Krivkovy integral skalarniho pole

V nasledujicich piikladech budeme pocitat kiivkové integraly skalarniho pole f podél kiivky K. Piikazy
jsou zapsany ¢ervenou barvou, "maplovska” feseni pak barvou modrou.

Piikazy, které budeme potifebovat, jsou obsazeny v baliku programu VectorCalculus, ktery si
otevieme nasledujicim piikazem :

> with(VectorCalculus);

Warning, the assigned names <,> and <|> now have a global binding

Warning, these protected names have been redefined and
unprotected: *, +, ., D, Vector, diff, int, limit, series

&z, %, +, ., <,>, < | >, AddCoordinates, ArcLength, BasisFormat, Binormal,
CrossProduct, Curl, Curvature, D, Del, DirectionalDiff, Divergence, DotProduct,
Fluz, GetCoordinateParameters, GetCoordinates, Gradient, Hessian, Jacobian,
Laplacian, Linelnt, MapToBasis, Nabla, Pathint, PrincipalNormal,
RadiusOfCurvature, ScalarPotential, SetCoordinateParameters, SetCoordinates,
Surfacelnt, TNBFrame, Tangent, TangentLine, TangentPlane, TangentVector,
Torsion, Vector, VectorField, VectorPotential, Wronskian, diff, eval VF', int, limit,
series|
V prvnich 9 piikladech budeme integrovat skaldrni pole f : B2 — R, a to podél 2-rozmérné kiivky.
Vétsinou budeme pracovat s kartézskymi souradnicemi. Musime to vSak ”Maplu sdélit”. To se provede
pomoci nasledujictho piikazu:
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> SetCoordinates(cartesian(x,y]);
cartesiany ,
Priklad 1: f(z,y) = zy, K je isecka PQ, P = (1,0), Q = (0,2).
Resent :

> PathInt(x*y, [x,y]=Line(<1,0>,<0,2>),’inert’)=
> PathInt( x*y,[x,y] = Line( <1,0>, <0,2> ));

/ (1—t)t/5dt = ?
Piiklad 2: f(x,y):x2+y2,KjeflseoékaPQ,P (1,1), @ = (3,3).

ResSeni :

> PathInt( x"2+y~2, [x,y] = Line( <1,1>, <3,3> ),’inert’ )=
> PathInt(x"2+y~2, [x,y] = Line( <1,1>, <3,3> ));

/1 (142t)2V2dt = 52\f

Piiklad 3: f(z,y) =z +y, K je obvod trojihelnika s vrcholy A=(0,0), B=(0,2) C =(1,0).
Resent :

Protoze na kiivku lze v tomto piipadé nahlizet také jako na lomenou caru, kterd zac¢ind a konéi ve
stejném bodé, 1ze kiivkovy integral spocitat pomoci nasledujictho ptikazu:

> PathInt(x+y, [x,y]=LineSegments(<0,0>,<0,2>,<1,0>,<0,0>),’inert’)=
> PathInt(x+y, [x,y]=LineSegments( <0,0>, <0,2>,<1,0>,<0,0> ));
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Priklad 4: f(x,y) = 2% K je oblouk kiivky y =Inz, z€<1,2>.
Resent :
Ktivku K lze parametrizovat takto: z =t, y =Int, t €< 1,2 > .
Kiivkovy integrél potom spocteme pomoci nasl. prikazu:

1 1 1
/4tdt+/ (—t+2)\/5dt+/1—tdt:5+32£
0 0 0

> PathInt( x°2, [x,y] = Path( <t,Iln(t)>, t=1..2 ),’inert’ )=
> PathInt(x"2, [x,y] = Path( <t,1ln(t)>, t=1..2 ))-

5\f
241+ =dt =
[eiea o

Priklad 5: f(z,y) =z, K je oblouk paraboly y = 22, s koncovyml body A= (1,1), B =(2,4).
Reseni :

Kiivku K lze parametrizovat takto: x = ¢, y =2, t €< 1,2 > .

Ktivkovy integral potom spoc¢teme pomoci nasl. prikazu:

> PathInt( x, [x,y] = Path( <t,t"2>, t=1..2 ),’inert’ )=
> PathInt( x,[x,y] = Path( <t,t"2>, t=1..2 ));

2 171
/t\/1+4t2dt:—51\§+ 712 !
1

Priklad 6: f(x,y) =y, K je oblouk paraboly y* = 2pz, s koncovymi body A = (0,0), B = (0, 2).
Resent :

Krivku K lze parametrizovat takto: x = ;—;, y=t te<0,2>.

Ktivkovy integral potom spoc¢teme pomoci nasl. ptrikazu:
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> PathInt( y, [x,y] = Path( <t~2/(2*p),t>, t=0..2 ),’inert’ )=
> PathInt(y, [x,y] = Path( <t"2/(2*p),t>, t=0..2 ));

p +4
)(3/2) p?

t2 2
/1/1+—dt ——+ P ;

Piiklad 7:  f(z,y) = 2y, K je vétev cykloidy zadané parametricky: = = 2(t — sint), y =
2(1 —cost), t €< 0,271 >
Reseni :

> PathInt( sqrt(2*y), [x,y] = Path( <2*(t-sin(t)),2x(1-cos(t))>,
> t=0..2*%Pi ),’inert’ )=PathInt( sqrt(2xy), [x,y] =
> Path(<2*(t-sin(t)),2*(1-cos(t))>, t=0..2%Pi ));

/%\/5 V—2cos(t) +2+/(—2cos(t) + 2)2 + 4sin(t)2dt = 827

Piiklad 8: f(x,y) = arctg £, K je ¢ast Archimedovy spiraly zadané v poldrnich soufadnicich
rovnici r = ¢, ¢ €< 0,1 > . Reseni :

l.zpusob: Kiivku lze zadat jako "maplovsky” Vector v poldrnich souradnicich: < 7(p),p >=<
Y, p >=<t,t >, prejmenujeme-li proménnou ¢ na t.

Krivkovy integral potom spocteme pomoci nasl. prikazu:

> PathInt( arctan(y/x), [x,y] = Path( <t,t>, t=0..1,’coords’=’polar’
> ),’inert’ )=PathInt( arctan(y/x), [x,y] = Path( <t,t>,
> t=0..1,’coords’=’polar’ ));
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/0 arctan( sin(t)) V/(cos(t) — tsin(t))? + (sin(t) + t cos(t))? dt =

/0 arctan(:i) (t)) V/(cos(t) — tsin(t))? + (sin(t) + ¢ cos(t))? dt

Vidime, ze Maple integral nespocital. Zkusme tedy
2.zpusob: Ten spociva v tom, ze pomoci transformacnich vztahu mezi polarnimi a kartézskymi
soufadnicemi sestavime parametrické rovnice kiivky K v kartézskych soutradnicich:
r =rcost =tcost, y=rsint =tsint, te€<0,1>.
Krivkovy integral potom spocteme pomoci nasl. prikazu:

> PathInt( arctan(y/x), [x,y] = Path( <txcos(t),t*sin(t)>, t=0..1
> ),’inert’ )=PathInt( arctan(y/x), [x,y] = Path( <t*cos(t),t*sin(t)>,
> t=0..1));

/o arctan( Sg;ig) V/(cos(t) — tsin(t))? + (sin(t) + t cos(t))? dt =

(@]

/0 arctan( sm((i))) V/(cos(t) — tsin(t))? + (sin(t) + ¢ cos(t))? dt

Vidime, ze Maple integral opét nespocital. Zkusme "mu tedy pomoci” upravou integrandu:

> Int(arctan(tan(t))*sqrt((cos(t)-t*sin(t)) "2+(sin(t)+t*cos(t))"2),t=0.
> .1)=int(arctan(tan(t))*sqrt((cos(t)-t*sin(t)) "2+ (sin(t)+t*cos(t))"2),t
> =0..1);
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/0 arctan(tan(t)) v/(cos(t) — tsin(t))2 + (sin(t) + t cos(t))2 dt =

/0 arctan(tan(t)) y/(cos(t) — tsin(t))2 + (sin(t) + t cos(t))? dt

Maple integral znovu nespocital. Zkusme "mu tedy pomoci” jesté nasledujici ipravou integrandu:

T
arctg tgt =1t, protoze t €< 0,1 >C< 35 > .

> Int(t*sqrt((cos(t)-t*sin(t)) "2+ (sin(t)+t*cos(t))~2),t=0..1)=int(t*sqr
> t((cos(t)-t*xsin(t)) "2+ (sin(t)+t*cos(t))"2),t=0..1);

/olt /el — TS+ )+ Feos @ = 2Y7 L

3 3

Piiklad 9: f(z,y) = o L e K je ¢ast hyperbolické spiraly zadané v polarnich souradnicich
Te+y“)2

rovnici r = é, ©E< V3,22 > .

Resent :

Z hlediska zpusobu reSeni mdame 2 moznosti-stejné jako v predchozim prikladé.
1.zpusob:

PathInt( 1/(x"2+y~2)~(3/2), [x,y] = Path( <1/t,t>,
t=sqrt(3)..2*sqrt(2),’coords’=’polar’ ),’inert’ )=PathInt(
1/(x~2+y"2)~(3/2), [x,y] = Path( <1/t,t>,
t=sqrt(3)..2*xsqrt(2),’coords’=’polar’ ));

vV V. V V
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2.zpusob:

> PathInt( 1/(x"2+y~2)"(3/2), [x,y] = Path( <1/t*cos(t),1/t*sin(t)>,
> t=sqrt(3)..2xsqrt(2) ),’inert’ )=PathInt( 1/(x"2+y~2)"(3/2), [x,y] =
> Path( <1/t*cos(t),1/t*sin(t)>, t=sqrt(3)..2*sqrt(2) ));

cos(t) sin(t),, sin(t) | cos(t),,
/Zﬁ\/< e ) T T >dt:g
V3

cos(t)?  sin(t)? 3
( 12 12

)(3/2)
V nasledujicich 3 prikladech budeme integrovat skalédrni pole
f: R® — R, a to podél 3-rozmérné kiivky. Protoze budeme pracovat
s 3-rozmérnymi kartézskymi souradnicemi, musime si je umét v Maplu ”vyvolat”. To se provede
pomoci nasl. prikazu:

> SetCoordinates(cartesian(x,y,z]);
cartesiany . -

Piiklad 10: f(z,vy, 2) K je zavit sroubovice x = 2cost, y = 2sint, z = 2t, t €< 0,27 >

_ 22
= @)

ResSeni :
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> PathInt( z"2/(x"2+y~2), [x,y,z] = Path( <2*cos(t),2*sin(t),2*t>,
> t=0..2*%Pi ),’inert’ )=PathInt( z"2/(x"2+y~2), [x,y,z] = Path(
> <2*cos(t),2xsin(t) ,2*t>, t=0..2%Pi ));
/2”8132 /14 sin(t)? + cos(t)? g 16 ™2
0 4sin(t)? + 4 cos(t)? B 3
K je ddna parametrickymi rovnicemi x = e’ cost, y = e'sint, z =

Piiklad 11:  f(x,y,2) =
e, t€<0,1>.

1
2 +y2+z2 9

Reseni :
> PathInt( 1/(x"2+y~2+z~2), [x,y,z] = Path(
> <exp(t)*cos(t),exp(t)*sin(t),exp(t)>, t=0..1 ),’inert’ )=PathInt(
> 1/(X“2+yA2+z*2), [x,y,z] = Path( <exp(t)*cos(t),exp(t)*sin(t),exp(t)>,
> 1))
t _ ot t 2 tgin(t t t 2 t\2 3 1
'/ (et cos(t) — e sin(t))? + (e 51T1( )+ et cos(t))? + (et) gt = i__ﬁe(—l)
(et)? cos(t)? + (et)?sin(t)? + (et)? 2 2
Priklad 12: f x,y,2) = z, K je ddna parametrickymi rovnicemi x = t cost, y = tsint, z =t, t €<
0,27 > .
Reseni :

> PathInt(z, [x,y,z]

= Path( <txcos(t),t*sin(t),t>, t=0..2%Pi ),’inert’
> )=PathInt(z, [x,y,z] =

Path( <t*xcos(t),t*sin(t),t>, t=0..2%Pi ));

/ t\/l (cos(t) — tsin(t))2 + (sin(t) + t cos(t))? dt:—zg/i_'_ (2+4;72)(3/2)
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