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Abstract

We study how paradoxicality properties affect the way groups partially act
on topological spaces and C*-algebras. We also investigate the real rank zero
and AF properties for certain classes of group C*-algebras.

Specifically, in article A, we characterize supramenable groups in terms of
existence of invariant probability measures for partial actions on compact Haus-
dorff spaces and existence of tracial states on partial crossed products. These
characterizations show that, in general, one cannot decompose a partial crossed
product of a C*-algebra by a semidirect product of groups as two iterated partial
crossed products. We give conditions which ensure that such decomposition is
possible.

In Article B, we show that an action of a group on a set X is locally finite
if and only if X is not equidecomposable with a proper subset of itself. As a
consequence, a group is locally finite if and only if its uniform Roe algebra is
finite.

In Article C, we analyze the C*-algebra generated by the Koopman repre-
sentation of a topological full group, showing, in particular, that it is not AF and
has real rank zero. We also prove that if G is a finitely generated, elementary
amenable group, and C*(G) has real rank zero, then G is finite.



Resumé

Vi studerer hvordan paradoksikalitet pavirker maden, som grupper partielt
virker pa topologiske rum og C*-algebraer. Vi undersgger ogsa de reel rang nul
og AF egenskaber for visse klasser af gruppe C*-algebraer.

I Artiklen A karakteriserer vi supramenable grupper i termer af eksitens af
invariante sandsynlighedsmal for partielle virkninger pa kompakte Hausdorff rum
og eksitens af sportilstande pa partielle krydsprodukter. Disse karakteriseringer
viser at generelt kan man ikke nedbryde et partielt krydsprodukt af en C*-algebra
ved et semidirekte produkt af grupper, som to gentaget partielle krydsprodukter.
Vi giver betingelser som sikre at en sddan nedbrydning er mulig.

I Artiklen B viser vi at en virkning af en gruppe pa en mangde X er lokalt
endelig hvis og kun hvis X ikke er akvidekomposibel med en agte delmangde
af sig selv. Som en konsekvens er en gruppe lokalt endelig hvis og kun hvis dens
uniform Roe algebra er endelig.

I Artiklen C analysere vi C*-algebraen genereret af den Koopman repraesen-
tation af en topologisk fuld gruppe. Specielt viser vi at den ikke er AF og har reel
rang nul. Vi viser ogsa at, hvis G er en endeligt frembragt, elementeert amenabel

gruppe, og C*(G) har reel rang nul, s& er G endelig.
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Part 1

Thesis overview






Introduction

A group is amenable if and only if whenever it acts on a compact Hausdorff space, the space
admits an invariant probability measure.

In [KMR13], Kellerhals, Monod and Rgrdam characterized supramenability of a group
in terms of existence of invariant measures for co-compact actions on locally compact Haus-
dorff space. Furthermore, they used non-supramenability of a group for constructing stable
Kirchberg algebras out of actions on the locally compact, non-compact Cantor set.

In [HopO7], Hopenwasser exhibited a partial action of a metabelian group on the Cantor
set, such that the associated partial crossed product is isomorphic to the Cuntz algebra O,.
In particular, such partial action does not admit an invariant probability measure.

In [Scal6b], we showed that a group is supramenable if and only if whenever it partially
acts on a compact Hausdorff space, then the space admits an invariant probability measure.
Moreover, we proved the non-commutative version of this result in terms of invariant tra-
cial states. These characterizations implied that, in general, one cannot decompose a partial
crossed product of a C*-algebra by a semidirect product of groups as two iterated partial
crossed products. We gave conditions which ensure that such decomposition is possible.

In [KMR13], it was observed that, if a group is locally finite, then its uniform Roe algebra
is finite, and asked whether the converse holds. In [Scal6a], we showed that a group is locally
finite if and only if it is not equidecomposable to a proper subset, if and only if its uniform
Roe algebra is finite.

Motivated by this result, we started to work on the problem of characterizing local finite-
ness of a group in terms of its group C*-algebra. Clearly, if a countable group G is locally
finite, then C*(G) is AF. Conversely, in [Kan93, Theorem 2], Kaniuth proved that if G is a
nilpotent group and C*(G) has real rank zero, then G is locally finite.

In [Scal7], we showed that if GG is a finitely generated, elementary amenable group, and
C*(Q) has real rank zero, then G is finite. A class of groups that is not covered by this result
is that of commutators of topological full groups. Given scuch a group, we showed that its

group C*-algebra is not AF by analyzing its canonical Koopman representation.






Background

In this chapter, we collect some definitions and facts that are relevant for the thesis. More

basic aspects about C*-algebras can be consulted in [Mur90].

Crossed product

We refer the reader to [Exel5] (which treats the more general setting of partial actions and
Fell bundles) for the material in this section.

Let 6 be an action of a group GG on a C*-algebra A. Denote by A X, G the vector space
of finitely supported functions from G into A.

Forevery g € G and a4 € A, let agdy € A X1, G be defined by

ag ifh=g

agég(h’) = i )
0 ifg#h

hed.

Notice that {a,d4 : g € G,ay € A} spans A X, G. Hence, we can define a product and

an involution on A X, G by

(agdq)(brdn) := agly(bp)dgn
(agby)* := Oy-1(ay)o

g—l

for g, h € G and ag, b, € A. These operations turn A X, G into a *-algebra.
Consider the linear map v: A x4, G — A such that

a ifg=e
P(ady) = , g€ G,acl, (1)
0 ifg#e

There is a C*-norm || ||.cq 0n A X415 G (that is, a norm satisfying the C*-identity) which
makes 1) contractive and such that the extension of ) to the completion of A %), G endowed

with || - ||req is faithful (for C*-algebras B and C, a linear map ¢: B — C is said to be

11



12 Contents

faithful if, for every b € B, ¢(b*b) = 0 implies that b = 0). Furthermore, || - ||;eq is the
unique C*-norm on A X1, G with these properties.

The completion of A x,j, G endowed with || - ||;eq is called the reduced crossed product,
and denoted by A X.q G (or A x; ). See also [BO08] for the more usual construction of
the reduced crossed product.

Define another C*-norm on A X1, G' by
||| max := sup{p(z) : pis a C*-seminorm on A X, G'}.

The full crossed product, denoted by A x G, is the completion of A X1, G endowed with
H : Hmax.

There is a surjective x-homomorphism 7 from A X G to A X,eq G defined in an obvious
way. If G is amenable, then 7 is an isomorphism.

If G = Z, there is a tool, the so called Pimsner-Voiculescu exact sequence, for computing

the K -groups of A x Z (see, for example, [Cun81] for more details and a proof):

Ko(A) —2000  peca Ko(A x 7)
K1 (A X Z) Kl(A) A_K1(01) Kl(A)

If a group G acts on a locally compact Hausdorff X topologically freely (that is, for any
g € G\ {e}, the interior of {x € X : gz = z} is empty) and minimally (for any z € X, it
holds that Gz is dense), then the associated reduced crossed product Cy(X) X, G is simple.

Supramenable groups

Let G be a group. A non-empty subset A of G is said to be paradoxical if there exist disjoint
subsets B and C of A, finite partitions {B;};"_; and {C;}7", of B and C and elements
81,3 Sny b1, o tm € G such that A = UL s;B; = UJZ,¢;C; (disjoint union).

A group is supramenable if none of its subsets is paradoxical. The class of supramenable
groups is closed under taking direct limits, and, if a group is virtually supramenable, then
it is supramenable. See [Wag85, Chapter 12] for proofs of these and other permamence
properties.

If a group has subexponential growth, then it is supramenable. It is unknown whether the
converse holds, or if the direct product of two supramenable groups is supramenable.

Let G be a supramenable group. Clearly, the direct product of G with a locally finite

group is supramenable. To our best knowledge, it is not known whether G x Z is necessarily
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supramenable. If G X Z is not supramenable, then, by [KMR13, Proposition 3.4] and [Scal6a,
Proposition 2.5], for every non-locally finite group H it holds that G x H is not supramenable.

In [Mon17], a fixed-point property for groups is introduced, and shown to imply supra-
menability and be implied by subexponential growth. Furthermore, this property is shown to
be closed with respect to taking direct product with any group of subexponential growth.

In [KMR13], it was shown that a group is supramenable if and only if whenever it acts
co-compactly on a locally compact Hausdorff X, then X admits a non-zero, invariant, regular
measure. In [MR15], it was shown that the hypothesis of co-compactness is indispensable.

Let A be a C*-algebra. Recall that a non-zero projection p € A is said to be properly
infinite if it has two orthogonal subprojections which are Murray-von Neumann equivalent
to p.

Also in [KMR13], it was proven that a group G is supramenable if and only if £°°(G) X eq
G (the uniform Roe algebra) contains no properly infinite projection. We end this section by
proving a slight strengthening of this result. It will not be necessary for the remaining of the

thesis, so the reader is welcome to skip it.

Proposition. A group G is supramenable if and only if whenever it acts on a locally

compact Hausdorff space X, then Co(X ) X1eqG contains no properly infinite projection.

Proof. Assume first that G is supramenable and that there is a properly infinite pro-
jection p € Cy(X) Xyeq G-

Let ¢: Co(X) Xyed G — Co(X) and g : €°°(G) Xpeqd G — €°°(G) be the canonical
conditional expectations. Since they are faithful, there is x € X such that ¢ (p)(z) # 0.

Let ¢, : Co(X) — £°(G) be given by ¢, (f)(g9) := f(gx), for f € Cy(X) and
g € G. Then ¢, is a G-equivariant *-homomorphism. In particular, it can be naturally
extended to a x-homomorphism ®,: Co(X) Xeq G = £°°(G) Xypeq G-

Notice that ¢, 01 = g o ®,. Hence, &, maps p to a non-zero element, which
clearly will be a properly infinite projection.

Since G was supramenable, this cotradicts [KMR13, Proposition 5.3]. Therefore,
Co(X) Xreqa G contains no properly infinite projection.

Now assume G that is not supramenable, and take A C G paradoxical. Then
14 € £°°(G) Xyeq G is a properly infinite projection, as proved in [RS12].

O






Abstract of the articles with

perspectives for further research

Article A ([Scal6b])

We show that a group is supramenable if and only if whenever it partially acts on a compact
Hausdorff space, the space admits an invariant probability measure.

We also show that a group is supramenable if and only if whenever it partially acts on a
unital C*-algebra which has a tracial state, the associated partial crossed product also has a
tracial state.

Furthermore, we show that if G is a countable, amenable, non-supramenable group, then
there exists a free, minimal partial action of G on the Cantor set such that the associated
partial crossed product is a Kirchberg algebra.

In [Li16], Li showed that if G is an exact group which contains a non-abelian free semi-
group (in particular, it is non-supramenable), and £ is a countable graph, then there is a
partial action of G on the boundary-path space of £, such that the partial crossed product is
isomorphic to the graph C*-algebra of £.

Given a (global) action of a semidirect product G x H on a C*-algebra A, one can

decompose the crossed product A x (G x H) as two iterated crossed products by G and H:
Ax(GxH)=(AxG)xH. (2)

The class of supramenable groups is not closed under taking semidirect products. There-
fore, our results show that, in general, one cannot have a decomposition such as in (2) for
partial actions.

We give conditions under which (2) holds for partial actions. These conditions involve
assuming that A is stable or requiring that the domains of the partial isomorphisms satisfy a

certain condition.

15
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Article B ([Scal6al)

Given a group G acting on a set X, we show that the action is locally finite if and only no
subset of X is equidecomposable to a proper subset of itself, if and only if £°°(X) Xeq G
is a finite C'*-algebra. Consequently, a group is locally finite if and only if its uniform Roe
algebra if finite.

After this paper was made available on arXiv, we became aware of [Weill], in which
Wei showed that, if a group is infinite and finitely generated, then its uniform Roe algebra is
infinite.

In [LW17], Li and Willett investigate further properties of uniform Roe algebras, like
stable rank one and real rank zero. They leave open, for example, the question of whether

(>°(Z) x Z has real rank zero.

Article C ([ScalT])

We show that if G is a finitely generated, elementary amenable group, and C*(G) has real
rank zero, then G is finite.

Let (X, T, 1) be a Cantor minimal system and 7 the Koopman representation associated
to the action of the topological full group [[T]] on (X, ).

We prove that C*([[T]]') is not AF. This is done by showing that C*([[T]]) = C([[T]])),
and that the kernel of the character 7 on C([[T’]]) coming from weak containment of the triv-
ial representation is a hereditary C*-subalgebra of C'(X) x Z (Theorem 3.7). Consequently,
ker 7 is stably isomorphic to C'(X) x Z, and C([[T]]’) is not AF and has real rank zero.

The notion of a topological full group has been extended by Matui to essentially principal,
étale groupoids (see [Mat16] for a survey).

We would like to see Theorem 3.7 from Article C generalized to this more general con-
text. Specifically, let G be an essentially principal, minimal, étale groupoid, with unit space
homeomorphic to the Cantor set. Let H be a subgroup of the topological full group of G.
Furthermore, assume that the canonical unitary representation 7 of H in C*(G) weakly con-
tains the trivial representation (this is the case, for example, for a certain representation of
Thompson’s group F' in Oy, as proved in [HO17]). Under which conditions is the kernel of
the associated character on C*(H) a hereditary C*-subalgebra of C*(G)?
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Abstract. We characterize supramenable groups in terms of the existence of invariant
probability measures for partial actions on compact Hausdorff spaces and the existence
of tracial states on partial crossed products. These characterizations show that, in general,
one cannot decompose a partial crossed product of a C*-algebra by a semidirect product
of groups into two iterated partial crossed products. However, we give conditions which
ensure that such decomposition is possible.

1. Introduction

Partial actions of groups on C*-algebras were introduced by Exel [2] and McClanahan [8]
as a means of computing invariants and describing the structure of C*-algebras. Since then
they have been studied in other categories as well: notably, sets, topological spaces and
algebras (see [3] for details).

A group G is called amenable if it carries an invariant, finitely additive measure p
such that ;£(G) = 1. Following Rosenblatt [12], a group G is called supramenable if, for
every non-empty A C G, there is an invariant, finitely additive measure p on G such that
wn(A) =1.

The class of supramenable groups is closed under taking subgroups, quotients and
direct limits. Abelian groups and, more generally, groups of subexponential growth are
supramenable (see [13, Ch. 12] for a proof of these facts). It is not known if the direct
product of supramenable groups is supramenable and if every supramenable group has
subexponential growth.

It is a well-known fact that a group is amenable if and only if, whenever it acts on a
compact Hausdorff space, the space admits an invariant probability measure. There is also
a non-commutative version of this result which says that a group is amenable if and only
if, whenever it acts on a unital C*-algebra which has a tracial state, the associated crossed
product also has a tracial state.

Downloaded from https:/www.cambridge.org/core. Copenhagen University Library, on 23 May 2017 at 13:44:57, subject to the Cambridge Core terms of use,
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22

2 E. P. Scarparo

However, these results do not hold for partial actions; Hopenwasser showed in [6]
that the Cuntz algebras can be realized as partial crossed products associated with partial
actions of certain amenable groups on the Cantor set.

In [7], Kellerhals et al showed that a group is supramenable if and only if, whenever
it acts cocompactly on a locally compact Hausdorff space, the space admits an invariant,
non-zero and regular measure.

The main purpose of this paper is to show that the role of amenable groups is played by
supramenable groups in the context of partial actions.

In §2, we prove that a group is supramenable if and only if, whenever it partially
acts on a compact Hausdorff space, the space admits an invariant probability measure
(Proposition 2.7).

In §3, we prove the non-commutative version of Proposition 2.7. Namely, we show that
a group is supramenable if and only if, whenever it partially acts on a unital C*-algebra
which has a tracial state, the associated partial crossed product also has a tracial state
(Theorem 3.6).

In [4], Giordano and Sierakowski gave conditions which ensure that a partial crossed
product is purely infinite. Our results, on the other hand, show that one cannot get a purely
infinite C*-algebra out of a partial action of a supramenable group on a unital C*-algebra
which has a tracial state.

Recall that a Kirchberg algebra is a simple, nuclear, separable and purely infinite C*-
algebra. Non-amenability of a group was used by Rgrdam and Sierakowski in [10] for
constructing unital Kirchberg algebras out of actions on the Cantor set. Analogously, non-
supramenability of a group was used by Kellerhals et al in [7] for constructing stable
Kirchberg algebras out of actions on the locally compact, non-compact Cantor set.

Using a result of [7], we show that if G is a countable, amenable, non-supramenable
group, then there exists a free, minimal, purely infinite and non-global partial action of G
on the Cantor set K (Proposition 2.10). It is a consequence of results from [3, 4], that the
partial crossed product associated with any such partial action of G on K is a Kirchberg
algebra.

Given a (global) action of a semidirect product G X H on a C*-algebra A, one can
decompose the crossed product A x (G x H) into two iterated crossed products by G
and H: that is

Ax(GxH)Z(AxG)xH. €))

The class of supramenable groups is not closed under taking semidirect products. For
example, the lamplighter group 7 /27 : 7 contains a free monoid on two generators, and
hence cannot be supramenable. Therefore, our results show that, in general, one cannot
have a decomposition such as in (1) for partial actions.

In §4, we give conditions under which (1) holds for partial actions. These conditions
involve assuming that A is stable or requiring that the domains of the partial isomorphisms
satisfy a certain condition.

2. Supramenability and partial actions on compact Hausdorff spaces
Throughout this article, we denote the identity element of a group by e and all groups are
assumed to be discrete.
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Supramenable groups and partial actions 3

We begin by recalling the definition of partial actions on topological spaces. See [3] for
details and historical notes.

Definition 2.1. A partial action 8 of a group G on a topological space X is a pair
({Dg}geG, {0g}gec) where {Dglgec is a family of open subsets of X and each 0, is a
homeomorphism from D,-1 onto Dg such that:
(i) 6, =Idx;and
(ii)) for every g,he G and x € Dg—l, if O4(x) € Dj,—1, then x € D(hg)—l and Opg(x) =
O 0 Bg(x).
A consequence of the above definition is that, for every g, h € G,

eg(Dg—l N Dy) = Dg N Dgy. 2)

If D, = X for every g € G, then the partial action is just a usual action of a group on a
topological space. In this case, we might say that the partial action is global.

In the definition of a partial action, it is possible that some of the open subsets D, are
empty. For example, any group G partially acts trivially on a topological space X by letting
Dg :={ for every g # e and 6, :=1dy.

Example 2.2. Let 0 be an action of a group G on a topological space X. Given an open
subset D of X, let Dy := D N 0,(D) for every g € G. Then

({Dg}geGa {9g|Dg,1 }geG)
is a partial action of G on D, called the restriction of 6 to D.

Definition 2.3. Let ({Dg}gec, {05}gec) be a partial action of a group G on a topological
space X. We say a measure v on X is invariant if, for all E € B(X) and g € G,

V(@ (ENDy1)) =v(ENDy1).

Next, we recall the definitions of supramenable groups and paradoxical subsets of a
group. See [13] for historical notes.

Definition 2.4. A group G is supramenable if, for every non-empty subset A of G, there
is an invariant, finitely additive measure u : P(G) — [0, +oc] such that u(A) = 1.

Definition 2.5. Let G be a group. We say a non-empty subset A of G is paradoxical if
there exist disjoint subsets B and C of A, finite partitions {B;}!_, and {C j};f’zl of Band C
and elements sy, ..., Sy, t1, ..., 1y € Gsuchthat A=| |/, siB; = |_|’]’»1=1 t;C; (disjoint
union).

By Tarski’s theorem, a non-empty subset A of a group G is not paradoxical if and
only if there exists an invariant, finitely additive measure u : P(G) — [0, +o0] such that
(A) = 1. Therefore, a group is supramenable if and only if it contains no paradoxical
subsets.

In order to prove Proposition 2.7, we will need the following lemma, the proof of which
can be found in [7, Proposition 2.1].
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LEMMA 2.6. Let G be a group and let |1 be a finitely additive measure on G. Let V,, be
the subspace of £>°(G) consisting of all f € £>°(G) such that p(supp(f)) < oo. It follows
that there is a unique positive linear functional 1, : V,, — C such that 1,,(1g) = u(E) for
all E C G with u(E) < oo. If p is G-invariant, then so is 1.

PROPOSITION 2.7. A group is supramenable if and only if, whenever it partially acts on a
compact Hausdorff space, the space admits an invariant probability measure.

Proof. First, assume that G is a non-supramenable group. Then it has a paradoxical subset
A.Let j : G — BG be the embedding of G into its Stone—Cech compactification. Consider
the partial action obtained by restricting the canonical action of G on 8G to j(A). By
using [7, Lemma 2.4], one concludes that this partial action does not admit an invariant
probability measure.

Conversely, let ({Dg}gec, {05}gec) be a partial action of a supramenable group G on a
compact Hausdorff space X. Fix xo € X. Given f € C(X), let f € £{*°(G) be defined by

0 ifxo ¢ Dg_l,
f(Og(x0)) ifxo€ Dy

By using (2), one can easily check that, for every g € G and f € Co(D,-1) (seen as an
ideal of C (X)), it holds that

fg) =

g f=fob, 1 3)
Notice that, formally speaking, f o6,-1 is only defined on D,. We see it as being
defined on X by extending it as zero outside of Dj,.
Let A:={geG:xp€ Dg—l}. Since G is supramenable, there exists an invariant,
finitely additive measure w on G such that u(A) = 1.
In the notation of Lemma 2.6, let

p:C(X)—>C
e Lu(f).

Notice that ¢ is well defined because, for every f € C(X), we have that supp( f ) C A.

Since I/C—\(X) = 14, we obtain that ¢ (1¢(x)) = 1. Therefore, ¢ is a state, since it is clearly
positive. By (3) and the G-invariance of I, we conclude that, for every g € G and f €
Co(D,4-1), it holds that

@(f 0b,-1) =(f). “)

Let v be the regular probability measure on X associated with ¢ through the Riesz
representation theorem. By (4) and the inner regularity of v, we conclude that v is invariant
on open subsets. By outer regularity, it follows that v is invariant for all Borel measurable
sets. O

Next, we recall the definition and some facts about partial actions on C*-algebras and
partial crossed products. See [3] for the details.

Definition 2.8. A partial action 6 of a group G on a C*-algebra A is a pair
({Ig}geG, {0g)gec) where {Ig)eec is a family of closed two-sided ideals of A and each
0 1s a x-isomorphisms from /,-1 onto /, such that:
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(i) 6,=1Idy;and

(i) forevery g,he G andx € Iy-1, if Og(x) € I;,-1, then x € L)1 and Ope(x) =6 o
Oq(x).

The quadruple (A, G, {Ig}eeG, (0g}eec) is called a partial dynamical system.

Given a partial dynamical system
(A, G, {Ig}sei: {g}gen),
denote by C.(G, A) the vector space of finitely supported functions from G into A. Let
AXgag G:={fe€C.(G, A): f(g) € I, forevery g € G}.
For every g € G and a, € Iy, let agd, € A Xg a1y G be defined by

ag, ifh=g,

a,8,(h) =
s0%( 0 ifg#h,

hed.

Notice that {a,d, : g € G, ag € I,} spans A Xg a; G. Hence we can define a product
and an involution on A Xg 3¢ G by

(agag)(bhsh) = eg (Qg,l (ag)bh)‘ggh

(agbe)* 1= 0,1 (a})8

for g, h € G, ag € Iy and by, € Ij,. These operations turn A Xg 1, G into a *-algebra.
Define a seminorm on A Xg g G by

X | max := sup{p(x) : p is a C*-seminorm on A Xg ¢ G}.

The partial crossed product associated with the partial action 6, denoted by A X9 G
or A x G, is the enveloping C*-algebra of the x-algebra A g 4, G endowed with the
seminorm || - ||max-

There is an embedding

i:A—>Axg G

a > ade
and a conditional expectation ¥ : A X9 G — A such that

vy =19 T8¢ L cGlacl (5)
ad,) = ,a .
# 0 ifg#e, § §

Notice that the construction of the partial crossed product is a generalization of the usual
crossed product associated with an action of a group on a C*-algebra.

Given a partial action 6 = ({Dg}eei, {0g}gec) of a group G on a locally compact
Hausdorff space X, one can associate with it a partial action on Co(X), with domains
Co(Dyg) (seen as ideals of Co(X)) and *-isomorphisms given by composition with the
homeomorphisms 6.

Downloaded from https:/www.cambridge.org/core. Copenhagen University Library, on 23 May 2017 at 13:44:57, subject to the Cambridge Core terms of use,
available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/etds.2015.117



26

6 E. P. Scarparo

Definition 2.9. Let 6 = ({Dg}geG, {0g}gec) be a partial action of a group G on a
Hausdorft space X. We say 6 is free if, for every g € G and x € D1,

Og(x) =x = g=e.

The partial action is said to be minimal if, given a closed set F' C X such that for every
g€G,0,(FN Dg—l) C F, we necessarily have that F =@ or F = X.

That is, the partial action is minimal if X has no non-trivial invariant closed subsets.

If X is totally disconnected, then the partial action is said to be purely infinite if, for
every compact-open subset K of X, there exist pairwise disjoint compact-open subsets

Ki,..., Ky and elements tq, . . ., 4 € G suchthat K; C K N Dfl for all j and
J
n n+m
k={Jo,&kp={J 6,K).
j=1 j=n+1

This definition of purely infinite partial actions generalizes the one in [7, Definition
4.4]. Also, if the partial action is purely infinite, then every compact-open subset of X is
(G, tx)-paradoxical, in the sense of [4, Definition 4.3].

PROPOSITION 2.10. Let G be an amenable, non-supramenable, countable group. Then
G admits a free, minimal, purely infinite and non-global partial action on the Cantor set
K. The partial crossed product associated with any such partial action of G on K is a
Kirchberg algebra.

Proof. Let G be as in the statement. By [7, Theorem 1.2], there is a free, minimal, purely
infinite global action 6 of G on the non-compact, locally compact Cantor space K *. The
restriction of 6 to a compact-open subset K (which is automatically homeomorphic to the
Cantor set) is clearly free and purely infinite. It is not global because it clearly does not
admit an invariant probability measure and G is amenable. Let us show that it is minimal.
Suppose that there exists a non-empty closed set F C K such that, for every g € G,

0(F N 6,-1(K)) C F. (©6)

By minimality of 6, the orbit of every point is dense. Hence, given x € F, thereis g € G
such that 6, (x) belongs to the non-empty open set K \ F, but, since x € F N 6,-1(K), this
contradicts (6).

The fact that the associated partial crossed product is simple follows from [3, Corollary
29.8]. The fact that it is nuclear is due to [3, Proposition 25.10]. It is purely infinite because
of [4, Theorem 4.4]. O

3. Tracial states on partial crossed products
In this section, we prove the main result of this article (Theorem 3.6). We start by proving
some lemmas about traces in C*-algebras.

LEMMA 3.1. Let A be a C*-algebra, I an ideal of A and t a positive linear functional
on 1. Then there is a unique positive linear functional ' on A such that T’ extends T and
Izl = lI’|l. Moreover, if T is a trace, then t' is also a trace.
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Proof. The existence and uniqueness of 7’ is the content of [9, Theorem 3.3.9]. Assume
that 7 is a trace and we will show that t’ is also a trace.

By taking the unitization, we can assume A is unital.

Let (4,)ea be an approximate unit for /. Notice that

‘M =l=ltl= lim 7 (u2).

Now suppose that (x;)sca iS a bounded net in A such that lim; t’(x;) exists. Let us
show that limy, 7/ (xy) = limy, 7(x;u;). Indeed,

(%
17 — ()| = 7o (1 — )] < o) V2 (1 = up) D2

()
< 112 xalle’ (@ — u)V? = 0.

The inequality in (*) is due to the Cauchy—Schwarz inequality and the one in (**) is due to
the fact that, for every A € A, it holds that (1 — u,\)2 <1—u,.
Let a, b € A and let us show that t/(ab) = t/(ba).

t'(ab) = liFl T(abuy) = li/{n t(ui/zabui/z) = liFl T(buya)

= li;n T(buyau)) = liill T(auybuy) = v’ (ba). O

Definition 3.2. Let A be a C*-algebra, G a group and (A, G, {I;}4eG, {64} 4eG) a partial
dynamical system. We say a linear functional T on A is G-invariant if, for every g € G
and a € I,

T(a) = 1(0,-1(a)).

LEMMA 3.3. Let A be a C*-algebra, G a group and (A, G, {I;}gecG, {04} geG) a partial
dynamical system. Let r be the canonical conditional expectation from A x G onto A as
in (5). If  is a tracial state on A, then ¢ o\ is a tracial state on A xg G if and only if ¢
is a G-invariant.

Proof. Assume ¢ is G-invariant. Let us show that ¢ o v is a tracial state. By the fact that
Y is positive and by (5), it follows that ¢ o ¥ is a state.

By linearity and continuity, in order to conclude that ¢ o v is tracial, we only need to
prove that, given agdg, bpd, € A g G,

@ 0 Y((agde)(brdpn)) = ¢ o Y ((badn)(agdy)).
This is true, since
ifh#g",
@(aghe(bg-1)) ifh=g '

By using the fact that ¢ is a G-invariant tracial state, one concludes that ¢ o
Y(agbebpdy) = @ o Y (bpdpagdy). Hence, ¢ oy is a tracial state.
Conversely, assume that ¢ o ¥ is a tracial state and let us show that ¢ is G-invariant.

@ o Y(agdebndn) = ¢ o Y(Og(0g-1(ag)bn)dgn) =
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Given g € G, a € I and (u; )y an approximate unit for I,
ola) =@ oy(ad,) = li{n @Yo w(a(?gu;ﬁgfl) = li{n @Yo w(u;ﬁgfla(?g)
=90 V(01 (@3) = 90,1 (@),
Hence, ¢ is G-invariant. O
Just as in the case of global actions, the following proposition holds for partial actions.

PROPOSITION 3.4. Let 6 be a partial action of a group G on a compact Hausdor{f space
X. Then X admits an invariant probability measure if and only if C(X) g G has a tracial
state.

Proof. Suppose X has an invariant probability measure . Consider the state on C(X)
given by integration with respect to p. By invariance of u, it follows that the state is also
G-invariant. By Lemma 3.3, we conclude that C(X) xg G has a tracial state.

Now assume that C(X) Xy G has a tracial state 7. Let i : C(X) — C(X) x9 G be
the canonical embedding and let ¢ : C(X) x9 G — C(X) be the canonical conditional
expectation. We claim that T o i is G-invariant. By Lemma 3.3, we only need to check that
T oi o1 is a tracial state. Clearly, it is a state.

Given agdg, bpdp € C(X) x G, we have that v (agdgbpdp) = ¥ (bpdpagdy) =0 if
h#g L If h=g!, then T oi o Y(agdehbndn) = T(agdebndn) = T (bpdragdy) =t 0i 0
Y (bpdpagdy).

By linearity, we conclude that T o i o v is a tracial state. Therefore, T o i is a G-invariant
state. Let u be the regular probability measure on X associated with t o i. Since this state
is G-invariant, we conclude, just as in the proof of Proposition 2.7, that p is invariant. O

In the following, we denote by T (A) the set of tracial states of a C*-algebra A.

LEMMA 3.5. Let A be a unital C*-algebra such that T (A) # (. Then every extreme point
T of T (A) satisfies the fact that, for every ideal I of A, ||t|;|| is either zero or one.

Proof. Let t be an extreme point of 7 (A). Given an ideal I < A, suppose that 7 := ||7];]| €
(0, 1). By Lemma 3.1, there exists an extension 7 of 7|7 to all of A such that ||z;|| =1t.

Let us show that 7; < 1. Let (u;)yea an approximate unit for /. Given a € A™, we
know, by [9, Theorem 3.3.9], that 77 (a) = lim,, T(uau,). Since t is a tracial state, for any
rEA,

t(wauy) = t(@uyuza'’?) < |w)?|r(a) < t(a).

Therefore, 77(a) < t(a). Since a was arbitrary, it follows that 7; < 7.
By evaluating on 14, we get that ||t — 77|| =1 — ¢. Hence,

t:t(f_f) +(1_I)(f—_f1),
I/l It — sl

Since t is an extreme point, T =1t;/||t7]|. But t|; =717|; #0. Thus we get a
contradiction. |
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The reader will notice that the idea of the proof of the next result is the same as that of
Proposition 2.7.

THEOREM 3.6. A group is supramenable if and only if, whenever it partially acts on a
unital C*-algebra which has a tracial state, the associated partial crossed product also
has a tracial state.

Proof. Let G be a supramenable group, A a unital C*-algebra which has a tracial state and
let (A, G, {Ig}geG, {0g}gec) be a partial dynamical system.

By Lemma 3.5, A has a tracial state 7 such that, for every ideal I of A, ||| is either
Zero or one.

For each g € G, let 7, be the extension of 7 o ngl to A, as in Lemma 3.1. For each
a € A, let a € £°°(G) be defined by a(g) 1= t4(a), g € G. Since each 7, is a trace, we
have that, for any a, b € A, ab = ba.

Notice that for each g € G, ﬁ(g) = |lzgll = ||'c|1g71 II.

Since G is supramenable, there is an invariant, finitely additive measure 1 on G such
that 1 =pu({g € G: izl Il = 1D).

In the notation of Lemma 2.6, define

p:A—C,
avw1,(a).

Notice that ¢ is a tracial state on A.

Let ¢ be the canonical conditional expectation from A x G onto A as in (5). Define
p := ¢ o ¥. By Lemma 3.3, in order to show that p is a tracial state, it is sufficient to show
that ¢ is G-invariant.

Given x, y € G, let us prove that

lTxln, I = llzxlrnr -

Let (ui) and (u}) be approximate units for /, and Iy, respectively. Then
Tl | =lim 7, () ) = lim lim 7, () u})).
I xlly” M x( )»1) M A x ( o] )»2)
Since, for each Ay, A, we have that uiluiz eI, NI,, it follows that el Il <

I zx|1,n1, |- The opposite inequality is evident.
For each g, € G, one can easily check that (z; o 9g71)|1gMIgt = Tgt|lgﬂlgt~ Therefore,

lze 0 Oprll = llzels o Il = Nwels ynn ll = Tt 0 g1 0 Oels i,
=7t 0 Og-1 11,014 | = lITgr 1,1 1| = I Tl 1 II-
It follows, by Lemma 3.1, that 7; o eg—l = Ty |1g. Hence, given a € I,

g7 =algn =G @)
Therefore,

g a=0).
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Thus, for every g € G and a € I,

0@ =1,@ Z L(g7') = 1,01 @) = p(O,1(a).

The equality (*) is due to the fact that u is invariant. Hence, ¢ is G-invariant and p is a
tracial stateon A X G.
The converse follows from Propositions 3.4 and 2.7. O

4. Decomposition of partial crossed products
In this section, we investigate conditions under which one can decompose a partial crossed
product into two iterated partial crossed products by simpler groups.

Let A be a C*-algebra, G a group and let (A, G, {I;}4eG, {6g}seG) be a partial
dynamical system. Given a G-invariant ideal I of A (i.e. 0,(I N Ig—l) c 1 for
every g € G), one can consider the restricted partial dynamical system (I, G, {I N
Ig}gei, {Gg|m[g71 }¢ec). Itis a consequence of [3, Theorem 22.9] that the map

i:IxG— AxG,
ady = ady

is an embedding onto an ideal of A x G. In the statement of the following lemma, we use
this identification.

LEMMA 4.1. Let (A, G, {Ig}geG, (9g)eec) be a partial dynamical system and let I and
J be G-invariant ideals of A. Then (I x G)N(J xG)=UNJ) xG.

Proof. Take x € (I x G) N (J x G). Let (u)))ea be an approximate unit for J. Then
x =1imy, x(u,6,). Since x € I x G, it follows that x can be approximated by finite sums
> ag8, such that each a, € I. Due to G-invariance of I and J, if a, € I, then az8,u,.8, €
(I N J) x G.Hence, forevery A € A, x(u;0.) € (I N J) x G.From this, we conclude that
xe(INJ)yxaG.

The opposite inclusion is evident. O

PROPOSITION 4.2. Let A be a C*-algebra, G xo H a semidirect product of groups and
(A, G X H, {Iig.1m)}(g.n)eGxaHs O, h)}g.h)eG 2o H)
a partial dynamical system such that, for every g € G and h € H,
Lig,my Clige) N e,y (M

Consider the partial dynamical system

(A1 G» {I(g,e)}geGa {e(g,e)}geG)

obtained by restricting the partial action 0 to the subgroup G x {e}. There is a partial
action of H on A X G and a *-isomorphism

@ :AX(G X H)— (AXG)xH,

ag,h)8(g,hy > (a(g,h)8g)dh.
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Proof. Notice that condition (7) and [3, Proposition 2.6] imply that, for each i € H, I(¢ 1)
is a G-invariant ideal for the partial dynamical system

(A, G, {I(g,e)}geG, {e(g,e)}geG)~

Also, for each g € G and h € H, it is true that O n) (L, -1y N I(g.¢)) C L(ay(g).e)- FoOr
every h € H, define

ﬁh . I(e,h_l) X G— I(e’h) X G,

agdg > Oe,n) (ag)day (g)-

Let us check that B, is a well-defined *-homomorphism. Given g, [ € G, a; € I(e,h—]) N
Igeyand g € I(eyh—l) N 1gy.e),

Br((agde)(aid) = Pn(Bg,e) (041 0y (ag)ar)der)
= 0(e,h) (O(g,e)(Og-1 ¢)(ag)a1))u, (gl
= O(a(g),e) Ote,) O g1 o) (ag)a1)) B (gl)
= Oy (2).0) O, (g-1),0) Ote.) (@) B e,y (a1)) ey (o1
= (O(e,n) (@g)8ay5)) Oe,ny (@), 1))
= Br(agds)Bu(ady).

We leave it to the reader to check that, for every g € G and ag € [, -1y N I(g.e), it
holds that Bj,((ag6,)*) = Br(agde)*. Therefore, B is a well-defined *-homomorphism.
Also Bj,-1 = (Bn) ! forevery h € H.

We claim that

(AX G, H, {Ien % Glrenr {Bnthen)

is a partial dynamical system.

Obviously, condition (i) of Definition 2.8 holds, so we just need to check that (ii) also
holds.

Given hi, hp € H and x € I(e ply X G, suppose that B (x) € I(e sty X G. Let us
>y 2
ShOW thatx € I(e,(hzh])fl) X G
Since the image of By, is I(e,n) ¥ G,

Brn, (x) € (I(e,hz_]) X G)N (Leny ¥ G) = (I(e,hz_') NI np) ¥ G.

Since 0, -1, (L, =1y NV Ie.ny)) C Ie (nyny)-1)> We conclude, by using the definition of
o R ’
,Bh—l, that
1
ﬂhfl((l(e,hgl) N I(e’hl)) X G) C I(e,(hzhl)fl) x G.
Hence,x S I(e,(hzh])fl) X G.

Now let us show that

Bhany (X) = Bny © By (X). ()
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Since x € (L, (nn,)-1) N I(e h—l)) x G, by using approximation arguments, we can assume
> ST
that x = adg for some g € G and a € I, (,5,)-1) N I(e’hlfl). Since Oe,nyh,) (@) = Oe,ny) ©
O(e,ny)(a), we conclude that (8) holds.
Hence, we have proven that

(AxG, H, {Ieny % Gyner, {Bnlnen)

is a partial dynamical system.
Define
¢:AX(G Xy H)— (AxG) xH,
acg.md(g.n) > (a(g.mdg)dn-

For every h € H, define

Yu ey XG— Ax(GxH),
ag(Sg = ags(g,e)-
It is a straightforward computation to check that ¢ and, for every h € H, ), are well-
defined *-homomorphisms.

For every h € H, let (uﬁ)xeAh be an approximate unit for /¢, »). Given g€ G, he€ H
and a € I, py N (g e, notice that

li{n(a&g,e))(ug&e,h)) = li){n G(g’g) (Q(gfl’e) (a)ui)(?(g,h) = aa(g,h), (9)

since 0,1 oy (a) € Ig-1 1y C Lie,h).-
Define

Y:(AXG)x H— Ax(GxH),
Tubn lip<wh(fh)(u§8<e,h))>.

In order to see that the above limit is well defined, notice that, due to (9), convergence
is ensured for fj = agd,. Then, one observes that (Y, (f) (uié(e,h))) is a Cauchy net for
any f € len % G.

For the proof that ¢ is a well-defined *-homomorphism, it is worthwhile remarking
that, for every h € H, ¥|(1,,,,xG)s, 1s a contractive linear map.

Notice that, given g € G, h € H and a € I p) N I(g e, it holds that v ((adg))ds) =
ad(g,n)- Hence, ¥ and ¢ are inverses of each other. O

The purpose of the next proposition is to show that condition (7) is stronger than it
seems at first sight. We give a direct proof of it, even though it can also be obtained as a
corollary of the proof of the preceding proposition.

PROPOSITION 4.3. Let A be a C*-algebra, G x4 H a semidirect product of groups and

(A, G xg H, {Ig.n)}(g.h)eGxaH> 0g.1)} (g.h)eGxo H)
a partial dynamical system such that, for every g € G and h € H, (7) is satisfied. Then, for
everyge Gandh € H,
gy = Lig,e) N L)
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Proof. Givenge Gandh e H,

Lig,e) NV Ite.n) = Oig.e) © Og=1 0y Ug,e) N Lo, 1))
=0.e)Ig=1,0) VI (g1 1))
COig.e)Ug=1.0) N I (e.h))
=1l(g.0) N (g1
=1lg.n- O

Next, we give an example to which Proposition 4.2 can be applied.

Example 4.4. Let G and H be groups and j: G x H — (G x H) be the embedding
of G x H into its Stone—Cech compactification. Given A C G and B C H non-empty
subsets, consider the partial action ({Dg}geG, {0g}gec) of G X H on j(A x B) obtained
by restricting to j(A x B) the canonical action of G x H on B(G x H), as in
Example 2.2. By definition of the restriction, given (g, h) € G x H,

Dny=j(ANgA) x (BNhB))=j(Ax (BNhB))N j((ANgA) x B)
= D(g,e) N D(e,).

From this, it follows easily that the induced partial action on C(j (A x B)) satisfies (7).

Notice that, if G and H are supramenable groups, we can combine the previous example
with Proposition 4.2 and Theorem 3.6 to show that A x B C G x H is non-paradoxical
for every A C G and B C H non-empty subsets. We remark, however, that this fact also
follows easily from the results of [11].

As mentioned in the introduction, the class of supramenable groups is not closed under
taking semidirect products. For example, let (x,),ez € @y Z/2Z be such that xo =1
and x, =0 for n # 0. Also, let e € @, Z/27Z be the neutral element. Now consider the
lamplighter group Z/2ZZ = (D, Z/27Z) x Z. 1t is well known and easy to check that
((xnez, 1), (e, 1) € G generate a free monoid S F». Since SF> C Z /27 : Z is obviously
paradoxical, it follows that Z /27 : Z is not supramenable.

Let G x H be a non-supramenable group which is the semidirect product of
supramenable groups. By Theorem 3.6, there is a partial action of G x H on a unital
C*-algebra with a tracial state such that the associated partial crossed product does not
admit a tracial state. By applying Theorem 3.6 twice, we conclude that a decomposition
such as in Proposition 4.2 cannot hold in this case.

Next, we are going to provide another condition which allows a decomposition as in (1).
For the proof, we will use the concepts of Fell bundle, graded C*-algebra, cross sectional
C*-algebra of a Fell bundle and reduced partial crossed product. We refer the reader to [3]
for the appropriate definitions.

Given a partial action 6 of a group G on a C*-algebra A and H a subgroup of G, one
can consider the partial action of H on A obtained by restricting 6 to H. We shall denote
this restricted partial action also by 6.
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LEMMA 4.5. Let (A, G, {Ig}geG, {0g)eec) be a partial dynamical system and H a

subgroup of G. Then A xg H embeds naturally into A g G and there exists a conditional
expectation Yy : A X9 G — A X H such that, for every g € G and a € I,

ad, ifgeH,
Yr(asy) =1 ¢ (10)
0 ifg¢H.
Proof. The fact that A X9 H embeds naturally into A xg G was proven in [1, Corollary

6.3].

Let us now prove the existence of {y. By [1, Proposition 6.1], the reduced partial
crossed product A Xy , H embeds naturally into A Xy, G and there exists a conditional
expectation ¢y : A Xg , G — A Xg , H satisfying the same condition as in (10).

Let C}(G) and C;(H) denote the reduced group C*-algebras of G and H, respectively,
and Ey : C:(G) — C}(H) the conditional expectation satisfying the same condition as in

(10).
Let
iG:AxgG— (Axg,G)Q)CHG)
max
and

im:AxgH—> (Axg, H) ®C;‘(H)
max
be the injective *-homomorphisms given by [3, Proposition 18.9] such that ig(a,d,) =
agdy ® 8y and iy (apdy) = apdy @ &y forevery g € G,ag € I;, h € H and ay, € Ij,.
Then ¥y := (i Lo (o ® Ep) oig is the desired conditional expectation. O

THEOREM 4.6. Let A be a separable and stable C*-algebra, G a countable group, N a
normal subgroup of G and (A, G, {Ig}geG, (0g}gec) a partial dynamical system. Then
there is a partial action B of G/N on A X3 N such that

G
AN@G%(AX]QN)XIﬁN.

Proof. Foreach gN € G/N, define
Bgy :=3pan{b,é, : h € gN, by, € I1,}.

We want to show that (A Xg G, {Bgn}eneg/n) is a G/N-graded C*-algebra.

Clearly, for every g, g’ € G, we have that BgyBy'y C Bggry and (Bgy)* = Byiy.
Notice that, by Lemma 4.5, B,y = A Xy N and there exists a conditional expectation
YN : A Xg G — B,y with the same property as in (10).

By [3, Theorem 19.1], it follows that

(A xg G, {Bgn}gneG/N)

is a G/N-graded C*-algebra. Let B be the Fell bundle associated with this grading. There
is a surjective x-homomorphism from the cross sectional C*-algebra C*(5) into A xg G
which is the identity on each Bgy.
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On the other hand, C*(B) can also be seen as a G-graded C*-algebra, and the Fell
bundle over G associated with this grading is isomorphic to the Fell bundle of A xg G.
From these considerations, we conclude that A Xy G is isomorphic to C*(5).

Because of [5, Proposition 4.4], it holds that B, N is stable.

Due to [3, Theorem 27.11], it follows that there is a partial action 8 of G/N on A xg N
such that

G
(A 19 N) 15 = = C*(B) = A xg G. O
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CHARACTERIZATIONS OF LOCALLY FINITE ACTIONS OF
GROUPS ON SETS

EDUARDO SCARPARO

ABSTRACT. We show that an action of a group on a set X is locally finite if
and only if X is not equidecomposable with a proper subset of itself. As a
consequence, a group is locally finite if and only if its uniform Roe algebra is
finite.

1. INTRODUCTION

Given a group acting on a set X, a property that has been well-studied is the
existence of an invariant mean on X, that is, amenability of the action (see [1] for
historical remarks). By Tarski’s Theorem ([6, Corollary 9.2]), this is equivalent to
X not being equidecomposable with two disjoint subsets of itself.

In this note, we address the following question: given an action of a group G
on a set X, when is X not equidecomposable with a proper subset of itself? We
show that this holds if and only if the action is locally finite (Definition 2.2), if and
only if £*°(X) %, G is a finite C*-algebra (Theorem 2.3). It follows from this that
a group is locally finite if and only if its uniform Roe algebra (£>°(G) x; G) is finite
(Proposition 2.5). In [3], it was shown that £°°(G) . G is finite if G is locally finite
and asked if the converse holds.

It was already known that amenability of a group G is equivalent to £*°(G) %,
G not being properly infinite, and supramenability is equivalent to £°(G) x, G
not containing any properly infinite projections ([3, Proposition 5.3]). Therefore,
Proposition 2.5 completes the dictionary between equidecomposition properties of
groups and the type of projections in the uniform Roe algebra.

2. CHARACTERIZATIONS OF LOCALLY FINITE ACTIONS OF GROUPS ON SETS
We start by recalling some definitions:

Definition 2.1. Let be G be a group acting on a set X. Two subsets A and B of
X are said to be equidecomposable if there are finite partitions {A;}}_, and {B;}?,
of A and B, respectively, and elements s1,...,s, € G such that B; = s;A; for
1 < i < n. When we say that two subsets of G are equidecomposable, it is with
respect to the left action of G on itself.

The next definition has already been introduced in [5] for actions on semilattices.

Definition 2.2. An action of a group G on a set X is said to be locally finite if,
for every finitely generated subgroup H of G and every x € X, the H-orbit of x is
finite.

This work was supported by CNPq, National Council for Scientific and Technological Devel-
opment - Brazil.
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The left action of a group on itself is locally finite if and only if the group is
locally finite.

The following result shows that the notion of locally finite action is a natural
strengthening of the notion of amenable action on a set.

Theorem 2.3. Let G be a group acting on a set X. The following conditions are
equivalent:

(1) The action is locally finite;

(2) €°°(X) %, G is finite;

(3) X is not equidecomposable with a proper subset of itself;

(4) No subset of X is equidecomposable with a proper subset of itself.

Proof. (1) = (2). Since the inductive limit of finite unital C*-algebras with unital
conneting maps is finite, it suffices to show that ¢>°(X) %, H is finite for every
finitely generated subgroup H of G. Let H be such a subgroup and X = U7 X;
be the partition of X into its H-orbits.

For every i € I, the restriction map ¢°°(X) — ¢>°(X;) is H-equivariant. There-
fore, there is a homomorphism ¢: £>°(X) x, H — [[(¢*°(X;) %, H). We claim that
1 is injective.

Let p: £°(X)x, H — ¢°(X) and, for every i € I, p;: £°(X;)x, H — £>2°(X;) be
the canonical conditional expectations. Also let pr: [[(€°°(X;) x: H) — []£°°(X;)
be the product of the maps ¢;, and T: £>°(X) — [[¢°°(X;) be the isomorphism
which arises from the product of the restriction maps. The following diagram
commutes:

0°(X) 31, H—2% T[(0°(X;) %, H)

19(X) = [1£=(X)).

Since ¢ is faithful, we conclude that 1 is injective. Since the product of finite unital
C*-algebras is finite, it suffices to show that £°°(X;) x, H is finite for every i € I
in order to conclude that £>°(X) x, H is finite.

Given i € I, let 7; be the tracial state on £°°(X;) which arises from the uniform
probability measure on the finite set X;. Since 7; is H-invariant and faithful, it
follows that the map 7; 0p;: £°(X;) x, H — C is a faithful tracial state. Therefore,
£°(X;) x, H is finite.

(2) = (3). This follows from the fact that, if A and B are equidecomposable
subsets of X, then the projections 14 and 1p are equivalent in £°(X) x, G.

(3) = (4). If A C X is equidecomposable with B C A, then X = AU A° is
equidecomposable with B LI A° C X.

(4) = (1). Suppose that there is H < G generated by a finite and symmetric set
S and z € X such that Hz is infinite. Then there exists a sequence (s )nen C S
such that

VYn,meeN:n£m= 8, 81T # S -+ S1T.
The sequence (s, -+ - $1Z)nen can be seen as an infinite simple path in the graph
whose vertex set is Hx and whose edges come from S.
We claim that v := {s,, - - - s12: n € N} is equidecomposable with v\ {s1z}.
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Given s € S, let A := {sp -+ s12: Spt1 = s}. It is easy to check that {As}ses
partitions v and {sAs}ses partitions v\ {s1x}. Hence, 7 is equidecomposable with
its proper subset v \ {s12}.

O

We now proceed to give a characterization of locally finite groups which can be
seen as an analogy to parts of [3, Theorem 1.1].
The next definition is from [4].

Definition 2.4. Let H and G be groups. A map f: H — G is said to be a uniform
embedding if, for every finite set S C H, there is a finite set T' C G such that:

Ve,yc H:axy e S = fla)fly) teT
and, for every finite set T' C G, there is S C H finite such that
Vo,ye H: f(o)f(y) ' €T = zy~'e8S.

The implication (1) = (2) in the next result had already been observed in [3,
Remark 5.4], and (5) = (1) is an immediate consequence of [8, Lemma 1].

Proposition 2.5. Let G be a group. The following conditions are equivalent:
(1) G is locally finite;

(2) The uniform Roe algebra £°(G) x, G is finite;
(3) G is not equidecomposable with a proper subset of itself;
(4) No subset A C G is equidecomposable with a proper subset of itself;
(5) There is no injective uniform embedding from Z into G.
Proof. The implications (1) = (2) = (3) = (4) (and (4) = (1)) are a consequence
of Theorem 2.3.

(4) = (5). This follows from the fact that N C Z is equidecomposable with a

proper subset of itself and [3, Lemma 3.2].
(5) = (1). This is a consequence of [8, Lemma 1]. O

3
4
5

Remark 2.6. After this note was made available on arXiv, we became aware of [7],
where it is shown that if a group is infinite and finitely generated, then its uniform
Roe algebra is infinite.

Any locally finite group acts on itself in a transitive, faithful and locally finite
way. If a finitely generated group admits a faithful, transitive, locally finite action
on a set, then the group is finite. This is in stark contrast to the fact that there are
finitely generated, non-amenable groups which admit faithful, transitive, amenable
actions on sets (see [1] for various examples).

A finitely generated group admits a faithful, locally finite action if and only if it
is residually finite.

Proposition 2.7. If a group admits a faithful, locally finite action, then it embeds
into a group which admits a faithful, locally finite and transitive action.

Proof. Let G be a group which acts on a set X in a faithful and locally finite way.

Take a set Y C X of representatives of all G-orbits, and let Sy be the group of
finitely supported permutations of Y. Consider the natural action of Sy on X and
the associated action of H := G % Sy on X. This action is transitive and locally
finite. By taking the quotient of H by the kernel of this action, we get a faithful,
transitive, locally finite action on X by a group which contains G.
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O

In analogy to what is known for amenable actions ([2, Lemma 3.2]), the following
holds for locally finite actions:

Proposition 2.8. Let G be a group acting on a set X in a locally finite way. If,
for every x € X, the stabilizer subgroup G, is locally finite, then G is locally finite.

Proof. Take H < G finitely generated and x € X. Since the action is locally finite,
it follows that Hx is finite. Hence, there is Hy a subgroup of finite index in H such
that Hy < G,. In particular, Hy is locally finite. Therefore, H is also locally finite.
Since H is finitely generated, we conclude that it is finite. O

Remark 2.9. One can define in a natural way an action of a group on a set X to
be supramenable if no subset of X is equidecomposable with two disjoint proper
subsets of itself. It is not true that if the action of a group G is supramenable, and
all the stabilizer subgroups are supramenable, then G is supramenable.

Indeed, it is well-known that the class of supramenable groups is not closed by
taking extensions (the lamplighter group Zs ! Z is such an example). Let then G
be a non-supramenable group which contains a supramenable normal subgroup N

such that % is also supramenable.

Consider the left action of G on % Since % is supramenable, it follows easily

that this action is supramenable. The stabilizer subgroups of the action are all
equal to N, hence are supramenable.

Acknowledgement. The author thanks Claire Anantharaman-Delaroche for call-
ing his attention to the reference [1].
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ON THE C*-ALGEBRA GENERATED BY THE KOOPMAN
REPRESENTATION OF A TOPOLOGICAL FULL GROUP

EDUARDO SCARPARO

ABSTRACT. Let (X, T, u) be a Cantor minimal sytem and [[T]] the associated
topological full group. We analyze C%(|[T]]), where 7 is the Koopman repre-
sentation attached to the action of [[T]] on (X, u).

Specifically, we show that CX([[T]]) = Cx([[T]]’) and that the kernel of
the character 7 on CZ([[T]]) coming from weak containment of the trivial
representation is a hereditary C*-subalgebra of C(X) x Z. Consequently, ker 7
is stably isomorphic to C(X) x Z, and CZ([[T]]’) is not AF.

We also prove that if G is a finitely generated, elementary amenable group
and C*(G) has real rank zero, then G is finite.

1. INTRODUCTION

In this work, we study the real rank zero and AF properties for certain classes of
group C*-algebras. The motivations are the classical equivalence between amenabil-
ity of a group and nuclearity of its C*-algebra, and the equivalence between local
finiteness of a group and finiteness of its uniform Roe algebra worked out in [18],
[10] and [17].

For a compact metric space X, both C(X) being AF and having real rank zero
are equivalent to total disconnectedness of X.

If a group G is countable and locally finite, then C*(G) is clearly AF. Conversely,
in [9, Theorem 2], Kaniuth proved that if G is a nilpotent group and C*(G) has
real rank zero, then G is locally finite.

In section 2, we show that if G is a finitely generated, elementary amenable
group, and C*(@G) has real rank zero, then G is finite. Our proof relies on the fact
(Lemma 2.2) that infinite, finitely generated, elementary amenable groups virtually
map onto Z.

Let (X, T, ) be a Cantor minimal system and 7 the Koopman representation
associated to the action of the topological full group [[T]] on (X, u).

Notice that C*([[T"]]) does not have real rank zero, since [[T]] maps onto Z (by
[16, Theorem 1.1(i)], or [5, Proposition 5.5]). On the other hand, by results of
Matui, the commutator subgroup [[T]]" is simple ([12]) and non-locally finite (this
follows from much sharper results from [13]). Hence, commutators of topological
full groups form a class which is not covered by Theorem 2.4.

Futhermore, it was proven by Juschenko and Monod ([7]) that [[T]] is amenable.
In Section 3, we prove that C*([[T]]’) is not AF. This is done by showing that
Cx([IT]]) = C:([[T]]'), and that the kernel of the character 7 on CX([[T]]) coming
from weak containment of the trivial representation is a hereditary C*-subalgebra

This work was supported by CNPq, National Council for Scientific and Technological Devel-
opment - Brazil.
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of C(X) x Z. Consequently, ker 7 is stably isomorphic to C(X) x Z, and Cx([[T]]")
is not AF and has real rank zero.
In Section 4, we discuss examples coming from odometers.

2. ELEMENTARY AMENABLE GROUPS AND REAL RANK ZERO

Recall that the class of elementary amenable groups is the smallest class of groups
containing all abelian and all finite groups, and closed under taking subgroups,
quotients, extensions and inductive limits.

Let B denote the class of groups consisting of finite groups and Z. The next
lemma is immediate from the proof of [14, Corollary 2.1]. For the conveninence of
the reader, we give a proof of it by recalling Osin’s argument and notation.

Lemma 2.1. The class of elementary amenable groups is the smallest class of
groups containing B and closed under taking direct limits with injective connecting
maps and extensions by groups from B.

Proof. Let £(B) be the smallest class of groups containing B and closed under
taking subgroups, quotients, extensions and inductive limits. Clearly, £(B) is equal
to the class of elementary amenable groups.

Let & (B) be the class consisting only of the trivial group. Supposing that o > 0
is an ordinal and we have already defined the classes £3(B) for all ordinals 8 < «,
put

Ea(B) = &(B)
B<a
if o is a limit ordinal. If « is a successor ordinal, define £,(B) to be the class
of groups that can be obtained from groups of the class £,_1(B) by taking direct
limits or by taking an extension of a given group by a group from B.

By [14, Lemma 3.1], each &, is closed under taking quotients. Hence, in the
definition of &, for a a successor ordinal, we could have considered only direct
limits with injective connecting maps.

Therefore, it follows from [14, Theorem 2.1] that £(B) is the smallest class of
groups containing B and closed under taking direct limits with injective connecting
maps and extensions by groups from B. O

Lemma 2.2. If G is an infinite, finitely generated, elementary amenable group,
then there is a subgroup of finite index of G which admits a homomorphism onto
Z.

Proof. Let A be the class of all finite groups, all non-finitely generated groups, and
all groups containing a finite index subgroup which maps onto Z.

We claim that A contains the class of elementary amenable groups. Obviously,
A contains all finite groups, it contains Z, and it is closed under taking inductive
limits with injective connecting maps, and extensions by Z.

Let us check that A is also closed under taking extensions by finite groups. Let
H € A, F be a finite group, and G a group which fits into the short exact sequence

1-H—G—F—1.

If G is infinite and finitely generated, then also H is infinite and finitely gener-
ated. Hence, H contains a finite index subgroup H' which maps onto Z. Since F
is finite, also H' has finite index in G. Therefore, G € A.

By Lemma 2.1, it follows that A contains the elementary amenable groups. O
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A C*-algebra A is said to have real rank zero if every hereditary C*-subalgebra
of A has an approximate unit of projections (not necessarily increasing). We refer
the reader to, for example, [3, Section V.7] for this and other equivalent definitions
of real rank zero.

Lemma 2.3. If A is an infinite-dimensional, real rank zero C*-algebra, then it
contains a sequence of non-zero, orthogonal projections.

Proof. By [8, Exercise 4.6.13], and since A is infinite-dimensional, there is a se-
quence (an)nen C A of non-zero, positive elements such that aja, = 0 when j # k.
For each n € N, take a non-zero projection p, in the hereditary (hence real rank
zero) C*-subalgebra a,Aa,. By construction, p;pr = 0 when j # k. O

Theorem 2.4. If G is a finitely generated, elementary amenable group and C*(QG)
has real rank zero, then G is finite.

Proof. Suppose G is infinite. By Lemma 2.2, there is a subgroup H of G with
finite index n, and ®: H — Z a surjective homomorphism. Let ¢: C*(H) — C*(Z)
be the x-homomorphism induced by ®, and ¢,,: M,(C*(H)) — M,(C*(Z)) the
inflation of ¢.

There is an injective *-homomorphism : C*(G) — M, (C*(H)) such that the
image of ¢, 01 is infinite-dimensional. For the convenience of the reader, we sketch
the construction of ¢, which is standard.

Let 21,...,2, € G be such that z; = e and G = U} 2, H. Consider the
following unitary defined on canonical basis vectors:

U ééQ(H) - 2(G)

6i,h —> 63:7}1

Let S: B({*(G)) — M, (B(¢*>(H)) be the isomorphism induced by U.

By using the left regular representations A\g and Ay, we see C*(G) as contained
in B(£*(G)) and analogously for C*(H).

It is easy to check that S(Ag(g)) € M,(C*(H)) for every ¢ € G. Hence,
S(C*(G)) € M,(C*(H)). Furthermore, for h € H, we have that S(Ag(h))11 =
Au(h). Let ¥ := S|c+ (). Then ¢, (¢(C*(G))) is infinite-dimensional.

Hence, by Lemma 2.3, M,,(C*(Z)) ~ M, (C(T)) contains a sequence of non-zero,
orthogonal projections. Since T is connected, we get a contradiction. Hence, G is
finite. t

Remark 2.5. Recall that a C*-algebra A is said to have property (SP) if every non-
zero hereditary C*-subalgebra of A contains a non-zero projection. Furthermore,
A is said to have residual property (SP) if every quotient of A has property (SP)
(see [15, Section 7] for more details about these properties).

In the proof of Theorem 2.4, the only aspects of real rank zero that were used
are that it implies property (SP) and that having real rank zero is closed under
taking quotients. In particular, Theorem 2.4 remains true if one replaces “real rank
zero” by “residual property (SP)”.

3. KOOPMAN REPRESENTATION OF A TOPOLOGICAL FULL GROUP

Given a unitary representation 7 of a group G, we denote by C*(G) the C*-
algebra generated by the image of .
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We will denote the Cantor set by X.

Let « be an action of a group G on X by homeomorphisms. The topological
full group associated to «, denoted by [[c]], is the group of all homeomorphisms
v on X for which there exists a finite partition of X into clopen sets {A4;}!" , and
g1,---,9n € G such that y|A; = ay, |4, for 1 <i <mn. That is, [[a]] consists of the
homeomorphisms on X which are locally given by the action «.

Fix T a minimal homeomorphim on X. We denote by [[T]] the topological full
group associated to the Z-action induced by T

Let p be a T-invariant probability measure on X. Note that p is also invari-
ant under the action of [[T]] on X. Let =: [[T]] — B(L*(X,u)) be given by
7(9)(f) := fog™!, for g € [[T]] and f € L*(X, ). This 7 is the so called Koopman
representation associated to the action of [[T]] on (X, u).

We will use the faithful representation of C(X) x Z in B(L?*(X, pn)), with C(X
acting by multiplication operators, and, for ne Z, §,, := w(T"), so that C(X)XZ :=
span{fd, : f € C(X),n € Z}.

Given g € [[T]] and {A;}?, a partition of X into clopen sets such that g|4, =
Tm|A; for 1 <@ < n, notice that 7(g) = > 1pni(a,)0n,. In particular, Cx([[T]]) C
C(X) xZ.

Definition 3.1. Given n € N, we say that a subset A C X is n-disjoint if
A T(A),..., T"1(A)
are pairwise disjoint.
Suppose A C X is a clopen and n-disjoint set. Consider the symmetric group
Sy, acting on {0,...,n —1}. For 0 € S, let 04 € [[T]] be given by
ale) = {T0<i>i(x), if 0<i<mnandxeTi(A)

) c X.
z) if o ¢ LPSIT(A), v

(1)

Lemma 3.2. Let n > 4 and A C X be a clopen and n-disjoint set. For every
o € Sy, it holds that w(c4) € CE([[T]))-

Proof. Notice first that {1pi(4)0i—j}o<ij<n forms a system of matrix units in
C(X) % Z of type M,,(C) (we see M,,(C) as matrices indexed by the set {0,...,n—
1}).

Let B := (U7 T(A))® and : CP M, (C) — C(X) xZ be the *-homomorphism
given by ¢(a, e5) := alp + 1pi(aydi—j, fora € Cand 0 < 4,5 <n — 1.

Let p: S, = C & M, (C) be the direct sum of the trivial representation and the
permutation representation. Then, for o € S,,, it holds that ¢(p(c)) = m(c4).

Furthermore, since n > 4, we have that C;((5,)") = C};(S,).

Therefore, o4 € CX([[T]]’) for any o € S,,.

Given A C X clopen, consider the continuous function
ta: A= N
z — min{k € N: T"(z) € A}.

This is the so called function of first return to A.
Notice that, for j € Z, it holds that

(2) tTj(A)OTj|A:tA.
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Let Ty € [[T]] be defined by

(3) TA(Z’) = r e X.

. b
x, otherwise.

{Tt/*(ﬂa)(ac)7 ifzeA

If B C X is a clopen set disjoint from A, then T4 and T commute.

In order to prove Lemma 3.4, we will have to analyze the spectrum of C*-algebras
generated by certain commuting unitaries, and the next lemma will be useful for
it.

We consider the circle T as a pointed space with basepoint 1.

Lemma 3.3. The universal C*-algebra generated by commuting unitaries z1, . . . , zp
subject to the relations {(z; —1)(z; —1) =0:1 <i#j <n} is C(\V;_, T), with
zi being given by

2k \H/T—HC
i=1

(2,1) z, ifi=k
’ 1, ifi#k.

Proof. Consider the embedding F': \/I_; T — T™ which takes z in the i-th copy
of T and sends it into (F(x);)1<i<n € T™ such that F(x); := x and F(x); := 1 if
j #i. Alsolet F': C(T™") — C(\/i—, T) be given by F'(f) := foF, for f € C(T™).

For 1 < i < n, let w; € C(T") be given by w;(y) := y;, for y € T™. Then

Assume n > 1. Let A := C*({(w; —1)*(w; —1)! : i # j and k,l € N}). We claim
that ker F/ = A. Clearly, A C ker F”.

Let Y :=T" \ Im(F'). Notice that ker F' = {f € C(T") : flimr) = 0} = Co(Y).
By the Stone-Weierstrass Theorem, in order to show that A = Cy(Y"), it is sufficient
to show that, for every y € Y, there is f € A such that f(y) # 0, and that A
separates the points of Y. The proof of the former condition is trivial, so we only
show that A separates the points of Y.

Take (21,...,2p), (Y1,...yn) € Y distinct points. There is ¢ such that z; # y;.
Without loss of generality, assume x; # 1. Take j # i such that x; # 1. Then, by
choosing k € N appropriately, we get (z; — 1)*(x; — 1) # (y; — 1)*(y; — 1).

Since C'(T™) is the universal C*-algebra generated by n commuting unitaries and
C(V;_, T) is generated by {z1,...,2,}, the result follows.

O

Lemma 3.4. Let A C X be a clopen and 3-disjoint set. Then w(Ta) € C*([[T]]).

Proof. Given o € S3, x € A and 0 < 4,5 < 3, we have that O'ATTi(A)O'El(Tj (x)) =
T (z) if j # o(i) and
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O'ATTi(A)O'Zl(TJ(i)(Z‘)) = O'ATTi(A)(Ti(J?))
_ To—(i)fiTtTi(A)(Ti(ac))(Ti (2))
) o) —irptrat )@ @) (i ()
_ TtT”(i)(A)(TU(i)(x))(TU(i)(x))
= Troe (a)(T° (),

where the equality in (*) is due to (2). Hence, o4Tri(4y0 ;" = Tro (a)-

In particular, for 0 < 4,7 < 3, we have that TTi(A)(TTj(A))_l e [[T).

If 0 <i # j < 3, it is easy to check that (7(Tpi(a)) —1)(7(Tpsiay)—1) = 0. Then,
by Lemma 3.3, there is a x-homomorphism from C(\/?:1 T) into C*({m(Tri(a)) :
0 < i < 3} mapping z; into 7(Tri-1(4)) for 1 < 7 < 3. Furthermore, by the
Stone-Weierstrass theorem, C(\/?=1 T) is generated by {2;2} : 1 <4, j < 3}. Hence,
m(Ta) € CR([T1)). -

Theorem 3.5. Let (X, T, 1) be a Cantor minimal system and w the Koopman rep-
resentation associated to the action of [[T]] on (X, ). Then CE([[T]]) = CE([[T]])-

Proof. By [6, Theorem 4.7], given m € N, [[T]] is generated by
U {Ts,04:0€ S,,AC X is clopen and n-disjoint}.

n>m

By Lemmas 3.2 and 3.4, the result follows.
O

Notice that 1x € L?(X, p) is invariant under 7 ([[T]]). Therefore, 7 weakly con-
tains the trivial representation. Denote by 7 the associated character on CE([[T7]]).

Lemma 3.6. Let 7 be the character on CE([[T]]) coming from weak containment
of the trivial representation. Then ker T =span{l — n(g) : g € [[T]]}-

Proof. Given d € ker7 and € > 0, take d’ € span=([[T]]) such that ||d — d'|| < §.
Then ||d — (&' — 7(d)|| = ||(d — d') + 7(d' — d)|| < e. Furthermore, d' — 7(d’) €
ker 7 N span m([[T7]])
Since ker 7 Nspan 7 ([[T]]) = span{l — 7(g) : g € [[T]]}, the result follows.
(]

Theorem 3.7. Let 7 be the character on CE([[T]]) coming from weak containment
of the trivial representation. Then ker T is a hereditary C*-subalgebra of C'(X) x Z.

Proof. We are going to show that, for a € C(X) x Z and b, ¢ € ker 7, it holds that
bac € ker 7.

Given A C X clopen and 2-disjoint, notice that (9 — d1)14(dp — d_1) = do —
(Leaur(ay)edo + 1r(a)dr + 1ad-1) € Cx([[T]]).

By using telescoping sums, it follows that, for n,m € Z and A C X 2-disjoint
and clopen, (50 - 571)114(50 - 5m) € C;([[TH)

Given g,h € [[T]], take a basis B of 2-disjoint, clopen sets for the topology of
X. Moreover, assume that, for each A € B, there is n(A),m(A) € Z such that
g|A = Tn(A)‘A and h‘h—l(A) = Tm(A)|h—1(A).
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Then

(60 —m(g))1a(do —m(h)) = 14 — nayla — Ladm(a) + Ona)ladma)
= (00 = Opn(a))1a(00 — dm(a)) € Cx([[T])).

Since C(X) = span{la : A € B}, we conclude that, for g,h € [[T]] and f €
C(X), (60 = m(9))f(do — 7(h)) € CX([[T])).

By Lemma 3.6 and the fact that C(X) x Z = span{fé, : f € C(X),n € Z}, we
conclude that, for b,c € ker 7 and a € C(X) x Z, bac € CE([[T])).

Since 7 is a character, the result follows. O

Corollary 3.8. Let T be the character on CE([[T]]) coming from weak containment
of the trivial representation. Then ker T is stably isomorphic to C(X) x Z. In
particular, CE([[T)]') has real rank zero and C*([[T]]’) is not AF.

Proof. By Theorem 3.7 and the fact that C(X) x Z is simple, it follows that ker 7 is
a full, hereditary C*-subalgebra of C'(X) x Z. Therefore, [2, Theorem 2.8] implies
that ker 7 is stably isomorphic to C'(X) x Z.

Since C'(X) x Z has real rank zero, and K1 (C(X) x Z) ~ Z, and K;(A) =0 for
any AF-algebra A, the conclusion follows. O

4. ODOMETERS

We start this section by giving a description of C*([[T]]) when T is an odometer
map.

Given m € N, let Z,, := Z/mZ.

Example 4.1. Let (ny) be a strictly increasing sequence of natural numbers such
that, for every k, ng|ng+1. Let pi: Z — Zn,, be the surjective homomorphism
such that pg(1) = 1, and define

X = {(zx) € H Ly, : pr(@p41) = i, Yk € N}
keN

MNk+1

Consider
T: X =X
(xg) = (xp + 1).
Then (X, T) is a Cantor minimal system, the so called odometer of type (ng).

For ke Nand l € Zy,, let U(k,l) :={(xm) € X : xp = 1}.

Using the notation from (1) and (3), let, for & € N, Ty := ({Ty,), ov(r,0) €
([T)]:1 €Zp,,0 €Sy, }). As proven by Matui in [13, Proposition 2.1], T'y, C T'jy1,
Iy~ 72" xSy, and |J, T'r = [[T]].

For k € N, let Ay, := span{ly,10m : | € Zp,,m € Z}. Then Ap C Apyq, and
C(X)xZ =, A

Fix k € N and consider the isomorphism ¢ : Ay — C(T, Mz, (C)), such that
ox(luw,y) = ey, for I € Zy, , and, for z € T,

1, f0<i<ng—landj=i—-1
(Wk(al)(z))i,j = z, ifi=0 andj = Ng — 1
0, otherwise.
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Let 7: [[T]] = U(C(X) x Z) be the homomorphism coming from the Koopman
representation and By := {b € Mz, (C):Vi,j € Zn,, > biy =3, bs i}
Then, for o € S, , we have that ¢ (7(0yk,0))) = > €s(:),; and
C*({er(m(ouk,0))) : 0 € Sn,}) ~ By
Furthermore, o, (C*(T({Tu @,y : | € Zn, }))) =~ C(Vleznk T) and ¢ (CE(Ty)) =
{f € C(T,Mg,,(C)): f(1) € By}.
In [4], Dykema and Rgrdam gave examples of non-locally finite groups G such

that C ;(G) has real rank zero. As far as we are aware, there is no known example
of non-locally finite group G such that C*(G) has real rank zero.

Question 4.2. Let (X,T) be an odometer as in Example 4.1. Does C*([[T]]') have
real rank zero?

Example 4.3. Let (X, T) be an odometer of type (ny) as in Example 4.1. Consider

J: X —> X
(zk) = (k).

Then J is an involutive homeomorphism on X such that JTJ = T~!. Hence, T
and J induce an action « of the infinite dihedral group Z x Zs on X. We will use
Matui’s technique ([13, Proposition 2.1]) in order to compute [[¢]].

For every v € (Z x Z3) \ {e}, it holds that {z € X : ay(x) = z} has empty
interior (it consists of at most two elements). Hence, given g € [[a]], there exists a
unique continuous function ¢y : X — Z x Zy such that, for z € X, g(z) = a(g)(z).

For k e Nand | € Zy,, let U(k,1) be as in Example 4.1 and

I'y :={g € [[a]] : ¢4 is constant on U(k,!) for | € Zy, }.
Define Ji; € [[a]] by

Jii(x) = T J(x), ifx e U(k,l)
ol B x, otherwise,

r e X.

Then I'y, = <{TU(k,l)a ch,hUU(k,O) e an,O’ S Snk}> and

(4) Tk 2 (Z % Z2)™ % Sy, T C iy, and | JTk = [[a]].
k
Notice that the constant sequence (0) € X is a fixed point for J. Hence, [1,
Theorem 3.5] implies that C(X) x (Z x Z3) is AF (see also [11]). Moreover, it
follows from (4) that the abelianization of [[a]] is locally finite.
Therefore, the two obstructions that were used for ruling out the possibility of
C*([[T]]) and C*([[T]])’) being AF do not hold for C*([[«]]).

Question 4.4. Let v be as in Example 4.3. Is C*([[a]]) AF?.
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