of Fredholm Integral Equations 77
u(x):cosx+lsinxj0xu(t) el (1)
Let  C=['wtyar )
Then from (1), we have
u(x)=cosx+ACsinx - (3)

= u(t)=cost+ ACsint
Putting this value in (2), weget -~~~
C= J’o"( (cost+ACsint)dt -

= [sint]gy +A1C[-cost];
=0+AC[-cosn+cos0]

= C=2AC

= Cl-20)=0 = C=O,ifl¢%.

Hence, the required solution is given by u(x) = cosx, if A # 5"

EXAMPLE 9

Solve the- integral equation :
‘? . ) ' o,
E%'ﬁ/@ u(x)=cosx+lfo sin(x —¢t) u(t) dt
g

[MEERUT-2007, 07(BP), KANPUR-2002]
Solution : The given equation can be written as

u(x)=cosx+ kfon(sin xcost—cosxsint) u(t) dt

= cosx+ lsinxfoncost u(t) dt A cosxj'onsint Hifydt e (1)
Let C = foncost utyat ()
and G, = jo“sintu(t) at (3)
Putting these values in (1), we get
u(x)=cosx+AC sinr-ACycosx . 4)
=5 u(t)=cost+ACysint-1Cycost . %)
Putting this value in (2), we get

C = J‘oxcost (cost+AC;sint-AC,cost)dt
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= Cl=J'O‘[(l-lCz)cosztdt+%kClsin2t:,dt
_ =1+ cos2t AC ¢x .
=(1-1GC,) Io ——z—df+7 Io sin2t dt
_ 1—1C2[t+5in2t]‘+£[_c052t]" .
2 2 1o 2 2 0 -

. 1-AC ' "
=. C; =" > 72'7t_7(7)r;-2C1+ln(_52=n7 .= EeeE ©) ;
Similarly, from (3), we may get ) ~ ' ;

i T x0T : o - . |
ST 'Cz=fo sinf(cost+AC,;sint -AC, cost) dt !
1-AC, ¢= x 2
= - J"sintht+LQI (1-cos2t)dt q
2 0 2 P
1
1-% " in2t "
_ Cz[_COSZt] +1C1[t_sm2t] &
2 2 4y 2 2 1o ¥
= C2 = Xcln ...... (7) 9/
“ , ' 4
: 2n An? .
On solving (6)and (7) for G, and Gy weget C=ovz G-t g
~ Hence, the required solution of integral equation (1) is given by ~
= T 2nAsinx  A*n’cosx _ x| 1- AZn? 27A sinx ¢
4+2%% 44250 442217 | 4+2%07 ¢
- u(x)=4cosx+227t);smx e,
4+ A°n .
4
EXAMPLE 10 P
>
Q Solve the integral equation P
',.4
Q\\/éﬁ u(Jc)—}»J'_"7t (x cost +t*sinx + cosxsint) u(t) dt = x [GARHWAL-2000] ®
Solution : The given equation can be written as e
u(x)=x+).f_:(x cost+t*sinx +cosx sint) u(t) dt ‘g‘
_ or ‘\ . L) ' x| N ‘
=x+ kxj'_xcost u(t)dt + A smx_"_zt u(t)dt + A cosx_[_'smt u(t) dt ‘ ;
L (1) ¢
Let us assume \.,.
G =[ costuyat ? d
T /
C2 = Jlx t2 u(t) dt ...... (3) i
“
{
| G
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Solution of Fredholm Integral Equations 79
and C, = J’jxsint wultyde (4)
Putting all these values in (1), we get

u(x)=x+ACix+AC,sinx+AcosxC; ... %)
= u(t)=t+ACyt +1C,sint +1Cs.cost ... (6)

Putting the value of u(t) in (2), we get
G = f,, cost (t+ACt+AC,sint +ACycost)dt

= (1+1G) J._: tcostdt+AC, _[_:sint costdt+ JLC; f_:coszt dt

=0+0+2)GC, J'O"ccs2 tdt [ tcostand sint cost are odd functions] . .

- C1=2A.C3J.0’((1+C2052t)dt=)\4C3[t+Sl;2tJ
0

= C] - A.T[C:; = 0
Similarly, putting the value of u(t) (from (6)) in (3), we get

Cy = [[ £ (£+1Cit+ACysint +ACycost) dt
= ¥ .3 L I x 2
(1+1Gy) J'_‘t 4t+Asz_xt s;n;duxcsj_ut cost dt

= 27&C‘3_f;t2 costdt

= C, =20G, [ (*sint) |7 - 20C; [ 2t sint dt = ~4AC, [t Asint dt

-41C, [[t(—cost)]g - jon(—cost) dt] = —47LC3,:1t+ J'oﬂcostdt}

= —4AnC,y — 4AnCy[sint];
= C2 + 4A.KC3 = O ...... (8)
Again, putting the value of u(t) [from (6)] in (4), we get
G = J‘_"x sint (t+ACyt " AC,sint+AC;cost)dt
= @ +2G)[" tsintdt .G, [ sin?tdt+1C; [ sint cost dt
= 2(1+ACy) [ tsint dt + 21.C, [ sin’ ¢ dt +0

J~x1—c052t it
0 2

2(1+ ).Cl)[[t(—cost)]g - I:(—cost) dt]+ 20G,

sinzt]'

0

= 2(1+7LC1)[1t+(sint)5]+AC2[t—
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= C3=2(1+XC1)K+XC2T[ ..... (9)
= =2ACn-AnC, + C3=2n o7 "7
On solving (7), (8) and (9), we get
2n%A -8’ C =__27E____ -
IR R T T Ry wen by
Putting all these values of C, (i = 1,2,3) in (5) the required solution is > gt
B ' i 2n%A2x 822 smx,+A 2nAcosx -
1= e 1 ] + 202
= ] S -+ ﬁ%_(inxf}gﬁs_ih?x +ous).,
EXAMPLE11

Solve the integral equation

u(x) = f(x) + XI; (x +t) u(t) dt

Solution : The given equation can be written as

() = f)+ Ax [ty de [ g i L (1)
Let us assume

Cy = [ u(t) dt

...... (2)
and C,= j:t s (3)
Putting the value of Ci and G, in (1), we get |
‘ W=f)eaiang, 4)
= i (5)
Putting this value of u(t) in (2), we get
Cr= [Lf()) +AC +0C, 1 dt = [* £
= Cl = fl *ﬁ + A.Cz
S (6)
where £, = [1 f(t) gy
iy, Dtte et b e e (7
Similarly, putting the value ofu(t) In (3), we get

C= @ + At 40, ) at

= j;tf(t)dt+kC1[t ] +1C2[t2 ]l
0 2 0
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1
= fo+ R (8)
1
where f, = j ...... 9)
From (6) and (8), we can write
@-MC -ac=2f, (10)
-G +32-0)C=6f, (11)
On solving (10) and (11), we get:

C S0 f-120, L -arfir60-2),

M+124-12 T AZy120-12

Putting the values of C, and C, in (4), we get -
u(x) = f(x) + ?»x{6(); 2)f1—12kf2 +l‘41{1+6()“2)f2

AM+120-12 WP412h-12
- /) o, [ul6x(A=2) - a0 + f, (6(A - 2) - 1203)

At +12%-12

— 1 1
= f(x)+m[{6x(x-2)—4x} jo f(t)dt+ {6(x-2)—121x)jotf(t) dt]

A

= 1 1 _ _
f(x)+m[j0 {6x(A-2)-4)) f(t)dt+j (6(A-2) 12Ax]tf(t)dt]

A
::> _u(x)=f(x)+m[I 6(A-2)(x+t)-12Axt - 4k}f(t)

; 16(A—2)(x +t)—120xt — 40

Hence u x)+ A t
()= fix) I AT +120-12 0

which is the required solution of given integral equation.

EXAMPLE 12

Show that the integral equation
u(x) = f(x) + % joz“sin(x + 8 u(t) dt

possesses 1o solution for f(x) = x, but it possesses infinitely many solutions when f(x)=1.
Solution : The given equation can be written as

u(x) = f(x)+ il j:nacostu(t) dt + COSIJ sint u(t) dt

o costul)dt+—— | sintut)dt ... 1)
Let C = J‘Ozxcost wtyat - (2)
and G = J‘:xsint wtyae (3)
Putting these values in (1), we get

u(x) = f(x)+ 250 Gosx )

Now, there are following cases that arise :



Clearly, the system of equation (7) and
no solution.

lems
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Case I: Let f(x) = x

Put f(x) = x in (4), we get

l‘(x)=x+ﬁC151nx+\C2cosx """ (5)
T
=5 u(t) =t+§&nt+\c2 s e (6)
: n

Putting the values of u(t) in (2), we get

2n i
Clz cost t+.(ﬂ+m dt
oF n T

L2 - Cl én C, r2x
G= 'tcostdt+2~njo santdt+2—72tj0 (1+cos2t) dt

Il

2x . 2z
[ bsint ];l - J‘anintdt-{-&[__co_sz_t] +&[t+_—51n2t]
‘ 2n 2 0 27n 2 0

~[-cost +———[2n 0]
= CI—C2=O

...... (7)
Similarly, putting the values of u(t) in (3), we get
= j;"sint[t+cl s"‘t+C2C°“°’t]dt
n n
_ e C, ¢2n C, p2n
= J'O tsmtdt+2—7tj0 (1—c032t)dt+-£;'[0 sin2t dt
: 2n 2n
=[—tcost] I (—cost)dt+c1[ 51n2t]_ +&|:—C052t]
2 2 0 2n 2 0
= —2n+[sint]3" +&(21t+0)
2n
=5 G-G=2¢ (8)

(8) is inconsistent and therfore, it possesses

Casell: If f(x) =1

Putting f(x) = 1 in (4), we get

u(x)=1+ C,sinx N C,cosx

: - o 9)
C, sint C, cost: '
= il (10)

Putting the values of u(t) [From (10)] in (2), we get

G=[" cost(l pGadint C2C05t)dt
n T

C1=J'02n costdt+—lf 51n2tdt+ j (1+cos2t) d¢

e
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2Ly 1
= Cl(l—?/I:f_ltf(t)dt
g ) 1
L. =—~ [t
e G 322 ) f(t)dt
Similarly, putting the value of u(t) in (3), we get

o jll Pl FH+2CE+ACHE ] at =
7 471 571
j_*ltzf(t)dtmg[%Lﬁp{%] .

i |

= [Rrmare 25
= C, = : —52x J'_lltzf(t) dt
Putting the values of C; and C, in (4), we get
u(x) = f(x) + 33_)‘; [t rwyae+ 551’;} [ fy at
= flx) + Aj_ll{ixztk # ;’ﬁ;} £(b) dt

which is the required solution of the given integral equation.
The resolvent kernel R(x, t; 1) is given by

3at 5ot
3-20 5-2A

R(x, t; A) =

Q EXAMPLE 14

~
e
FJ\/

(7

%Solve-the integral equation and discuss all possible cases with the method of degenerate
R b

kernels
u(x)= F(x) + A [} (1-326) u(t) dt

[MEERUT-1990, 92, 93, 94, 97, 2002, 04, 06, 08]

Solution : The given equation can be written as
u(x) =F(x)+ MG, -3Cx] . °©

where, C; = J: u(t)ydt, C,= folt u(t) dt

Putting the value of u(t) from (1) in (2), we get
C; = [ [F())+AC, ~3CAn) |t

and G, = [[t[F(t)+AC,~3CoAt]dt
= cl[l-xj:dt]+3q,xj;tdt=jolf(t)dt

1 1
and -Clxj: dt+cz[1+3xjo tdt]:fo t F(t) dt

.
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- HX=+2, then (3) gives

Solution of Fredholm Integral Equations 85

= 3 1
=5 C.t1 - -
1 (1 A)+21C2_J'o F(t) dt

1 1

and ~5CA+ (141G, = [ tFeyae L 3)
The determinant of this system is given by _

1-2 L A 22

DA)=| o 2 |=1- o
-—A 141
i R e W

= . - Aunique solution exists if and only if A # 2. .

Particularly, if F(x)=0 and, then only trivial solution exists and given by u(x)=0."

~Ci+3C, = [[F(t)ydt and -G +3C,= [[tFydt ... @)

If 2 = -2, then (3) gives
11 1

Gy =y = [[E®ydt and  C-C=[tFpydt ... (5)
The equation (4) and (5) are incompatible unless the function F(t) satisfies the
condition ‘ \

; . . |

[, Ftyat = [ tE) at \
= [a-nFpya=0 L ©6)

1,1 1 1
and 2 [ Etydt= [tF@ydt= [[a-3yF@at L )

When F(x) = 0, then the given integral equation becomes the homogeneous integral
equation. If A =+2 and F(x) = 0, equations (4) are redundant and either equation
gives the condition C; = 3C, . Therefore, the solution becomes .

u(x) =A@ -x); A=+2 s T o o (8)
when A =6C, T 2 L7 g T
Hence, the function (1 - x) is the eigen function corresponding to the eigen value
A=+2. . A o Z
Similarly, equation (5) gives ") e |

u(x)=B(1-3z); A=-2, where B=-2C,. O rE
Therefore, the function (1-3x) is the eigen function corresponding to the eigen
value A =-2. The solution (1) 'shows that any solution of the given integral
equation may be expressed as the sum of F(x) and some linear combination of the

eigen function
u(x)=F@axpC1l-x)+D1-32) L

A
Where C=3?(C1 _Cz) and D=%"(3C2 _Cl)
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In the non-homogeneous case F(x)#0, a unique solution exists if A=%2. If
A =+2, the equation (6) shows that no solution exists unless F(t) is orthogonal to (1
- t) over the interval (0, 1). Then, from (4), we have

Cy =3C, - [ F(t)

-

Therefore, the solution of the integral equation is given by
u(x) = F(x) -2 jol Fydt+at-v L (1)
when 2 =2, then ['(1-t)F(t)dt=0 and A =0,

‘ Ther}, ‘infinitgly -many solution exist, different from each other by a multiple of an
eigen function.

Similarly, if A =-2, there exists no solution unless F(x) is orthogonal to (1 -3x)
over (0, 1), in which ¢~ _> ‘nfinitely many solutions exist.

When A=-2, u(x)= F(x) ‘§ [ F(ty dt +B(1 - 3x)
where ['(1-3t)F(f)dt=0 and B- 36,

EXAMPLE 15

Solve the following integral equation, using method of degenerate kernels

u(@)=x+ A [ |m—t]sinx u(t) dt

Solution : The given equation can be written as /

u(x)=x+» f; (r—t)sinx u(t)dt + A J.:n (t-m)sinxu(t)ydt © ... (1)
Let C, = jo“ (r-tutya¢s. )
and = [ (t-muyar 3)

Therefore, from equation (1), we get
u(x)=x+ACysinx + Asinx C,

u(t)=t+1Csint + Asint.c, 4)
From equation (2) and (4), we get
C, = fo" (n—£) [t+sint(AC; + AC,)dt

= J'o' n[t+sint(AC; + AC,)dt - j: t[t+sint(AC; + A C,)dt
Let  L=n [ [t+sint(AC,+ACy)dt and

L= fo" [t* + MC; +C,).tsint] dt
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L 2 "
Il:n.[o [t+sint (AC, +AC,) dt n[%—(lCl+kC2)costJ

0

3 ' .
=%—n1(Cl+C2)[cosn—c050] %
ns
= Il=?—27tl(C1+C2)

Again, I = [* [ +L(C, +Cy)tsint]dt = [£/3])+ [ t.sint.a(Cr+Cy)dt

w

T

Il

+[[ ~tcost 5+ |7 costdt]x(c,+c2)

3

. 7 | o
%'—[ ncosn—0cos0-[ sint Is ]l(cl +C3)

n

w

3
—+[ m+sinn-sin0 |A(C; +C,) =%+A(C1+C2)n

Il

3
7t3 7[3
Now, ¢, =t 2A7 (C, +C2)—?—}m(C1 +Gy)
3
= %+7m G +G) (5)

and  Cy= [ (t-m)[t+A(C, +Cy)sint]dt
2 T,
= [T E[ErA(G +Cy)sint]dt—n [ " t[t+1(C; +C,) sint] dt

= [ Pat+ [T0(C + Gyt sintdt - [* 4t -nd (€ + C) [Msintdt

2n
=[§J +1(C +c2)[(-tcost)- [ 1(—cost)dt]2

n

2 2z
_n[%J -nh(C +C2)[—cost]12‘"

=%[8ﬂ.’3 -m°] + A(C, +C2)[—271’.C0321t+ ncosm+[sint]?" ]
—§[4n2 —1r2]—7tk(Cl +C,)[-cos2n +cos ]

3 \ 3
=7%+x(c1 +Cy){ [~21t~n]+0}-——312t— -mh (G +Cy) [-1-1]

3 3
= _7?’;_4, A(C, +GC,) (—3n)—3% + 201 (Cy +Cy)

3
= %’Ux(cl +C,)[-3n+2n]
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Using the values of C, and C, from (7) in (4), we have
I n 4] s 2 5n° 4
u(x)=x+2A ?+XTI sinx+Asinx T_Mt
4 r o i B % g ’. — enm 2 3
An® 5Am> '
=X+ T sinx +

i - e inx
sinx + A2ntsinx - A2ntsinx =x+ S1

u(x)=x+An’sinx
is the required solution of the given integral equation.

EXAMPLE 16

Solve the following integral equation, using method of degenerate kernels
u(x) - lj: cos(logt) u(t)dt =1

Solution : We have
a1 o
u(x)=1+ljo cos(logt"yuityat —~ ... (1)

Let C= J: cos(logt?) u(t) dt
ie., u(x)=1+AC = u(t)=1+1C
Putting the value of u(t) in C, we get
C= [ cos(logt") (1+AC) dt = (1+1C) [ cos(log ") dt

z/q
Now, let logt' =z = t"=ez:>t=ez/":>dt=erz
z/q :
= (1+10) Il o8 dz= L Il e’/1.coszdz
0 q q 0
a+r0)| e [1 . ]1
s 57— —cosz+sinz
q | (/9" +1{¢q 0
i 2 1
= M) 4 tz [-l-cos(logt")Jrsin(logtq)]
g | @+q3)] ¢ 0

= q(%i%l[%c030+ sin0 ]—O(l)
+q
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S 5T R T VRS
(1+4%) (1+4%)-2
2 2
ie. u(x)=1+1 12 _ k+14;q +A _ 1+2q
(1+9°)-A (1+g°-1) 1+94° -2

EXAMPLE 17

Using the method of degenerate kernels, solve the integral equation
u(x)-A[ log(1/8P u(t)dt=1

Solution Wehave e C
= u(x):l +A '[01 rlolg(l/t) P u(t) at .. (1)
Let  C=[ log(1/1)” u(t)dt cene(2)
becomes equation (1), we get
u(x)=1+1C
or uty=1+2C (3)

From equation (2) and (3), we get
C= [ log(1/H? (1+AC) dt
Putting log(1/t)=z = t=¢? = dt=-¢dz
and whent=1,thenz=0and whent=0,thenz= «.

o= " e 2PV dz
[p=],

C=(1+10C) j: e 2P .dz )
and[p+1= Io e’z dz

C=(1+r0)[p+1

C(l—l|p+1)=|p+1

AMpr1l  1-Afpri+rfprl 1

1-Afp+1 1-Afp+1  1-Afp+1

Hence, u(x)=1+

EXERCISE - 2

¢

(1) Solve the following integral eqﬁations, using method of degenerate kernels
(x) = f@x)+ A [, xtu(t)dt.

i
le/ﬂ/(x) u

(i) u(x)=tanlx+ J‘_ll gin " x u(t) dt

(iii) u(x) =secx tanx - KI: u(t) dt
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