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Atomic Structure and Spectral Lines 
Recall that one of the great successes of Bohr’s (1913) model of 

the atom was that it could account for the spectral lines of hydrogen, 
Emission lines of the “Balmer series” such as the Balmer series. 

of hydrogen 
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Atomic Structure and Spectral Lines 
Recall that one of the great successes of Bohr’s (1913) model of 

the atom was that it could account for the spectral lines of hydrogen, 
Emission lines of the “Balmer series” such as the Balmer series. 

of hydrogen 

By the 1890s, physicists had observed splittings in such spectral 
lines, when the gas was placed in an external magnetic field: a single Emission line, no external B field 
sharp line (when B = 0) would appear as a closely-spaced triplet of 
lines (when B ≠ 0): the “Zeeman effect.” 

Emission lines in the presence of an external B field 

Arnold Sommerfeld, the Ordinarius Professor of theoretical physics in Munich, 
worked with his graduate students* to understand the puzzles of “atomic 
structure and spectral lines.” They began by generalizing Bohr’s model to elliptical 
orbits. 

* Werner Heisenberg, Wolfgang Pauli, Hans Bethe, ... 
1st edition: 1919 

© Steven Wolfe Books. All rights 
reserved. This content is excluded from 
our Creative Commons license. For 
more information, see 
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Sommerfeld’s Approach 
For simplicity, Bohr had considered circular orbits of electrons in simple 

atoms like hydrogen. But (just as in celestial mechanics), Sommerfeld argued 
that the most general motion should be ellipses. 

+ (L: angular momentum) 

Whereas a circular orbit has only one degree of freedom (r), an elliptical orbit has two 
degrees of freedom (r and j). So Sommerfeld proposed a generalization of Bohr’s 
“quantum condition.” Each degree of freedom should be subject to quantization: 

-1 

(Same as Bohr’s expression, 
but with n → nr + nj) 

© Steven Wolfe Books. All rights 
reserved. This content is excluded from 
our Creative Commons license. For 
more information, see 
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Sommerfeld’s Approach 
If one quantizes the orbital angular momentum L (in units of ℏ), then the projection 

of L along a given direction z will only take discrete values, ml ℏ = L . z, with 

- nj ≤ ml ≤ nj . 

For nj = 1, ml ∈ {-1, 0, +1}; for nj = 2, ml ∈ {-2, -1, 0, +1, +2}. For any integer nj, 
there will be (2 nj + 1) values of ml : always an odd number. 

So now in place of only one quantum number, as in Bohr’s model, Sommerfeld and 
his students began considering three quantum numbers: (nr, nj, ml), each of which 
could only take on integer values. 

Note Sommerfeld’s strategy: much like other work within “old quantum theory,” he 
began with classical descriptions of objects’ motion, and then appended special 
“quantum conditions” to constrain the allowable motion. 

© Steven Wolfe Books. All rights 
reserved. This content is excluded from 
our Creative Commons license. For 
more information, see 
https://ocw.mit.edu/help/faq-fair-use/ 
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Sommerfeld’s Approach 
Why would anyone pursue such baroque Emission line, no external B field 

complexity? Because Sommerfeld quickly found a 
way to address Zeeman’s observed splitting of 
spectral lines into triplets. Emission lines in the presence of an external B field 

An electric charge q that is moving with some angular momentum L will have a 
magnetic moment 

In an external magnetic field, the energy of the system will depend on the 
relative orientation of µ and B: 

If one quantized L (and hence µ), the energy levels of an electron in an external magnetic field 
would be split into ml distinct levels. The Zeeman triplets must have come from electrons 
making transitions from an orbit with nj = 1 (and hence ml = -1, 0, +1) to an orbit with 
nj = 0 (and hence ml = 0). The light emitted from those transitions would have slightly 
different energies, yielding the three closely-spaced spectral lines. 

© Steven Wolfe Books. All rights 
reserved. This content is excluded from 
our Creative Commons license. For 
more information, see 
https://ocw.mit.edu/help/faq-fair-use/ 7
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“Anomalous” Zeeman Effect 
Sommerfeld’s approach — treat an electron’s motion with all the tools of classical mechanics, then 

impose “quantum conditions” to restrict values of certain quantities — addressed the “ordinary” 
Zeeman splitting into triplets. But there was also evidence of an “anomalous” Zeeman effect: doublets! 

One of Sommerfeld’s students, Wolfgang Pauli, worked on the 
challenge while a postdoc with Niels Bohr in Copenhagen in the 

Emission line, no external B field 
early 1920s. 

Emission lines in the presence of an external B field 

“A colleague who met me strolling rather aimlessly in the 
beautiful streets of Copenhagen said to me in a friendly manner, 
‘You look very unhappy’; whereupon I answered fiercely, ‘How 
can one look happy when he is thinking about the anomalous 
Zeeman effect?’ ” – Pauli recollections 

Image is in the public domain.
Copenhagen ca. 1900 
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“Anomalous” Zeeman Effect 
Graduate students of Hendrik Lorentz in Leiden, George 

Uhlenbeck and Samuel Goudsmit, were also working on the 
anomalous Zeeman effect. 

They reasoned that the Earth has two kinds of 
angular momentum: it orbits the Sun (Keplerian 
elliptical orbit), and it spins on its own axis (day/night). 

If the electron had an intrinsic “spin” S (akin to the 
Earth’s rotation around its own axis), and that spin 
were quantized, 

then the electron would have an additional magnetic 
moment: 
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“Anomalous” Zeeman Effect 
Goudsmit and Uhlenbeck then argued as Sommerfeld had 

done: in an external B field, . If the “spin” could 
Emission line, no external B field only ever line up parallel or antiparallel to B, then there should be 

doublets of various spectral lines, whose separation depended on 
|S| = ℏ/2. They called this “space quantization”: the spin vector 

Emission lines in the presence of an external B field could only point along discrete directions in space. 

By fixing the magnitude |S| = ℏ/2, they found a close match to Zeeman’s results. But with a 
(conceptual) price: with that magnitude of |S|, a point on the electron’s equator would be spinning faster 
than the speed of light, and its mass would diverge. By 1924, such a value of spin — if imagined as a real, 
physical motion — seemed absurd; the effect seemed impossible to visualize. 

Their advisor, Lorentz, cautioned them not to publish. But their other advisor, Paul Ehrenfest, had 
already sent their paper to a journal without telling them! “You’re still young enough to afford a 
stupidity,” he explained.* 

*By today’s standards, Ehrenfest’s actions were totally unethical. Advisors today would put 
their own name on the paper and then submit it to a journal, behind their students’ backs... 
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“Anomalous” Zeeman Effect 
Independent of Goudsmit and Uhlenbeck, Wolfgang Pauli 

introduced his “exclusion principle” early in 1925. 

Following his own advisor, Arnold Sommerfeld, Pauli considered 
adding a fourth quantum number, ns, which (like the other ni) could 
only take on certain discrete values. 

He argued that if this fourth quantum number had a “classically 
indescribable double-valuedness” (i.e., could only take on 2 values), then 
one could account for the anomalous Zeeman effect as well as other 
features of atomic structure. 

Image is in the public domain. 

This became known as the Pauli exclusion principle: 
electrons in an atom must be described by four 
quantum numbers (nr, nj, ml, ns), and no two 
electrons can have the same set of quantum numbers 
at the same time. 

Pauli later claimed to have been inspired by the precision of Can-Can dancers, 
who always managed to get out of each other’s spot at the last moment. 

Copenhagen ca. 1900 
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Heisenberg and Matrix Mechanics 

Heisenberg, “On the quantum-theoretical 
reinterpretation of kinematic and 
mechanical relationships,” 1925 

One of Pauli’s close friends, Werner Heisenberg — another recent PhD 
student of Sommerfeld’s — shared Pauli’s frustration with the approach of 
trying to find visualizable, classical models and then appending ad hoc 
“quantum conditions.” In 1924, Heisenberg began a postdoc position with 
Niels Bohr in Copenhagen. 

Heisenberg sought a new “quantum mechanics”: a first-principles treatment 
of the atomic realm, rather than a kludge. He sought to break the impasse 
of the Bohr-Sommerfeld approach by returning to Einstein’s (Machian) 
positivism of 1905: we can never observe an electron in its orbit within an 
atom, so we should stop trying to calculate atomic properties on the basis of 
quasi-classical orbits. 

Image is in the public domain. 
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Heisenberg and Matrix Mechanics 

Heisenberg, “On the quantum-theoretical 
reinterpretation of kinematic and 
mechanical relationships,” 1925 

One of Pauli’s close friends, Werner Heisenberg — another recent PhD 
student of Sommerfeld’s — shared Pauli’s frustration with the approach of 
trying to find visualizable, classical models and then appending ad hoc 
“quantum conditions.” In 1924, Heisenberg began a postdoc position with 
Niels Bohr in Copenhagen. 

“It seems sensible to discard all hope of observing 
hitherto unobservable quantities [like an electron’s orbit]. 
Instead it seems more reasonable to try to establish a 
theoretical quantum mechanics, analogous to classical 
mechanics, but in which only relations between observable 
quantities appear. [... Previous approaches could be] 
seriously criticized on the grounds that they contain, as 
basic elements, relationships between quantities that are 
apparently unobservable in principle, such as position and 
period of revolution of the electron.” 

Einstein’s response: “A good joke shouldn’t be repeated too often.” 
Image is in the public domain. 
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Heisenberg and Matrix Mechanics 
Heisenberg argued that physicists should focus on empirical 

quantities, such as the frequencies of spectral lines. In particular, the 
Emission lines of the “Balmer series” frequencies of spectral lines obeyed a law of addition. 

of hydrogen 

This relationship could be extended: . In other words, an electron 
could jump from (say) m = 6 to n = 1 all at once (n16), or via 6 → 3, 3 → 1, or 6 → 3, 3 → 2, 2 → 1, 
and so on. 

Heisenberg began to consider arrays of these observable quantities, nnm. 
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Heisenberg and Matrix Mechanics 
Heisenberg argued that physicists should focus on empirical 

quantities, such as the frequencies of spectral lines. In particular, the 
Emission lines of the “Balmer series” frequencies of spectral lines obeyed a law of addition. 

of hydrogen 

In May 1925, in the midst of these studies, Heisenberg 
suffered from hay fever and traveled to the island of 
Heligoland in the North Sea. There he continued his work 

Island of Heligoland, off the coast of Denmark for about two weeks. 
Image is in the public domain. 

Heisenberg began to consider arrays of these observable quantities, nnm. 
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Heisenberg and Matrix Mechanics 
On the island, Heisenberg reasoned: these frequencies n refer to 

spectral lines, that is, to light, so they appear in the exponent when 
Emission lines of the “Balmer series” describing light waves: frequency 

of hydrogen 

amplitude 

If the frequencies n add, then the amplitudes A must multiply: 

So if , one should require . But Heisenberg found: 

The order of multiplication changed the result! 

17



   

     
     

     

  

            

Heisenberg and Matrix Mechanics 
Soon after finishing his paper, Heisenberg began a new position in 

Göttingen, working closely with the mathematical physicist Max Born. 
Born’s reaction: “You dummkopf! You’re studying matrices!”* 

Göttingen Institute for Theoretical Physics 
© source unknown. All rights reserved. This content is 
excluded from our Creative Commons license. For more 
information, see https://ocw.mit.edu/help/faq-fair-use/ 

The fact that A x B ≠ B x A is a general feature of matrix multiplication: matrices do not commute. 

*a rough paraphrase... 
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Heisenberg and Matrix Mechanics 
Soon after finishing his paper, Heisenberg began a new position in 

Göttingen, working closely with the mathematical physicist Max Born. 
Born’s reaction: “You dummkopf! You’re studying matrices!”* 

Göttingen Institute for Theoretical Physics
© source unknown. All rights reserved. This content is 
excluded from our Creative Commons license. For more 
information, see https://ocw.mit.edu/help/faq-fair-use/ 

The fact that A x B ≠ B x A is a general feature of matrix multiplication: matrices do not commute. 

*a rough paraphrase... 
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The Uncertainty Principle 
In Heisenberg’s formulation, physical quantities are represented by 

matrices; hence the outcome of  transformations depends on the order of 
operations. 

In the spring of 1927, Heisenberg returned to Bohr’s Institute in 
Copenhagen. He aimed to work out a physical interpretation of  what non-
commuting matrices might mean for the quantum realm. He imagined a 
gamma-ray microscope.Niels Bohr’s Institute, Copenhagen 

scattered 
gamma ray 

electron 

gamma ray 
(high-energy light) 

If  we want to measure the position of  an electron, we 
can bounce light off  of it and collect the scattered light. 
But the electron is small, so we need light with a small 
wavelength (large frequency) to get good resolution. 

Any light scattered within an angle will enter the 
aperture of  the microscope. Resolving power: 

© source unknown. All rights reserved. This content is 
excluded from our Creative Commons license. For more 
information, see https://ocw.mit.edu/help/faq-fair-use/ 
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The Uncertainty Principle 
In Heisenberg’s formulation, physical quantities are represented by 

matrices; hence the outcome of  transformations depends on the order of 
operations. 

In the spring of 1927, Heisenberg returned to Bohr’s Institute in 
Copenhagen. He aimed to work out a physical interpretation of  what non-
commuting matrices might mean for the quantum realm. He imagined a 
gamma-ray microscope. 

The aperture will collect scattered light with 
momenta pphoton within a cone of  angular size : the 

scattered scattered photons could have any component px within 
gamma ray 

electron px . pphoton = |pphoton|sin 
px 

Following the scattering, the electron will acquire 
gamma ray some momentum within px = |pphoton|sin 

(high-energy light) 
. 

.But |pphoton|= h/ 

Niels Bohr’s Institute, Copenhagen 
© source unknown. All rights reserved. This content is 

excluded from our Creative Commons license. For more 
information, see https://ocw.mit.edu/help/faq-fair-use/ 
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The Uncertainty Principle 
In Heisenberg’s formulation, physical quantities are represented by 

matrices; hence the outcome of  transformations depends on the order of 
operations. 

In the spring of 1927, Heisenberg returned to Bohr’s Institute in 
Copenhagen. He aimed to work out a physical interpretation of  what non-
commuting matrices might mean for the quantum realm. He imagined a 
gamma-ray microscope. 

Combine: 
Niels Bohr’s Institute, Copenhagen 

scattered 
gamma ray 

electron 

One cannot make both x and px arbitrarily small at 
gamma ray the same time! (high-energy light) 

© source unknown. All rights reserved. This content is 
excluded from our Creative Commons license. For more 
information, see https://ocw.mit.edu/help/faq-fair-use/ 
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The Uncertainty Principle 

Heisenberg intrepreted this result as a disturbance: we are clumsy, 
and we can’t help but disturb tiny things like electrons when we try 
to measure their properties. 

Bohr strongly disagreed. During intense — sometimes tear-streaked 
— discussions throughout the spring and summer of 1927, 
Heisenberg and Bohr argued over how to make sense of  the new 
uncertainty prinicple.* 

Bohr’s interpretation: x px ~ h is not a result of  our clumsiness, but a fact about quantum objects 
themselves: they simply do not and cannot have simultaneously sharp values for certain pairs of  properties. 
To Bohr, the electron did not have x px = 0, even before it was smacked by the photon. 

* See Megan Shields Formato reading: Bohr was always working in dialogue with other people, most often 
his wife Margrethe Bohr (who rarely received any credit). Sometimes these dialogues became quite emotional! 

Niels Bohr’s Institute, Copenhagen 
© source unknown. All rights reserved. This 

content is excluded from our Creative Commons 
license. For more information, see https:// 
ocw.mit.edu/help/faq-fair-use/ 
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The Uncertainty Principle 

Niels Bohr’s Institute, Copenhagen 

If the uncertainty principle held for quantum objects themselves 
(and not just as a consequence of our interactions with them), then 
there could be no trajectories for quantum objects: after all, a 
trajectory requires knowing where an object is and where it is going at 
each moment in time. 

© source unknown. All rights reserved. This content is 
excluded from our Creative Commons license. For more 
information, see https://ocw.mit.edu/help/faq-fair-use/ 

To Bohr, at least, the uncertainty principle seemed to imply that given x(t0), one cannot 
know x(t1) with certainty. This suggested the fall of determinism: given the present state of a 
system and knowledge of the forces acting on it was no longer sufficient to predict with 
certainty what would happen in the future. 

Bohr eventually convinced Heisenberg of this broader conception; Bohr came to 
call it “the general epistemological lesson of the quantum.” 
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