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NONEXISTENCE OF GLOBAL SOLUTIONS IN TIME

FOR REACTION-DIFFUSION SYSTEMS WITH

INHOMOGENEOUS TERMS IN CONES

By

Takefumi Igarashi and Noriaki Umeda

Abstract. We consider initial-boundary value problems for the

reaction-di¤usion systems with inhomogeneous terms in cones. In this

paper we show the nonexistence of global solutions of the problems

in time.

1. Introduction

We consider nonnegative solutions of initial-boundary value problems for the

reaction-di¤usion systems of the form

ut ¼ Duþ K1ðx; tÞvp1 ; x A D; t > 0;

vt ¼ Dvþ K2ðx; tÞup2 ; x A D; t > 0;

uðx; tÞ ¼ vðx; tÞ ¼ 0; x A qD; t > 0;

uðx; 0Þ ¼ u0ðxÞ; vðx; 0Þ ¼ v0ðxÞ; x A D;

8>>><
>>>:

ð1Þ

where p1; p2 b 1 with p1p2 > 1. The domain D is a cone in RN , such as

D ¼ fx A RN ; x0 0 and x=jxj A Wg; ð2Þ

where W is some region on SN�1 smooth enough.

The initial data u0ðxÞ and v0ðxÞ are nonnegative, bounded and continuous

in D, and u0ðxÞ ¼ v0ðxÞ ¼ 0 on qD. The inhomogeneous terms Ki ði ¼ 1; 2Þ are

nonnegative continuous functions in D� ð0;yÞ.
In this paper we denote by BC the set of all bounded continuous functions

in D. The ‘‘nontrivial solution’’ denotes the solution u satisfying ðu; vÞ2 0 in

D� ð0;TÞ with some T > 0, it thus means that ðu0; v0Þ2 0 with the condition

ðu0; v0Þ A BC.

Keyword and Phrases: reaction-di¤usion, global nonexistence, inhomogeneous term, cone.

AMS subject classifications: 35K45, 35K57.

Received July 1, 2008.



For the Laplace-Beltrami operator with homogeneous Dirichlet boundary

condition on W A SN�1, define on as Dirichlet eigenvalues and cnðyÞ as the

Dirichlet eigenfunctions corresponding to on which is normalized so thatð
W

cnðyÞ dy ¼ 1:

It is following that ð
W

cmðyÞcnðyÞ dy ¼ 0

for m0 n. We introduce the Green’s function Gðx; y; tÞ ¼ Gðr; y; r; f; tÞ for the

linear heat equation in the cone D, where

r ¼ jxj; r ¼ jyj; y ¼ x=jxj and f ¼ y=jyj A W ð3Þ

The Green’s function is expressed to

Gðr; y; r; f; tÞ ¼ 1

2t
ðrrÞ�ðN�2Þ=2 exp � r2 þ r2

4t

 !Xy
n¼1

Inn
rr

2t

� �
cnðyÞcnðfÞ; ð4Þ

where nn ¼ ½ðN � 2Þ2=4þ on�1=2, and In is the modified Bessel function or

InðzÞ ¼
z

2

� �nXy
k¼0

ðz=2Þ2k

k!Gðnþ k þ 1Þ ð5Þ

with the Gamma function GðzÞ ¼
Ðy
0 sz�1e�s ds (see Watson [27, p. 395]).

For our first theorem we shall give the conditions of the inhomogeneous

terms Ki ði ¼ 1; 2Þ as following:

there exist CU ; ŝsi and q̂qi b 0 such that

Kiðx; tÞaCUhxi
ŝsiðtþ 1Þq̂qi for any x A D; tb 0;

�
ð6Þ

where hxi ¼ ðjxj2 þ 1Þ1=2.
Let Ly

a be a Banach space of Ly-functions in D with the norm

kxky;a 1 esssupx ADðhxiajxðxÞjÞ:

For T > 0, set

ET ¼ fðu; vÞ : ½0;T � ! Ly
d1
� Ly

d2
; kðu; vÞkET

< yg ð7Þ

with the norm

kðu; vÞkET
:¼ sup

t A ½0;T �
fkuðtÞky; d1

þ kvðtÞky; d2
g;
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where

di ¼
ŝsjpi þ ŝsi

pipj � 1
ðði; jÞ ¼ ð1; 2Þ; ð2; 1ÞÞ: ð8Þ

It is easily seen that ET is a Banach space.

We begin with stating the existence of the local solution for (1).

Theorem 1. Assume that u0; v0 A BC, u0 1 v0 1 0 on qD, and hxid1u0ðxÞ,
hxid2v0ðxÞ are bounded in D. Suppose that Kiðx; tÞ ði ¼ 1; 2Þ satisfy (6). Then

there exists a nonnegative solution ðu; vÞ A ET which solves (1) in D� ð0;TÞ for

some T > 0.

For given initial values ðu0; v0Þ, let T � ¼ T �ðu0; v0Þ be a maximal existence

time of the solution of (1). If T � ¼ y, the solutions are global in time. On the

other hand, if T � < y, then the solutions are not global in time. If the solution

blows up in finite time such that

lim sup
t!T �

kuð�; tÞky þ lim sup
t!T �

kvð�; tÞky ¼ y; ð9Þ

then the solution is not global, where k � ky denotes the Ly-norm with respect to

space variable.

For our second theorem we shall define a region ~DD such that

there exist k > 0 and fxmgym¼1 satisfying 0 < jxmj < jxmþ1j;
Bðxm; kjxmjÞH ~DDHD for any m; and limm!yjxmj ¼ y;

�
ð10Þ

where Bðx; rÞ denotes the ball with radius r centered at x. We let the inho-

mogeneous terms Ki ði ¼ 1; 2Þ satisfy

there exist CL > 0; �ssi; �qqi b 0 and ~DD satisfying ð10Þ such that

Kiðx; tÞbCLjxj �ssi t �qqi for any x A ~DD; tb 0:

�
ð11Þ

For the theorem we should define gþ denoting the positive root of the equation

gðgþN � 2Þ ¼ o1,

ai ¼
ð2þ �ssi þ 2�qqiÞ þ ð2þ �ssj þ 2�qqjÞpi

pipj � 1
ðði; jÞ ¼ ð1; 2Þ; ð2; 1ÞÞ; ð12Þ

and

Ha ¼ fx A CðDÞ; xðxÞbMhxi�ac1ðx=jxjÞ for x A ~DD with some M > 0g:

The main result of this paper is summarized in the following theorem.
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Theorem 2. Assume that u0; v0 A BC, u0 1 v0 1 0 on qD, and Kiðx; tÞ
ði ¼ 1; 2Þ satisfy (11). Suppose that one of the following two conditions holds;

(i) maxfa1; a2gbN þ gþ.

(ii) u0 A Ha1 with a1 < a1 or v0 A Ha2 with a2 < a2.

Then, there exists no nontrivial nonnegative global solution of (1).

It is expected that if (6) holds, maxfâa1; âa2g < N þ gþ, u0 a chxi�a1c1ðx=jxjÞ
and v0 a chxi�a2c1ðx=jxjÞ with c > 0 small enough, ai > âai ði ¼ 1; 2Þ, then the

solution of (1) is global in time, where âai ¼ fð2þ ŝsi þ 2q̂qiÞ þ ð2þ ŝsj þ 2q̂qjÞpig=
ðpipj � 1Þ ðði; jÞ ¼ ð1; 2Þ; ð2; 1ÞÞ. However, we have not proved it yet.

The method using the sequence of balls in (11) was used in [4, 22] and other

papers.

Remark. (i) It is easily seen that gþ ¼ n1 � ðN � 2Þ=2.
(ii) If both (6) and (11) hold, then it is necessarily that CU bCL, ŝsi b �ssi and

q̂qi b �qqi.

We briefly recall a history of the study on global nonexistence of solutions

to the system (1). First, the global nonexistence of solutions in the case D ¼ RN

ðW ¼ SN�1Þ, u ¼ v, pi ¼ p and Kiðx; tÞ ¼ 1 ði ¼ 1; 2Þ, that is

ut ¼ Duþ up; x A RN ; t > 0;

uðx; 0Þ ¼ u0ðxÞb 0; x A RN ;

�
ð13Þ

was studied by Fujita [3]. Fujita proved that when p < 1þ 2=N the solution

of (13) is not global in time for any nonnegative bounded and continuous

initial data u0 2 0. Fujita’s results were also extended by some researcher.

Hayakawa [8], Kobayashi-Sirao-Tanaka [11] and Weissler [28] proved that when

p ¼ 1þ 2=N, the solution of (13) blows up in finite time for any u0 2 0. For

the case p > 1þ 2=N, Lee-Ni [12] studied that if ku0ky is large enough or

lim inf jxj!yjxjau0ðxÞ > 0 with a < 2=ðp� 1Þ, the solution of (13) is not global in

time. When D is a cone, that is

ut ¼ Duþ up; x A D; t > 0;

uðx; tÞ ¼ 0; x A qD; t > 0;

uðx; 0Þ ¼ u0ðxÞb 0; x A D;

8><
>: ð14Þ

Levine-Meier [14], [15] proved that if pa 1þ 2=ðN þ gþÞ, there is no global

solution of (14).
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Fujita’s results were extended to the case D ¼ RN , u ¼ v, pi ¼ p and Kiðx; tÞ
¼ Kðx; tÞ for i ¼ 1; 2, that is

ut ¼ Duþ Kðx; tÞup; x A RN ; t > 0;

uðx; 0Þ ¼ u0ðxÞb 0; x A RN :

�
ð15Þ

In the case Kðx; tÞ ¼ jxjs with sb 0, Bandle-Levine [1] had that when p < 1þ
ð2þ sÞ=N the solution of (15) is not global in time for any u0 2 0. Hamada [6]

had the same result for p ¼ 1þ ð2þ sÞ=N (see also [18]). Suzuki [23] extended

to the case s A R for the quasilinear parabolic equations. Thereafter, Qi [20]

extended the result to the case Kðx; tÞ ¼ tqjxj with qb 0, sb 0. He proved that

when pa 1þ ð2þ sþ 2qÞ=N there exists no global solution of (15). When D is a

cone, that is

ut ¼ Duþ Kðx; tÞup; x A D; t > 0;

uðx; tÞ ¼ 0; x A qD; t > 0;

uðx; 0Þ ¼ u0ðxÞb 0; x A D;

8><
>: ð16Þ

in the case Kðx; tÞ ¼ jxjs with sb 0, Levine-Meier [14], [15] and Hamada [6] had

that if pa 1þ ð2þ sÞ=ðN þ gþÞ, there is no global solution of (16). For the case

p > 1þ ð2þ sÞ=ðN þ gþÞ, Hamada [7] studied that if u0ðxÞbMhxi�ac1ðx=jxjÞ
with aa ð2þ sÞ=ðp� 1Þ, 0a sa ðp� 1ÞðN � 2Þ and some M > 0, the solution

of (16) is not global. In the case Kðx; tÞ@ tq with q > �1 as t ! y, Levine-

Meier [15] had that if pa 1þ ð2þ 2qÞ=ðN þ gþÞ, there exists no global solution

of ð16Þ:
In the case D ¼ RN , our results are reduced to Escobedo-Herrero [2] and

Mochizuki [16] with Kiðx; tÞ ¼ 1 ði ¼ 1; 2Þ, to Uda [24] with Kiðx; tÞ ¼ tqi

ði ¼ 1; 2Þ, and to Mochizuki-Huang [17] with Kiðx; tÞ ¼ jxjsi with si A

½0; nðpi � 1ÞÞ ði ¼ 1; 2Þ. Additionally, Guedda-Kirane [5] and Kirane-Qafsaoui

[10] studied in this field. They studied the case Kiðx; tÞ@ tqi jxjsi as t ! y and

jxj ! y. However, they needed the condition maxf2qi; sig < nðpi � 1Þ ði ¼ 1; 2Þ.
Moreover, when Kiðx; tÞ ði ¼ 1; 2Þ satisfy (6) and (11) with D ¼ RN , the system

(1) was studied by Igarashi-Umeda [9]. When D is a cone, in the case Kiðx; tÞ ¼ 1,

the condition (i) of Theorem 2 is reduced to Levine [13].

The rest of the paper is organized as follows. In section 2, we state the proof

of the local existence (Theorem 1). The proof of global nonexistence (Theorem 2)

is given in section 3. For the change of variable as (3), we decide hðx; y; tÞ ¼
hðr; y; r; f; tÞ, hðx; tÞ ¼ hðr; y; tÞ or h0ðxÞ ¼ h0ðr; yÞ for any function.
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2. Local Existence in Time

In this section we use si ¼ ŝsi and qi ¼ q̂qi for i ¼ 1; 2. In order to show the

local solvability of the Cauchy problem (1), we consider the associated integral

system

uðx; tÞ ¼ SðtÞu0ðxÞ þ
ð t
0

Sðt� sÞK1ðx; sÞvðx; sÞp1 ds; ð17Þ

vðx; tÞ ¼ SðtÞv0ðxÞ þ
ð t
0

Sðt� sÞK2ðx; sÞuðx; sÞp2 ds; ð18Þ

where

SðtÞxðxÞ ¼
ð
D

Gðx; y; tÞxðyÞ dy ð19Þ

with G defined by (4). Define

Cðu; vÞ ¼ ðSðtÞu0ðxÞ þF1ðvÞ;SðtÞv0ðxÞ þF2ðuÞÞ; ð20Þ

where

ðF1ðvÞ;F2ðuÞÞ ¼
ð t
0

Sðt� sÞðK1ðx; sÞvðx; sÞp1 ;K2ðx; sÞuðx; sÞp2Þ ds:

Lemma 2.1. Let db 0 and a :¼ maxf0;�dðN � 2� dÞ=2g. If we take

0 < T a ðlog 2Þ=a, then for 0a t < T

kSðtÞxky; d a 2kxky; d:

Moreover for 0a t < T

kSðtÞh�i�dky; d a 2:

Proof. Let wðx; tÞ :¼ SðtÞxðxÞ � kxky; dhxi
�d expðatÞ, then we have

Dw� wt ¼ ½ajxj4 þ f2aþ dðN � 2� dÞgjxj2 þNdþ a�kxky; dhxi
�d�4 expðatÞ

b 0:

Combining this with Protter-Weinberger [19, Theorem 10, pp. 183–184], we get

wðx; tÞa 0; that is,

hxidSðtÞxðxÞa kxky; d expðatÞ:
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Then we obtain kSðtÞxky; d a kxky; d expðatÞ. Moreover, if we take 0 < T a

ðlog 2Þ=a, then for 0 < t < T

kSðtÞxky; d a 2kxky; d: r

Lemma 2.2. (i) Assume that hxid1u0ðxÞ and hxid2v0ðxÞ are bounded in D.

ðSð�Þu0;Sð�Þv0Þ A ET for 0 < T a ðlog 2Þ=a, and we have

kðSð�Þu0;Sð�Þv0ÞkET
a 2fku0ky; d1

þ kv0ky; d2
g;

where ET is defined in (7).

(ii) Let ðu; vÞ A ET. Suppose that Kiðx; tÞ ði ¼ 1; 2Þ satisfy (6). Then

ðF1ðvÞ;F2ðuÞÞ A ET for some T > 0, and we have

kðF1ðvÞ;F2ðuÞÞkET
a 2CUð ~TT1ðTÞ þ ~TT2ðTÞÞfkð0; vÞkp1

ET
þ kðu; 0Þkp2

ET
g;

where the constant CU is appeared in (6), and ~TTiðtÞ ¼ fðtþ 1Þqiþ1 � 1g=ðqi þ 1Þ
ði ¼ 1; 2Þ.

Proof. (i) It is obvious from Lemma 2.1 with d ¼ di ði ¼ 1; 2Þ.
(ii) Note that

ð t
0

Sðt� sÞK1ðx; sÞvðx; sÞp1 ds

a

ð t
0

Sðt� sÞCUðsþ 1Þq1hxis1�d2p1 ds sup
s A ½0; t�

kvð�; sÞkp1
y; d2

:

A simple calculation gives �s1 þ d2p1 ¼ d1. Then it follows from Lemma 2.1 that

kSðt� sÞh�is1�d2p1ky; d1
a 2:

Thus we have

kF1ðvÞky; d1
a 2CU

~TT1ðtÞ sup
s A ½0; t�

kvðsÞkp1
y; d2

:

Similarly, we have

kF2ðuÞky; d2
a 2CU

~TT2ðtÞ sup
s A ½0; t�

kuðsÞkp2
y; d1

:

We conclude from these inequations. r
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Proof of Theorem 1. Let BR ¼ fðu; vÞ A ET ; kðu; vÞkET
aRg and PT ¼

fðu; vÞ A ET ; ub 0; vb 0g, and define ~TTi same as in Lemma 2.2 (ii). For ðu1; v1Þ;
ðu2; v2Þ A BR VPT with Rb 1 su‰cient large, we have

kCðu1; v1Þ �Cðu2; v2ÞkET
¼ kðF1ðv1Þ �F1ðv2Þ;F2ðu1Þ �F2ðu2ÞÞkET

: ð21Þ

We consider

jF1ðv1Þ �F1ðv2Þjhxid1

a

ð t
0

Sðt� sÞCUðsþ 1Þq1hxis1 jv1ðx; sÞp1 � v2ðx; sÞp1 j dshxid1 :

Then, since ðu2; v2Þ A BR we obtain

jF1ðv1Þ �F1ðv2Þjhxid1

a 2p1CU
~TT1ðTÞ sup

s A ½0; t�
kRp1�1p1ðv1ð�; sÞ � v2ð�; sÞÞky; d2

: ð22Þ

By the same argument we have

jF2ðu1Þ �F2ðu2Þjhxid2

a 2p2CU
~TT2ðTÞ sup

s A ½0; t�
kRp2�1p2ðu1ð�; sÞ � u2ð�; sÞÞky; d1

: ð23Þ

Substitute (22) and (23) into (21). Since maxfp1; p2ga p1p2, we obtain

kCðu1; v1Þ �Cðu2; v2ÞkET

a 2p1p2CUð ~TT1ðTÞ þ ~TT2ðTÞÞRp1p2�1p1p2kðu1 � u2; v1 � v2ÞkET
:

Taking T > 0 small enough, we have

kCðu1; v1Þ �Cðu2; v2ÞkET
a rkðu1; v1Þ � ðu2; v2ÞkET

for some r < 1. Then C is a strict contraction of BR VPT into itself, whence there

exists a unique fixed point ðu; vÞ A BR VPT which solves (1). r

3. Nonexistence of Global Solution

In this section we treat the nonexistence of global solutions in time of (1).

Here, we take the same strategy as in [17], [18], [25] and [26]. Let si ¼ �ssi and

qi ¼ �qqi for i ¼ 1; 2 through this section.

First, we should consider only the case k A ð0; 1=2Þ by comparison. Let
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lm > 0 denote the principal eigenvalue of �D with Dirichlet problem in

Bðxm; kjxmjÞ, and let zmðxÞ > 0 denote the corresponding positive eigenfunction,

normalized by
Ð
Bðxm;kjxmjÞ zmðxÞ dx ¼ 1. Define

FmðtÞ ¼
ð
Bðxm;kjxmjÞ

uðx; tÞzmðxÞ dx; GmðtÞ ¼
ð
Bðxm;kjxmjÞ

vðx; tÞzmðxÞ dx: ð24Þ

By applying Green’s formula and Jensen’s inequality, we see that ðFmðtÞ;GmðtÞÞ
satisfies

F 0
mðtÞb�c1jxmj�2

FmðtÞ þ c2t
q1 jxmjs1GmðtÞp1 ;

G 0
mðtÞb�c1jxmj�2

GmðtÞ þ c2t
q2 jxmjs2FmðtÞp2

(

(see [9, § 3]). We will show that for an appropriate choice of k, ðFmðtÞ;GmðtÞÞ is

not global in time, thereby contradicting the assumption that ðu; vÞ is a global

solution. By the same arguments as in [9, § 3], [13] and [21], we have the following

proposition:

Proposition 3.1. Let ðFmðtÞ;GmðtÞÞ by (24) for some t0 A ð0; t� and m A N. If

Fmðc1jxmj2Þ > Ajxmj�a1 or Gmðc1jxmj2Þ > Bjxmj�a2

with some A;B > 0 and some c1 > 0, then ðFmðtÞ;GmðtÞÞ is not global in time.

Lemma 3.1. Let u0 and v0 are BC and ðu0; v0Þ2 0, and let ðu; vÞ be a solution

of (1). Then for any t > 0 and x A D there exist constants mb 1 and C ¼
CðN; t; u0; v0;K1;K2; p1; p2; mÞ > 0 such that

uðx; tÞbCjxjgþe�mjxj2c1ðx=jxjÞ and vðx; tÞbCjxjgþe�mjxj2c1ðx=jxjÞ:

Proof. We may let u0ðxÞ2 0 without loss of generality. Since uðx; tÞb
SðtÞu0ðxÞ, InðzÞbCzn and gþ ¼ n1 � ðN � 2Þ=2, we obtain

uðx; tÞb C

ð2tÞ1þn1
rgþe�r2=4tc1ðyÞ

�
ðy
0

ð
W

rgþþN�1e�r2=4tc1ðfÞu0ðr; fÞ dfdr:

Then we have, for every t1 > 0,

uðx; t1ÞbC1r
gþe�m1r

2

c1ðyÞ ð25Þ

with m1 ¼ maxf1; 1=4t1g and
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C1 ¼ C1ðt1;N; u0Þ ¼
C

ð2t1Þ1þn1

ðy
0

ð
W

rgþþN�1e�r2=4t1c1ðfÞu0ðr; fÞ dfdr:

From (18) and the fact that In bCzn with some C > 0, we have

vðx; tÞbCrgþc1ðyÞ
ð t
0

ðy
0

ð
W

1

ð2ðt� sÞÞn1þ1
e�r2=4ðt�sÞ

� rgþþN�1e�r2=4ðt�sÞc1ðfÞK2ðr; f; sÞup2ðr; f; sÞ dfdrds:

Then by (25) we obtain for t2 > 2t1

vðx; t2ÞbC2r
gþc1ðyÞ

ð t2
t2=2

1

ð2ðt2 � sÞÞn1þ1
e�r2=4ðt2�sÞ ds

bC2r
gþc1ðyÞ

1

tn1þ1
2

e�r2=2t2

ð t2
t2=2

ds ¼ C2r
gþc1ðyÞ

1

2tn12
e�r2=2t2

with

C2 ¼ C2ðt2;N; u0;K2Þ

¼ inf
s A ðt2=2; t2Þ

C

ðy
0

ð
W

rgþþN�1e�r2=4ðt2�sÞc1ðfÞK2ðr; f; sÞup2ðr; f; sÞ dfdr:

Then we have

vðx; t2ÞbC3r
gþe�m2r

2

c1ðyÞ

with m2 ¼ maxf1; 1=2t2g and C3 ¼ C2=2t
n1
2 . Put C ¼ minfC1;C2;C3g and m ¼

maxfm1; m2g and t ¼ t2. Then we have

uðx; tÞbCrgþe�mr2c1ðyÞ and vðx; tÞbCrgþe�mr2c1ðyÞ: r

Lemma 3.2. For sb 0, mb 1, x A D and tb t with some t > 0, we have

SðtÞwBðxÞjxj
s
e�mjxj2

bCtðs�gþÞ=2ð1þ 4mtÞ�ðNþsþgþÞ=2jxjgþe�jxj2=4tc1ðx=jxjÞ

with some C > 0 and B ¼ Bðb; aÞHD with a > 0 and b A D, where wB is a

characteristic function of B such that wBðxÞ ¼ 1 for x A B and ¼ 0 for x A DnB.
The domain Bðb; aÞ denotes the open ball of radius a centered at b.

Proof. We can put positive constants a1, a2 and domain W 0 HW satisfying

0 < a1 < a2 < y, jW 0j0 0 and DB ¼ fx; jxj A ða1; a2Þ; x=jxj A W 0gHB. By (19)

and
Ð
W 0 c1ðfÞ df ¼ C with some C A ð0; 1�, we have
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SðtÞwBðxÞjxj
s
e�njxj2

b

ð a2
a1

ð
W 0

Gðr; y; r; f; tÞrse�mr2

rN�1 dfdr

b
C

ð2tÞ1þn1
rgþe�r2=4tc1ðyÞ

ð a2
a1

ð
W 0

rgþþsþN�1e�ð1þ4mtÞr2=4tc1ðfÞ dfdr

b
Crgþe�r2=4tc1ðyÞ
ð2tÞ1þn1 ~mmðtÞgþþsþN

ð ~mmðtÞa2

~mmðtÞa1
sgþþsþN�1e�s2 ds

where ~mmðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 4mtÞ=4t

p
. Since 1a

ffiffiffi
m

p
a ~mmðtÞa ~mmðtÞ for tb t, we have

SðtÞwBðxÞjxj
s
e�njxj2

bCtðs�gþÞ=2ð1þ 4mtÞ�ðNþsþgþÞ=2rgþe�r2=4tc1ðyÞ: r

By Lemma 3.1, we can assume

u0ðxÞbCjxjgþe�mjxj2c1ðx=jxjÞ

for some C > 0 and m > 0. Then we have, for tb t

uðx; tÞbCð1þ 4mtÞ�N=2�gþ jxjgþe�jxj2=4tc1ðx=jxjÞ: ð26Þ

Lemma 3.3. Let v be the second element of the solution of (1). Then we have

vðx; tÞbCtððp2�1Þgþþs2þ2q2þ2Þ=2ðtþ 1Þ�gþp2�Np2=2jxjgþe�jxj2=2tcðx=jxjÞp2þ1

for tb t with some t > 0 and C ¼ Cðt; u0; v0;K1;K2; p1; p2Þ > 0.

Proof. It follows from (11), (18) and (26), we obtain

vðx; tÞbC

ð t
0

Sðt� sÞw ~BBk; 1
ðxÞjxjs2þp2gþsq2

� ð4sþ 1=mÞ�Np2=2�p2gþe�p2jxj2=4scp2
1 ðx=jxjÞ ds:

By Lemma 3.2, we then have

vðx; tÞbCðt=2Þð p2�1Þgþ=2þs2=2ðt=4Þq2ð2tþ 1=mÞ�gþp2�Np2=2

� jxjgþe�jxj2=2tcp2þ1
1 ðx=jxjÞ

ð t=2
t=4

ds:

Thus, the inequality of the lemma holds. r

141Nonexistence of Global Solutions in Time



Lemma 3.4. Let u be first element of the solution of (1) and a1 bN þ gþ.

Then for tb a

uðx; tÞb Ct�N=2�gþ jxjgþe�jxj2=2tc1ðx=jxjÞ
p1p2þp1þ1 logðt=2aÞ; if a1 ¼ N þ gþ;

Ct�N=2�gþ jxjgþe�jxj2=2tc1ðx=jxjÞ
p1p2þp1þ1ðt~pp � ð2aÞ~ppÞ; if a1 > N þ gþ

(

with C ¼ Cða; u0; v0;K1;K2; p1; p2;NÞ > 0, where a > 0 is a small constant and

~pp ¼ ðp1p2 � 1Þða1 �N � gþÞ=2.

Proof. By Lemma 3.3, we have

uðx; tÞbC

ð t
a

Sðt� sÞw ~BBk; 1
ðxÞjxjs1sq1sð1þs2=2þq2Þp1þp1ðp2�1Þgþ=2

� ðsþ 1Þ�Np1p2=2�gþp1p2 jxjp1gþe�p1jxj2=2sc1ðx=jxjÞ
p1ðp2þ1Þ

ds:

It follows from Lemma 3.2 that

uðx; tÞbCðt=2Þðs1þp1gþ�gþÞ=2t�ðNþs1þp1gþþgþÞ=2jxjgþe�jxj2=2t

� c1ðx=jxjÞ
p1p2þp1þ1

ð t=2
a

sfð�N�gþÞðp1p2�1Þþð2þs2þ2q2Þp1þs1þ2q1g=2 ds

for small a > 0. Since

fð�N � gþÞðp1p2 � 1Þ þ ð2þ s2 þ 2q2Þp1 þ s1 þ 2q1g=2

¼ fðp1p2 � 1Þða1 �N � gþÞg=2� 1;

this proves the inequality of the lemma. r

Proof of Theorem 2. First we consider the case (i). We may assume

a1 b a2. Put Ym ¼ ffiffiffiffiffi
c1

p jxmj. From the definition, we have a1 bN þ gþ. By

Lemma 3.4, since x A Bðxm; kjxmjÞ, we have

FmðY 2
mÞbCY�N�gþ

m hm

�
ð
Bðxm;kjxmjÞ

jxjgþ
jxmjgþ

exp � jxj2

2Y 2
m

 !
zmðxÞc1ðx=jxjÞ

p1p2þp1þ1
dx

bCjxmj�N�gþðc1Þ�ðNþgþÞ=2hmð1þ kÞgþ expð�ð1þ kÞ2=2c1Þ;
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where hm ¼ logðY 2
m=2aÞ for a1 ¼ N þ gþ and hm ¼ Y 2 ~pp

m � ð2aÞ ~pp for a1 > N þ gþ
with C ¼ Cða; u0; v0;K1;K2; p1; p2;NÞ > 0 and ~pp defined in Lemma 3.4. Since

a1 bN þ gþ, it follows that

jxmja1FmðY 2
mÞbCjxmja1�N�gþc

�ðNþgþÞ=2
1

� hmð1þ kÞgþ expð�ð1þ kÞ2=2c1Þ > A

for m large enough. Thus, ðFmðtÞ;GmðtÞÞ is not global in time by Proposition 3.1.

Next, we consider the case (ii). Since uðx; tÞbSðtÞu0ðxÞ, u A Ha1 , InðzÞbCzn

and
Ð
W c1ðfÞ

2
df is constant, it follows that

uðx; tÞb
ðy
0

ð
W

Gðr; y; r; f; tÞu0ðr; fÞrN�1 dfdr

bC

ðy
0

rgþrNþgþ�1

tgþþN=2
exp � r2 þ r2

4t

� �
ð1þ r2Þ�a1=2c1ðyÞ dr:

Then, since gþ ¼ n1 � ðN � 2Þ=2, we obtain

uðx;Y 2
mÞbC

r

Ym

� �gþ
exp � r2

4Y 2
m

� �ðy
0

1

Ym

r

Ym

� �N=2þn1

� exp � r2

4Y 2
m

� �
ð1þ r2Þ�a1=2c1ðyÞ dr:

Since Ym ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1jxmj2

q
, we have for x A Bðxm; kjxmjÞ

uðx;Y 2
mÞbCð1þ kÞ�N=2ð1� kÞ1þn1c

�gþ=2
1 expf�ð1þ kÞ2=c1g

� c1ðyÞ
ðy
0

1

Ym

r

Ym

� �N=2þn1

exp � r2

4Y 2
m

� �
ð1þ r2Þ�a1=2 dr:

Putting w ¼ r=Ym, we have

uðx;Y 2
mÞbCc1ðyÞ

ðy
0

wN=2þn1 exp � w2

4

� �
ð1þ w2Y 2

mÞ
�a1=2 dw:

Note that 1þ w2Y 2
m aY 2

mð1þ w2Þ if m is large enough. Then, we obtain

uðx;Y 2
mÞbCc1ðyÞjYmj�a1

ðy
0

wN=2þn1 exp � w2

4

� �
ð1þ w2Þ�a1=2 dw

bCc1ðx=jxjÞjxmj
�a1
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for su‰ciently large m. Since
Ð
Bðxm;kjxmjÞ c1ðx=jxjÞzmðxÞ dx is constant, we have

FmðY 2
mÞb

ð
Bðxm;kjxmjÞ

uðx;Y 2
mÞzmðxÞ dx

bCjxmj�a1

ð
Bðxm;kjxmjÞ

c1ðx=jxjÞzmðxÞ dxbCjxmj�a1 :

Since u0 A Ha1 with a1 < a1, we have

jxmja1FmðY 2
mÞbCjxmja1�a1 > A

for su‰ciently large m. If v0 A Ha2 with a2 < a2, we similarly have

jxmja2GmðY 2
mÞbCjxmja2�a2 > B

for m large enough. Thus, ðFmðtÞ;GmðtÞÞ is not global in time by Proposition 3.1.
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