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Abstract

This paper extends the Ramsey model’ s normative analysis to issues of generationa wel-
fare and intergenerational transfers. A planner, who maximizes the discounted welfare of an
endless stream of generations, isintrinsically biased against larger cohorts, which are more
costly to provide utility. Imperfect production substitutability produces a market bias against
baby booms as well, lowering their lifetime income. The market bias, however, tends to be
greater than that of the planner, who provides the baby boom cohort with more favourable life-
timetransfers. Intuitively, the baby boom benefits from temporarily reduced elderly depen-
dency, alowing greater lifetime consumption relative to lifetime income. Declining population
growth leadsto rising elderly dependency, which the planner supports with increasing
intergenerational transfers. Secularly rising socia security taxes, and declining lifetime returns,
with a baby boom cohort receiving more favourabl e treatment than their heavily burdened suc-
cessors, are consistent with the wishes of a social planner in an environment with declining pop-
ulation growth.
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. Introduction

The baby boom generation has, since birth, elicited positivist inquiries into the impact of
cohort size on general equilibrium and generational welfare. Early Mathusian discussions of
resource depletion and food supplies (Davis 1953), were followed, as the baby boom reached
maturity and entered the labour force, by more prosaic analyses of imperfect labour substitutabil-
ity and the impact of cohort size on lifetime earnings (Freeman 1979, Welch 1979). The move-
ment of the baby boom into middle age inspired studies of the demand for housing (Mankiw &
Weil 1989, Poterba 1991), while, more recently, its approaching retirement has motivated
discussions of rising asset prices and potential future meltdowns (Abel 2001, Brooks 2000, Pot-
erba 2000). The impact of cohort size and congestion on educational attainment has also drawn
the attention of economists, as long term postwar trends in lifetime educational attainment
become apparent (Card & Lemieux 2000). While the magnitude and significance of these effects
isamatter of some controversy, the overall direction isnot:* as a consequence of belonging to a
large cohort, the baby boom generation acquired less human capital, experienced lower earnings,
and has and will enjoy less favourable asset prices and returns then would otherwise have been
the case.”

On a seemingly orthogonal dimension, the postwar decades have seen a growing literature
on the worsening generational return from socia security (e.g. Myers and Schobel 1983, 1992;
Caldwell et a 1998; Geanakoplos et al 1998). As birth rates have fallen and life spans increased,

the tax rates necessary to support elderly benefits have risen dramatically, drawing attention to

! Even a skeptic such as Poterba (1991, 2000), who manages to reverse the predicted signs
in non-structural multivariate correlations, repeatedly supports the direction of the effects
implied by theory, interpreting his results as merely implying that demographic structureis, in
the grand scheme of things, of little practical significance.

% Perhaps the strongest expression of the "demography as destiny” viewpoint was made by
Easterlin (1980), who associated the size of the baby boom cohort with reduced lifetime
incomes, higher unemployment, less fertility, higher female participation, increased divorce,
crime and suicide rates and stagflation. Russell (1982) made a less ambitious review of tradi-
tional economic issues, reaching more muted conclusions.
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the fact that an intergenerational transfer system in adynamically efficient economy cannot,
despite the largess heaped on prewar generations, assymptotically provide a market rate of
return. Anticipated continued increases in elderly dependency have sparked repeated political
debates on tax increases and benefit reductions. While all postwar generations will likely experi-
ence a substantial lifetime tax burden, the longer the tax increases or benefit reductions necessary
to achieve indefinite fiscal soundness are postponed, the more that burden will be shifted away
from the baby boom generation to later cohorts.

This paper looks to integrate these two literatures with a normative analysis of generational
policy. Specifically, | ask how asocial planner, or integrated household, would treat successive
generations in an economy with a fluctuating birth rate. | find that the planner isintrinsically
biased against large cohorts which, on a per capitabasis, are more costly to give utility. Larger
cohorts, however, benefit from a reduced burden of supporting their elderly parents. Conse-
guently, while the large size of a baby boom diminishesiits lifetime income, its consumption,
aided by the income effect of reduced dependency, falls less than proportionately. Put
differently, the bias of the market against large cohorts, described above, is greater than that of
the planner. Secularly declining birth rates lead to rising elderly dependency, which the planner
supports with increasing social security tax rates and lifetime tax burdens. Within this secular
trend, however, a baby boom generation will be granted more favourable tax treatment than its
successor cohorts. In sum, the model suggests that an economy with a declining birth rate should
introduce a growing transfer system to the elderly, with positive net lifetime transfersto early
recipients, but, in the face of atemporary baby boom, should postpone long term fiscal responsi-
bility, granting that generation more favourable treatment than its heavily burdened successors.

The paper proceeds as follows. Section Il motivates the formal analysis by reproducing, in
the simplest general equilibrium framework, the market bias against large cohorts. Consider-
ation of asocia planner’s response to market outcomes requires some measure of the planner’s

resources. To thisend, Section 111 devel ops the concept of the "demographic gift”, defined as the



negative of the change in the capital stock necessary to keep the welfare of all current and future
generations constant following a change in the birth rate. | show that the gift is related to both
welfare outcomes, as it equals amarginal utility normalized sum of discounted future genera-
tional welfare changes, and intergenerational transfers, as any socia optimum can be achieved
by transferring the demographic gift of each generation to its parents. With this analytical tool in
hand, Section IV reexamines the simple general equilibrium example from the perspective of a
socia planner that maximizes the discounted sum of generational utilities, deriving the results

described above. Section V concludes.



1. Demographic Fluctuations and Generational Welfare: A Simple Example

Consider an economy populated with an infinite number of generations, indexed by their
time of birth t, whose members live two periods and enjoy lifetime utility derived from consump-

tion when young and when old:
(1) U, =InC’+BInC/,,.

Each individual in the economy inelastically supplies one unit of labour when young, and output

is produced using that labour and capital, which depreciates completely in one period:

2 Q = Ktal-tl_a Kivr = §Qs
where L, denotes the size of generation t and s, the gross savings rate. The growth of cohort size
from period to period, n, = L/L,_,, isani.i.d. random variable.

The equilibrium of this overlapping generations economy, in the absence of government

intervention, iswell known. Each individual, seeking to maximize their expected lifetime utility,

obeys the first order condition

B +1
©) i=E[[ i }

C/ 1
where R, isthe gross return on capital. With the production structure laid out in (2) above, and
the net present value of lifetime consumption limited by wage income when young (W), the
solution to each individual’s problem involves consuming and saving a fixed fraction of wage

income:

W, R.,WB
4 C=— ° = :
@ G 1+B Cinn 1+B

The gross savings rate is a constant fraction of output, s = (1-o)B/(1+ B), and capital per

worker follows the stochastic difference equation

Kt+1 _ kt _ Skta
I—t+1 H nt+1.
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With the consumption decisions given by (4), the lifetime utility enjoyed by each generationisa
positive function of both the wage and the gross rental which, using (5), can be reduced to a

function of the capital-labour ratio at birth and subsequent Iabour force growth:

6) U, =@1+B)InW, + BInR,, + ¢

o(l+Boylnk, + BA-o)Inn,,, + ¢’,

where ¢ and ¢’ are constants.

We now consider the distributional impact of a baby boom, i.e. an unusually high realiza-
tion of n,. A baby boom in period t lowers the value of capital per worker, k;, raising the gross
rental and lowering the wage rate. The unanticipated boom in capital income increases the
welfare of the elderly (U,_, T), but the reduction in wage income lowers the expected lifetime
utility of the current young (E,[U,] {). In fact, given the constant savings rate, the expected value
of theIn of all future capital-labour ratiosis lowered, reducing the expected lifetime utility of all
future generations (E,[U, ;] 4 V i >0). Thus, the baby boom resultsin the most drastic of inter-
generational redistributions. The welfare of the current elderly isincreased, but at the cost of
reducing the expected welfare of all their descendents. This example illustrates the market bias
in favour of smaller cohorts.

One can hardly write down a problem such as that described above without, immediately,
introspecting on how the redistribution implied by the OLG market equilibrium would be viewed
by asocial planner who cares about the utility of all generations. Can the enhancement of the
utility of the elderly at the expense of all future generations possibly constitute a social opti-
mum? |If so, what factors in the problem encourage a planner to pursue such a " perverse" out-
come? How might a planner want to modify the market outcome, and what form would the
optimal intergenerational redistribution of resources take? These are the problems addressed in

this paper.



[11. The Demographic Gift

| begin the analysis by developing a measure of the incremental resources availableto a
planner following a change in cohort size. To thisend, define the "demographic gift" as-1 times
the adjustment to the capital stock or output necessary to hold the welfare of all current and
future generations constant following a proportional change in the size of a given cohort. This
"gift", which may be positive or negative, is akin to acompensating variation. Aswill be seen, it
determines the welfare impact of demographic change and isintimately related to the intergen-
erational transfersimposed by any planner in pursuit of a social optimum.

To put some meat on the concept, consider a generalization of the economy of the previous
section, in which each generation now has a maximum lifespan of T periods and derives utility
from consumption and, perhaps, leisure. Output is a concave constant-returns-to-scale function

of labour and capital inputs, with the dynamics of the capital stock given by
T o
7 K., =FK,L,L'%. ., LLO)+1-8K - X CL/,
i=0

where L denotes the number of individuals of agei alive at timet and C| their associated con-
sumption per capita. The listing of all generations, from age 0 to T, in the production function
allows, implicitly, for varying labour supplies and lifecycle productivities. Expressed in

intensive terms, the capital stock follows the equation
® Kos = Pl AL 10+ -5k - Sl

wherek, is capital per newborn and || the relative size of surviving age cohorts
© k=KL =L = pt‘_ir;ljlory‘_lm,

with p}_; denoting the probability of amember of generation t-i surviving to agei and n, the
growth of cohort size between periodst-1 and t, i.e. the birth rate. | assume that the economy is
Pareto efficient. My intent isto calculate the demographic gift associated with a proportional

change in n,, holding constant all subsequent birth and death rates.



If the economy is Pareto efficient, to hold the welfare of current and future generations
constant one can do no better than keep all per capita consumption, and implicit labour supplies,
unchanged. Assuch, for this exercise, the only variables in the economy are capital per new-
born, k,, and the relative size of surviving age cohorts, ;. By timet+T, the influence of n, on the
relative size of age cohorts has disappeared (see (9) above), so that if the economy can reach
period t+T with unchanged capital per newborn, k; , 1, it is guaranteed the ability to provide all
future generations their original welfare. To this end, differentiate equation (8) to derive an

equation of motion in the deviation of capital per newborn:

dkt+i+1 dkt+| Ll (Ct VVtJ+|)It+|
+i + 2
dn, =R an, =i+ n,

(10) nt+i +1

b

where W/, denotes the labour income of personsaged j at timet+i, R ,; = F£*' + 1 -8 the corre-

sponding gross rental, and | have made use of the fact that

ay ., = H so that di _ Vijzi+l
t+i pt+| -j nt+| m> dm - nt J— .

Multiplying both sides of (10) by n/n,.;, k.., alowsthe expression

R +i+ K +i R +i Ll WJ+| L +i
w & 1:R[+{ t J . 3 Ga-Wl

A~ b
n j=i+1 Kivist

t Kt+i+1

where ™ denotes a proportional change. Leading this equation forward T periods, one finds that

T-1 ) )

R H I:et+k T- 2 Ct+||-tj+| Vth+i|-tj+i e
t+T k=0 j=i+1

(13) —— = > +( JKI
n

t Kisr | i=0

H I:et+k
k=0
Setting (13) equal to zero, and noting that k /Ny = K /N —1, or dKk/n, =K (k /A, + 1), produces the
increment to the capital stock necessary to keep welfare unchanged

th - 2 Vth+||-tj+| Ctj+i|-tj+i
(14 — ;

Ny

ll_[ I:et+k
k=0



The demographic gift is the negative of thisincrement

T . . . .

T-1. 2 CtJ+i|-tJ+i_Vvtj+i|-tj+i

(15) AK, = Y =%
i=0

i - K,
H I:et+k
k=0

or, when expressed in units of gross output

T . . . .
T-1 2 CtJ+i|-tJ+i_Vvtj+i|-tj+i
j=i+1
(16) AQ, = RAK, = igoj i - RK;.
kH1R+k

As shown in the appendix, in a Pareto efficient economy the demographic gift equals the
net present value of changesin real per capita expenditure or, equivalently, amarginal utility

normalized sum of the present discounted value of changesin realized generational utilities

dEl,,
AU

(17) AK = X ¥ =Y ,

i=0j=0 i=0 i
H I:e{+k H I:e{+k
k=0 k=0

dUHi

where E/ ., denotes real expenditure, on consumption and leisure, by persons aged j at time t+i,
U, ., the average realized lifetime utility of cohort t+i and MUY, ; their marginal utility of real
expenditure at birth. The demographic gift defines an implicit deviation of the economy’s capi-
tal endowment from its original value. When the gift is positive, the economy’ s endowment has
increased, and a Pareto improvement is possible. When the gift is negative, the welfare of at
least one generation must be reduced.

As can be seen from (16) above, the gift associated with an increase in the size of the birth
cohort at time t depends upon the difference between the net present value of the consumption of
older cohorts alive at that time and the net present value of their corresponding labour and capital
income. When this measure is positive, older cohorts are leaving a negative net bequest, i.e. they

live at the expense of future generations, and arise in the birth rate dilutes this tax across a

broader base, raising welfare. Similarly, when pre-existing cohorts plan on leaving a positive net



bequest, arisein the birth rate dilutes this transfer across a broader base, lowering welfare. For
an OL G economy such as that discussed in the previous section, the gift isidentically zero.
However, if one defines the demographic gift per new born as Ak, = AK,/L?, one can (albeit with
some difficulty) show that the derivative of this gift with respect to Inn, is given by

Xi i Ay X
dAkt T- t+k MMt +kM+k
18 — =3 o, & :
N k= Lt I—t+k 1__[ORt+m

where A, isthe matrix of second derivatives of F with respect to capital and the T labour

inputs, evaluated at time t+k, and
(19) X/t+k = (_Kt+kl2t+k/ﬁt’ I-tT+k’ I-tT+_k1’ tero I-tk++k1’ O’ ’O) .

As the production function is assumed to be concave, the second term on the right-hand side is
negative, aresult akin to the diminishing marginal product of labour. It followsthat for a Pareto
efficient OLG economy the demographic gift associated with any non-infinitesimal increase or
decrease in the size of a birth cohort is negative, i.e. must always result in awelfare loss for at
least one generation.

The demographic gift can be related to the intergenerational transfers that might be
imposed by a planner. With the demographic gift per newborn, in units of output, given by

Ag, = AQ/L?, one can see that

T
(20) —AG+5—AG.; = X z :
H ) H I:et+k B H I:et+k

k=1 k=1

The right-hand side of this equation is the difference between the net present value of the con-
sumption of generation t and the net present value of its lifetime labour income. It follows that
any social planner whose optimal plan respectsindividuals' first order conditions can achieve his
desired allocation in a decentralized OL G setting by imposing alifetime tax on each generation

egual to their demographic gift (calculated using the socially optimal path of consumption and



factor returns), and paying it as benefits to their parents.

Before proceeding further, it might be advisable to repair some of the corners cut in the
interest of brevity. The economy discussed in the previous section, as well aslater in the paper,
operates in an environment of aggregate uncertainty, whereas in the analysis of the demographic
gift laid out above all future birth and death rates are deemed known. In an uncertainty frame-
work, the expected welfare of al current and future generations can be held constant if, follow-
ing a changein the size of cohort t, the planner can keep k; , + unchanged in all realized states of
theworld in period t+T. When individuals live for only two periods, this collapsesto the
certainty case, as the planner only needsinformation on variablesin period t.> Asthiswill be the
casein al of the examples pursued in this paper, | have skirted the issue of uncertainty in the
presentation above. The appendix extends the results to a general uncertainty framework.

In keeping the future growth of cohort size (n,,; = L;./L;.;_,) constant, the analysis of the
demographic gift laid out above implicitly assumes that only the youngest cohort produces chil-
dren, ruling out the possibilities of further fluctuations in relative cohort size induced by an ini-
tial shock (e.g. "baby boomlets"). A more realistic assumption would be to alow the genera

birth process
T .. T
(21) Lt+1 = zlobtll—tI or nt+1 = zlobtlltI ’

where b/ isthe fertility of persons of agei at timet. While this complicates the algebraimmesa-
surably, it does not change the spirit of the results. For example, in these circumstances one can
still show that the social planner can achieve a social optimum in a decentralized OL G setting by
imposing alifetime tax on each generation equal to their demographic gift per capita, in

exchange for benefits equal to the demographic gift of their progeny:

$Consider (15) when T = 1.
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il i+iA +i+ Ll I+| I il Wi+i I
(22) _Aqt+_§0bti+1—qtl - ;0 CI:t P > it Pt
) 1:[ I:et+k - k:1Rt+k - kEI I:et+k

| leave such complications for later empirical applications, concentrating, in this paper, on the
theoretical usefulness of the demographic gift as a means of comprehending a simple socia plan-

ning problem.
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V. The Smple Example Reexamined

| now reconsider the simple economy of Section |1 from the perspective of a planner who

maximizes the expected value of the discounted sum of generational utilities
(23) E[ > UYL} , where U, = InC/+BInC/,,,
i=-1

subject to the technological constraints and restrictions
(24 Q = Ktal-tl_aa Kivi = 8Q = Qt_Ctth_CtoLt—l’ n = L/,
and ye (0,1), me[0,1], and E[n" < VY.

The social planner discountstime at aratey, which may or may not equal the individual rate of
discount B, and places aweight on generational size, n, which varies between 0 and 1. When
n = 0, the planner, in the Samuelsonian [1958] tradition, cares about the average utility per gen-
eration, whereas when n = 1 he follows Lerner [1959] in seeking to maximize the total sum of
generational utility. With a stochastic birth rate n,, the effective discount rate, yn*, isarandom
variable whose mean is constrained to be less than one. This planning problem integrates the
generations of the economy in amanner similar to that achieved when individuals care about the
welfare of their offspring, but goes further by allowing negative bequests, i.e. transfers from the
young to the elderly.

The usual variational argument establishes the characteristics of the socialy optimal con-
sumption plan. At each datet, the planner can take an infinitesimal unit of consumption AC and

reallocate it from the elderly to the youth, increasing the maximand by an amount

AC)(y'L AC [ BY'L,
= (TJ(?HLJ(TJ

Each member of the younger generation gains a consumption of AC/L,, which increases the max-

imand by the marginal utility of their consumption (1/C/) times the weight the planner places on
the per capita utility of that generation (y'L,"). Theloss, to the planner, is the reduction in the per

capita consumption of the elderly (AC/L, _,) multiplied by their marginal utility (B/C?) and their

12



weight in the planner’ s objective function (y“lLt”_ 1). Along an optimal path, (25) must equal

zero at all times, which allows one to derive the intratemporal first order condition
(26) C = Cty( %Jn[ -

Along a socialy optimal path the ratio of elderly to youth consumption depends upon the
ratio of private to social discount rates and the rate of population growth. With regards to the
latter, in particular, arise in the rate of population growth will raise the relative consumption of
the elderly if n < 1. The cost of providing utility to each member of ageneration isincreasingin
the size of the cohort. This automatically imparts abiasin favour of providing utility to smaller
cohorts, abias which is offset to the degree that the planner places weight on the size of each
generation. Inthe extreme, whenn = 1, the two forces exactly offset each other and the relative
consumption of the elderly and the young is constant. For the purposes of the succeeding analy-

sis, it isuseful to define a measure of dependency as the total consumption of the elderly relative

to that of the young
CL. B
@) ==X
G'L ML

When 1 = 0 the planner responds to a baby boom and the increased cost of providing utility to
the young by drastically shifting consumption in favour of the elderly, so that, despite therisein
the relative number of young, overall dependency does not fall. However, a positive weight on
generational size (m > 0) reduces the substitution in favour of the elderly and ensures that depen-
dency declines with the rate of population growth.

Turning to intertemporal considerations, at any point in time the planner can consider the
possibility of taking an infinitesimal unit of consumption AC and reallocating it from the youth

of the day to the youth of tomorrow, for anet gain of:
AC th AC ) t+1|_n+
28) -| == Yo +E Rl v Ly .
L C/ Liss Gy
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Requiring that (28) equal zero along an optimal path produces the intertemporal first order condi-

(29) i: |:(Yntn+1\](R[+lJ}.
C(y y+1 Meya

The planner equates the expected marginal utility of the young to that of their successors,

tion

adjusted for the effective discount placed on the per capita utility of later cohorts (yn,', ;) and the
rate of intertemporal transformation between generations (R, ,/n, . ;), as capital accumulated from
one period to another is diluted by labour force growth. An optimal path of consumption will

satisfy (29), as well as the intertemporal budget constraint
(30) N,k = sk’ =k'-C/-Co/n,
= k'-CYA+X).

To complete the solution, | rely upon intuition derived from standard models. Definen as
the value of n, at which the random variable n' = E[n"]. When n, equalsn, the planner’s dis-
count factor equals its expected value and his problem is very similar to that of an infinitely lived
consumer with a constant discount factor. Accordingly, one can conjecture that the solution will

follow the standard problem and, with the savings rate equal to the discount factor times the

share of capital, define

B Ky = 0

For deviations of n, away from n, define corresponding deviations in the consumption of the

young and the future capital stock

y
@) Koo=2t oad &=

kt+1 Ety
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Figure|: Didributing the Benefits
of Reduced Dependency
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Dividing both sides of the economy’s intertemporal budget constraint (30) by k.., = sk®

one finds

(33) BC: k., :1(1

S 1+X

ClL+X) (1~ S)J
Equation (33) appears as the downward sloping line BC in Figure | above. Providedn >0, arise
in n, lowers dependency (X,) rotating the budget constraint outward. The planner’s Engel curve
isdrawn astheline EE in Figurel. Thislineisderived by conjecturing that the In-In structure of
the model delivers certainty equivalence, with future values of n" treated as being known, and
egual to their expected value, so that the intertemporal first order condition, (29), can be manipu-

lated as follows

1 [yl | ok ski'. s(1+ X)
G = =5 == = .
o ‘1 Nt Clin.k,, Q=S ik,
Inverting both sides of the equation, and dividing by C; = (1 - s)k*/(1 + X), one finds the Engel
curve
(35) EE: CY = ki,,.

Combining BC and EE, one can solve for

. 1+X
(0 Cl = i@+ xd-s)

In sum, one can conjecture that the optimal path of youth consumption, and associated gross sav-
ingsrate, is given by

(1-s)k’ s(1+X)

G G sirora-oaw ™ ST @e0ra-9a;

It iseasily confirmed that (37) satisfies the intertemporal first order condition (29) above, and
completes the solution of the model.
A risein n, depletes capital per worker (k) and may lower the dependency rate (X,). Inthe

typical infinitely lived consumer model, when production and preferences are In-linear and the
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depreciation rate is 100%, the income and substitution effects of any movement in capital per
worker exactly cancel so that the savings rate is constant and consumption responds In-linearly to
changesin capital per worker brought about by fluctuationsin the birth rate. The model
described above shares a similar preference and technological structure and the income and sub-
stitution effects of a change in capital per worker similarly cancel, so that the savingsrateis
independent of capital per worker, while consumption responds In-linearly to movementsin that
variable. Unlike the standard model, however, the framework delineated above explicitly con-
siders changes in the relative consumption of different age groups. Providedn >0, ariseinn,
lowers the dependency rate (X, 1), a pure income effect which allows for both greater
consumption today (C) T) and greater consumption tomorrow (s, T). This effect plays an impor-

tant role in the analysis of intergenerational transfers further below.

(a) Distributing the Demogr aphic Gift

While the preceeding demonstrated how the stochastic difference equation implicitly
defined by the intertemporal first order condition can be solved by isolating the effects of capital
dilution and dependency, the concept of the demographic gift allows a ssimpler, more direct, solu-
tion method. To thisend, consider the demographic gift derived from a proportional deviation of

n, from n, expressed as a share of the current capital stock, i.e. (using (15) earlier above)

MK,  GPL_i—RK,  0,,(1-5)
K, RK; o

(38) 1,

where 0,4 = X/(1+ X) isthe consumption share of the elderly. Anincreaseinn,, for agiven

level of youth consumption, raises the consumption of the elderly. This spends part of the capital

of the demographic gift
@) &( c:’Lt_lJ _ (A-m0t-s).
nt R{Kt o

leaving a net gift of
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AK(net) _ MBaq(1-5) L
K: o

(40)
In amodel with In-linear preferences and production, and without considerations of demographic
structure, a planner typically responds to a change in capital per worker by changing the con-
sumption of the young and capital next period by an equivaent, In-linear, amount
(CY =k, , = ak,). The net demographic gift is defined so as to keep k., , constant, after allowing
for n,, and also adjusts for any increase in the consumption of the elderly. Assuch, it represents

the change in resources available to the central planner, i.e. the "true" change in capital per

worker. The planner responds accordingly, with:

o»

Yook, AK (net
(41) — = %1 = o ‘é ) _ NByq(1—S) — 0.
t t

3>|

Simple differentiation of (37) with respect to Inn, confirms that this solution agrees the one
derived in the previous section.

To extend the analysis to discrete changes in n, avay from n, define K, as the capital stock
needed to keep k; , ; unchanged following a deviation in the birth rate, holding constant youth

consumption but allowing substitution in favour of the consumption of the elderly, i.e.

ﬁl-t—l ntLt—l

Kt* o 1_S }(t o
= - = 1+X),
(ntLt_J 1+X(nLt_J d+%)

where | have substituted for k, , ; and C using their equilibrium values for arealized birth rate of

Kt o Kt* o
(42) Nk, = S( J = ( } -C/(1+X)

n. The net demographic gift, expressed as a fraction of the current capital stock, is the inverse of
K, /K,

2 NG = (D X -
) K (nls@+x)+@-s)@+x) )

17



The planner leaves the "true" savings rate unchanged, and sets youth consumption In-linearly

proportional to the "true" capital stock:

1-s

44 C’ = m(

NG*KIJO‘ ~ (1-s)k

nL,_, s(1+X)+(1-s)(1+X)’

which, of course, agrees with (37) earlier. 1n sum, while the impact of a change in the birth rate

on the consumption of the young, savings and the future capital stock can be understood in terms
of capital dilution and dependency effects, it can also be summarized as a problem involving the
distribution of the demographic gift. After substituting in favour of the elderly, the planner sm-
ply follows his usual policy of using a constant savings rate to distribute real resources between

current and future generations.

(b) Generational Welfare

Table | below summarizes the welfare implications of a proportional change in the birth
rate along a socially optimal consumption path and in the OLG equilibrium. Focusing first on
the upper left-hand quadrant, the impact of a baby boom on the socially optimal welfare of gen-
eration t depends upon the proportional change in their consumption when young and when old,

which isasimple function of the net demographic gift

du ¢y ¢, & K.,
(45) N Y L =
dinn N, N, N, N,

= (1+aB)(n6;*(1-5)-0).

Comparing this result with the impact of a change in the birth rate on the utility of the young in
the OL G equilibrium as presented in the Table (and calculated by straight-forward differentiation
of equation (6) earlier), one sees that the two are the same whenn =0. Whenn = 0 the planner
cares only about the per capitawelfare of each generation and in response to a baby boom, which
raises the cost of providing welfare to later generations, dramatically raises the consumption of
the elderly at the expense of the young, leaving overall dependency unchanged. In such circum-

stances, the net demographic gift equals capital dilution (—oc) which, asin the OLG economy,

lowers the welfare of the young. More generally, however, a positive weight on generational

18



Tablel: Distributiona Implications of a Baby Boom
Social Optimum OLG

du, old
dinn, (1+aB)M*(1-s) — o) — (1+aB)o
du,.; i old i
dinn, a(l+oB)(6, (1-35)— ) —o(1+oB)a
du;, old
dinn, B(1-o-m[6;*(1-) - 1) B(l-0)

size (n > 0) reduces the planner’ s substitution in favour of the elderly, leading to afall in

dependency. Thisameliorates the impact of capital dilution, raising the net gift. Asshown inthe
second row of the Table, the impact of a baby boom on later generations is a proportional
multiple of itsimpact on generation t, asthei.i.d. characteristic of the savings rate in the social
optimum produces similar propagation mechanisms.* Finally, with regards to the utility of the
generation t-1 elderly, calculated in the third row of the Table using (6) and (26) above, one sees
that asm increases above zero, their gain under the social optimum falls short of that achieved in
the OL G equilibrium, as the planner’ s substitution in their favour is diminished.

To summarize, the fact that it is more costly to provide utility to larger generations imparts
an automatic bias against the baby boom and their (enlarged) successor cohorts. When the
planner places no weight on generational size, the social optimum mimics the OLG equilibrium,
with strong substitution in favour of the elderly at the expense of the current youth and all future

generations. Asthe planner’ s weight on generational size isincreased, resources are transferred

*In both models, the evolution of the capital stock is given by
. i-1
Inkt+i = O(‘I Inkt + 2 O(‘J(InSHi—l—j - Innt+i—j)-
i=0
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to larger cohorts. In the extreme, when ) = 1, the consumption of the young and the old is
proportional and all generations are treated equally. In this case, the impact of a baby boom on
the utility of all generations depends on the sign and magnitude of the demographic gift

CtoLt—l - Rth

46) 0M(1-s)-o =
46) 6, (1-s)-oa Q)

More generally, however, the elderly do better, while the young and future generations consume

aresidual, net, demographic gift.

(c) Social Security

| now consider how a pay-as-you-go social security system allows the planner to achieve
his desired allocation of consumption within a decentralized OLG economy. Let each atomistic
individual maximize their expected lifetime utility

(47) Max E[InC’+BInC’ ]
subject to the budget constraint

4@8) C, = R W@-1)- T+t WL /L

_ I:2[+1Kt+1 + Tt+1VVt+1Lt+1
Lt ’

where 7, is the proportional tax on labour income, which is paid out in full as benefitsto the
elderly. Individuals earn labour income and pay taxes when young, consuming the value of their
capital assets, plus socia security benefits, when elderly. The reader can easily confirm that the
planner’ s consumption plan satisfies the individual’ s intertemporal first order condition (compare
(26) and (29) with (3)). Consequently, a sequence of tax rates consistent with the individual’s
budget constraint (48) and the planner’ s allocation of consumption will ensure that the decentral -
ized economy delivers the social optimum.

The desired ratio of elderly to youth consumption is given by
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(49)

where | have incorporated the individual budget constraint (48) in the numerator and the optimal
level of youth consumption in the denominator. Rearranging the equation, one arrives at an
expression for the tax rate

0)(1-5)-a
1-o '

B0) rt, =
This expression can also be derived, more directly, by making use of the concept of the demo-
graphic gift. Asnoted in Section 11, any socia optimum can be achieved by atransfer scheme
in which each generation pays their demographic gift to their parents. The equilibrium tax rate,
in (50), is nothing other than generation t's demographic gift divided by its lifetime labour
income.

The comparative statics of the tax rate are eminently intuitive. A risein the consumption
share of the elderly raises the equilbrium tax on the young. As social security discourages sav-
ing, an increase in the desired savings rate is associated with areduction in the tax rate. Finally,
an increase in the share of capital (o), i.e. the income share of the elderly, lowers the equilibrium
tax rate.

Provided n > 0, a baby boom lowers the consumption share of the elderly and raises the

desired savings rate, allowing the conclusion

51 OITt<0 a n=0
()dn[— nz0.

As proven in the appendix, this result can be extended to the relationship between the uncondi-
tional expectation of the tax rate, T, and u = E[n']:
dr

(52) & 0.
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If n > 0, ariseintherate of population growth raises the expected discount factor, increasing the
average savings rate, while lowering the relative consumption of the elderly. Not surprisingly,
the average social security tax falls. In sum, the model is broadly consistent with the historical
experience of the United States, as a declining birth rate has been associated with a steadily ris-
ing social security tax with, however, the baby boom generation enjoying more favourable tax
rates than is forecast for their successors.”

The preceeding should not be taken too literally. Private intergenerational transfers occur
on aregular basis throughout the world. Without taking a position on the motivation behind
these transfers (e.g. bequest motives, mutual insurance, etc.), and modelling their evolution
through time, one cannot precisely determine how a social planer would evaluate any given pub-
lic scheme.® Nevertheless, if one accepts that although intergenerational linkages may exist, they
are imperfect, then thereisarole for state transfers, a view apparently taken by the American
political system at large. In thisregard, one may note that a declining population growth rateis
reasonably, and fairly obviously, associated with arising consumption share of the elderly and
increasing transfersin their favour. Similarly, a baby boom generation, burdened with less
dependants than their successors, should be engaged in transferring less to, or receiving more

from, their parents.

(d) Lifetime Tax Burden
As noted in the introduction, the large lifetime tax burden, i.e. the net present value of

taxes paid minus benefits received as a share of lifetime income, imposed by social security on

®Increasing life-expectancy, another element of the American experience, could be incor-
porated into the model by introducing a probability p of survival to old age. A secular risein p
would be associated with increasing transfers to the elderly.

®In thisregard, | should note that social security would have to be evaluated net of private

transfers, so that the optimal payroll tax on the young could be positive, even when overall net
transfersto the elderly are still negative (i.e. there are net bequests to the young).
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postwar generations has been the subject of a number of studies. Inthe model of this paper, the

lifetime tax burden of generation t is given by

TtVVt_Tt+1nt+1VVt+1/R[+1 nt+1kt+1
53) T, = =TT,
( ) t \/\/t t t+1 (xk{a
_ _Tt+1S
t o ’

while the unconditional expectation of the tax burden equals
G4 T = {1—2}, where X denotes E[x,].

As proven in the appendix, s<s<a. It followsthat if the expected tax rate is positive the social
security system cannot be actuarially fair, i.e. deliver an expected net present value of benefits
egual to payments made. Thisisnot surprising, asthe economy isdynamically efficient. A
reduction in u = E[n"], as noted earlier, lowers the expected savings rate and increases the
expected tax rate. If the expected tax rate is already positive, this can only raise the expected
lifetime tax burden. An actuarially unfair social security system, which worsens as the rate of
population growth falls, is completely sensible and compatible with the wishes of a social plan-
ner.

Turning to transitional issues, atemporary increaseinn, raises s and lowers t, (provided
n > 0). From (53), it follows that a baby boom generation enjoys alower lifetime tax burden
than its successors. The intuition behind this result is made clearer if one focuses not on taxes,
but on consumption and income, using the relation

Cty + Cto+1/R[+1

1-T, =
(35) t m

A baby boom dilutes capital per worker and lowers the dependency ratio. The reduction in capi-
tal per worker, however, lowers both incomes and consumption. In the In-In model these effects

cancel exactly, leaving only the influence of dependency
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With alower dependency ratio, the baby boom generation is able to enjoy greater youth (€Y T)
and elderly (s, T) consumption relative to its lifetime income.

Finally, with regards to the impact of a baby boom on the lifetime tax burden of the
elderly, one seesfrom (53) that afall int, raises T,_,. Inresponse to ababy boom the planner
tips consumption in favour of the elderly, but typically, unlessm = 0, gives them less than the
increase in capital returns (R). Thisresult, together with that of the previous paragraph, conve-
niently highlights the distinction between welfare and lifetime tax burdens, which measure the
shift of resources relative to those imparted by market outcomes. The planner favours smaller
generations, whose welfare is more easily increased, at the expense of larger cohorts. If n > 0,
however, the planner’s biasisless than that of the market. Consequently, while favouring
smaller generations in terms of welfare, the planner favours larger generations in terms of trans-
fers.

Once again, these results are broadly in agreement with the historical and forecasted
American experience. In response to declining population growth, a planner would institute a
socia security system, with positive transfersto the elderly. Persons who are elderly or middie
aged when the system is instituted earn a positive return, by default, but lifetime participants face
a negative expected tax burden. Asthe expected population growth rate falls, the tax burden
becomes greater. A baby boom generation, because of declining expected population growth,
might pay a higher tax rate than its predecessors (perhaps granting even early lifetime partici-
pants a positive return), but, temporarily burdened with less than expected elderly dependents, it
will definitely enjoy alower lifetime tax burden than is expected by its successors. Future
cohorts will shoulder an onerous tax burden, as, from the point of view of the planner, well they

should.
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(e) Summary and Discussion

The preceeding illustrates how a social planner allocates the demographic gift of a baby
boom across current and future generations. In distributing the demographic gift, the planner is
intinsically biased in favour of smaller generations, whose per capitawelfare is more easily
increased. Thisbiasis somewhat offset to the degree that the planner places weight on genera-
tional size, but persists, aslong as the weight isless than linear. Consequently, thereisan
inherent welfare bias against a baby boom and their progeny in favour of earlier, smaller,
cohorts. Market outcomes are also biased in favour of smaller cohorts. As shown by the simple
example considered in this paper, this bias may easily exceed that of the social planner. This
allows for outcomes where, in response to a baby boom, a planner lowers the welfare of a baby
boom generation and raises that of their predecessors while, in a seemingly paradoxical fashion,
lowering the lifetime tax burden of the former and raising that of the latter. Intergenerational
differences in transfer tax burdens reflect a bias relative to that of the market, and are not neces-
sarily informative about differences in welfare outcomes.

In regards to specific results, the analysis suggests that baby boom generations should pay
alower payroll tax rate and enjoy alower lifetime tax burden than is expected by their succes-
sors. A secular declinein birth rates will giveriseto arising tax rate and (once transfers are
positive) aworsening lifetime tax burden. These results follow from the negative relationship
between the elderly share of consumption and the birth rate. Asthe birth rate rises, the elderly’s
share of total consumption falls. Holding constant factors such as the savings rate and the capital
share of output (broadly construed as the elderly’ s claim on output), this automatically impliesa
decrease in transfers to, or an increase in transfers from, that group. More generally, areduction
in elderly "dependency” provides an income effect, allowing the current youth to enjoy higher
consumption relative to their lifetime income. A falling birth rate leads to rising elderly depen-
dency, which imposes an increasing burden on the youth. This mechanism is embarassingly sim-

ple.
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While the simplicity of the example eases exposition, it isimportant to consider the
robustness of the results to an allowance for more general functional forms and lifetime income
structure. The predicted unambiguously negative relationship between the birth rate and the
elderly share of total consumption is not, for instance, independent of the choice of functiona
forms. With general CES utility the optimal plan involves an allocation such that

1-n o
57) C° = Cty(”‘ BJ ,
Y

where ¢ isthe elasticity of intertemporal substitution. The greater the elasticity of substitution,
the greater the desired shift in favour of the elderly so that if 6(1—mn) > 1 the consumption share
of the elderly will, paradoxically, rise with an increase in the birth rate. Empirical estimates of
the elasticity of substitution [e.g. Hall 1988] are substantially less than one, suggesting that one
can reasonably argue that arise in the number of youth should, from a planner’ s perspective,
lower theratio of total elderly to youth consumption. Nevertheless, it isimportant to acknow!-
edge that alarge elasticity of substitution would reverse the relationship between dependency
and population structure, changing the sign of the model’ s predictions, but leaving the analytical
intuition unchanged.

As one moves away from the specialized assumptions of In-linear consumption and pro-
duction and 100% depreciation used in the analysis above, variations in capital per worker will
affect the dynamics and steady state values of both the savings rate and the share of capital,
influencing the optimal choice of tax rate and lifetime tax burden. The timing, sign and magni-
tude of these effects, however, depends upon a number of parameters, making their exploration

less an exercise in theory and more a problem in the practical, empirical, implementation of the
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household model.” The dependency effects highlighted above are present, regardless of func-
tional forms. Whether or not they are overturned by other issues, such as capital share and sav-
ings dynamics, is a matter of empirical investigation.

Finally, the reader might wonder whether, with all the emphasis on elderly dependency,
the author has forgotten that newborns are also dependents. Although a baby boom might ulti-
mately giveriseto afall in dependency, when alarge working cohort supports the elderly, it
would seem that this must be preceeded by arise in dependency, when the large birth cohort is
supported by their working parents. Thiswould suggest that a more complicated lifetime income
structure might reverse, or at least hopelessly muddle, the results. Thisintuition is actually
incorrect. The childhood consumption needs of alarge cohort are, indeed, a negative income
shock to society. Unlike changesin elderly dependency, however, these consumption needs
deplete the capital stock before the baby boom cohort begins work. One can easily show that,

for the benchmark In-linear case, childhood dependency needs lower lifetime consumption and

"Thus, in the analysis of the In-linearized certainty-equivalent model, with general func-
tional forms, let A denote the slope of the consumption-capital saddlepath (with n, =n) and b the

speed of convergence, i.e. €Y = Mk, andk,,, = bk,, where a” denotes a proportional deviation

from steady state values. The response of the lifetime tax burden along the saddlepath to a pro-
portional deviation of the capital stock equals

[ANPV +b( + 0, /e)NPVy — 0, /elk, ,

where NPV denotes the share of stage i in the net present value of lifetime consumption, while
0, isthe share of factor i and ¢ the elasticity of substitution in production, both calculated using
the gross rental and gross output function. It isimpossible to sign the term in brackets. In fact,
even its derivative with respect to the elasticity of substitution, o, locally, around a point where

€ =0 =1, may be positive or negative. To complicate matters further, if the net demographic gift
is positive, while a baby boom leads to a negative k,, the increased resources available lead to a
positive k. , , (which then converges back to the steady state value), confounding, yet further, the

analysis of the dynamics of the lifetime tax burden. Amidst all these complicated transition path
dynamics, however, the model retains the temporary dependency effects (following each move-
ment in the birth rate) described above.
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lifetime income equiproportionally,® leaving only the positive benefits of reduced elderly depen-
dency (later in the baby boomer’ s lifecycle), which raises the large cohorts' lifetime consumption
relativeto itsincome. In sum, the preceeding analysis can easily be extendedtoa T period

framework, with any arbitrary lifetime income profile, without prejudice to its predictions.’

8T 0 see thismost quickly, the reader can rework the In-linear two period mode! discussed
above under the assumption that the elderly work and the youth do not, so that a baby boom gen-
erates an increase in youth dependency, with no subsequent reduction in elderly dependency. In
this case, the analysis will show that, regardless of 1, a generation’s lifetime tax burden is
independent of its size (the lifetime tax burden is still increasing in the size of the subsequent
generation). This demonstrates the offsetting effects alluded to above.

°In other words, allowing persons to live from age 0 to T, specify the general Cobb-
Douglas production function:
T l-a T
Q, = Kf( 11 Lf’i_i) , where Y6 =1
i=0 i=0

and where some of the 6; may be zero. With 100% depreciation and In-linear utility, the predic-

tions of this model are exactly the same as that of the two period example, as any early consump-
tion needs in excess of income reduce both lifecycle income and consumption
equiproportionately.
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V. Conclusion

First year graduate students, stupefied by the infinite lifetime assumed in the typical analy-
sis of the Ramsey model, are quickly assured that the utility function represents the welfare of an
integrated household composed of an endless stream of mortal generations. In this paper | take
the comments of our early instructors and textbooks seriously, exploring the household' s behav-
ior in an environment with a fluctuating birth rate and explicit life cycle labour supply. Inso
doing, | extend the standard model’ s normative analysis to the impact of demographic change on
generational welfare and intergenerational transfers. The model’s predictions are hearteningly
intuitive and commonsensical. A dilution of bequested assets across more children reduces the
offspring’ s welfare, while the dilution of bequested debts does the opposite. Societies with fal-
ling birth rates and rising elderly dependency should, indeed, transfer more resources to that
group, at the cost of a higher lifetime tax burden for the youth. Baby boom cohorts may be
economically disadvantaged, but enjoy less than forecasted elderly dependency during their life-
time, allowing for higher consumption relative to income, i.e. alower lifetime transfer tax bur-
den. Just as the standard Ramsey model has provided a normative perspective to positivist
analyses of savings, so an extension of that model, with afuller consideration of demographic
structure, might reexamine the extensive literature on the intergenerational effects of demo-

graphic change.
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VII. Appendix A: Aspects of the Demographic Gift

This appendix supplements the analysis of Section I11. In regards to the derivation of
eguation (17), | begin by exploiting the constant returns to scale characteristic of the output func-

tion to rewrite it as;
T L
A1) FK,SL,S 'L L., L) +@A-8K, = RK. + ¥ WSL/,
j=0

where | have departed from the smplified exposition in the text by explicitly identifying labour
supply in §, the hours of work supplied by workers of agej, and reinterpreting W/ as the corre-

sponding hourly wage. Differentiating and dividing by L yields the convenient result
T o
(A2) 0= (dR)k+ _EO(th’)S‘lt’
J =

Substituting (A.1) into equation (7) in the text, leading the equation infinitely forward, and divid-

ing by L, one derives the social intertemporal budget constraint
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Thefirst term in brackets on the right hand side is, by (A.2), equal to zero, while the second
term, when multiplied by L?, is none other than the demographic gift. AsdC/,; - W/, ,dS, ;
equals the change in real expenditure, in units of consumption, on persons of agej at time t+i, it

followsthat (A.4) produces the first part of equation (17) in the text. Asfor the second part, in a
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Pareto efficient economy the ratio of the marginal utility of real expenditure across periods for
each individual equals the cumulative interest factor, so that the utility impact of a stream of real

expenditure changes on the average utility of amember of cohort t can be reduced to

_ . L
dU, 1dE, . T G
(A.5) dln;\{ - Zd:zr{thU{pt' S VIV:D i
i=0 i=0
k1:[1Rt+k

where MU; is the marginal utility of real expenditure of the surviving members of cohort t at age
i and p; denotes the corresponding probability of survival to that age. Substitution into (A.4)
produces the second part of equation (17).

To extend the concept of the demographic gift to an environment with aggregate uncer-
tainty, | consider the increment to the capital stock necessary to keep the expected utility of all
current and future generations constant following a proportional change in the size of generation
t. Asin the certainty environment, by period t+T the influence of n, on the dynamics of the
economy disappears. Leti index the universe of possible states of nature at that time and m; their
associated probabilities. Further, let dK; denote the increment to the capital stock at time t neces-
sary to keep k. ,  unchanged in realized statei. This can be calculated in the manner laid out in
the text, as the concept of arealized state eliminates all aggregate uncertainty between periodst
and t+T. Finally, let P,i<t denote the equilibrium price in units of period t capital of an asset which
delivers one unit of capital in statei in period t+T. The equilibrium price of this state contingent

claim is given by the first order condition for members of generation t
(A6) PRMU; = mR MU{(i),
where MU, (i) is the marginal utility of consumption expenditure of generation t in state .
To maintain the expected welfare of all current and future generations, the planner must

buy a sufficient volume of capital claims to ensure his ability to replenish the capital stock in

each realized state of naturei. Thisrequires an expenditure, in units of current capital, of
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. T-1
A7) dK =3P dK'IIR,,,
i t k=0

where R!, , equals the interest rate realized in period t+k along the path to statei. Since the plan-
ner need only replenish k,, ; in apresent value sense, not in an immediate physical sense, the
purchase of such assets does not perturb the expected utility of anyone in the economy, as they
can be bought in infinitessmal amounts from all current and future generations. The demo-

graphic gift equals—dK " or, applying (A.6),

—_z(dKi Il RLJMUJ(i)m
(A8) AK = ———F :
RMU;
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VIIl. Appendix B: Expected Savingsand Tax Rates

This appendix establishes some results concerning the unconditional expectation of the
savings and payroll tax rates. Let z = n;' — u, where u = E[n"], and, recalling that X = Bo/s and

s =you, manipulate (37) to produce

(s+Ba)(z +W)

B.1 = .
D (1+Ba)z + u+ By

Taking afirst order expansion around E[z] = 0, with remainder evaluated at some z*

{Boc(l—s)} [(S+Boc)(B/v)(l—S)(1+Boc)} 2
B2 s =s+|—2|z- . 3
u+ By (1+Bo)z +u+Bh)
< s+ Bo(l-5)
u+ By 4

one seesthat s = E[s] < s, as claimed in the text.

The unconditional expectation of s is given by

[ S+Bo)@+w
B3 S = | 1iBoz+u+ByP® %

where p(z) is the probability density function of z. Taking the derivative with respect to ,
holding the distribution of z (i.e. the central moments of n;") constant, produces the result
ds/du > 0. Finally, with regards to the expected tax rate, straightforward manipulation of equa-
tion (50), substituting using (37), allows the expression

(1+Bo)s - 1+Bo)(z+w)
“G+Boy(l-q)y X T= 1_f(1—oc)[(1+Boc)zt+u+B/y

B4 1 =1 [p(@) dz,.

Differentiating, holding the distribution of z constant, confirms that dr/du < 0, as claimed in the
text. | should note that the last two results can aso be derived holding constant the distribution

of the normalized random variablez = n’/u— 1.



