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ABSTRACT. Let L"(3) be the (2n+ 1)-dimensional standard lens space mod 3 and let
v denote the normal bundle associated to an immersion of L"(3) in the Euclidean
(4n + 3)-space. In this paper we obtain a theorem on stable unextendibility of R-vector
bundles over L"(3) improving some results in [5] and [6], and study relations between
stable extendibility and span of vector bundles over L"(3). Furtheremore, we prove
that cv is extendible to L™(3) for every m > n if and only if 0 <n <5, and prove that
c¢(v®v) is extendible to L™(3) for every m > n if and only if 0 <n <13 or n =15,
where ¢ stands for the complexification and ® denotes the tensor product.

1. Introduction

Let (X, A4) be a pair of spaces. A r-dimensional F-vector bundle { over 4
is said to be extendible (respectively stably extendible) to X if and only if there
is a t-dimensional F-vector bundle over X whose restriction to A is equivalent
(respectively stably equivalent) to {, where F is either the real number field R or
the complex number field C (cf. [9] and [2]).

Let #, be the canonical C-line bundle over the mod 3 standard lens space
L"(3) of dimension 2n+ 1, and ry, its real restriction.

For positive integers 7 and ¢, define an integer S(z,/) as follows.

S(t,/) =min{j|[t/2] < j and |;/5)4,C; # 0 mod 3},

where |x| denotes the largest integer s with s < x, and ;C, denotes the
binomial coefficient k!/(r!(k —r)!). Clearly, |t/2| < S(t,/) < [t/2] +/. We
obtain

TureorREM 1. Let /, n and t be positive integers with |t/2| + ¢ < 3"/2 and
let { be a t-dimensional R-vector bundle over L"(3) which is stably equivalent to
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(1#/2] + £)rn,.  Then n < 2S(t,/) and { is not stably extendible to L™ (3) for
any m > 2S(t,7).

For an F-vector bundle {, span; { stands for the maximum number of
linearly independent cross-sections of {, where F is R or C. Let n, & and ¢ be
positive integers with ¢ < 2h. Consider the condition

C(m, a,c) : spang{ (a3 + hyry, @ ¢} > 2(a3"* +h) —t+ ¢

for some integer m with m > n and some non-negative integers ¢ and ¢, where
@ denotes the Whitney sum.
For R-vector bundles over L"(3), we have

THEOREM 2. Let n, h and t be positive integers, and let { be a t-dimensional
R-vector bundle over L"(3) which is stably equivalent to hry,,.

(i) Suppose that t > 2h. Then ( is stably extendible to L™(3) for every
m>n.

(i) Suppose that t < 2h. Then, for any m > n, { is stably extendible to
L™(3) if and only if the condition C(m,a,c) holds for some non-negative integers
a and c.

Let n and ¢ be positive integers, let 4 and k& be non-negative integers with
t<h+k. Consider the condition

C(m,a,bc) : spanc{ (a3 + hyy,, ® (b3 + k)n,, @ ¢}
> a3 h+ b3k~ 14

for some integer m with m > n and some non-negative integers a, b and c,
where 72, denotes the tensor product 7, ® 7,,.
For C-vector bundles over L"(3), we have

THEOREM 3. Let n and t be positive integers, let h and k be non-negative
integers, and let { be a t-dimensional C-vector bundle over L"(3) which is stably
equivalent to hn, ® kn?.  Then

(i) Suppose t >h+k. Then ( is stably extendible to L™(3) for every
m>n.

(i) Suppose t < h+k. Let m be any integer with m > n. Then, if { is
stably extendible to L™ (3), the condition C(m,a,b,c) holds for some non-negative
integers a, b and c.

Moreover, in the case (ii) we have the following necessary and sufficient
condition:

(ila) Let n be even. Then, for any m > n, { is stably extendible to L™(3)
if and only if the condition C(m,a,b,c) holds for some non-negative integers a, b
and c.
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(iib) Let n be odd. Then, for any m > n, { is stably extendible to L™ (3) if
and only if the condition C(m,a,b,c) holds for some non-negative integers a, b
and ¢ such that a =b =0 mod 3.

Next, we have

THEOREM 4. Let c¢v be the complexification of the normal bundle v
associated to an immersion of L"(3) in the Euclidean (4n+ 3)-space R¥'+3.
Then cv is extendible to L™ (3) for every m > n if and only if 0 <n <5.

Finally, we have

THEOREM 5. Let cv? be the complexification of the square v*(=v® V) of
the normal bundle v associated to an immersion of L"(3) in R**3.  Then ¢v* is
extendible to L™ (3) for every m > n if and only if 0 <n <13 or n=15.

This paper is arranged as follows. In Section 2 we recall the known
results that are used for our proofs. In Sections 3, 4 and 5 we prove Theorems
1, 2 and 3, respectively. By complexifying the results obtained in the previous
papers [6] and [5], we prove Theorems 4 and 5 in Sections 6 and 7, respectively.
Some examples are shown in corresponding sections. The authors wish to
express sincere thanks to the referee for valuable suggestions.

2. Known results

Let L(3) denote the 2n-skeleton of the CW-decomposition of L"(3). The
ring structure of the reduced Grothendieck ring Kg(L"(3)) is determined in [3]
as follows (cf. [4] and [7]).

THEOREM 2.1 (cf. [3, Theorem 2] and [4, Proposition 2.11]).

Kr(L{(3))+Z/2 for n=0 mod 4,

Rr(L"(3)) = {KR(L3(3)) otherwise,

where + denotes the direct sum. The group Kg(L{(3)) is isomorphic to the
cyclic group Z/3"2) of order 3" and is generated by ro,(=r, —2).
Moreover, the ring structure is given by

(ron)* = =3ra,, namely (rn,)* =, +2, and (ra,,)WZHI =0.

The ring structure of the reduced Grothendieck ring Kc(L”(3)) is de-
termined in [3] as follows (cf. [4] and [7]).

THEOREM 2.2 (cf. [3, Theorem 1] and [4, Lemma 2.4]).

Kc(L"(3)) = Ke(L(3)) = z/3L0 /2 4 z /3102
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The first summand is generated by o, =mn,—1 and the second summand is
generated by a>.  Moreover, the ring structure is given by

o) = —3d2 —3a,, namely 5} =1, and "' =0.

Let d =1 or 2 according as F = R or C, and, for a real number x, let [x]
denote the smallest integer s with x <s. The following two results are well-
known.

THEOREM 2.3 (cf. [1, Theorem 1.2, p. 99]). Let m=[(n+1)/d—1].
Then each t-dimensional F-vector bundle over an n-dimensional CW-complex X
is equivalent to o @ (t — m) for some m dimensional F-vector bundle o over X if
m<t

THEOREM 2.4 (cf. [1, Theorem 1.5, p. 100])). Let m=[(n+2)/d —1].
Then two t-dimensional F-vector bundles over an n-dimensional CW-complex
which are stably equivalent are equivalent if m < t.

COROLLARY 2.5. Let X be a finite CW-complex and A its subcomplex
and let { be an F-vector bundle over A such that [(dim A +2)/d — 1] < dim .
Then { is extendible to X if and only if { is stably extendible to X.

Proor. The “only if” part is clear. We prove the “if” part. Suppose
that { is stably equivalent to i*o for some F-vector bundle o over X, where
i:A— X is the inclusion. If [(dim 4 +2)/d —1] < dim {, then { is equiv-
alent to i*a by Theorem 2.4. O

The following is due to [8].

THEOREM 2.6 (cf. [8, Theorem 1.7])). Let p be an odd prime and let L™ (p)
denote the (2m + 1)-dimensional standard lens space mod p. Assume that & is
any (2r + 1)-dimensional R-vector bundle over L™(p) satisfying

Pa(f) = 07 p5+1 (f) = 07 e 7]71(6) = 0

for an integer s with 1 <s<r, where p;j(&)eHY(L"(p),Z) is the j-th
Pontrjagin class of & Then

spang & > 2r — 25+ 2

if p>m—2s+2, and if spang n*& > 2r — 25 + 2, where n: S — L™(p) is
the projection.

On stable unextendibility of C-vector bundles over L"(p), we have

THEOREM 2.7 (cf. [6, Theorem 4.5]). Let p be a prime and let £, n and t be
positive integers with
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{4+ < pln/o-1]

Assume that { is any t-dimensional C-vector bundle over L"(p) which is stably
equivalent to a sum of t + ¢ non-trivial C-line bundles. Then n < t+ ¢ and { is
not stably extendible to L™(p) for every m>1t+/{.

Let p be a prime. For calculations of the binomial coefficients mod p, the
following is useful.

Lemma 2.8 (cf. [10, Lemma 2.6, p. 5]). Let p be a prime and let
a=3cizma()p® and b =37, b(H)p"" (0 < a(i), b(i) < p).  Then

«Cp = H a(,’)C;,(,') mod p.

0<i<m

3. Proof of Theorem 1

PrOOF OF THEOREM 1. Since { is stably equivalent to ([z/2] + ¢)ry,, the
total Pontrjagin class p({) of { is given by

p(©) = p((1t/2) + £)m,) = p(rm,) 2 = (1 4 2227

where z, is the generator of H?(L"(3),Z) = Z/3. Suppose that 25(¢,/) < n.
Then pgq,/(() = L,/zH/CS(I_’()z,Z,S(Z’/) # 0 by the definition of S(#,/). On the
other hand, pg(, /) ({) =0, since { is ¢-dimensional and [7/2| < S(¢,/). This is
a contradiction. Hence we have n < 25(¢,/).

Next, suppose that { is stably extendible to L™(3) for m > n. Then {
is stably extendible to the 2m-skeleton Lj'(3) of L™(3) and there is a
t-dimensional R-vector bundle « over LJ'(3) such that { is stably equivalent to
i*o, where i: L"(3) — L{'(3) is the standard inclusion. By Theorem 2.1, there
is an integer g such that o — ¢ = grg,,. Hence

(—t=i"(a—1) =i"(qrom) = qro,.
On the other hand, by the assumption,
C—t=([t/2]+ ), —2([t/2) + ) = ([t/2] + {)roy.

Thus, in Kg(L"(3)), {g- ([t/2] +¢)}ro,=0. So, by Theorem 2.1,
qg—([t/2) +¢) =0 mod 3"/2. Hence there is an integer a such that
g =a3"? +|t/2] +/. Here, taking ¢ sufficiently large, we may assume that
a is non-negative. Since |[t/2]+/ <32 by the assumption, ¢C, =
11/2)+¢C; mod 3 for |t/2] < j<|t/2] +¢. Therefore

p(a) = (1+2z2)%, and

28(1,¢ 28(1,/

pS(t“,/’)(O‘) = qCS<,,/)Zm ®4 — Lt/2j+/CS(,7/)Zm ®4) #0
for 28(¢,/) <m. On the other hand, pgq ,(«) =0, since « is ¢-dimensional
and [#/2] < S(¢,/). This is a contradiction. O
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In [6, Theorem B], we have proved that the normal bundle v(f,) associated
to an immersion f, : L"(3) — R**3 is extendible to L™(3) for every m > n if
and only if 0 <n <5. For n=6, we have

ExaMPLE 3.1. v(fs) is not stably extendible to L'$(3).

Proor. By (3.2) of [6], v(fs) =20rys —26. Putting n =6 and ¢ = 14,
we have [t/2| =7=2-3+1, [t/2] +/=20=2-32+2 and / =13. Hence
S(t,/) =3%=9 by Lemma 2.8. So it follows from Theorem 1 that v(fs) is
not stably extendible to L'8(3). ]

This example is an improvement of Example 3.4 of [6] which states that
v(fs) is not stably extendible to L*(3).

In [5, Theorem 6], we have proved that the square v(f;)> of the normal
bundle v(f,) associated to an immersion f, : L"(3) — R**3 is extendible to
L™(3) for every m>n if and only if 0 <n <13 or n=15. For n= 14, we
have

EXAMPLE 3.2. v(fis)* is not stably extendible to L%%(3).

PROOF. By Theorem 5.2 of [5], v(fis)? = 612ry,, — 324. Putting n = 14
and ¢ = 302 =900, we have [#/2] =450 =35 +2-3%+3%4+2.32 (12| +/ =
612=2-35+3*+33+2.32 and /=162. Hence S(t,/)=2-3°>=486 by
Lemma 2.8. So it follows from Theorem 1 that v( f14)2 is not stably extendible
to L°%(3). O

This example is an improvement of the former part of Corollary 5.4 of [5]
which states that v(fi4)® is not stably extendible to L'224(3). For n =16, we
have

EXAMPLE 3.3. v(fis)* is not stably extendible to L*™(3).

ProOF. By Theorem 5.2 of [5], v(f16)2 = 435811, — 7920. Putting n = 16
and t=342=1156, we have [t/2] =578 =2-3°+3%+324+2, [t/2|+/(=
4538 =2-37 +2-3* 4+ 2 and / = 3960. Hence S(z,/) =37 = 2187 by Lemma
2.8. So it follows from Theorem 1 that v( f16)2 is not stably extendible to
L¥(3). ]

This example is an improvement of the latter part of Corollary 5.4 of [5]
which states that v(fig)® is not stably extendible to L%76(3).

4. Proof of Theorem 2

ProOOF OF THEOREM 2. (i) By the assumption {—¢=hry, —2h in
Kr(L"(3)). If t>2h, {=hm, ® (t —2h) = i*(hry,, ® (t — 2h)) in Kz(L"(3))
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for every m > n, where i: L"(3) — L™(3) is the standard inclusion. So ( is
stably equivalent to i*(hry,, @ (t —2h)), and hence { is stably extendible to
L™(3).

(i) Suppose that ¢ < 2/ and that m is any integer with m >n. If  is
stably extendible to L”(3), then { is stably extendible to the 2m-skeleton L{'(3)
of L™(3) and there is a t-dimensional R-vector bundle « over L{'(3) such that {
is stably equivalent to i*o, where i: L"(3) — L{'(3) is the standard inclusion.
By Theorem 2.1, there is an integer p such that « — ¢t = pro,,. Hence

(—t=i"(a—1t) =i"(proy,) = pro,.
On the other hand, by the assumption,
{—t=hm,—2h=hro,.

Therefore (p — h)ro, =0 in KR(L"(3)). So, by Theorem 2.1, we have
p—h=0 mod 3”2 Hence there is an integer a such that p —h = a3"/?.
Here, taking p sufficiently large, we may assume that a is non-negative.
Therefore, in Kr(L{'(3)),
o—1= (613|-n/2J + h)VO'm = (a3 /2l + h) (rrl”’ - 2)’
and so, in Kg(L{'(3)),
(@32 + hyry,, = {2(a3% + 1) — 1} @ o,

where 2(a3"/? 4-h) —¢t>0 since 2h >t If we take p so large that
dim{(a3"/? + hyry,} = 2(a3"?) + h) > [(2m+1+2) — 1] =2m + 2, we have
the equality above of R-vector bundles by Theorem 2.4. This implies

spang{ (a3 + hyry, ® ¢} > 2(a3"* +h) —t+ ¢

for any non-negative integer c¢. So the condition C(m,a,c) holds.

Conversely, suppose that the condition C(m,a,c) holds for some non-
negative integers @ and c¢. Then there is a t-dimensional R-vector bundle f
over L™(3) such that

(@3 )y, ®c= {23 +h) -1+ @ p.

Let i: L"(3) — L™(3) be the standard inclusion. Then, applying i* to the
both sides of the equality above, we have, in Kg(L"(3)),

hry, = 2h—1t) @ i*p,

since 3"/2(rp, —2) =0 in Kg(L"(3)) by Theorem 2.1. Thus (—t=
hry, —2h = i*f —t in Kg(L"(3)). So { is stably equivalent to i*f, and hence {
is stably extendible to L™(3). O
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Let v(f,) be the normal bundle associated to an immersion f, of L"(3) in
R**3 and v( f,,)2 its square. The following are applications of Theorem 2(ii).

EXAMPLE 4.1. v(fs) is extendible to L'*(3).

ProoF. By (3.2) of [6], v(fs) =20rps —26. Put n=6, t =14, h =20,
m =14, a =0 and ¢ = 1 in Theorem 2(ii). Then ¢ < 2/ and it suffices to prove

spang(20rm,, @ 1) = 27(=2h — t + ¢).

The total Pontrjagin class and the 7-th Pontrjagin class of 20rp, @ 1
are as follows: p(20r,, ® 1) = p(20r,,) = p(rm)™ = (1 + 2%4)20 and
p7(20rm,4 ® 1) = 20Cyzi§ = 0, since 2C; =0 mod 3 by Lemma 2.8, where z,,
is the generator of H*(L"(3),Z) = Z/3. Putting p=3, m= 14, r=20, & =
20rn4 @ 1 and s = 7 in Theorem 2.6, we have p,(&) =0, pe1(E) =0,..., p (&)
=0 and p>m—2s+2. Hence

b

spang (20r77,, @ 1) > 28(= 2r — 25 + 2).
We therefore obtain the result by Theorem 2(ii) and Corollary 2.5. O
EXAMPLE 4.2. v(fia)? is extendible to L°(3).

PROOF. By Theorem 5.2 of [6], v(fia)> = 612/, —324. Put n = 14,
t=1302=900, h=612, m=900, a=0 and ¢=1 in Theorem 2(ii). Then
t <2h and it suffices to prove

spang(612rngyy @ 1) = 325(=2h —t+¢).

The total Pontrjagin class and the 450-th Pontrjagin class of 612rz4,, @ 1 are as
follows:  p(612rnggy @ 1) = p(612rn9y) = (1 + 2500)612, and  paso(612rn9py @ 1)
= 612C4s02990 = 0, since 2Cq50 =0 mod 3 by Lemma 2.8. (Note 612 =
2.3543443342.3%2, 450=23%4+2-3*43%4+2.32) Putting p=3, m=
900, r =612, & = 612r1450 ® 1 and s = 450 in Theorem 2.6, we have p,(¢) =0,
ps41(E) =0,...,p (&) =0 and p >m —2s+2. Hence

spang(612rngyy @ 1) = 326(=2r — 25 + 2).
We therefore obtain the result by Theorem 2(ii) and Corollary 2.5. ]
EXAMPLE 4.3. v(fi6)? is extendible to L'%(3).

PrROOF. By Theorem 5.2 of [6], v(fie)® = 4538y, — 7920. Put n = 16,
t =342 = 1156, h = 4538, m = 1156, a =0 and ¢ = 1 in Theorem 2(ii). Then
t <2h and it suffices to prove

spang (45381156 ® 1) = 7921(=2h — t + ¢).
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The total Pontrjagin class and the 578-th Pontrjagin class of 4538r#;5c @ 1
are as follows: p(4538rn,,5 D 1) = p(4538ry156) = (1 + 212156)4538, and
Ps78(4538r11156 D 1) = 4538Cs782113¢ = 0, since 4535Cs73 =0 mod 3 by Lemma
28. (Note 4538=2-37+2.3%4+2, 578 =2.35+3%4+32+2) Putting
p =3, m=1156, r = 4538, £ = 4538rn,;5¢ ® 1 and s = 578 in Theorem 2.6, we
have py(&) =0, ps1(¢) =0,...,p(&)=0 and p>m—2s+2. Hence

spang (4538111156 @ 1) = 7922(=2r — 25 + 2).
We therefore obtain the result by Theorem 2(ii) and Corollary 2.5. O

5. Proof of Theorem 3

PrOOF OF THEOREM 3. (i) By the assumption { —t = hy, @ kn? — (h+ k)
in Kc(L"(3)). If t>h+k, C(=hy, ®@kn2+(t—h—k)=i"(hn, ®knl+
(t—h—k)) in Kc(L"(3)) for every m > n, where i:L"(3) — L™(3) is the
standard inclusion. So ( is stably equivalent to i*(hn,, ® kn2, + (t —h —k)),
and hence { is stably extendible to L™(3).

(i) Suppose that < &+ k and that m is any integer with m > n. If {is
stably extendible to L™(3), then there is a t-dimensional C-vector bundle o over
L™(3) such that { is stably equivalent to i*o, where i: L"(3) — L™(3) is the
standard inclusion. By Theorem 2.2, there are integers p and ¢ such that
o—1t=p(n,—1)+qn:—1) in Kc(L"(3)). Hence

(—t=i"(a—1)=p(n, — 1) +qln; = 1)
On the other hand, by the assumption,
C—t=ln, ® ki — (h+ k) = h(n, — 1) + k(g = 1).
Therefore, in Kc(L"(3)), (p—h)(n, — 1) + (¢ — k)(> — 1) = 0, namely
{(p =) +2(q = k)}ou + (¢ = K)o, = 0.

So, by Theorem 2.2, we have ¢ —k =0 mod 3/2 and p —h =0 mod 3\"/2.
Hence there are integers @ and b such that p = a3/} + h and ¢ = b33 + k.
Here, taking p and ¢ sufficiently large, we may assume that ¢ and b are non-
negative. Therefore, in Kc(L"(3)),

o—1= (a3[n/2J +h)(’7m - l) + (b3tn/2J +k)(77,%1 - 1)7
and so, in K¢(L™(3)),
(@32 nyy,, ® (B3 4 k)2 = (@32 + h+ b3 fk— 1) @ «,

where a3/ 4+ h+b3"/2 4k —t> 0 since h+k > 1. If we take p and ¢ so
large that dim{(a3"/2 + h)y,, @ (632 + k)n2} = a3"/2 b+ b312 4k >
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[2m+1+2)/2—1] =m+ 1, we have the equality above of C-vector bundles
by Theorem 2.4. This implies

spanc{ (a3 + hyy,, ® (B3 + k) ® ¢} = a3 + h+ b3 4k —t 4 ¢

for any non-negative integer c¢. So the condition C(m,a,b,c) holds.

(iia) Let n be even and let m be any integer with m > n. To prove the
“if” part, suppose that the condition C(m,a,b,c) holds for some non-negative
integers a, b and ¢. Then there is a ¢-dimensional C-vector bundle f over
L™(3) such that

(@3"? + )y, ® (B3 + k2 @ c= (@3> + h+ 03"+ k—t+¢) D .

Let i: L"(3) — L™(3) be the standard inclusion. Then, applying i* to the
both sides of the equality above, we have, in K¢(L"(3)),

(@3"? + hyy, ® (b3"2 + k)2 = (3" + h+b3"? + k —1) @ i*p.

In case n is even, the equalities 3"/%y, =3"? and 3"/?;2 =3"? hold in
Kc(L"(3)) by Theorem 2.2. Hence we have, in Kc(L"(3)),

hp, @ kn? = (h+k — 1) ®i*p.

Thus (—t=hy, @kn? — (h+k)=i"f—t in Kc(L"(3)). So ( is stably
equivalent to i*f, and hence ( is stably extendible to L™(3).

(iib) Let n be odd and let m be any integer with m > n. To prove the
“if” part, suppose that the condition C(m,a,b,c) holds for some non-negative
integers a, b and ¢ such that a=bh =0 mod 3. Then a3y, = a3\"/?) and
b31"/21y2 = p31"/2) by Theorem 2.2. Hence we have the result in the way
similar to the proof of (iia). O

Let cv(f,) be the complexfication of the normal bundle v(f,) associated to
an immersion f, of L"(3) in R*"*3 and ¢v(f;)? its square. The following are
applications of Theorem 3(iia).

EXAMPLE 5.1. ¢v(fs) is extendible to L'4(3).

Proor. Complexifying the both sides of the equality in the proof of
Example 3.1 and using the equality crig = 76 + 72, we have cv(fs) = 2074 +
20;72—26. Putn=6,{=cv(fs), t=14,h=k=200m=14,a=b=c=01in
Theorem 3(iia). Then ¢ < /h+k and it suffices to prove

spanc (20, @ 20n3,) = 26(=h+k — t).

In fact, dim(207,4 @ 2073,) =40 and [(dim L'#(3) +1)/2 - 1] = 14. Hence,
by Theorem 2.3, the inequality above holds. Thus we have the result. [
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EXAMPLE 5.2. ¢v(fis)? is extendible to L%(3).

Proor. Complexifying the both sides of the equality in the proof
of Example 3.2 and using the equality ¢y, = 1,4 + 7%, we have cv(f14)2 =
61254 + 61272, — 324, Put n =14, { = ev(fia)®, 1=900, h=Fk =612, m =
900, a = b =c =0 in Theorem 3(iia). Then ¢t < #+ k and it suffices to prove

span (6121400 @ 61213) = 324(=h+k — 1).

In fact, dim(612n99 @ 612173,,) = 1224 and [(dim L*°(3) +1)/2 — 1] = 900.
Hence, by Theorem 2.3, the inequality above holds. Thus we have the result.
]

EXAMPLE 5.3. ¢v(fig)? is extendible to L'56(3),

Proor. Complexifying the both sides of the equality in the proof
of Example 3.3 and using the equality cr7,q = 17,6 + 73, we have ov(fie)® =
453816 + 453853 — 7920. Put n=16, { = cv(fis)’, t=1156, h =k = 4538,
m = 1156, a =b =c =0 in Theorem 3(iia). Then ¢ < &+ k and it suffices to
prove

span (45381156 @ 4538n1,5¢) = 7920(=h + k — 1).

In fact, dim(45387,155 ® 45387n7,5¢) = 9076 and [(dim L''%(3) +1)/2-1] =
1156. Hence, by Theorem 2.3, the inequality above holds. Thus we have the
result. O

6. Proof of Theorem 4

On the complexification of the normal bundle associated to an immersion
of L"(3) in R**3 for 0 <n <5, we have

THEOREM 6.1.  Let cv(f,) be the complexification of the normal bundle v(f,)
associated to an immersion f, : L"(3) — R¥*3.  Then

(o) =2  o(fi)=4, () =6
o(fs) =21, @203 D4, ov(fa) =4, @4l D2,
ev(fs) = 3ns D 313 @ 6,

Proor. Complexifying the both sides of the equalities in Theorem 3.1
of [6] and using the equality cry, =1, + 72, we obtain the equalities above
in K¢(L"(3)). Since [(dim L"(3)+2)/2—1]=n+1<2n+2=dim cov(f,),
these equalities hold as C-vector bundles by Theorem 2.4. ]

LemMMA 6.2. Let { be a C-vector bundle over L"(q), where q is an
integer > 1, and let m > n. Then { is extendible (respectively stably extendible)
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to L"™(q) if and only if {®n, is extendible (respectively stably extendible) to
L™ (q).

Proor. If { is extendible (respectively stably extendible) to L™(g), there
is a C-vector bundle ¢ over L™(g) such that the equality i*¢ = holds as
C-vector bundles over L"(gq) (respectively in Kc(L"(q))), where i: L"(q) —
L™(g) is the standard inclusion. Hence i*(£ ®1,,) = { ® 7, holds as C-vector
bundles over L"(q) (respectively in K¢(L"(¢q))). Therefore { ® 7, is extendible
(respectively stably extendible) to L™(q).

Conversely, if { ® 7, is extendible (respectively stably extendible) to L™(g)
for m > n, so is {® (1)) for any r>1 by the argument above inductively.
Since #? =1 (cf. [7, Proposition 4.1, p. 198]), {(={(® (n?)) is extendible
(respectively stably extendible) to L™(q). O

THEOREM 6.3. If n > 6, ¢v(f,) is not stably extendible to L™ (3) for some
m > n. More precisely, the following hold.

(i) cv(fs) is not stably extendible to L*'(3).

(i) cv(fy) is not stably extendible to L**(3).

(iii) If n is even and n > 8, cv(fy) is not stably extendible to L™ (3) for any
m>3"% —q(n+1), where q is an integer satisfying 1 < q < 3"?/{4(n+1)}.

(iv) If nis odd and n>9, cv(f,) is not stably extendible to L™ (3) for
any m >30"V2 _ q(n 4 1), where q is an integer satisfying 1 < q < 3"=1/2/
{4(n+1)}.

Proor. (i) We have the equality v(fs) = 28 — Try¢ by the equality in (3.2)
for n =6 of [6]. Complexifying the both sides and using the equality crys =
e +n2, we have cv(fs) =28 — Tng — Ty2. Then, multiplying them by 74, we
obtain

ov(fs) ® g = 28ns — Tng — 7 =1ns ® 20ng — 7,

since 73 = 1, 27(ng — 1) = 0 and 27(y2 — 1) = 0 in Kc(L%(3)) by Theorem 2.2.
Put p=3,n=06,=cv(fs) ®ne and ¢ = 14 in Theorem 2.7. Then / =7 and
t+¢=21<27=33 Hence cv(fs) ®n, is not stably extendible to L2!(3),
and so is ¢v(fs) by Lemma 6.2.

(i) We have the equality v(f;) =32 — 8ry; by the equality in (3.2)
for n =7 of [6]. Complexifying the both sides and using the equality cry; =
n, +n3, we have cv(f7) =32—8y; —8n3. Then i*(cv(f7)) =32 — 8¢ — 812,
where i: L%(3) — L7(3) is the standard inclusion. Multiplying the both sides
of the equality above 74, we obtain

i*(ev(f7)) ® ng = 321 — 81§ — 8 = 5ng D 199¢ — 8,

since 73 =1, 27(ng — 1) = 0 and 27(y? — 1) = 0 in Kc(L%(3)) by Theorem 2.2.
Put p=3,n=06, {=i"(cv(f7)) ® s and ¢t = 16 in Theorem 2.7. Then / = 8
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and ¢+ / =24 <27 =33 Hence i*(cv(f7)) ® ¢ is not stably extendible to
L**(3), and so is cv(f;) by Lemma 6.2.

(i) Clearly there is an integer ¢ satisfying the inequalities 1 < ¢ <
372 /{4(n+1)} if n> 8.

We have the equality v(f,) =4(n+1)—(n+ 1, in (3.2) of [6]
Complexifying the both sides, using the equality cry, = 7, + 1> and multiplying
them by any integer ¢, we obtain the equality

(%) qev(fy) = —q(n+ 1), — q(n + Dy + 4g(n +1).

Then, adding the both sides of the equality (%) by g(n + 1)175 and using the
equality 3"/?(y, —1) =0 in K¢(L"(3)) obtained from Theorem 2.2, we have

qev(fy) @ q(n+ D2 = 3" — q(n+ D)}n, +4q(n + 1) — 3"2,

Suppose that ¢ satisfies the inequalities 1 < ¢ < 3"/2/{4(n+ 1)} and put p = 3,
{=qev(fy) ®q(n+1)n? and ¢t =3¢(n+1) in Theorem 2.7. Then ¢/ = 3"/? —
4g(n+1)>0 and t+ ¢/ =3"2—g(n+1) <3"2. Hence qev(fy) @ q(n+ 1)n?
is not stably extendible to L"(3) for any m > 3"/? — g(n+ 1), and so is cv(f,).

(iv) Clearly there is an integer ¢ satisfying the inequalities 1 < ¢ <
302/ {d(n+ 1)} if n>9.

Applying i* to the equality (*), where i: L"~!(3) — L"(3) is the standard
inclusion, adding the resulting equality by ¢(n + 1)52_, and using the equality
30-D2(p  —1)=0 in Kc(L"'(3)) obtained from Theorem 2.2, we have

i*qev(fu) ® q(n+ Dy = {32 —g(n + 1)}y, +4q(n+ 1) — 30172,

Suppose that ¢ satisfies the inequalities 1 < ¢ < 3""D/2/{4(n+ 1)} and put
p=3, {=iqov(f,) ®q(n+1)n>_, and t=3¢g(n+1) in Theorem 2.7. Then
(=302 _4g(n+1)>0 and t+/=30""D"2_—gn+1) <3172 Hence
i*qev(fy) @ q(n+ 1)n2_, is not stably extendible to L™ (3) for any m > 3"=1/2 —
g(n+1), and so is cv(fy). O

Now, we are ready to prove Theorem 4.

ProOF OF THEOREM 4. Since 7,, 1> and trivial C-vector bundles over
L"(3) are extendible to L™(3) for every m > n, the “if” part follows from
Theorem 6.1.

The “only if” part follows from Theorem 6.3. O

7. Proof of Theorem 5

On the complexification of the square of the normal bundle associated to
an immersion of L"(3) in R**3 for 0 <n <13 and n = 15, we have
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THEOREM 7.1. Let cv( f,,)2 be the complexification of the square of the
normal bundle v(f,) associated to an immersion f, : L"(3) — R**3.  Then

ov(fo)’ =4, o)) =16,  o(fr)’ =36,
V() =2, @23 @60,  ov(fa)’ =51, ® Sni D 90,
ov(fs)? =144, ov(fe) =8 @ 8y @ 180,
W) =g @11 @234, (k) = 324,
(fo)
(
(

o

ev(f5)? = 297, @ 2972 @ 342, ev(fi0)? = 1250, ® 12573, @ 234,
ev(fin)? =207y, ® 20703, @162,  ev(fi2)* = 2750, @ 27513, @ 126,
ev(fi3)? = 8615 ® 8653, @ 612, ev(fis)? = 395n,5 ® 395775 @ 234.

Proor. Complexifying the both sides of the equalities in Theorem 5.1 of
[5], we obtain the equalities above in the way similar to the proof of Theorem

6.1. O

THEOREM 7.2. If n=14 or n> 16, cv(f,)* is not stably extendible to
L™ (3) for some m >n. More precisely, the following hold.

(i) ev(fia)? is not stably extendible to L'?*(3).

(i) If n is even and n>16, cv(f,)* is not stably extendible to L"(3)
for any m > 3"% —Ts(n+ 1)2, where s is an integer satisfying 1 <s < 3"/
{18(n+1)%}.

(iti) If n is odd and n =17, ev(f,)? is not stably extendible to L™(3) for
any m > 30"V/2 _ 75(n+ 1)%, where s is an integer satisfying 1 < s < 3(=1/2/
{18(n+1)%}.

PrOOF. We have the equality v(f;)> = —7(n+ 1)%rm, + 18(n+ 1)* in the
proof of Theorem 5.1 of [5]. Complexifying the both sides and using the
equality cr, =n, + 12, we obtain the equality

(x) () = =T+ 1), — T(n+ 1) + 18(n+ 1)%.

On the other hand, complexifying the equality 3"/2(ry, —2) =0 in
Kg(L"(3)) obtained from Theorem 2.1, we have the equality 3"/2l (5, + 52 —2)
=0 in Kc(L"(3)). Adding the right-hand side of the equality (xx) by this
equality, we obtain

ov(f)? = B3 =7+ 1), + (302 = T(n + 1)}
+18(n+1)> =232

(i) Consider the equality above for n =14
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ev(fia)? = (37 = 7157y + (37 = 7187, + 18 -15° =237
= 61214 + 6129}, — 324.

Put p=3, n=14, {=cv(fis)* and ¢=302=900 in Theorem 2.7. Then
/=324 and 1+ / = 1224 < 2187 = 3. Hence c¢v(fi4)” is not stably extendible
to L'224(3).

(i) Clearly there is an integer s satisfying the inequalities 1 <s < 3"/2/
{18(n+1)*} if n > 16.

Multiplying the equality (x*) by any integer s, we obtain the equality

(%) sev(f)? = —Ts(n+ 1)2173 —Ts(n+ 1)%y, + 18s(n+ 1)

Then, adding the equality (x#x) by 7s(n+ 1)217,% and using the equality
3%2(y, —1) =0 in K¢c(L"(3)) obtained from Theorem 2.2, we have

sev(f)? @ Ts(n+ 1)*n2 = {3"% —Is(n+ 1)}y, + 18s(n + 1)* — 32,

Suppose that s satisfies the inequalities 1 < s < 3"/2/{18(n + 1)2} and put p = 3,
C=sev(f,)* @ Ts(n + 1)2775 and 7= 11s(n+1)* in Theorem 2.7. Then /=
312 _ 18s(n+ 1) >0 and 1+ / = 3"2 — 7s(n+1)* < 372, Hence scv(f,)* @
Ts(n + 1)y is not stably extendible to L™(3) for any m > 3"/2 —Ts(n+ 1),
and so is ev(fy)?.

(iii) Clearly there is an integer s satisfying the inequalities 1 <s <
3002/ 018(n+ 1)} if n > 17.

Applying i* to the equality (s#x), where i:L""'(3) — L"(3) is the
standard inclusion, adding the resulting equality by 7s(n+ 1)2;7571 and using
the equality 3""1/2(y, , — 1) =0 in K¢(L""'(3)) obtained from Theorem 2.2,
we have

*sev(f)? @ Ts(n+ 1) 2, = (30V2 _ 75(n+ 1),
+18s(n+ 1)* = 3(=D/2,

Suppose that s satisfies the inequalities 1 < s < 3"1/2/{18(n+ 1)*} and put
p=3, (=isev(fp)* ®Ts(n+1)°p2_, and 1= 11s(n+1)> in Theorem 2.7.
Then / =3""D/2 _18s(n+1)* > 0 and 14/ = 30""D/2 _ 7s(n + 1)* < 30+-D/2,
Hence i*sev(f,)* @ Ts(n + 1)217,371 is not stably extendible to L™(3) for every
m > 3002 _75(n+1)%, and so is ev(f,)> ]

Now, we are ready to prove Theorem 5.

ProOOF OF THEOREM 5. The “if” part follows from Theorem 7.1 in the way
similar to that of Theorem 4. The “only if” part follows from Theorem 7.2.
]
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