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Abstract

Quantum Simulation of Inflationary Cosmology:
Probing Analogue Trans-Planckian Spectra in
Dipolar Bose-Einstein Condensates

Seok-Yeong Chi

Department of Physics and Astronomy
The Graduate School

Seoul National University

This study concerns the emergence of effective curved spacetime in the quasi two di-
mensional dipolar Bose-Einstein condensates, in which Bogoliubov quasiparticle excita-
tion spectrum displays, at sufficiently large gas density, a deep roton minimum due to the
spatially anisotropic behavior of the dipolar two-body potential.

The study can generally be divided into two parts. Firstly, an analogue de Sitter cosmos
in an expanding dipolar condensate is considered. It is demonstrated that a hallmark signa-
ture of inflationary cosmology, the scale invariance of the power spectrum (SIPS) of inflaton
field correlations, experiences strong modifications when, at the initial stage of expansion,
the excitation spectrum displays roton minimum. This exemplifies that dipolar quantum
gases furnish a viable laboratory tool to experimentally investigate, with well-defined and
controllable initial conditions, whether excitation spectra deviating from Lorentz invariance
at trans-Planckian momenta violate standard predictions of inflationary cosmology.

Secondly, it is investigated whether a rapid quench, performed on the speed of sound
of excitations propagating on the condensate background, leads to the dynamical Casimir
effect (DCE), which can be characterized by measuring the density-density correlation func-
tion. It is shown, for both zero and finite initial temperatures, that the continuous-variable
bipartite quantum state of quasiparticle pairs with opposite momenta, resulting from the

quench, displays an enhanced potential for the presence of entanglement, when eormparéd —
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to a gas with repulsive contact interactions only. Entangled quasiparticle pairs contain mo-
menta close to the roton, and hence the quantum correlation significantly increases in the

presence of deep roton minimum.

Keywords : Bose-Einstein Condensation, Dipole-Dipole Interaction, Inflation, Dynamical
Casimir Effect, Trans-Planckian Physics, Analogue Gravity, Roton Minimum

Student Number : 2011-23282
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Chapter 1

Introduction

Quantum field theory in curved spacetime (QFTCS) predicts that pairs of correlated parti-
cles are created from the vacuum when classical background rapidly varies in time [1]]. This
process can take place in expanding (or contracting) universe, where it is coined as cosmo-
logical particle production [2l3]]. This occurs analogously in the dynamical Casimir effect
for photons generated from the electrodynamical quantum vacuum in a vibrating cavity [4]].
Correlated pairs of particles can also be produced by the phenomenon of Hawking radiation
in the presence of an event horizon [5}/6].

As a major result from QFTCS, the hypothesis of a rapid initial expansion of the cos-
mos in the inflationary scenario [[7H9] resolved many vexing cosmological questions plagu-
ing other theories, such as the observed flatness and homogeneity of the universe, as well as
the nonexsistence of monopoles. However the resolution of these issues came at the price of
creating another potential prolem [[10]: Generally the period of inflation lasts so long that, at
the beginning of the inflationary period, the physical wavelengths of comoving scales which
correspond to the present large-scale structure of the universe were smaller than the Planck
length. Thus necessarily trans-Planckian energies become involved, for which the physics is
at present speculative. Similar issues regarding kinematical phenomena for quantum fields
propagating on a fixed curved spacetime arise when tracing back Hawking radiation emis-
sion all the way down to the black hole horizon [11-14].

On the other hand, by temporal variations of a homogeneous background, quasipar-
ticle pairs with opposite momenta can be produced and form (continuous-variable) bipar-
tite quantum states: They are entangled. The degree of quantum entanglement can be un-
derstood in hierarchical way. States exhibiting “Bell nonlocality” form a strict subset of
“steerable” quantum states. And the steerable states form a strict subset of “nonseparable”
states [15H17]]. Steering [[18]] refers to the quantum correlations that can be observed be-
tween the outcomes of measurements applied on a half of the entangled state (Alice) and
on the resulting post-measurement state left with the other party (Bob). A criterion test-
ing quantum steering can be seen as an entanglement test where one of the parties (Alice)

2] O 1l &1
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2 CHAPTER 1. INTRODUCTION

performs uncharacterized measurements, i.e., with a procedure not accessible (hidden in a
black box) to the other party (Bob) [[19]. With all these intriguing features, however, directly
observing pair creation in relativistic quantum field theory is notoriously difficult due to the
challenging experimental requirements for achieving sizable pair production rates.

To render these problems under rather general conditions accessible to experiments, the
idea of quantum simulation [20] was applied to relativistic quantum fields on an effective
curved spacetime [211]22]]. This is frequently classified under the notion of “analogue grav-
ity,” see for an extensive review and a comprehensive list of references [23]]. The analogue
gravity program [21}23-25]] has been successfully theoretically implemented in ultracold
matter for various cosmological phenomena, e.g., inflaton quantum fluctuations [[26,27]], the
Gibbons-Hawking effect [28]], cosmological particle production [29-31]], the cosmological
constant problem [25[3233], or false vacuum decay [34]. Also, several quantum simulation
experiments, in which quasiparticles propagate on a rapidly changing background, leading
to the dynamical Casimir effect, have been proposed, e.g., in [30,35-39].

Importantly, recent experimental advances have allowed for groundbreaking observa-
tions of analogues of cosmological particle production, Sakharov oscillations, black hole
lasers, and Hawking radiation [40-44], as well as those experiments conducted for ob-
serving dynamical Casimir effect, c.f., e.g., [40,/41,45,46]. In the same vein, to investi-
gate the analogue event or cosmological horizons and the associated entanglement effects,
several experiments have been proposed [24,26,47-51]] and some were realized in the
lab [42,/44,/52-54]. These experiments held promises to realize experimental cosmology:
A quantum simulation of inflationary scenario with reproducible initial conditions, which is
distinct from the current purely observational cosmology of a pregiven state of the universe.

A major original motivation of analogue gravity, so far not experimentally investigated,
is to probe consequences of trans-Planckian physics in a microscopically well understood
setup in a regime inaccessible for quantum fields in the presence of strong real (Einsteinian
or other) gravity. We here propose to realize this aim with dipolar Bose-Einstein conden-
sates, addressing the trans-Planckian problem of inflationary cosmology.

Going beyond contact interactions (in field theory language ¢*), magnetic dipole-
dipole interaction (DDI) dominated condensates [55] have been created with chromium
[56], dysprosium [57]], and erbium [58|] atoms, and the realization of BECs made up of
molecules with permanent electric dipoles [59]] is now at the forefront of ongoing research

cf., e.g., [60,/61]. The excitation spectrum of DDI-dominated BECs dijsp,lays_a roton min-
4 Yl &



imum [62-64]]. Various ramifications of the dipolar BEC roton, originally defined for and
observed in the strongly interacting superfluid helium II [|65,/66]], have been recently experi-
mentally investigated in ultracold dipolar quantum gases [67H70]. In addition, the significant
progress in probing correlation functions to increasing accuracy [41}71]] pave the way for
an exploration of the intricate many-body correlations due to DDI.

In dipolar Bose-Einstein condensates, the (analogue) trans-Planckian large-momentum
sector of the excitation spectrum (containing in particular the roton) is well controlled by
adjusting the relative strength of contact and dipolar interactions. We will demonstrate that,
for the creation of quasiparticle pairs in a time-dependent background, the existence of a
deep roton minimum in the excitation spectrum plays a dominant role [72,/73|.

For certain classes of inflaton dispersion relations, displaying deviations from Lorentz
invariance at trans-Planckian scales, the predictions of inflation, in particular the scale in-
variance of the power spectrum (SIPS) of inflaton field correlations, remain robust, while
for others, they change significantly, cf., e.g., [74+78]. In our study, it is shown that dipo-
lar BECs, possessing trans-Planckian spectra leading to strong departures from Lorentz
invariance, yield significant changes of the standard inflationary prediction of SIPS. This
represents the first example within analogue gravity where violations of SIPS can become
experimentally manifest.

We also exploit that the (analogue) trans-Planckian sector can be engineered to explore
the consequences for the quantum many-body state of the quasiparticles created by quench.
The entanglement, here represented by the nonseparability and steerability present in a bi-
partite continuous variable system, are significantly enhanced in the presence of a deep
roton minimum, that is, for sufficiently large densities of a DDI dominated gas. In quan-
tum simulation—analogue gravity language, this is the quasiparticle production due to the
dynamical Casimir effect for a relativistic quantum field of phonons in the low-momentum

corner.
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Chapter 2

Bose-Einstein Condensation

2.1 Time Line of Bose-Einstein Condensation

* 1925 : A. Einstein, on the basis of a paper by the Indian physicist S. N. Bose (1924),
devoted to the statistical description of the quanta of light, predicted the occurrence

of a phase transition in a gas of noninteracting atoms.

= This phase transition is associated with the condensation of atoms in the state of

lowest energy and is the consequence of quantum statistical effects.

* 1938 : F. London, immediately after the discovery of superfluidity in liquid helium
(Allen and Misener, 1938; Kapitza, 1938), had the intuition that superfluidity could

be a manifestation of Bose-Einstein condensation.

* 1941 : The first self-consistent theory of superfluids was developed by Landau in

terms of the spectrum of elementary excitations of the fluid.

* 1947 : N. N. Bogoliubov developed the first microscopic theory of interacting Bose

gases, based on the concept of Bose-Einstein condensation.

* 1949, 1955, 1956 : The prediction of quantized vortices by Onsager (1949) and Feyn-

man and their experimental discovery by Hall and Vinen (1956).

* 1951, 1956 : Landau and Lifshitz (1951), Penrose (1951) and Penrose and Onsager
(1956) introduced the concept of the off-diagonal long-range order and discussed its

relationship with BEC.

* 1970s : The experimental studies on the dilute atomic gases started from 1970s, prof-
iting from new techniques developed in atomic physics based on magnetic and optical
trapping, and advanced cooling mechanisms(evaporative cooling) to obtain tempera-

tures very close to BEC. 1]
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* 1980s : Laser-based techniques, such as laser cooling and magneto-optical trapping,
were developed to cool and trap neutral atoms. Alkali atoms were well suited to laser-
based methods because their optical transition can be excited by available lasers and
because they have a favourable internal energy-level structure for cooling to very
low temperatures. Once they are trapped, their temperature can be lowered further by

evaporative cooling.

* 1995 : By combining the different cooling techniques, the experimental teams of
Cornell and Wiemann at Boulder and of Ketterle at MIT eventually succeeded in
1995 in reaching the temperatures and densities required to observe BEC in vapours

of 8'Rb (Anderson et al., 1995) and 2>Na (Davis et al., 1995).

= Despite the huge literature on the theory of Bose-Einstein condensation developed
in previous years, the experiments of 1995 have opened a new variety of important
questions. In particular the predictions of meanfield theory, based on the extension
of Bogoliubov theory to nonuniform gases, are now rather well settled and provide
a satisfactory description of many physical phenomena exhibited by these quantum

gases.

2.2 Off-Diagonal Long-Range Order

Long-range order, symmetry breaking and order parameter are key concepts underlying the
phenomenon of Bose-Einstein condensation. Let us start our discussion by introducing a
very general definition which applies to any system, independent of statistics, in equilibrium

as well as out of equillibrium. We consider single-particle density matrix defined by

pr(x) = (Flinlr) = (8 (0 (), e

where UT(r) (¥(r)) is the field operator creating (annihilating) a particle at the point r.
For a system of Bosons, the field operators of (2.1)) satisfy the well-known commutation

relations

[b(@), V] =0 =2, NE)EE=01] O 1] @2 )
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If the system occupies a pure state, described by the NV-body wave function ¢, (r1,- - ,ry),

then the average is taken as follows:

pgn)(r, r') = /dr2 coodry @i (r,re, - TN )op(Y To, - TN, (2.3)
involving integration over the N — 1 variables ro,--- ,ry.

For the more general case of a statistical mixture, expression (2.3)) should be averaged
according to the probability for a system to occupy the different states. The most important
example is a system in thermodynamic equilibrium. In this case the states (,, are eigen-
states of the Hamiltonian with energy E,, and the weight of each state is fixed by the factor

exp(—E, /kT), so that the density matrix becomes
1 _
pi(r, I") _ é Ze En/kTpgn)(I', I‘/),
n

where Q = ) exp(—E,/kT) is the partition function.
By setting r = r’ in the eq.(2.1)), one finds the diagonal density of the system:

Npi(r,r) = (¥ (r)¥(r)) = p(r),

where p(r) is the particle density of the system at point r. The total number of particles is

then

N:/drp(r):/dr Npi(r, 1)

This equation defines the normalization of the single-particle density matrix.
Off-Diagonal Long-Range Order (ODLRO) is a concept that C. N. Yang [79]] in-
troduced to analyze the occurrence of order in a system. A system is said to possess an

ODLRO if the single-particle density matrix

Np(r,r) = Te(pbl (1) 1)) = (¥ (0) B (x')) (24)

remains on the order of N/V as |r — r/| increases. The expression (2.4)) says that the single-
particle density matrix gives the probability ampitudes that the quantum state of the system
remains unperturbed if a particle is removed from the system at r’ and added to it at r.

ODLRO implies that a particle can travel a long distance without disturbing the system.

Let’s consider a system of Bosons described by the density operajto_'{ ﬁ.;_Let1 p1ibesthe —
."\-\.I-;.'_I.'.:! 1L
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reduced single-particle density operator. For convenience, let’s define
o1 = N ﬁ1 .

In a nonequilibrium situations in which the state of a system changes in time, the density
operators can have time dependence. Since p(and so 61) is still Hermitian, we can consider

the representation in which the single-particle density operator is diagonal at all times:

= o m O 0) 0.0

or oy(r,r';t) = (r'|61(t) an, () (r, ), () 1). (2.5)

For the construction of the state vectors v, one can reformulate the argument as follows.
Since o1(r,r’) = (o1(r/,r))*, the matrix o is Hermitian and can be diagonalized. The
long-range order exhibited by the single-particle density matrix is strongly connected to the

behavior of its eigenvalues n; defined by the solution of the eigenvalue equation,

/dr’ o1(r, ' )i(x") = niti(r). (2.6)

The solutions of provide a natural basis of orthonormal wave functions ¢;(r) normal-

ized to unity. By multiplying (2.6) by ¢ (r) and integrating over r, one finds

/drdr o1 (r, ')l (r);(r') = n;. (2.7)

Taking summation over i, we obtain
N = E ng,
i

which follows from the completeness relation >, ¥ (r)y;(r') = d(r — r’).
Note that the single-particle wave functions v; are well defined not only for ideal gases,
but also for interacting and nonuniform systems. The knowledge of the functions v; and of

the eigenvalues n; permits us to write the density matrix in the diagonalized form

r') = Z gy (r) s (r). (2.8)
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A major consequence of the diagonalization (2.8)) is given by the possibility of identify-
ing in an unambiguous way the single-particle wave functions v; for both interacting and
nonuniform systems. These functions can be used to write the field operator \if(r) in the

form

U(r) = Zwr)di, (2.9)

where a; are defined by

a; = / dr ¢} (r)¥(r). (2.10)

It is easy to check that their commutation relations are
aeoall = 8. G a1 =0
[alaaj] = 044, [azaa]] = U

Using the definition (2.1) and the eigenvalue equation (2.6), one finds that the expectation

value of the operators d} a; is given by

We introduce an interpreation that the operators a; (dj») are annihilation (creation) operators

of a particle in the state ;.

2.3 Definition of Bose-Einstein Condensation

Let |1)o(t)) be the state with maximum eigenvalue. The condition for the occurance of Bose-

Einstein condensasation is formulated as [80]:
ng = O (N )

If BEC occures only in the v = 0 mode, 1,9 = O(1). In other words, Bose-Einstein
condensation occurs when one (or several) of the single-particle states (hereafter called the
condensate, 7 = 0) is occupied in a macroscopic way, i.e. when ng = Np is a number of
order N, while the other single-particle states have a microscopic occupation of order 1.
In this case eq.(2.8) can conveniently be rewritten in the separated form
o1(r, ') = Nowg(r)eo(r) + Y nitdf (r)eu(r). . @I

: + J
1#£0 A = S
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At large distances s = |r — 1’|, the only contribution that remains finite is that from the
condensate. The contribution remains finite up to distances |r — r’| fixed by the extension
of the function .

Suppose that BEC didn’t exist, i.e., there is no macroscopically occupied state. Then in
the limit [r —r’| — oo, every terms in (2.5)) do not add up but rather cancel each other, since
1,’s are orthogonal to each other. Thus o1 (r,r’;¢) will not remain on the order of N/V/,
i.e., the system will not show ODLRO. We have just proved that ODLRO implies the onset
of BEC.

If BEC occurred only in the v = 0 mode, that is, ng = O(IV) and n,, o = O(1), then,

in the limit |r — 1’| — oo, we have

o1(r, 5 t) = noyg (r, t) o (r', )
= Ut (r,t)¥(r, t).

We refer to

W(r,1) = \/motbo(r, t)

as condensate wavefunction or order parameter and ng as the number of condensed
Bosons. ¥(x, t) can be understood as an eigenfunction of the single-particle reduced density

matrix o1 (x,y;t):
/dx o1(x,y)U(x,t) ~ngU(y,t), ng = /dx W (x,1)[2. (2.12)

We note that if ¥(x,t) is a solution to the eigenvalue problem @.12)), ¥(x, t)e’? is also a
solution to it, where ¢ is an arbitrary real number. The global phase of the condensate wave-
function is therefore arbitrary. Making an explicit choice for the value of the order parameter

corresponds to a formal breaking of gauge symmetry, the U(1) symmetry breaking.

2.4 Uniform and Isotropic Case

Let us consider the case of uniform and isotropic system of IV particles occupying a volume
V in the absence of external potentials. In the thermodynamic limit, where N,V — oo with

the density n = N/V kept fixed, the single-particle density matrix %ﬂer}d:s only jon=the —
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modulus of the relative position s = r — r’, and the solutions of (2.6) are plane waves:

1 .
Pp(r) = \fve“”/ h (2.13)

with the value of p being determined by the boundary consitions and the eigenvalues are
given by
np = / dr' o1 (r')e®T /",
v

The expansion (2.11]) now becomes

o1(s) = No/V + % > npe®e/h (2.14)
p#0
One finds that, in the presence of BEC, the single-particle density matrix does not vanish
at large distances but approaches a finite value: o1(s) — No/V as s — oo. This be-
haviour was pointed out by Landau(1951), Penrose(1951) and Penrose and Onsager (1956)
and is often referred to as off-diagonal long-range order, since it involves the nondiagonal
components (r # r') of the single-particle density matrix (2.7)).

The above considerations also hold in the presence of interactions. For example, while
in the ideal gas all the particles are in the condensate at 7' = 0 and Ny = N, in the presence
of interactions one has Ny < N even at T' = 0. The condensate fraction Ny/N depends
on the temperature of the sample and vanishes above the critical temperature 7. for Bose-

Einstein condensation. In Fig.[2.1|the behaviour of o1 (s) at different temperatures is shown.

2.5 Bogoliubov Approximation

The wave function relative to the macroscopic eigenvalue Ny plays a crucial role in the
theory of BEC and characterizes the so-called wave function of the condensate. We separate

in the field operator (2.9) the ‘condensate’ term ¢ = 0 from the other components:
U(r) = o(r)ao + »_ vi(r)as. 2.15)
i#0

The Bogoliubov approximation is to treating the macroscopic component ¢gag of the field
operator (2.15) as a classical field be the approximation ag ~ +/Ny-so that eq.(2.15) [caf be —
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Figure 2.1: Off-diagonal single-particle density as a function of the relative distance s.
For temperatures below the critical temperature, o1 (s) approaches, for large s, the value
no = No/V, where Ny is the number of particles in the condensate. At s = 0, o1(s)
coincides with the diagonal density n = N/V.

rewritten as
T(r) = Wo(r) + 6 (r), (2.16)

where we have defined Wy = /Ny and U = Z#O V0.
The function Wy(r) is called the wave function of the condensate or the order parame-

ter. It is a complex quantity, characterized by its modulus and phase:
Wo(r) = [To(r)|e'®™). (2.17)

The phase ®(r) plays a major role in characterizing the coherence and superfluid phe-
nomena. The order parameter characterizes the Bose-Einstein condensed phase and
vanishes above the critical temperature. As one can see from its definition (2.11)), the order
parameter Ug = +/Ngt)g is defined only up to a constant phase factor. One can always
multiply this function by the numerical factor ¢’® without changing any physical property.
Making an explicit choice for the value of the order parameter corresponds to a formal
breaking of gauge symmetry.

One can write ¥y = (¥), having in mind that the states on the left have one less
particle in the condensate than the states on the right.

If we take this average over stationary states whose time dependence is governed by

the law e~ *Et/h

, it is easy to see that the time dependence of the order p,zg:@m_etjer_ is-given By —
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the law
Wo(r,t) = Yo(r)e /M,

where i = E(N) — E(N — 1) ~ OE/ON is the chemical potential. It is interesting to
remark that the time evolution of the order parameter is not governed by the energy, as
happens with usual wave functions, but by the chemical potential which emerges as a key

parameter in the physics of Bose-Einstein condensates.
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Chapter 3

Description of the System

3.1 Lagrangian Density of the System

We start our discussion with the Lagrangian density of a Bose gas comprising atoms or
molecules of mass m,
L= %(\If*at\lf—at\p*xy) - 271;|v\11|2—1@xt\x11\2—;|\11|2 / R/ Vit (R—R)|¥(R/)|?,
(3.1)
where R = (r, z) are spatial 3D coordinates. The system is trapped by an external trapping
potential of the form
2.2

1 1
Vext (R, t) = imwirz + 5wz

where both w); and w, can in general be time-dependent. We will assume that, over the
whole time evolution, the gas is strongly confined in z direction, with aspect ratio K =
w,/wy > 1. We also assume quasi-homogeneity in the plane, i.e. that the relevant wave-
lengths of quasiparticle excitations are much shorter than the inhomogeneity scale caused
by the in-plane harmonic trapping.

The two-body interaction is given by
Vine(R — R') = g.0°(R — R') + Vg(R — R),

where g, is the contact interaction coupling which is given by the s-wave scattering length

as via
Arh2a,

9e = .
m

The scattering length arises in describing collision or scattering between particles. In scat-

tering theory, the asymptotic wavefunction for scattered particle reads

. ikr
$(r,0) = e + F(0)—. 2] o &)

15
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The differential cross section, i.e. the probability per unit time to scatter into the direction k

can be obtained as
dO' 2
= O,

In case of 6 independent s-wave scattering, the total cross section becomes
o = 4n|f|* =: 4ma’.

The contact coupling g. or s-wave scattering length a is positive/negative when the inter-
action between atoms is repulsive/attractive. On the other hand, V(R — R’) describes the
dipole-dipole interaction (DDI) assuming the dipoles to be polarized along z-direction by
an external field, so that their interaction is given by

Vaa(R,t) = ?ﬁw, 3.2)
where g = pd2,/3 for magnetic and g4 = d2/3¢ for electric dipoles. Contrary to the
contact interaction, DDI is long-ranged and anisotropic. We note that, for the stability of
the condensate, the interaction should be dominantly repulsive. Thus we need the strong
confinement in z-direction so that DDI is dominantly repulsive.

In general, g. and g, can be time-dependent, depending on the protocol of condensate
expansion or contraction which is implemented, see below. We denote by g, and g4 o their
initial, ¢ = 0, values. We have a scaling law Vi (AR) = A*Vip(R) [81] for a combined
3D contact and dipolar potential with & = —3. Note that the scaling equation below
is thus 3D.

We note here that the analysis can equivalently be formulated in Heisenberg formalism,

in which the system is described by the Hamiltonian in second quantized form,
. h? . . . .
H = /d3R [—2\IJT(R)V2\IJ(R) + UT(R) Ve (R)T(R)
m
1 A o . .
+ 3 / PRER U (R)IT(R) Vi (R — R)TU(R)T(R).

The unitary time evolution in the Heisenberg picture, i.e., the Heisenberg equation of motion
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for the field operator reads,

h2

—%vz + Vext (R) + / PR Vit (R — RHVH RN (R)) | 0.

3.2 Dimensional Reduction

To ensure stability in the DDI dominated regime [63]], we impose the system to stay suffi-
ciently close to the quasi-2D regime during expansion. In the limit of zero-point energy of
the axial harmonic oscillator greatly exceeding the chemical potential, and for large aspect
ratio, the longitudinal and transversal degrees of freedom decouple and we factorize the

order parameter ¥ (R, t) as follows.
TR, ) = U (r,8)D,(z)e @2, (3.3)

Here ®.(z) describes the zero point oscillations in a harmonic oscillator potential, and is

given by
52

1
®:(2) = gy P [’QTP}’

z

where d, = /h/muw, is the oscillator length. Improved estimates for d, can be found by
treating d, as a parameter minimizing the Gross-Pitaevskii ground-state energy [63}(82].
Substituting (3.3)) into the action (3.1)), and integrating out the z dependence, we obtain

the reduced Lagrangian for the horizontal in-plane mode:

_ih
2

N h? m
(U 0,0, — 9,0 W) — %\vgfﬁ - EwiTQ\\IJHQ

Ly
1
- P [ VR L P,
where V| = (0, dy). The interaction potential is reduced to

V2P (r ') = / dzd2 Vi (R — R)ps(2)ps(2), (3.4)

where p, = |®.|? The nature of interactions can be seen clearly by looking at their Fourier

space representations. Here and below, we will use asymmetric Fourier convention in which

the inverse transform incorporates the whole prefactor. The Fourier trar_lls\ﬁQrm of thedensity —
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profile in z-direction p,, for homogeneous density in the 2D plane, is given by
2 72
2 qzd
p:(Q) = Vi&) exp [—24 ] |

where V' is the area of the plane and Q = (q, ¢.). Substituting the inverse Fourier trans-

forms of these expressions into (3.4)), we obtain [63]]

1 3 94 iq-(r—1' qdz]

D oy — 2)(ye W\ 2Jd iq-(r—r’)
n - c+2 5 . 35
¢ (r—r) Tﬂdz(g 9a)0" 7 (r — 1) = 5 2 e qw[\/i (3.5)

Here we made use of an integral representation of the error function [83]]

2z

w(z) = ez2erfc(z) =

00 —t2
(&

where the complementary error function is defined as erfc(z) = 1 — erf(z) and erf(z) =
(2/y/7) |5 exp(—t*)dt. From (3:3), we see that the DDI contributes to the delta-function-

like interaction. As a result, the interaction potential has the Fourier representation,

1 3 qd

int (Q) \/%dz (g gd) 2gdqw \/§
= geff _ 3gdqw|:qdz:| '

2 V2

It is convenient to decompose the total (contact and dipolar) interaction into a sum of

effective contact interaction and nonlocal interaction:
VP (r—v') = g"6® (@ — 1) + UP(r — 1), (3.7)

where the effective contact coupling strength is defined by

294 1
g = g2 + = (9e + 29a),

vV 2md, Y, 2md,,

and the nonlocal interaction is written as

UQD(I' — I',) = 7;% Z eiq~(r—rl)qw |:qu:| .
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As a result, the action of the system becomes

_zh

eff
£="l(wraw - ov) - —|V\I!|2 Sttt - o |wt

— 2|\IJ|2/d2r’ UP(r - (3.8)

where we dropped subscripts for conciseness.

3.3 Scaling Transformation

We can prescribe an external time dependences not only with a temporal profile of the trap
frequencies but also to g. = 4mwh%as/m and g4 by changing the s-wave scattering length
as via Feshbach resonances [84,[85]] and using a rotating polarizing field to change g4 [86]],
respectively. As a result, the gas cloud will adapt to these changes and will either expand
or contract. Under the usual scaling transformation [87,88]], laid down in a very general
form in [81]], which is applicable to BECs with both time-dependent trapping and coupling

constants, one imposes that the scaling variables x, T, and 1) obey

r b1 » P(x,T)
=_— = dt',  W(r,t) = PN ) 3.9
X (t)’ = / B2(t) (rit)=e b (3.9)
with a scale factor b(t). Here ®(x,t) = 1772 8{)1’ is chosen so as to describe the bulk
velocity v = x = —f—V{) while the phase of ¢ will represent the residual velocity

potential, which can be regarded as small. The Lab time ¢ is different from the (analogue)
cosmic time 7. See below for more details.

Insertion of these ansatz into the action yields

ih, 2 m2 dbs Wbt 2 gr 4
L= Bwon 00— o (arl = e (20 4 ) i - Lo
9d 2/ 772D )2
g [ U e GO ) (3.10

where Vy = (0,, 8y). Note that the measure dtd’r gives an additional factor of b* by the

relation dtd?r = b*drd?x. The scaled nonlocal interaction is written as

3 94,0 ik (x—x! kd.. o
2D, o — 2 I ik-(x x)k, )
Uy~ (x —x) 5V Ze w[ \/ﬁ]’_:.; ol ey

k
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where g4 0 and d o are initial values. In order to obtain this expression, we have assumed a
scaling condition

d.(t) = dzob(t) or wz(t):gf(f). 3.11)

We combine the remaining time dependences into a single factor f(¢) by imposing [73,81,

89 [b(0) = f(0) =1]

g o VO VR(E) _ ge(t) _ ga(t)
w§ geob  gaob’

(3.12)

to obtain the action of the form

2
£ = By or o) = 1o vel? = 7| el + o

—|—;/dleUgD(x—X’)W(X)\QWJ(X/)\Q . (3.13)

Given experimentally prescribed time dependences of trapping and couplings, the above
relations determine the scaling expansion. On the other hand, given a desired scaling ex-
pansion or contraction b = b(t), to which, e.g., the time dependence of the speed of sound
¢ = ¢(t) is related via f(t), one can determine the required trapping frequencies, imposing
possibility in addition a temporal dependence of the coupling constants. Note that for the
scaling approach to accurately yield the expansion or contraction dependence of the field
operator in a gas with both contact and dipolar interactions present (i.e., for the scaling evo-
lution to follow a symmetry), the contact g. and dipole g4 couplings are required to either
have an identical time dependence, or to both remain constant. We remark that when one of
the gc,0, 94,0 equals zero, the terms g.(t)/gc,0b or gq(t)/ga,0b, respectively, do not appear
as a constraint on the right hand side of the equation (3.12) for f2.

We recombine the interaction terms and rewrite the action (3.13)) as

h h?
£ =S 00 = p0") — S|Vl — [’;w[%a?

1
g [ BV X GOP | 314

where Viigo(x —xX) = (1)V) 3 ek x=x Vli]tjo(k) with V' the area of the plane, and

the quasi-2D Fourier transform of the interaction potential is, for the stationary initial state,

N o i ]
A E-1H &
| T ol T
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given by the analytic expression [[63|]

Vizbo(k) = g§ {1 3B [55] } : (3.15)

where w[z] = exp[z2](1 — erf[2]) denotes the w function and ¢ = kd. ¢ is a dimensionless

wavenumber. Furthermore,

1
eff
= — +2 3.16)
% = Jox o (9e0 +294,0) (
is an effective contact coupling. We also defined
2
™/ (3.17)

14 900/2940

The parameter R ranges from R = 0if g40/9c0 — 0,t0 R = /7 /2 for gq.0/ge0 — 00
and expresses the relative strength of contact and dipolar interactions. In the remainder of

the thesis, we put either R = 0 (contact dominance) or R = /7/2 (DDI dominance).



2 A edse

SECRIL WATCLAL |IMMVERSTY



Chapter 4

Analyzing the System

4.1 Zeroth-Order Analysis

From the action (3.14)), we obtain the nonlocal Gross-Pitaevskii equation

h2
masz——v%wQ[ wix +/d2 'VizPo(x — x)[u(x) 2| . 4.1

In terms of the Madelung representation for the scaled order parameter, ) = ﬁew, the

equation of motion (4.1)) can be recast as

Orp = TZ( Vx® - Vxp + pv ?), 4.2)
0.6 = T (T [k [ X)),

If we linearize the fields around stationary background solutions, p = pg+9p, ¢ = ¢g+9dop,
the zeroth order equations are the same as (4.2)) with subscripts 0 attached to the fields, and
the first order equations are the Bogoliubov equations (@.10).

We solve the zeroth order equations assuming vanishingly small residual comoving
frame velocity (Veom = %Vﬂbo = 0) by the ansatz ¢(x,7) = \/po(x)e’®(") [27], and
neglect the kinetic energy term, which is equivalent to neglecting terms proportional to

V2., /po. Then we obtain a spatially constant phase function

Mo i ! P2/ 1
T)=—"— dr’ f=(r'), (4.3)
hJo
where pig is initial chemical potential, and an integral equation for time independent density
profile
m
[ ViR = Xl = o — st @

which can be solved numerically. Because of the partially attractive nature of DDI, the

profile shows enhanced concentration at the center compared to the p_up% conitac{-Qdses df. —

23
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Fig.[d.1] Also, the anisotropy of the interaction results in the appearance of small wiggles in

the density profile [90,91].

0 10 20 30 40 50 60 70 80

po(x)
o= Ww

gsﬂ/ hw. o

50

y/dz.f) . — 0
-50
a?/dzv(]

Figure 4.1: The density profile of the gas in units of ggff /Tw. o as a function of radial
distance in units of d o. In (a), blue solid and red dashed line corresponds to DDI-dominant
and contact-dominant cases, repectively. We also present a visualization of the gas in (b),
using parameters appropriate for erbium atoms [92]. Namely, particle number N = 9.5 X
104, magnetic moment d,, = 7 up, Boson mass m = 168 u, aspect ratio kg = 30, and

transverse trapping frequency w, o = 27 x 5435 Hz.

4.2 First-Order Analysis

Now we consider the first order equations. We assume that the planar cloud size greatly
exceeds the wavelengths of relevant Bogoliubov excitations in the plane. Especially near the

center of cloud, density gradients are thus negligible, and we apprqx-imag{ﬂthgl‘l}]_) Foﬁogﬂg T] |
| =5 L- Ll T

o
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density pg =~ const. The Bogoliubov equations for density and phase fluctuations read,

h
(8’r + Veom - vx) 5P = A0 V26¢ - *VxPO \Y% 5¢ ( x* Vcom)5p7 4.5)
f290 h dp
Or + Veom * Vx) 0¢p = — Wép + Vi - Vx , 4.6
( ) 6¢ N S, [\% Vo) (4.6)

where )V is an integral operator defined by

W = /dzx’ [‘1/ ZWkeik'(xx/)] * (X)), 4.7

L, ma
V2 4Af2’ T, o’

)

W =1-— —C [ 4.8)
where « stands for the argument upon which the integral operator acts. Here, co = / ggff po/m
is the speed of sound and v¢o, = (/m)Vx¢yp is the commoving frame velocity.

Rewriting in the momentum space, the Bogoliubov equations become, with comoving

momentum k, assuming vanishingly small comoving velocity and quasi-homogeneity,

(0 + Veom - K0 = "LW2561, (4.9)
2 eff
(67' + 1Veom - k)5¢k = - hO Wk(spkv ) (410)

Solving (4.10)) for 0 px and substituting into (4.9) yields

Wi

(Or + iVeom - K)? 0 + <2d — ) (07 4 iVeom - K)oy, + ( k) Wi =0, (4.11)
a W

where overdot denotes 7 derivatives. We have introduced the Friedmann-Robertson-Walker
(FRW) cosmological scale factor by a(t) = 1/ f(t), see below for a detailed discussion.

In an adiabatic regime [89]], momentarily ignoring time derivatives of a and Wy, and
assuming vanishingly small comoving velocity, v, = 0, the dispersion relation of Bo-

goliubov excitations reads

g2 AC? 3R ¢ ¢t
_ - | )+ & 4.12
o~ (T ) 5 12
where the the dimensionless parameter, R = gq,0/(dz,0 90 = /7/2/(1 + gc0/294,0)-

b y
.-':l-\.\,—i = 1_ I. -"‘.l|
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Figure 4.2: (a) Squared Bogoliubov excitation energy in units of h*/ 4m2d§70, for DDI dom-
inance, R = \/m Counting from bottom to top at small ¢, A in @38)) is A./10, Amin, A,
and 1.1A.. For A > A, = 1.249, the spectrum develops a roton minimum, and becomes
unstable for A > A, = 3.4454. (b) Time evolution of the Bogoliubov spectrum in the
course of expansion at criticality A = A.. Initially, a roton minimum occurs, disappearing

at late times.

ranges from R = 0 if g40/gc0 — 0to R = \/m for g4.0/ge0 — oo. In the latter
DDI dominated case, the spectrum displays a “roton” minimum [[62-64], which touches
zero when A is equal to the critical value A, = 3.4454, see Figld.2] Various ramifications
of the dipolar BEC roton, originally defined for and observed in the strongly interacting
superfluid helium II [65}/66]], have been recently experimentally investigated in ultracold
dipolar quantum gases [67-70].

Note here that, when working in Heisenberg formulation, we define the density and
phase perturbation fields as

8p = Y50 + 80T, 0 1= —[wpor — oo, [55(x), 06T (x)] = i0® (x — x).

1
2ipo
Then, the density p = &W and current j = % [vazﬁ — vafﬂv,/;] operators have the

following expansion.

h

Vi= —
m

p=po+ 5@ j = P0Vcom + 5ﬁvcom + P05V7 d vx5¢;7

where pg = |1o|? and Veom = (h/m)Vxdo. The density and phase perturbation operators
defined above satisfy the same Bogoliubov equations (.5)) and (4.6).

S e ki



Chapter 5

Gravitational Analogy

5.1 Effective FRW Universe in the Condensate

In the long-wavelength limit, W), — 1, and (.11)) becomes

cok

. 2
(9r + iVeom k)20 + zg(aT + iVeom - K)0p, + <a> S =0. (5.1

Rewriting the equation (3.1)) in real space, the resulting equation is equivalent to the phases
only Lagrangian,
2
L0 — ]Z /2
90

where D = 0; 4+ Veom - Vx i the comoving derivative. Now the gravitational analogy can

2 po
2 2
(Dégp)” — %(Vx&ﬁ) ; (5.2)

be drawn by introducing a dimensionless symmetric rank 2 tensor

Gy = —= (5.3)
g 2 Vcom/CO -1

a? (( ~v2n)/3 vcom/co>

where ¢s(7) = (1/a)\/ g8 po/m is the speed of sound and ¢y = ¢;(0). The conformal
factor € is dimensionless and defined by

cdm?

Q= .
h2po

5.4

With the metric tensor (5.3)), the Lagrangian becomes that of a minimally coupled free scalar

field in a curved spacetime
- 2
L0 — % 919" 0,,660,66, (5.5)

where repeated indices imply summation over p = 0, 1, 2 and 2° = co7.

For the background solutions (.3) and @.4), vcom = (B/ m)qub_@;i_i‘ Oand]f)ol 1s .taip"gne =

27
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independent. In this case the line element (5.3) becomes

1
ds®> = Q2 (cng2 — adeQ), a= ? (5.6)

Herein, we assume that the density pg is essentially homogeneous near the center of cloud.
This implies that wq, the trapping frequency in the scaled coordinate system, is negligi-
ble compared to the time scale of the effective spacetime (that is the Hubble constant H,
cf. (3.14)). Then ) as defined in (5.6) becomes spatially constant, and the action (3.5)) is

invariant under the conformal transformation

G = Qg and 0 = QY250 (5.7)
and the resulting metric g,,,, assumes the form of FRW universe

ds? = c%d72 —a%dx?® = Judztdx”, (5.8)

where g, = diag(1, —a?, —a?). Now we can apply standard techniques of quantum field
theory in a FRW universe to obtain independent solutions for 5&. Then the independent
solutions for original field 6¢ will be obtained by ¢ = Q'/ 25¢.

In this effective spacetime, the Klein-Gordon (KG) equation for massless, minimally

coupled free scalar field,

066 = (1//13))9.(V/ 131§ 0,66) = 0, (5.9)

takes the form

. . 2
Sy + 2%6@ n (T) S = 0, (5.10)

which is the same as (5.1) provided veom = 0 and ¢ = Q'/256. Here, for ease of connect-
ing the current discussion to a standard cosmological context, we introduce the conformal

time

775/ D _ g, (5.11)

which ranges from —oo (7 — —o0) to 0 (7 — o0). Then the metric (5.6) takes the

conformally flat form ds? = a?[dn? — dx?], and the equation (5.1)) can be recast in terms of
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an auxiliary field y; = \/addy, by

02a  (8,a)?
S (na)] k=0 & a?;Xk + w?](’r))xk =0. (5.12)

kQ
2a 4a?

3727Xk +

Comparing this equation with Eq. (1) in [[74]], one identifies w;, as an effective comoving
frame mode frequency. The choice of auxiliary field xj is motivated by removing the first
derivative term in (5.10).

5.2 Ideal de Sitter Expansion

We consider de Sitter spacetime by setting a(7) = 1/f(7) = e!I7. There are several simple
analytic solutions to the scaling equation (3.12) for the realization of analogue de Sitter
spacetime. For example one can consider b = 1V¢, so that scaling time equals lab time,

T = t, and obtain the scale factor evolution

2
a2ty =t =L I 91 (5.13)
Wy gc,0 9d.,0

While this expansion has the advantage that the gas does not need to expand [b(t) = 1Vt
and thus 7 = t], comes with the experimental difficulty that both couplings need to vary
exponentially rapidly in lab time, see Egs. (5.13). While this is, in principle, possible [86],
also cf. Ref. [93]], we keep for the below discussion g. as well as g4 constant; then a? (t) =

b(t). For de Sitter expansion, a(7) = 1/f(7) = e!7, and thence in the lab,
b(t) = VAHt +1, Ww*(t) = w2/b° + 4H?/b*. (5.14)

The radial condensate velocity then scales as v = 2Hr/b* and the kinetic energy per par-
ticle, relative to w, o, as A/ b2. It thus decreases o< w., ensuring proximity to the quasi-2D
limit V¢. Our numerical analysis is based on this solution. Note that we assume wy to be
negligible compared to H in the quasihomogeneous limit. The much slower (in comoving 7
space) pre-de Sitter stage of cosmic expansion, ¢ < 0, is conceived such that it ~ adiabati-
cally leads to 9;b(0) = 2H, and can be used to simulate as well the radiation- [a(7) o 7'/2]
and matter-dominated [a(7) o< 72/3] eras [94], by appropriately tuning w(t) and/or g, 4(t).

A simple parameter can help us understand the underlying physic_g\]_brp@é@s] and chap- -
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acterize appropriate asymptotic regimes. Define

_ Co/H _ cok
o= a/k  Ha’

(5.15)

which is the ratio of Hubble radius to the physical wavelength of a chosen mode. The pa-
rameter s starts from oo and approaches zero when 7 runs from —oo to oo, that is when
conformal time n = [ dr'co/a(7’), ranges from —oc to 0. Note that, in the de Sitter ana-
logue a = €™, the conformal time becomes 7 = —cg /Ha, and the parameter s can be
written employing conformal time simply as s = —k7. One can see that the horizon cross-
ing time 7, of a chosen wavenumber k is determined by s = 1 or k = a(nx)H/co. In the

de Sitter analogue, a = —co/Hmn, the horizon crossing time is the moment when
kn, = —1. (5.16)
The equation (3.1)) can now be written as
n 1 T 7

where prime denotes taking derivative with respect to s.

Large s implies that the mode is well inside the Hubble radius and does not feel the
curvature of the analogue spacetime. When a is small, i.e., before the inflation, the condition
s > 1 is satisfied for wide range of k£ and so all the relevant modes are well inside the
Hubble radius. At this epoch, the second term in (5.17) can be neglected and we get the

WKB solution for time varying frequency wy = cok/a:

~ hV . hV 7 N,
5.18
S — 4/ 57T exp(is) = 4/ Sma%or exp < z/ wi(T)dr ) , (5.18)

where coefficients are chosen by imposing a normalization condition. Define the conserved

Klein-Gordon (KG) innerproduct by [95,(96]]

(Fol =122 [ /P ) Blglx )

2
.mcg

- . (5.19)
=1 /dQX ?f*(x, 7)0rg(x, 7).
0

h
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Here, ~ is the determinant of the metric in the spatial slice 7 = const., n* is its normal, and

Op = n#0,,. Then the normalization conditions can be stated in terms of KG innerproduct:

Loriex 1 or arx 2
<V5¢k€k s V(quk-ek )KG:(SI((’I){/

We note that, with this choice of coefficients, the canonical commutation relation,
[66(x,7), o7(y, )] = ihdP (x —y),

with conjugate momentum 47 = 8@/ 8(875@ = ma28,6¢ holds, and the proper (diag-
onalized) expression for the energy H(®?) = Dk h/,uk(d;f(&k + 1/2) can be obtained.

It is possible to obtain an analytic solution to over the whole range of time.
Following [97, 98], we define a function F' by F'(s) = %(Mgk Then becomes the

Bessel equation of order 1:
s2F" + sF' + (s> = 1)F =0,

whose general solution can be written as a linear combination of Bessel functions .J; and

Y7 [83]]. Thus we obtain
5du(s) = s [A(/-c)Jl(s) + B(k)Yl(s)] : (5.20)

We can determine the coefficients A(k) and B(k) by matching this solution with the WKB
solution (5.18) in the s — oo limit. Recalling the asymptotic behavior of Bessel functions

[83]], we see that, for fixed 7,

mhV H
B i A A ——
(k) — iA(k), (Ic)—>1/4mc%k2 as k — oo,

must be fulfilled in order to match the WKB solution (5.18) up to a constant phase.
We invoke de Sitter invariance to determine A(k) and B(k) for all k. We observe that

the metric (5.8) with a(7) = ™ is invariant under the transformation

T—=T7 =7+, x —» x' =e My,
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where 7 is arbitrary. If we define k' = ke"™, we have k'/a(7') = k/a(7) and k - x =

k’ - x'. Thus we obtain
S (s) = s [A(k’)Jl(s) + B(k:’)Yl(s)},

since s is unchanged when 7 — 7’ and k — &’. From the invariance of the metric, it follows

that 5y (s)e™ > /V! = §¢y.(5)e™ */V and so

A(k) _ A(K)

Vv v/

for any k and any 7. Taking 71 — oo, the rh.s. converges to (1/V)\/mhV H/4mcik?.
Therefore we conclude that A(k) = /7hV H/4mc3k? for any k. The mode function now

becomes
~ AV H
5Gn(s) = 54 /W [Jl(s) + m(s)} = hy(s), (5.21)
0

where the variable s = (co/H)/(a/k) measures the ratio of Hubble radius to the cosmic
expansion-rescaled wavelength.
We quantize the field in the FRW Universe by imposing the canonical commutation
relation,
2 oL2)

2 sy - _ 9 ~'
[5¢(X,T),57r(y,7) iho'\? (x —y), o7 5(0.59) ma“0;0¢

The algebra can be shown to be equivalent to that of Bogoliubov quasiparticle operators,

&L, ax. Now, We finally obtain the mode expansion for the phase fluctuation field:

5o(x,7) = 3 S (x,7) + A A (x,7), (5.22)
k

where ay and éL are time independent creation/annihilation operators obeying the commu-

tation relations [dy, c:LL,} = 51((21){,. The mode function is written as

A0, 7) = i)™

The vacuum corresponding to the basis ak is the Bunch-Davies vacuum [99]. Note that at
this stage the relation between what C:LL creates and the Bogoliubov %uqsipa\rticlels_ is_not
A ==TH k"
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clear. We will establish a direct connection between them below in (8.13).

The Bunch-Davies vacuum yields an asymptotic Minkowski vacuum in the (formally)
infinite past equivalent to the lab’s quasiparticle vacuum. It is assumed that the initial Bunch-
Davies vacuum |0) at n = —co/H (t = 7 = 0) is during the pre-de Sitter stage smoothly
connected to this asymptotic vacuum. We emphasize that “cosmological” quasiparticles are
measurable: Below we establish the equivalence of representations using cosmological co-
moving or scaling and lab frame Bogoliubov quasiparticles, also cf. [95,(96]], and elaborate
on the measurement process when the expansion is stopped.

The modes oscillate almost freely for  — —oo. At kn = —1 and horizon crossing, the
mode freezes, leading to the standard theory of inhomogeneity or galaxy formation during
inflation [9]. At late times, s — 0, and the modes do effectively not evolve anymore. Fig.[5.1|
shows the evolution of khy, as a function of kn; (b)~(d) illustrate the fact that when trans-
Planckian defomation of the spectrum is included (see below), horizon crossing and mode

freezing nontrivially still occur.

(a) relativistic limit (b) ¢ = 0.0005
lg 5 N 5 -
Ce) Y\ Y~ __
< 0 0 J\H
&
| -5 =
102 10°
(c)
&5
e
< 0
&
| -5
-10°
kn kn

Figure 5.1: (a) Freezing process of the inflaton mode function khj in units of
\/W = \/m in terms of the wavenumber dependent logarithmic
conformal time k7. Blue solid line represents the imaginary part of khj and black
dashed line represents the absolute value of khj. (a) Lorentz-invariant relativistic regime.

(b)~(d) demonstrate that when the trans-Planckian spectrum is taken into account, solving

Eq.(7.11), freezing still occurs (A = A./10 and R = /7 /2).
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Chapter 6

Real Space Realization

6.1 Correlation Function

We investigate the spatially Fourier-transformed two-point correlation function, which is

defined by [26]]
C&&(kﬂ') = / d*x e_ik'x<5gz~b(0,7)5g2>(x, T)>
Vv

Now the mode expansion (5.22) is to be substituted. Recalling the asymptotic behavior of

the Bessel functions, we have
hVH1
hi(s) = =iy ——=+, ass—0,
mmch k

b2 RH 1
C.:(k,7)= —. 6.1
so(k7) v mmcg k2 ©.1)

and therefore we obtain

Note that the mode function and correlation function become time independent at late times.
Thus the density fluctuations determined by (4.10) vanish at zeroth order. In order to obtain
nontrivial density fluctuations, one has to take the time dependence of the phase fluctuations

into account, which is beyond the zeroth-order frozen part.

6.2 Definition of Power Spectrum

The amplitude of quantum fluctuations is always well defined irrespective of whether the
particle interpretation of a given field is available [97]. One way to characterize the typical
fluctuations on scales L is to calculate the variance dx2(7) = (0|[xL(7)]?|0) of the field

operator averaged over a region of size L:

a0 = [ Exsbe Wity 11 0 011 &

35
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where Wp,(x) is a window function which is of order 1 for |x| < L and rapidly de-
cays for |x| > L. It is prototypically specified in terms of Gaussian function Wp,(x) =
(1/27L?) exp(—|x|?/2L?). Given the mode expansion (5.22)), after straightforward alge-
bra with an approximation to the Fourier transform of the unit (L = 1) window function,

w(k) ~ 27[1 — @(k — 1)], one can find

L1 2 2

dk k*|hg|

5X2(T N_/ — .
(1) ) & %

We define the (two-dimensional version of) power spectrum P(k) to be proportional to the

variance per In k:
_ déx2 k| hg)?
T dlnk V7

E*P(k) k=1L""

Another equivalent characterization of the power spectrum is as the Fourier transform of the

correlation function [94]:

2 2 1 K- (x—
§(x —y) = (010(x, 7)d6(y, 7)[0) =: 7 D P(k)e™ &), (62)
K
from which we have P(k) = <6$k6q§b /V = |hi|?/V, where 6ng is the Fourier transform
of the mode expansion (5.22). Note that P(k) is nothing but the correlation function ob-

tained in (6.I). At late times, 7 — 0, the power spectrum P (k) converges to hH /mmcik?

and we see that the quantity

becomes independent of k. We thus obtain, after the freezing process, a spectrum in which
A2(k), the variance per In k [94], is constant. This is called a scale-invariant power spectrum
(SIPS): The universe has the same degree of ‘wrinkliness’ on each resolution scale. One
can also understand this concept by observing that ]5¢~5k!2 x k—lz namely the probability
amplitude of a fluctuation is proportional to the wavelength of the fluctuation, so that the
shape is always the same regardless of which scale we see. Note that SIPS is not per se
related to the scaling approach to describe expansion of the gas.

It is commonly argued that the prediction of scale invariance arises because de Sitter
space is invariant under time translation: there is no natural origin of time under exponential

expansion [94]. At a given moment of time, the only length scale in the model is the horizon

size co/H, so it is inevitable that the fluctuations that exist on this scale are th16_ sameat
A =—=—TH OF i
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(a)  scale invariance

Wy

-500 0 500 -500 0 500
.’I,‘/dz70 Ji/dz70

Figure 6.1: (a) Coordinate space representation of the (real) field 5q§(x, 7), in units of

hRHV/ chgdz’o after the completion of the freezing process, where the 2D volume of the
system V' = (2H0dz,0)2, with initial aspect ratio kg, and the wavevector separation is chosen
to be Ak = 27/2kod 0. The statistical self-similarity reveals itself by the same degree of
“wrinkliness” on each scale. (b) The field obtained from numerical implementation of the
full Bogoliubov equations (A = A./10, R = 0). Plots (c) through (f) are for increasing A
and dominating DDI (R = \/7'('_/2).

all time. If one ignores their evolution while they are outside the horizon, the resulting

fluctuations give us the scale-invariant or Harrison-Zel’dovich-Peebles spectrum [[100-H102].

6.3 Gaussian Random Field Method

Regarding the phase fluctuation field 5@3(){, 7) as a homogeneous and isotropic Gaussian

random field [9)], i.e. a field whose Fourier coefficients 6y = ay +ibx andor i
Kl aistibi geutor i 77

= 4
L
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with probability function of the form,

p(aka bk) — %6*012(/0'%67512‘/0%’ (63)
7T0'k

the correlation function can be expressed as

Ex—¥) = 7 2 B0DIF)E Y = 25 g, (64

K,k k

where one has to take into account that a_y = ay and b_y = —by. From (6.3)), one can see
that ay and by are real random variables with standard deviation oy, / V2.

Comparing (6.2) and (6.4)), we see that the variance of the random variable (5(]31{ is

given by 02 = P(k) = |h|?/V — hH/mmc3k?, from which we can obtain a real-space

realization of the phase fluctuation field 5$(x, 7) in the scale-invariant fully relativistic

limit, see Fig.[6.1](a).



Chapter 7

Incorporating Trans-Planckian Deformation

7.1 Generalized Klein-Gordon Equation

The solution (5.21]) represents phonons residing in the low-momentum corner of the Bogoli-
ubov dispersion relation [see Fig.@](a)]. In order to incorporate trans-Planckian dispersion
and to describe its influence on the small £ regime, we consider the more general Bogoli-

ubov equations (4.3)) and {.6). Solving for §p and substituting into (4.3)), we obtain

a2

(aﬂ' + Veom - vx) ?W_l(aT + Veom - vx)(S& = Vidéa (7.1)
0
This is the ‘generalized’ Klein-Gordon equation with the local Lorentz invariance being
broken [96]. Rewriting (7.I) in momentum space, or equivalently, solving (4.10) for dpk
and substituting into (4.9) yields @.11)).

The normalization condition is given by
A A 2 A A)* 2 A)* A)* 2
( lg ), fl((’ ))W—KG = 61((’1){/7 ( lg )7 1((/) )W—KG = 51271)(/7 ( 1(< ) ) 1(</) )W—KG = _51((71){/7

where the “generalized” KG inner product is defined by [96]]

. ch a2

0 2 1
(f, 9)w-kc = 27 d°x — f*(x, )W " 0-9(x, 7). (7.2)

2
=)
Let us again introduce an auxiliary field and discuss in the cosmological context. In

order to remove the first derivative term of @.11)), we define x;, = \/a/W;0¢y., and recast
(.T1) as [assuming Veom = 0]

d2a 2a0, W,
2 2 _m 1— n’Vk
Ooxe + | KW, 2a< W )T
(9ya)? 3a2(0Wh)? 2020 Wk  4ady W)
1— =0. (73
4a? 77 B R | B

p AN o | Y

39
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This equation again corresponds to Eq. (1) of [[74]], cf. the relativistic limit above in (5.12)),
where now the effective comoving frame mode frequency w, is the square root of the ex-
pression in the square brackets. It is easily observed that converges to when
Wy = 1, i.e. in the long wavelength limit. Furthermore, becomes (5.12) except a fac-
tor of W;, multiplied to k> when W), is time independent (or a independent). This case is

discussed below.

7.2 An Exactly Solvable Case

Solving the general equation (4.11)) requires numerical methods. We show herein that an
analytic solutions under an approximation to the interaction potential and introducing a
momentum cutoff is feasible. We replace the Fourier transform of the interaction VH%EO(C )
by

1 eff ~2
(-8 VO (€=,

Vi (Q) = (7.4)

1 eff ~4
(- B+ 20 (> 6,

where momentum cutoff (. is set to include a part of trans-Planckian momenta, cf. Eq.(7.10):

Ce = Cp1 X @ (7.5)

where « 2 1 determines the cutoff location and gives a class of spectrum lines that yields
scale invariant power spectra (cf. Eq.(7.8)). Note that initially (f = 1) the new potential
‘_/irQl?,o coincides with the original one ‘/112150 (Fig.(a)). As time passes, the excitation
spectrum deviates from the true dispersion. However, the deviation is localized around the
cutoff momentum (., and the dispersion law at low energies is secured V.
Below the cutoff (¢ < (.), Wy as defined in (4.8)) becomes time independent:
_ G g L oD

Wi = H ggﬁ‘ Vvint,O(C)a

and equation (4.11]) becomes

cok (k) > 2

(Or + Veom - K)200 + 2H (07 + iVeom - K)oy + (

9% 7P, 1] (7?) —]
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(a)a=1 A=Ay A=A, A=1.1A4,
4 4 4
W 2 2 2
0 0 0

0 1 2 0 1 2 0 1 2

Figure 7.1: The squared excitation spectrum in units of (h?/ mdio)2 at various instants of
time. From left to right, the values of A are Ain, Ac and A, x 1.1, repectively. R = m
for every case. The cutoff momentum is placed at &« = 1.8 (cf. (7.5))). Blue lines represent
the original spectrum while the red dashed lines are approximations carried out to obtain an
analytic solution. Initially the two coincide and as time evolves they gradually deviate. Note

that the deviation is however localized around the cutoff momentum (..

which is identical to (5.1) with k£ now being replaced with K (k) defined by
K(k)? = W (7.7)

We can then carry out exactly the same procedure for obtaining the mode functions (5.27))
with s = cok/Ha being replaced with § = ¢o/(k)/Ha and with an additional prefactor
VW
With these modified mode functions, the Fourier transformed correlation function, or
the power spectrum now becomes (after freezing)
B |hg|? hHW;,

Cii(k,7) = . :
5¢( 77—) V — ﬂ_mC%’C(k:)z’ __.:lk—-ﬂ: _“':-1. 1
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and the variance per In k becomes

2RHW, k? 2hH
A%(k) = = 7.
(k) mcd  K(k)2  mcd’ (7:8)

which still is scale invariant. Therefore, this type of trans-Planckian deformation implied by
has no effect on the power spectrum and on the matter distribution after the freezing

process and SIPS is retained.

7.3 Numerical Implementation

Now we implement numerical analysis of the full Bogolubov equation (4.11). We start by

rewriting (4.11)) in terms of the variable s = cok/Ha [assuming veom = 0]:

1 G(C)Q _ (a<)2/4A 1.~ 5 (CLC)Q -
0y — G(O)2 + (al)?/4A g&bk + [G(C) + 4A] dpr =0, (7.9)
or= Jebon GO = VRO,
\/ﬁ ggﬁ nt,

Here prime(’) denotes s derivatives. Taking into account (£.12)) and (@.8)), the linear disper-
sion occurs for wavenumbers satisfying
2
(a¢)

UV < G(¢)* (= analogue Planck scale (p)). (7.10)

For small ¢, G(¢)? — 1, and Eq. defines (p). Let us first analyze the condition (7.10)
in detail. Fig. shows the plots of G(¢)? and (a1()?/4A for various values of A where a;
is the final value of the scale factor. We see that, for the validity of the gravitational analogy,
one can pose the later time Planck scale to be (p; < 0.1. If ¢ < 0.05, the condition is
safely satisfied for all cases.

Experiments will generally probe sub-Planckian ( that satisfy (7.10). Therefore, we
consider (7.9) given ((7.10) is fulfilled,

- 1 - -
081 — 0% + G(()*0¢x = 0. (7.11)

Before inflation, s — oo and the second term in (7.11)) becomes negligip'!e._"{:he_:rpfa)?e,_que —
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Figure 7.2: Plots of G(¢)? and (a1()?/4A for various values of A. Here the final value of
the scale factor a; is assumed to be ed/ 2 je., 2.5 e-folds of expansion.

finds that the mode functions would converge to a WKB solution as ¢ — 0:

G(ORV Hs
2mcgk‘2

S — exp(iG(Q)s),

where the coefficient is determined by the normalization condition

<‘1/6ggkeik'x, éé(ﬁk/eik/'x> S = 51((271){/

where the Generalized Klein-Gordon (JW-KG) inner product is defined by the equation
(7.2)). This solution and its derivative provides initial conditions to the second order differ-
ential equation (7.11). Final values (after inflation) of the mode functions hy, then give the
power spectrum via P(k) = |h|?/V and A?(k) = k2P (k).

From (5.14), we have 4H? = w?(0) (for w3 < 4H?). Setting ro = 50, w, g = 27 X
2921Hz results in H = 183.5sec™!. Given n e-folds of the scale factor a(tf) = exp[ng],
the final lab time is

tr = (exp[dns] —1)/4H.

For 2.5 e-folds, then, ¢y ~ 30 sec in lab time (for w, o = 27 X 3952 Hz, H = 248.3 sec™ !,
and 2 e-folds, t; ~ 3 sec). We introduce a momentum cutoff ¢, < 0.1 which meets (7.10)) at

~

late times. Fig. displays A?(k), and clearly shows the deviations from SIPS, occurring
for strongly dipolar interactions. When R = 0, Eq. (7.11) becomes igs_ﬂtigal't torthé waye —
| &= U] =5 e
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Figure 7.3: A%(k) = k2P(k) as a function of in-plane momentum ¢, for 2.5 e-folds. Black
dashed line represent SIPS. The black solid line corresponds to contact interaction, R = 0
(A = A./10). The other lines correspond to DDI dominance (R = \/7/2), with values of
A as specified in the inset. In the long-wavelength limit, they all converge to SIPS. The slope
of the R = 0 curve decreases for increasing number of e-folds, asymptotically yieldding

SIPS for pure contact interactions.

equation in analogue curved spacetime (5.1I), and SIPS for long wavelengths obtains, cf.
Ref. [27] and Fig.[7.3] For high momenta, there is a slight upturn in the spectrum line. As
we increase the number of e-folds, this deviation converges to zero; for small wavelengths,
it takes longer time to exit the Hubble horizon, and settling down requires longer. Using the
power spectrum A?(k), one again constructs Gaussian random fields, and the coordinate-
space realization of Fig.[6.1] (b)—(f) is obtained, demonstrating the violation of SIPS for
increasing DDI by introducing short-range correlations. In other words, there is roton min-
imum imprint in the spatial distribution of the frozon fluctuations. This result becomes the
first example within analogue gravity program where violations of SIPS can become exper-
imentally manifest [73]].

Whether SIPS is robust to trans-Planckian physics was studied in [74] (also cf. [75]),
where scale separation and adiabaticity in conformal time were established as sufficient
conditions for SIPS. Scale separation reads H/co < kpi(nx)/a(ng), while adiabaticity
holds when ‘coﬁnwn/w%‘ < 1Vmn; < mn < ny, where wy(n) is an effective comoving
frame mode frequency [74]]. Furthermore, 7 is the ‘nonadiabatic time’ lying between 7;,
the onset of inflation, and 7y, the horizon crossing, which satisfies H/cy < k/a(ny) <
kp1(nk)/a(nk). Roughly speaking, ¢ is the moment when the mode StS’P% to 't:)bha'ye! :WKJFF' =
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like. For de Sitter spacetime, a = —co/Hm, scale separation holds when k& < kpj(ny). A
given k thus must lie in the linear dispersion regime at horizon crossing kn = —1, which is
is equivalent to imposing at this point. Therefore, in our numerical implementation of
the Bogoliubov equations which employs (7.10), scale separation is satisfied automatically.
According to [[74], scale separation usually implies adiabaticity, resulting in the robustness
of the predictions of the inflationary scenario. However, when the spectrum has (even if only
initially) a deep minimum, as here, adiabaticity can be violated even when scale separation

holds, and SIPS breaks down.
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Chapter 8

Connection to Lab Frame Variables

Quantum excitations in BECs can, on the one hand, be analyzed within the Bogoliubov
formalism by directly perturbing the Gross Pitaevskii equation. On the other hand, the
phase perturbations of the condensate obey a modified Klein-Gordon equation, and a cor-
responding quantization can be carried out as in (5.22). Since the de Sitter expansion is not
asymptotically flat at late times, a vacuum state cannot be unambiguously defined for late
times. However, the experimental verification obviously requires a choice of Fock vacuum
and that choice should lead to physically reasonable results. We therefore assume, follow-
ing [[103]], that the expansion stops at some chosen moment of time 7; and the gas becomes

stationary, in other words, f(7) = e H7 for 7 < 71, and f(7) = f1 for 7 > 7.

8.1 Bogoliubov Transformation to Minkowski Vacuum at
Late Times

Suppose that we have obtained a complete set of “in”” mode functions fl((o) forT < m,e.g.
one obtained under (7.7):
0 1 ik
() = ol (e, (8.1)

where the temporal part is given by

ThV W

hin) =\ Tt { (=K (R + i (=K (R)m) |

where C(k) is as defined in (7.7). And suppose that a complete set of “out” mode functions

fl({l) which defines the vacuum state at late times 7 > 7y is given, e.g. one consists of

(1) _ l hVWk —iwg1 (T—71) ik-x 82
i (6 7) % \/ 2ma%wk1€ © (8.2)

where wy1 = ¢oK(k)/a1. This is a solution to the Bogoliubov equation with a = a;

and H = % set equal to zero, which represents the late time behavior of thetequation. The —
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coefficients are fixed by imposing the normalization conditions (A = 0, 1)

( 19), (/\))W KG = 5(21)@ ( 1(:\)7 19)*)1/\/-1(@ =0, (fs )*,fﬁ?) ke = 60 1)<u
(8.3)

where the generalized KG product (WW-KG inner product) is defined by [96]

(f.9) e [y @ g 1o 8.4
g WKG_Z A %f (X,T)W Tg(x77—)' ()

Note that W-KG inner product converges to the standard relativistic KG product (5.19)) in
the limit YW — 1.

“ 77

The task at hand is to represent the mode functions at 7 > 7; as a linear combi-
nation of the “out” mode functions, i.e. finding the Bogoliubov coefficients ay, S in the

expression

O — ar p1) 4 gr ) (8.5)

for 7 > 1. Then the creation/annihilation operators for “in”” and “out” states will be related

by

3(1) _ (flil)’ 595)W-KG _ 047;&1((0) i 5k5(_01)j

Since H = a/a in changes at 7 = 7 in a discontinuous manner, the mode functions

and their derivatives must be matched at this point:

O () = af iV (m) + B (),
0- 10 (m1) = a;o, 10 (1) + 8o £ (1),

where we suppressed x dependence for conciseness. In the case of (8.1) and (8.2), solving

this equation yields

Y, HJ

8H
* TWE1 1
= Y_i Y; )
= { m}}v

where the arguments of the Bessel functions are —/C(k)n;. Note that, if the normalization
conditions, (8.3), are applied to (8.3), then one obtains the correct Bosonic Bogoliubov

unitarity condition |ay,|* — |Bx|* = 1. This relation can also be checked from @ by direct
1 11
& -\.\,_ﬂ - | 1_ 8] .l |

T
. 11
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computation.

If the initial state is assumed to have no excitations, the quantum state is the initial vac-
uum denoted by |0) ¢y, i.e., él((o) |0)(0y = 0. We consider the Heisenberg picture and the state
for o ¢? is time independent. Then the expected number of quasiparticles with momentum k

after inflation is calculated to be

1

(1) 2
N. = PYNTZZ AT
0 (OINy*10) 0y = [ 6] 2K (k)ym [V

8.7

asn; — 0.

8.2 Relation to Lab-Frame Bogoliubov Excitations

In order to connect quantum physics in curved spacetime to the behavior of a realistic quan-
tum fluid, Leonhardt et al. [|[104] investigated the Hawking effect within the Bogoliubov the-
ory of the elementary excitations in BEC. A more detailed correspondence was discussed
by Jain et al. [103], giving an analytical expression for the analogue cosmological particle
creation spectrum in terms of the Bogoliubov mode functions in the case of a homogeneous
BEC. Kurita ef al. [95] demonstrated the equivalence of the two procedures in the long-
wavelength acoustic limit. They showed that the number of quanta in analogue spacetime
is different from that of Bogoliubov quasiparticles, unless the corresponding field is nor-
malized correctly. Barcel6 et al. [96] consolidated the equivalence of the two approaches
by generalizing the Klein-Gordon formalism beyond the limit of validity of the acoustic
approximation. They showed that both formalism lead to the same concept of positive and
negative solutions. This line of research allows us to establish a deep conceptual connection
between the two formalisms, the first one being inherently nonrelativistic while the second
is relativistic, up to corrections which are vanishingly small for long wavelengths. In the
following, we discuss the measurement implications of the predictions of previous sections,
based on a generalized version of the theory formulated in [96]].

Under the scaling transformation (3.9) and the scaling conditions (3.11)) and (3.12), the

Heisenberg equation of motion for the field operator @(x, 7) reads

. h? . . .
iho- = —%Vi + fzgngQ + f2/d2x' Viﬁlt?o(x — TP [, (8.8)

Expanding the field operator in canonical way, 1 = vy + 0, we obt_ajﬂ the’GR-€qugtidn —
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(4.1)) for the order parameter 1), and the Bogoliubov equation [[105]]
ihd;60 = (H + A8y + By, (8.9)

where

h2 h2
o Ve 2m./po
A= () / 02 V2P (x — X Wi (x') % (),

B = f2o(x) / 2 VP, (x — X Yo (x') * (x).

H=—

V2., /po — fmvo ho: o, (8.10)

In deriving (8.10), we have used (@.2). The * stands for the argument upon which A and
B acts. Note that Eq. is a complex equation and is nonlinear: If J7) is a solution, then
«adtp is not unless « is real. Therefore we cannot directly perform a mode expansion to find

the general solution. In order to overcome this problem, we enlarge the space: We introduce
4]
51 = q% )
0y

H+ A B
B M- A

the spinor field

subject to the evolution equation

ih0; 6T = MSY, M= ( 8.11)

This equation is now linear, and the solutions to the Bogoliubov equation (8.9) are obtained

by restricting the solutions of (8.11]) by the condition
0 = 0¥, or 0 0T =67, (8.12)

where o, . are the Pauli matrices. We introduce here a conserved “Bogoliubov” inner-

product
(5T = / % 5106

One can check that the operator M is self-adjoint with respect to this inner product

(0X| MY ) = (MIX|6Y)p.
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This implies that the “Bogoliubov” inner product is conserved for solutions of (8.11)). Note

that this inner product is not positive definite, since it satisfies
(0,000, 0X"")p = —(6X[6X)m,

and so the physical solutions, i.e. those that satisfy 0,0 Y™ = §1, have zero norm.

The evolution operator M is self-adjoint in a non-positive-definite inner product space,
and therefore it may have complex eigenvalues. We will assume that the condensate is stable
and M has complete othonormal set of eigenspinors with real eigenvalues [96]. One can

easily check that o, Mo, = —M?™ holds, and in view of this property, one can see that if

Uk

is an eigenspinor of M with eigenvalue wy, then V; = o, Uy is another eigenspinor of M
with eigenvalue —wy. Furthermore, the modes Uy and V|| are orthogonal and can be chosen
orthonormal in the Bogoliubov inner product:

Ol = 60, (G W)s =0, (KIV)s = —60).

)

Any spinor solution §Y of Eq. (8.11)) can be expanded in this basis:

0L = iUk + Vi
k
Note that the modes Uy and V) themselves are not physical, while physical solutions are
linear combinations of them.

Now the mode expansion for the physical spinor field becomes of the form

51 — ZékUk + E(Vk*,
k

where ék and élt are operators for Bogoliubov quasiparticles. The (physical or unphysical)

spinor field 4T corresponds to (complexified) density and phase fluctuations by

(e_id’o&/) — %o 515)

11 O 7]

5p = /po (e8¢ + €05y, 5o

1
= — (8.13)
21y/po -
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The condition (8.12) that §¢) and d) represent physical solutions to the Bogoliubov equa-
tion translates into reality conditions for ép and §¢. The density and current oper-
ators are then expanded as p = ¥t = pg + 0p and j = (h/2mi)(PIVY — Vi) =
PoVeom + Veomdp + (poh/ m)Vwéqg. In addition, from the Bosonic commutation relations
(69 (x), 59T (x')] = 6@ (x — x') etc., one obtains [65(x), dp(x)] = i6@ (x — x), i.e., the
density and phase fluctuations are canonically conjugate fields. By the relation (8.13)), there
is one-to-one correspondence between spinor fields Y and complexified density and phase
fluctuations dp, d¢. Provided they are physical solutions, dp and §¢ are related by (@.10).

One can readily derive
(6X16Y") B = (66,66 )w-ko: (8.14)

where 6¢ = Q~/26¢, and W-KG inner product is as defined in (7.2). For a given set of

mode functions { flg’\)} for the field 6, which for example were obtained in (8.1 and (8:2),

one can find corresponding mode functions {U}(()‘) } for the spinor field by using and
(A)

(8-18), and this gives an exact relation between analogue cosmological particles @, and

~(A
Bogoliubov quasiparticles bf( ):

2 =z o ~(A

i = (1, 80wk = (U150 = B (8.15)
Therefore the number operator of cosmological particles is identical with that of Bogoliubov
quasiparticles:

T _ gV (8.16)

2 ~(A . .
We note here that the operators al(()‘) and Ql({ ) correspond to particles that are detected in

the comoving frame (3.9). However, experiments obviously implement particle detection in
the lab frame. Therefore, one more translation into the lab frame is needed, and is specified

below.
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8.3 Translation into Lab-Frame Variables

When a normalized mode function v/Q fl(()‘) for the field d¢ = \/ﬁég?) is given, one can get
a mode function for the field dp by the relation
a’h

T eff
95

op = W19.6¢, (8.17)

which is immediate from Eq. (4.6). Then one gets the mode functions for 6 via

51 ei%o [2&%5,) + i\/;Toéqb]
oY = = , (8.18)

5 e %o [2\/1%5p — i\/,oT]&b]
which have already been normalized by (8.14)). The perturbed field 1) of the scaled order

parameter is related to that of the original Bose field in the lab frame by (® = mr20,b/2hb)

i® _ ei®
O = oy, 0T ="

5. (8.19)

The normalization should however still be verified for this field: We form a spinor field

1P
sr— (V)L (8.20)
ov b \ e i®8y

and introduce the Bogoliubov inner product

(67160 = / d’r 670,67 = / d?x 65,0

= (0Y16Y")g = (66,69 )wka- (8.21)

This implies that the cosmological particles are equivalent to the Bogoliubov quasiparti-
cles observed in the lab frame provided the mode functions are chosen consistent with
(8-17), (8.18), (8.19), and (8.20). It leads to the lab frame Bogoliubov quasiparticle opera-
tors when expansion stops, see above discussion between Eqs. and (8.7), being given

by Bil/)bl = éf{l), where by = b(t1) is the final scale factor and by are the annihilation
operators associated to 6. + 7 & 11 =)
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Chapter 9

Pair Creation of Quasiparticles

9.1 A Practical Problem

We have developed in the preceding chapters the emergence of analogue spacetime in a
dipolar Bose-Einstein condensate with time-varying trapping frequency and/or interaction
coupling strengths. We have shown that the inflationary scenario can be simulated via the
expansion of dipolar condensates. Especially, taking adventage of well developed micro-
scopic theory of ultracold quantum gases, one can explore the influence of (analogue) trans-
Planckian physics on the sub-Planckian physics of everyday life: There will be roton imprint
in the matter distribution after the freezing process. With all these predictions, however, the
theory is basically a zero temperature theory, in which the generation of unwanted, detri-
mental thermal excitations is ignored. In a real experiment, it obviously is impossible to
avoid the thermal noise however low the temperature is, and this will dim us in observing
the pure quantum effect of cosmological particle production by the inflation.

Let us recall the measurement available for ultracold quantum gases. One can take
the in situ image of the atomic quantum gases, from which the density-density correlations
and the static structure factor can be extracted [[106]]. In ir sifu imaging, one typically di-
vides the density images into small unit cells or pixels and then evaluates the statistical
correlation of the signals in the cells. If both the dimension of the cell and the imaging
resolution are much smaller than the correlation length of the sample, the interpretation of
the result is straightforward. Recently, it has been revealed that the density-density correla-
tions are related to the quasiparticle quantum state, or the entanglement features displayed
by the emitted phonons [[107]]. The detection of such entanglement would provide an ulti-
mate proof of the quantum nature of the analogue cosmological particle production which
thermal excitations do not possess.

In the following, we first characterize the influence of the initial thermal noise by com-

paring the correlation function with or without the initial thermal noise. And we cosider

the entanglement measure by which one can quantify the degree of “quantumness]. Fhis —
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will provide the ultimate proof for the quantum nature of cosmological particle production
even in the presence of detrimental thermal noise. We also discuss the advantage that roton

minimum provides for the experimental protocol suggested.

9.2 Bogoliubov-de Gennes Equation

The quantum nature of the system can clearly be seen when we take the Hamiltonian ap-
proach. By applying Legendre transform to the Lagrangian (3.14), one obtains the Hamil-

tonian of the system. The the Heisenberg equation of motion for the field operator reads
a2 1 1 . .
0. = |~ 52 2 gmade + 17 [ i VERyox = )01 () |

We expand the field operator by the form, ¢) = (1 + ¢), where |¢)o(x, 7)|? =: po repre-
sents the condensate density, and where QAS describes the perturbations (excitations) on top
of the condensate. The Bogoliubov-de Gennes equation obeyed by the fluctuation field qg
reads [[105]]

i0-6 = Ho + A(d + 61), ©.1)

in which we define the two operators

I 1 i _
H= 2mvx m\/>( x\/7) 1Veom * Vx, 9.2)

AF = f? / P V2P, (x — X)) PF(x),

where A acts by convolution on an arbitrary function F'(x). Here veom = %VXGO, where
= /poe'®, denotes the comoving frame velocity [73].
Assuming vanishingly small comoving velocity, v.o,, = 0, and quasi-homogeneity,

Vx+/po == 0, then py and 6y become independent of x, and we obtain
N L 22 2 2,/ NI 1!
i0-¢ = —%Vxéﬁ + 20 | X Vi o(x —x)(o(x') + ¢'(x)).
In momentum space, we decompose the fluctuations into their Fourier components, ¢(x) =

(1/VN) S €%%y, b = \/Nfd2x’e_ik'x’<$(x’) with N being the total number of

atoms in the condensate. Here and in what follows, we set the (initial) normalization area of

the plane to unity in the definition of Fourier transforms and their invegs;?i andrk fepresents —
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comoving (scaling) momentum, as we work in the scaling frame of reference. Now each

terms become
10,6 = —— > e X0y
T N k T )
1 R 1 1 R ) 1 ) k2 .
o v? _ § : v? ikx _ § : ik-x ,
2m x® 2m /N Ve VN - © 2m¢k
pO \/7 z :/dQX, int O X = X,) (eik.XI qgk + e_ik.x’ qg;l)

ZfQPO\/lﬁZ{Qf;k [ [ X o (e |
k
200\/%2{ ka(ﬁ 1nt0( )+ ¢T 1121PO( Je ik'x}‘

k

Reading the equality between Fourier components, we obtain the Fourier space Bogoliubov-

de Gennes equation,

i0; px = 7¢k + F2poVi2Do (k)i + f2poVieDy (K)ol

k2
*ZaTQSTk_ 7¢T +f2p0 1nt0( )¢k+f2p0 ntO( )d;r

Define Hy, = k%/2m and Ay = f QpOViflEO(k). Then the equation can be written in a

id, [‘ﬁk] - [‘ﬁk] . (9.3)
Qb_k ¢—k

Note that the commutation relations of gZ;k is inheritted from the Bosonic field operators:

matrix form,
Hi + Ax Ay
—Ax —(Hk + Ax)

[(Z)k> CEI{/] _ N/dQXdQXl e—ik’.xeik’.x’ [QB(X), (Z)T(X/)]

_ 2, 32/ ,—ik’-x ik/-x’ L. _ 1 oy
= N/d xd°x' e e [¢0(X)¢(X) 1, TS(X)qb (ba') — 1]

N - 1/ /
_ ddeZX/efzk-erzk X (5(X _ X/) _ 5k,k’-
Po

We use the notation qASk for the original fluctuation operators and ¢y for the Bogoliubov

quasiparticle operators. To diagonalize (9.3), we thus apply a Bogoliubov transformation

¥ & 11 ==1. —
.-'-\.\,_ﬂ — - T | [N = 1F
| 'll ] N .
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with coefficients uy and vy as follows:

SRR
QZ)T_k Uk Uk @T_k

where imposing the Bosonic algebra for ¢y, we obtain a normalization condition for uy and

vk7
1= ) = i+ s i+ nl) = 0 — 18 05
k> Pk kPk + k@' s VkP_k + ukPy| = uj — vi. 9.5)
Thereby solving the eigenproblem of (9.3), we obtain

Uk _ VHk £ VHk + 2Ax
Uk 2(7‘[% + 2HkAk)1/4 ’

9.6)

where upper/lower sign refers to uy, vy, respectively. Then, [uy vi]7 is the eigenvector with

eigenvalue wy (7), and [v uy|” is the eigenvector with eigenvalue —wy (), where wy is as

defined in (9.8).
In general, the excitation frequencies are scaling time dependent, and Eq.(9.3) yields
; w 10;wy /2w D
iaT[ﬁk] - [ k "k k] [ﬁk], ©.7)
1 10rwk [ 2wk —Wwyk 3

where the excitation spectrum is given by

wk(T) = \/7-[12{ + 2H 1 A (7). (9.8)

Here we introduce the parameter,

o(r) = f(m)\/ 9§ po/m = f(7)co, (9.9)

which is the (scaling time dependent) speed of sound. It is the slope of the linear, low-k
part of the dispersion relation (9.8). We may also define, in addition to R in (3.17)), anotion

dimensionless parameter

2 eff
A="T0_50 P (9.10)

Wz,0 Wz,0
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representing an effective chemical potential as measured relative to the (initial) transverse
trapping, linear in both the codensate density and the effective contact coupling defined in
(13.16).

For a stationary state f = 1 [¢(7) = ¢g], the healing length is given by

§o = 1/(mco). 9.11)

The inverse of &, kp; = 1/&, is an anlogue “Planck scale.” Close to the roton minimum at
k&y ~ 0.9, then, Lorentz invariance is strongly broken and a particular variant of Planckian
(k ~ kpy) physics can be simlated [73]]. In Fig. we plot the corresponding stationary
state Bogoliubov excitation energy, from which we see that the spectrum in a strongly dipo-
lar BEC develops a roton minimum for sufficiently large A. The system becomes unstable
past the critical value A = A, = 3.4454 (when R = \/T/Q [[63]). In the low-momentum

corner, the spectrum is generally linear in momentum,
wk = cok (k‘fo < 1), 9.12)

implying the (pseudo-)Lorentz invariance of the system from which the effective metric

concept for the propagating quantum field of phonons emerges [23]].

wy (units of mc%)

'I
2.5¢ R=0
————— A=A./10
200 . A=Apin=1.249
15t A=3.1
— — A=A =3.4454
1.0F LT S
aaaaaaa //"/‘
0.5F —*_1:-':':":""-’/_.-""-/
i ‘ _ ke
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Figure 9.1: Stationary state excitation spectrum. Bogoliubov excitation energy in units of
mcg, for DDI dominance, R = \/m For A > Apim = 1.249, the spectrum develops a
roton minimum and becomes unstable for A > A. = 3.4454. R = 0 denotes the contact
interaction case where the Bogoliubov excitation energy, when normalized to mcg, as here,
is independent of A. £ is healing length defined in (9.11).
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For a stationary system, we find that the operators ¢y and ng_k decouple, and oscillate

at constant frequencies +wy, where 7 = ¢t for the stationary case with f = b = 1 in (3.9),
P(T) = [;k e_iwkta @T_k(T) = BT_k et (9.13)

Here by and EL are, respectively, annihilation and creation operators of collective excitations

with momentum k above the stationary condensate.

9.3 Mode Mixing

As a result of a rapid temporal change of 2, as defined in (©.9), and which is encoded in the
scale factor f defined in (3.12)), Eq. engenders mode mixing between the quasiparticle
modes of momenta k and —k, which entails the amplification of quantum and thermal

fluctuations. It is convenient to characterize the mode mixing by introducing the coefficients

Oék(T) and ,Bk<7') [108]2

B(r) = |aacPIHE + B exp [ [Ten(+)dr']

N 9.14)
BLa(r) = [oim)b"L + B(r)bie] exp [i J7 wr(r)ar]

In the limit 7 — —o0, lsiil and iffk are defined such that ¢y (1) — ZA)ife_i“’kT, @tk(T) —

l;iillte"“kﬂ or equivalently, ax — 1 and S — 0 as 7 — —oo. That is to say, the operators
I;m and BET are, respectively, the annihilation and creation operators of collective excitations
with momentum k in the initial stationary state. From Egs. (9.7)) and (9.14)), we find that the
evolution of the operators @y (7) and <p7k(7') is completely determined by ak(r) and Sy (1),

and the corresponding evolution equations of ay (7) and Sy (1) are:

Orayi = Orei exp (22/ wk(T/)dT/) By,
2w
0Pk = ka exp ( — 27?/ Wk(T/)dT/> ax
Wk

Given the temporal change ¢? = ¢?(7), the above equations can be solved to obtain oy (7)
and Sk (7), and hence ¢y (7) and (p_k(T).
The phase factors of ay and Sy in (9.15) determine the phase of the oscillations of

9.15)

the density-density correlation function (i.e., Eq. (I1.3)) around its mean value. We hofe in —
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this regard that a typo has occurred in Egs. (21) and (26) of Ref. [37]], where the sign “—”
should be a “+”. However, this sign has no effect on the minimal values of the density-
density correlation amplitude one is interested in. To verify nonseparability and steerability
for modes with a given momentum, one therefore seeks the minimal values reached by
the Fourier space density-density correlation function during its oscillations, to determine

whether they drop below the thresholds for nonseparability and steerability, see Egs. (10.9)
and (10.12)) below, respectively [51]].
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Chapter 10

Measuring Quantum Correlation

A direct measurement performed on the Bose gas is for example a determination of the
instantaneous atom density (locally within a given experimental resolution), in particular
the fluctuations about its mean. The corresponding density-density correlations [[106], are
related to the quasiparticle quantum state [107]]. We will now demonstrate how to use these
correlations to measure nonseparability and steerability between the created quasiparticles
with opposite momenta k and —k, which are due to temporal variations of the conden-
sate background. Below, we closely follow the density-density correlation-function based

discussion of the criteria for nonseparability and steerability contained in Refs. [[37,51].

10.1 Density-Density Correlation Function

The total atom number density in the condensate is given in the fluctuations by

~

p(r,x) = U1 (7, x)ih (1, %) ~ po(1 + ¢ (1, %) + ¢(7, %)), (10.1)

to linear order. In a homogeneous system, the background density pg is constant, and the

relative density fluctuation is

6p(m,x) _ p(1,x) —po _ (7, %) + b(r, ). (10.2)

Po £0

We consider in situ measurements of dp(7,x) performed at some (scaling) measurement

time 7 = 7,,. From the equal-time commutators,

[@(7—7 x), 1&(7—7 X/)} =0, [&(Tv X): 'L&T(T, X/)] = 5(X - X/)a

one can easily verify that p(7,x) and §5(7, x’) commute with each other. In momentum

space, where the Fourier transform is performed by
QZA)k(T) = \/N/dlee—ik-x/d’;(T’ )(/)7 . =

63
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we express the relative density fluctuation (10.2)) in terms of quasiparticle operators,

dpk(T)
o

= O(7) + O 1 (1) = (uxc + 1) (P (7) + @1 (7). (10.3)

Note that taking the Hermitian conjugate of the operator (10.3)) is equivalent to changing the
sign of k, as a consequence of the fact that the relative density fluctuation operator in (10.2))
is itself a Hermitian operator and thus is an observable (the results of the corresponding
measurement are real quantities). It is straightforward to show that this operator commutes

with its Hermitian conjugate, and thus the following correlation function is well defined:

{[6pe(T)[?)

Gox(T) = =5 = (uk + i) 2 (20 + 1 + 2R[ee™%T]), (10.4)
Po
where ny = <3Tkl;k> is mean occupation number, and ¢ = (lA)klA),k) is pair amplitude.

To obtain the above relation, the relation ny = n_yx has been made. The equality holds
when the background has reached a stationary state, so that the frequencies wy become
time-independent.

The mean occupation number ny determines the time-averaged mean of G k (7), while
the magnitude and phase of the correlation cy respectively determine the magnitude and
phase of the oscillations of G/ k (7) around its mean value. For the vacuum case, i.e., nx = 0
(and hence ¢, = 0), in the correlation function there is just one constant term (the “+17) left,
which is also measurable as well and encodes the vacuum fluctuations of the quasiparticle
field. This will become of importance later on.

For a thermal initial state with the equilibrium distribution 2ny + 1 = coth (wk / 2T) ,
the term containing cy vanishes and the correlation function in Eq. (10.4) reads

k&o/2

G27k = X

\/ (50)* +1 - ko Aw [ E V4]

kgo\/(kgo)Q +1— 2B pey/Aw [’“—jg\/ﬂ

th
0 2T /mc?

(10.5)

In Fig. [10.1] we plot the thermal density-density correlation function (10.5) of a dipo-

lar BEC at various initial temperatures (in units of mc%), and as a function of the nondi-

N o i |
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Figure 10.1: Stationary state density-density correlations for increasing temperature (from
left to right). The density-density correlation function Gy in thermal and quasiparticle
ground states. The initial temperatures are (a) 7/mc2 = 0, (b) T/mc3 = 1/ V/3, and (c)
T/mc% = 1. The black solid line corresponds to contact interaction, R = 0 (4 = A./10).
DDI dominated cases (R = \/@) are shown by the remaining curves with A specified in

the insets.

mensionalized momentum k&g, with fixed A and R [[109]]. We see that the density-density
correlation function is strongly modified near the roton minimum of the spectrum. In par-
ticular, when the roton minimum approaches zero (near criticality), the modification of the
density-density correlation function relative to the pure contact case diverges.

We now discuss the high- and low-temperature limits of (10.5)) separately. When wy, /T <
1, we have 2ny + 1 = coth (wk/2T) ~ 2T /wy + wi /6T, so that Eq. (T0-3) becomes in

the low-momentum (phonon) limit, expanding to quadratic order in k&g,

r 3 T (1 3AR 9AR?\ mdc
G = — |1 — ARI{? — | — | - _ 0 k 2 O k 3 ‘
2,k me? [ + 2\/> 50] [mc% <4 + Nors + 1 ) 12T] (k&0)“+O((k&o)?)

] 2 1_'.H(1~9'P) ITL
= g ) L
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For the contact interaction, i.e., R = 0 case, we reproduce the result of Ref. [37]. On the
other hand, we see that for finite relative strength R and density of dipoles encapsulated in
A, both R and A enter the correlation function. For & — 0, G2 simply approaches the
dimensionless temperature T'/mc3; one can thus determine the temperature of the gas by
examining the low-momentum density fluctuations.

When wy /T > 1, we have coth (wk / 2T) ~ 1, so that Eq. (10.5) becomes

k&o/2 .
\/(k§0)2 +1— e/ Aw [V

Gox ™ (10.7)

Again, the difference to the contact case R = 0 is manifest, because the relative strength and
density of dipoles are explicitly involved via R and A, respectively. In the high-momentum
limit of free particles k§y > 1, G x approaches unity, regardless of temperature and inter-

actions. The function (w[¢] occurring in G i approaches a constant in this limit [63].

10.2 Ciriteria for Nonseparability and Steerability

Pair production in a time-dependent background can be caused by quasiparticles already
present, e.g. in a thermal state, or emerge from quasiparticle quantum vacuum fluctuations.
The created pairs possess opposite momenta k and —k and are correlated. To study the
quantum correlation between the created pairs as a consequence of temporal variations of
the condensate, we therefore restrict our considerations to a bipartite quantum state.

The bipartite Gaussian quantum state of quasiparticle pairs is called separable when-

ever the density matrix py, i can be written in the form [110,{111]
Pk = Y Papfp @ p%y, (10.8)
a

where pf are density matrices pertaining to the subsystem j = =k, which are in a set
indexed by a, and P, describes the probability for obtaining py ® p%, with0 < P, <1
and ), P, = 1. Conversely, if a bipartite state can not be written in the form of (10.8)), such
states are nonseparable, i.e., entanglement exists between the mode k and the mode —k.
Criteria to assess the degrees of correlation between the created quasiparticles using

density-density correlations have previously been analyzed in detail in Refs. [37,51]]. The

generalized Peres-Horodecki (gPH) criterion is an algebraic conditiopk_é}n_tl:l‘e_ covdrign¢e — 7
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matrix of a two-mode system, and provides a criterion for the nonseparability of continuous
variable bipartite systems, cf. ,e.g., [SO/S1,107]. It leads to the following sufficient condition

for nonseparability in terms of density-density correlations [S1]]
Gox(T) <GP = (u + vi)? for some k  [Nonseparable]. (10.9)

Here, G‘Q’aﬁ is the correlation due to quasiparticle vacuum fluctuations. Whenever G y dips
below its vacuum value for some times, the state is nonseparable.

One can, furthermore, investigate whether quantum steering of one quasiparticle mode
by another mode with opposite momentum takes place. The primary idea behind steering is
to infer the values of correlated quantities for one subsystem, e.g., mode —k, as depending
on the results that are obtained from the measurements performed on the other subsystem,

e.g., mode k. Steering is encapsulated in the inequality [[17,51]]:

AiptA_x - A Bk < ;'< {Ak, Bk] > ; (10.10)

where Ay and By are measurement operators. The notation

ApiA 1 = \/ < (A~ Asi()’ >

indicates the inferred standard deviation of A_y on subsystem —k with the measurement flk

having been made on subsystem k. In these relations, fl_k(Ak) is the conditional (mean)
value of A_y given that measurement of Ay on subsystem k yields the eigenvalue Ay; a
similar definition applies to A s B_x. Note that flk, Bk are required to be noncommuting,
in distinction to the density operators contained in the definition of Gy i. For example, the

measurement operators can be chosen to be quasiparticle quadratures [[107]],
X = L(@j:k +¢ly),  Pac= L(@Lk — Pak)- (10.11)

V2 V2

The product of standard deviations on the left side of inequality would obey
the Heisenberg uncertainty principle whenever noninferred variances are calculated: The
left hand side would be larger or equal to the right hand side. The state is steerable, how-

ever, whenever the inferred standard deviations are violating the conventional Heisenberg
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uncertainty relation, i.e., when inequality (10.10) is satisfied due to the existence of strong
correlations between the two subsystems labeled by +k.
In Ref. [51]], a sufficient condition for steerability in terms of the density-density cor-

relations G2 k(7) and G35 was stated

1
Gax(T) < 3 >k [Steerable]. (10.12)

Note in this regard that although steerability is originally formulated in terms of inferred
variances of noncommuting operators, Eq. (I0.10), a sufficient criterion can be expressed
in terms of variances of linear combinations of operators pertaining to the two subsystems,
here the density fluctuation operators of (T0.3), ¢i (7) and éT_k [51].

Compared with the nonseparability condition in (10.9), the criterion for steerability
shown in (10.12)) is more stringent due to the factor of 1/2 on the right hand side, again
reflecting the fact that quasiparticle states exhibiting steering form a subset of nonseparable
states. We also note that a concrete experimental protocol to assess quasiparticle entangle-

ment by the covariance matrix of the quasiparticle quadratures was proposed in Ref. [[107].



Chapter 11

Analogue Dynamical Casimir Effect

11.1 Rapid Changes of Sound Speed

In order to observe sizable dynamical Casimir effect (DCE), the cavity should be vibrating
with speed comparable to the speed of light. It is demonstrated that the vibrating cavity
can be replaced with the changing speed of light, since this will change the optical length
between the wall. For analogue system, one needs to change the speed of sound [36,/40].
With this background, we now impose a time-dependent background by assuming that

c? = c2(7) is of the form

2 1 2 1 2
LA LG9 ). (11.1)
s 2 Cy 2 s

We choose this form of the quench of the sound speed for a direct comparison with the
results of [37]], and do indeed find that R = 0 reproduces the results of the latter reference.
The above c?(7), in particular, implies two asymptotic values, c? = 0(2) and cfc which are
obtained when 7 — —oo and 7 — 00, respectively, and for which the gas and thus the
quasiparticle vacuum become stationary. In the examples below, we quench the system to a
larger sound speed c; > c;.

According to (3.12) and (9.9), for constant g4 and g., the scale factor is, given a pre-
scribed form of ¢2(7) as in (TT.1)

b(r) = = . (11.2)

The gas, for c; > c¢;, therefore contracts, with b(t) < b(t;). We plot the scale factor b(t)
with respect to the lab time ¢ in Fig. [TT.T] for various quench rates a of the speed of sound
in (T1.1).

As a consequence of the temporal change of ¢?, the quasiparticle state is probed by
the operators ¢4y (7) whose equation of motion is Eq. (9.7). From the time dependence of

the excitation frequencies wy (7), the Bogoliubov coefficients ay(7) and Bic(7)yaieé fing- -
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Figure 11.1: Scale factor b(t). The scale factor b in (T1.2) with respect to the real lab time
¢ in (3.9), showing the compression of the condensate as a function of the speed of sound

quench rate a (in arbitrary units of inverse time). Here we take c?/ c?c =1/2.

tions of scaling time 7 as well, satisfying the evolution equations (9.13). The corresponding

correlation function in the first line of Eq. (10.4) becomes

Gox(7) = (uk(T) +vic(7))? [euc(7) * + | Bk (7)
+ 2R (1) B (r)e 2T @A (ol 1), (11.3)

We can rewrite Eq. (TT.3)) in the form of Eq. (10.4)), with

2k + 1 = (Joac® + |Bul®) (2 + 1),
Ckx = akﬁk(Qn + 1)

(11.4)

For adiabatic variations (¢ — 0 in (II.1I)), a and Sk do essentially not change and
remain very close to 1 and 0, respectively; G2 i then varies in time only because (uy + vk)2
does so. However, when we are in a nonadiabatic regime, ay and Sy evolve in time, and
the degree of nonadiabaticity is encoded in them. We conclude from Eq. (I1.4) that ini-
tial thermal quasiparticle noise can enhance quasiparticle production because the quantities
shown in (TT.4), which occur in (T0.4), are proportional to the initial thermal background
multiplicative factor 2n + 1.

With the time evolution of ¢?(7) as prescribed in Eq. (IT.I), we obtain the time-
dependent wy (7) in (9-8), and then can solve the coupled Eqs. (9-13)) numerically. In Fig.[11.2]

we show some examples of the evolution of the quasiparticle frequencmé“{ at-ﬁxeqi momﬂl —

1] 1
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tum (left panel), and the corresponding correlation function response in Eq. (11.3) to this
evolution (right panel). In what follows, we will use the following definitions of healing

length and effective chemical potential, respectively:

2 2

1 - mc c
¢r=—, A=—T=41 (11.5)

mcy Wz,0 ¢

The quasiparticle frequencies approach two asymptotics because c?(7) approaches con-
stants in the limits of 7 — —oo and 7 — oo, respectively (left panel of Fig. [I1.2)). For
k&r = 1, when A < 1.073, the initial frequencies wy; = lim;_,_o wi(7) are smaller
than the final frequencies wy f = lim, wi (7). However, when A is large (assuming
DDI dominance, R = +/7/2), i.e., 1.073 < A < 3.4454 for k&; = 1, the initial fre-
quencies wy; = lim;_,_o wk(7) are larger than the corresponding final ones, wy ;=
lim,_, oo wk (7). This implies that (a dominant) DDI and the density of the gas, parametrized
by R and A, respectively, together affect the qualitative behavior of the quasiparticle spectra
more deeply than contact interactions would. In the presence of a (sufficiently strong) DDI,
a roton minimum appears. For increasing roton depth, finite-momentum excitation frequen-
cies near the roton minimum are small; hence these modes are more sensitive to temporal
changes of the background.

In the two asymptotical regimes, one has a well defined vacuum for the quasiparticles.
These vacua are not necessarily equivalent to each other. The vacuum defined in the far-
past region are seen as a two-mode squeezed state from the viewpoint of the observer in
the far-future region. That is to say, although there are no quasiparticles at the beginning,
due to an expansion or contraction of the condensate, excitations will be created from the
quasiparticle vacuum.

The temporal behavior of the correlation function in Eq. is strongly affected by
the strength of the DDI and the gas density (see right panel of Fig.[TT.2)). When the variation
in time of wy is slow, i.e., when a is small, Gg i (7) varies smoothly for small A (fl < 1.073
in Fig. . When the change of ¢? is sufficiently abrupt, the two-point density correlation
function oscillates such that it can periodically dip below its vacuum value. For large A
(A > 1.073 in Fig. , the corresponding two-point density correlations oscillate with

larger amplitude than for smaller A (smaller chemical potential).



72 CHAPTER 11. ANALOGUE DYNAMICAL CASIMIR EFFECT

1.2 . . . 5 T 7 \
“ —— R=0 ) / \
1.0f - - ] 4t
- A=01 . / \
08r T e A=1.073 ] o 3t / \\ //.
‘Z o6f | e A=2.5 3 /
3 frmememrmememrmememimeed ---1 - - o220 4 el
0.4 ez iz ToTASsessE Y TN e T
il N e
0.2} S
0.0k - - J ol . . .
-20 -10 0 10 20 -20 -10 0 10 20
mezT meZT
(@) (b)
1.2 . T T S5p " | 1
- eo .
1.0f a . ] 4f ] ! 1
o A=0.1 | \ !
ogp 2 A —— A=1.073 o3 A /
= i < . RN
-~ 06 | e A=2.5 N2 K \
I S --1 . . & ; Ay
Pt S T — —A-3a4s4 ] mmmmmm Y
______ Ne e ELTLILILILIE L L Lttt
0.2} \ { TS MRmItmatiaeTSartann
______ ol
0.0k - - e . . . .
-20 -10 (0] 10 20 -20 -10 0 10 20
me2T meZT
(© @

Figure 11.2: Time-dependence of Bogoliubov excitation frequencies and density-density
correlations. The Bogoliubov excitation energy wy (plots (a) and (¢)) and the corresponding
correlation function in Eq. (T1.3) (plots (b) and (d)) for zero temperature as a function of the
parametrized time mc?n'. Here we fix k&p == 1, ¢2/ c? = 1/2. The rate of change in (TL.I)
is taken as a/wy; = 0.3 for plots (a) and (b), and a/wy; = 1 for plots (c) and (d). The black
solid curves correspond to contact interaction, R = 0 (fl = 0.1). The DDI dominated case
(R = \/W) with varying values of A, specified in the insets of (a) and (c), is represented

by the other curves.

11.2 Quench Production of Entanglement

In an experiment, a measurement is performed on the condensate at some given time 7y,. To
study quantum correlations between the produced quasiparticle modes, we are thus inter-
ested in the variation of the correlation function with momentum k¢ at fixed time 7,,,. As
an example, we plot in Fig. [[1.3the variation of the correlation function in the momentum

at fixed measurement time 7 = 7,,. To examine nonseparability and ﬁéprgb?lity-lﬁtwqe}n T
| z 1 4
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the produced quasiparticles, we plot the normalized correlation function, i.e. the correlation
function divided by its vacuum value

_ Gk _ Gax
Gy~ (et v)?

Gl (7) : (11.6)
The nonseparability and steerability thresholds then occur according to Eqs. (I0.9) and
(10.12) at ézk =1and GQ,k = 1/2, respectively.

The normalized density-density correlation function periodically changes and poten-
tially dips below unity. When the normalized density-density correlation function is smaller
than 1 for some times, the final quasiparticle state is nonseparable. This implies that en-
tanglement is created between quasiparticles with opposite momentum k and —k due to
the nonadiabatic variation of the speed of sound of the condensate and the excitation of the
condensate vacuum. Furthermore, even though initial thermal noise decreases the range of
nonseparable k’s (right panel of Fig. [I1.3), a sufficiently dense dipolar gas close to crit-
icality still creates entanglement (comparing (d) with (c) in Fig. [[1.3). Specifically, the
momentum which renders the final quasiparticle state nonseparable, that is which satisfies
the inequality (I0.9), is for the dipolar gas smaller than for contact interactions.

The quantum steering of the final quasiparticle state produced due to the nonadiabatic
evolution of the condensate is enhanced in a dipolar gas. Although the sufficient condition
for steerability might not be satisfied for any value of k in the final quasiparticle state
when only contact interactions are present, the DDI generically induces a state which does
satisfy this criterion (see the green dotted and purple long-dashed curves in (c) of Fig[TT.3).
there might be no steering in the final quasiparticle state for any value of k when only con-
tact interactions are present, the DDI induces the creation of steering between quasiparticles
(see the green dotted and purple long-dashed curves in (c) of Fig.[I1.3). As mentioned in
the Introduction, steerability is a more stringent correlation property of quantum states than
nonseparability is (however weaker than Bell nonlocality). Steering implies that the state is
nonseparable but not vice versa, a fact which is readily confirmed with Figs. and

The time-dependent speed of sound as specified in can, for example, be adjusted
by the external potential trapping the condensate, according to the scaling equations (3.9)
and (3.12). To determine how the quench rate and final sound speed squared, c?, affect
the creation of quasiparticle entanglement, we plot the normalized density-density corre-
lation functions in Fig. We conclude that quantum steering betwc_alen ﬂuasipa}rticlg:s

A _";"-'I'IE |
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Figure 11.3: Density-density correlations as a function of k&; at zero temperature (left)
and finite temperature (right). The measurement time is 7, = 5 X (mc?)_l. Here c?/ c? =
1/2, and the rate of change a/wy; = 1(k§ ¢ = 3). The solid curve corresponds to contact
interaction, R = 0 (fl = [lc /10). DDI dominance (R = \/m) for the other curves, with A
specified in the insets of (a) and (b). The lower plots show correlation functions normalized
by (ux + vi)?, such that the nonseparability and steerability thresholds occur at 1 (thick
black line) and 1/2 (dashed thick black line), respectively.

is robustly obtained whenever we are near criticality A < A,. Furthermore, we observe
that an increase of c? amplifies the fluctuations of the normalized density-density correla-
tion functions around their mean values (comparing (a) in Fig. [[T.4] with (c) in Fig. [T1.3)),
and induces the creation of quasiparticle steering in a condensate with relatively low den-
sity ([l < flmin). On the other hand, smaller sweep rates a/wy; decrease the amplitude
of the fluctuations of the normalized density-density correlation functions (comparing (c)
in Fig. [IT.4] with (c) in Fig. [T1.3)); they however enhance the production of quasiparticle
steering near criticality.

To show the domains of nonseparability and steerability more clearly, and make the

comparison between the contact interaction case and the DDI case mogehfpa_dflky_ aecdssible, —
| 1 ] y AN
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Figure 11.4: Varying c? and sweep rate a for zero temperature (left) and finite temperature
(right). Shown is the variation of the normalized density-density correlation functions with
k& at fixed measurement time 7, = 5 X (mc?)_l. (a) and (b) Larger final sound speed
c2/ cfc = 1/8 thanin Fig.c) and (d), with identical rate of change a/wy; = 1 (k&f = 3).
(c) and (d) Smaller sweep rate than in Fig.c) and (d), W~ith identical c? / cfe =1/2, and
the rate of change a/wy; = 0.05 (k§; = 3). The values of A corresponding to the various
curves are found in the insets of Fig. @ (a) and (b).

in Fig.[TT.3 we plot the envelopes for the contact interaction case and the DDI case with
the critical value of A = 3.4454 shown in Figs. and It can be seen that the
created quasiparticles with frequencies near the roton minimum are steerable, which does
not occur for contact interactions. Therefore, we conclude that compared to a gas with
repulsive contact interactions, the DDI Bose gas system displays an enhanced potential for
the presence of steering in the bipartite quantum state of quasiparticle pairs resulting from
the quench. In addition, this enhancement is robust against thermal noise, and variation of

the difference between the initial and final speeds of sound as well as of the quench rate.
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Figure 11.5: Density-density correlations as a function of k& at zero temperature (left) and
finite temperature (right). The measurement time is 7, = 5 x (mc})~". Here ¢} /c} = 1/2,
and the rate of change a/wy; = 1(k{y = 3) for (a) and (b); c2/ c?c = 1/8, and the rate
of change a/wy; = 1(k§; = 3) for (c) and (d); and c?/ c?c = 1/2, and the rate of change
awy; = 0.05(kE ¢ = 3) for (e) and (f). The black solid curves corresponds to contact in-
teraction, R = 0 (A = A, /10). The solid purple curves are for the DDI-dominated case
(R = \/m) at criticality, A = 3.4454. The dashed lines are envelopes. Correlation func-
tions are normalized by (uj + vi )2, such that the nonseparability and steerability thresholds
occur at 1 (thick black line) and 1/2 (dashed thick black line), respectively.
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Chapter 12

Conclusion

We have found that when there are only contact interactions between particles, R = 0,
SIPS is retained (in the limit of many e-folds), while there appear strong deviations from
scale invariance in the presence of strong DDI (Fig.[7.3)), due to an initially present roton
minimum. Importantly, the influence of the trans-Planckian nonlinear dispersion is manifest
even far from criticality at A.. When a negative slope in the excitation spectrum occurs
(A > Apin in Figld.2), the power spectrum shows a general tendency of increase at high
momenta. On the other hand, for monotonically increasing spectrum, i.e. when A < Ay,
the power spectrum oscillates around the SIPS prediction.

The proposed experiment (or variants thereof, possibly with other engineered inter-
action potentials) adds a new example to analogue gravity program for exploring trans-
Planckian backaction in quantum simulation of kinematical effects in curved spacetime.
Hence the system will potentially lead to conclusions about the trans-Planckian physics of
quantum fields in early cosmological stages.

We stress that the presence of a minimum in the spectrum does not necessarily imply
violations of scale invariance: It is possible to construct an analytic solution to the full
Bogoliubov equations for a spectrum with minimum, which displays SIPS (cf. Sec. [7.2).
We also note in this regard that SIPS is a kinematical effect for quantum fields in de Sitter
spacetime, in analogy to Hawking radiation from black holes [6], and therefore, like the
latter, does not require the Einstein equations to hold.

We also have studied the production of quasiparticle pairs in a quasi-two-dimensional
dipolar condensate undergoing a rapid temporal variation of its speed of sound, and focused
on the density-density correlation function to determine the nonseparability and steerability
of the final quasiparticle state. As demonstrated in Figs.[TT.3] [IT.4] and [T1.5] the DDI be-

tween the gas particles significantly enhances the potential for the creation of entanglement

and steering, being established between quasiparticle modes k and —k. This will provide
ease to detect the quantum correlations in the presence of finite temperature thermal noise.

Going beyond mean-field theory, future perspectives include to study the influence of
1 © 1
A =T
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strong quantum fluctuations of high density electrically dipolar gases [55]], prevailing in an
early, possibly pre-metric stage, onto the analogue cosmological evolution in the inflationary

scenario.
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Chapter A

Cosmological Models of General Relativity

A.1 Conceptual Introduction to General Relativity

Despite the mathematical complexity, general relativity is at heart a highly intuitive theory.
The most important concepts of the theory can be dealt without requiring mathematical
sophistication, and we begin with these physical fundamentals. From the constancy of c,
the speed of light, it is simple to show that the only possible linear transformation relating

the coordinates measured by different observers is the Lorentz transformation:

da’ =~ (d:zc — %cdt)

v (A.1)
cdt' =~ (cdt — fdx) ,
c
_ 1 o . . . . .
where v = N =OE > 1. We define a relativistic invariant, the proper time dr, by
Adr? = Adt? — da? — dy2 — dz?. (A.2)

Observe that the derivative of 7 with respect to coordinate time ¢ yields

dr CREPCENIN ﬁ: 1

c— = — =,
dt dr 1/1—(’0/6)2 i
in terms of which we find the 4-velocity U* = da* /dr is written as

dt dx dt
L R = — =
U <Cd7’7 dT) dT (Ca V) fY(Cv V)'

Defining the 4-momentum P* = m dz" /dt allows an immediate relativistic generalization
of conservation of mass and momentum; Newton’s second law F = mdu/dt is not a
relation between the spatial components of two 4-vectors. The obvious way to define 4-

force is
dP#
Pl = ——.
dr

q K B
| = |
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But where does the 3-force F sit in F'*? Force will still be defined as rate of change of
momentum, F = dP/dt; the required components of F'* are F* = ~(9pE,F), and the

equation (A.3) yields the correct relativistic force-acceleration relation

d dt d d
vF = mo- (yu) = d*%(vu) = F= mdt( u). (A.4)

However, it turns out that, in curved spacetime, (A.3)) cannot be a law of physics.
Consider how the components of dx* transform under the adoption of a new set of

coordinates z'*, which are functions of z":

In
do = O g, (A.5)
ox?

This apparently trivial equation may be divided by d7 on either side to obtain a similar

transformation law for 4-velocity U*:
°w
Ut = —U", (A.6)

and we conclude that U* is a general 4-vector. However, things unfortunately go wrong
at the next level, when we try to differentiate this new equation to form the 4-acceleration

A¥ = dU" /dr:
d ox'® bR
3 /p _ 14
AT T dr il oxV A"+ oTozY

U”. (A7)

The second term on the right-hand side is zero only when the transformation coefficients
are constants. This is so for the Lorentz transformation, but not in general. Hence A* is
not a 4-vector, and the equation F* = dP*/dr = m dU" /dr = m A" cannot be a law of

physics, since mA* is not a general 4-vector.

The Equivalence Principle

The weak equivalence principle is a statement only about space and time. It says that in any
gravitational field, however strong, a freely falling observer will experience no gravitational
effects — with the important exception of tidal forces in non-uniform fields. The spacetime
will be that of special relativity.

The strong equivalence principle takes this a stage further and asserts that not only is

the spacetime as in special relativity, but all the laws of physics take t_hg}sa_njb form in=the —
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freely falling frame as they would in the absence of gravity. This form of the equivalence
principle is crucial in that it will allow us to deduce the generally valid laws governing
physics once the special-relativistic forms are known.

Many of the important features of general relativity can be obtained via rather simple
arguments that use the equivalence principle. Consider an accelerating frame, which is con-
ventionally a rocket of height h, with a clock mounted on the roof that regularly disgorges
photons towards the floor. (Fig. If the rocket accelerates upwards at g, the floor acquires
a speed v = gh/c in the time taken for a photon to travel from roof to floor. There will thus
be a blueshift in the frequency of received photons, given by Av/v = v/c = gh/c?, and it

is easy to see that the rate of reception of photons will increase by the same factor.

Figure A.1:If the box is made to accelerate "upwards’ and has a clock that emits a photon
every second mounted on its roof, you will receive photons more rapidly. According to the
equivalence principle, the situation is exactly equivalent to the second picture in which the
box sits at rest on the surface of the Earth. Since there is nowhere for the excess photons to
accumulate, the conclusion has to be that clocks above us in a gravitational field run fast.

The conclusion of an observer on the floor of the rocket is that in a real sense the
clock on the roof is running fast. When the rocket stops accelerating, the clock on the roof
will have gained a time At by comparison with an identical clock kept on the floor. The

equivalence principle can be brought in to conclude that gravity must cause the same effect.

Noting that A¢ = gh is the difference in potential between roof and ﬂdprz xflt is sitple o —7
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generalize this to
At Ag
— = —. A8
; 2 (A.8)
The same thought experiment can also be used to show that light must be deflected in a
gravitational field: consider a ray that crosses the rocket cabin horizontally when stationary.

This track will appear curved when the rocket accelerates.

The Equation of Motion

As mentioned above, the equivalence principle allows us to bootstrap our way from physics
in Minkowski spacetime to general laws. Consider freely falling observers, who erect a
special-relativity cordinate frame &* in their neighborhood. The equation of motion for
nearby particles is simple:

&2t
T 5 = 07 glt = (Ct7 z, Y, Z)? (A9)
dr?

i.e. they have zero acceleration, and we have Minkowski spacetime
Adr? = (cdt)? — da® — dy? — d2? = 1,pdE@dEP, (A.10)

where 7, is just a diagonal matrix 7,3 = diag(1, —1, —1, —1). Now suppose the observers
make a transformation to some other set of coordinates x**. What results is the perfectly
general relation
ogr
dét = =—dz”. (A.11)
oxV
Since (9¢¥/0xH)(0z/0EY) = 08 /OET = &Y, Oxt /OET is the inverse of & /Oxt. There-

fore, substituting (A.11) into (A.9) leads to

0— d (ot dx”\ O%EH da’ dx” N oM d?zv
Cdr \Oxv dr ) OxPOxv dr dr = Oxv dr?
d’x¥ Ozv 0*¢* daf dxV d%xt dz® dz?
- =0 = " ————=0 A.12
dr? + Ot QxPOxY dr dt dr? Tlas dr dr » )
and the metric (A.10) becomes
23 2 65(1 856 ..V v
c“dr* = nep dztds” = g defde’s 371 & 71 =

dxH O Al =-TLH <
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At this stage, the new quantities appearing in these equations are defined only in terms of

our transformation coefficients:

oxt  9%¢v
wo_
aB 9y Qx )P (A-13)
o 9erogh
uv = %6@ oxv (A-14)

Coordinate Transformations

What is the physical meaning of this analysis? We have taken the special relativity equa-
tions for motion and the structure of spacetime and looked at the effects of a general coordi-
nate transformation. A general transformation could be one to the frame of an accelerating
observer, but the transformation might have no direct physical interpretation at all. It is
important to realize that general relativity makes no distinction between coordinate trans-
formations associated with motion of the observer and a simple change of variable. This
flexibility of the theory is something of a problem: it can sometimes be hard to see when
some feature of a problem is ’real’, or just an artifact of the coordinate adopted. A common
term for the latter class is gauge transformation. The term gauge always refers to some
freedom within a theory that has no observable consequence (e.g. the arbitrary value of

V - A, where A is the vector potential in electrodynamics).

Connection

What is the meaning of the coefficients ', 57 These are known as components of the affine
connection or as Christoffel symbols. These quantities obviously correspond roughly to
the gravitational force — but what determines whether such a force exists? The answer is

that gravitational acceleration depends on spatial change in the metric. We can differentiate

the equation for g,,,,, eq.(A.14), to get

09 %> o¢P n ogx %P
ar 1Bk D 1P Gk 9 oav
92¢r 06~ o¢P 9*¢ P oge

= 08 3 oar 98 Dz | 1B 5wy €1 Dk
_ 0% 927 &~ 9P N 9%¢7 9x° &P pe
972921 97 ) "P 9o v T\ oz aer ) 1P g dan

= PK}LQUV + Fil/gglﬁ'

ey

' ! | g
4 2-1H &
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Therefore we obtain

N Oguw
() Gax = w3, 9

.. ag)\u

(“) Ol = F%ﬂgau + Fﬁugﬁk (M A )‘)
. Ogua

(141) (");V =TI7,9ax + Pfygg# (v N)

Taking (i) + (¢3) — (4i7), we obtain

1 v
ilﬁ = §ga (aAguu + a,u!])w - au.guk) .

A.2 Tensors and Relativity

One can only construct an invariant quantity in general relativity (i.e. one that is the same
for all observers) by contracting vector or tensor indices in pairs: A* A, is the invariant
‘size’ or norm of the vector A*. Suppose we are given an equation such as A¥B,, = 1, and
that A* is known to be a 4-vector. Clearly, the right-hand side of the equation is invariant,
and so the only way in which this can happen in general is if B, is also a 4-vector. This
trick of deducing the nature of quantities in a relativistic equation is called the principle of
manifest covariance.

For example, in special relativity, the 4-derivatives are given by

0

9 _<80t’v>
0

w_ (2

? (8(;15’ V>'

Manifest covariance allows quantities like the 4-current J* = (cp,j) to be recognized

(A.15)

as 4-vectors, since they allow the conservation law to be written relativistically: 0*J,, =

Pseudotensors and Tensor Densities

We can take the determinant of the metric:

g = det(guw). 1

——
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This is not an invariant scalar: thinking of tensor transformations in matrix terms,

0x® 0z ox*®
Yo = G gstas & G =TGN, Au=5or Ga =g
shows that ¢’ depends on the Jacobian of the coordinate transformation:
da'> |2
"= (detA)’g=|=—=]| g. A.16
g =(etA)jg= -5 g (A.16)

On the other hand, under a general coordinate transformation, the hypervolume element

behaves as
ax/a

ozh

so that we find the invariant volume element to be

d*z = d*r,

or' -1
/ /d4 I
g ‘ OxP

83?/04

9 ‘ Oxh

d*z = \/—gd*z.

We say that an object formed from a tensor and n powers of }833’ @ /0P | ~is called a tensor

density of weight n.

Proper and Improper Transformations

It is usual to distinguish between different classes of Lorentz transformations according to
the sign of their corresponding Jacobians: proper Lorentz transformations have J > 0,
whereas those with negative Jacobians are termed improper.

In special relativity, where g = —1 always, seeing (A.16)), there are two possibilities:
J = £1. Thus, a tensor density will in special relativity transform like a tensor if we restrict
ourselves to proper transformations. However, on spatial inversion, densities of odd weight
will change sign. Such quantities are referred to as pseudotensors (or, in special cases pseu-
dovectors or pseudoscalars). The mose famous example of this is the totally antisymmetric
Levi-Civita pseudotensor ¢*?7° which has components +1 when o3¢ is an even per-
mutation of 0123, —1 for odd permutations and zero otherwise. This frame-independent

component definition implies that this is a tensor density of weight —1:

B _ ox'™ 92'8 9" 0z’

oz’
Ozt Ozv OxP Ox° ¢

ox?

prpo ’

afBvyo __
€ 4 3 3 _I.|f —==|

A =
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Lowering indices with the metric tensor produces

€apys = JapdpunpdsocP’ = ge®P7°. (A.17)

In special relativity, e*#79 is therefore of opposite sign to e, 86

Physics in General Relativity

So far, we have dealt with gravitational dynamics only. How are other parts of physics
incorporated into general relativity? A hint at the answer is obtained by looking again at
the equation of motion (AT2), d*x#/dr? + T 5(dx® /dr)(dz” /dr) = 0. Remembering
that d?z#/dr? is not a general 4-vector, we see that the addition of the term containing
the affine connection has made the equation gauge invariant. The term ‘gauge’ means that
there are hidden degrees of freedom (coordinate transformations in this case) that do not

affect physical observables. We introduce the covariant derivative:
DAM = dA* + T ;A" (A.18)

Then the equation of motion under gravity is then most simply expressed by saying that the
covariant derivative of 4-velocity vanishes: DU*/dr = 0. By using the manifest covari-
ance, it is easy to see that covariant derivative transforms as a 4-vector: the form of DU#
was deduced by transforming the relation dU*/dr = 0 from the local freely falling frame
to a general frame. If DU* /dr vanishes in all frames, it must be a general 4-vector.

In the presence of non-gravitational forces, the equation of motion for a particle be-
come

pur

m = FH. (A.19)
dr

We impose that the covariant derivative of a scalar field is the same as the ordinary deriva-
tive, and that the Leibniz rule is satisfied by the covariant derivative. Then the derivatives of

covariant vectors can be derived:
d(A“B#) = D(A“B#) = (DA“)BH + A“(DB#)
= AM(DB,) = d(A"B,) — (DA")B, = A"dB,, — (Fg 5Aadxﬂ> B,

= At (B, — T Bads” )
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= DBy, = dB, — T3 Bada’.

We remark here that the following relation holds.

DA*

dzv

=V, A" =9, A" + TV, AP.

Geodesics

It is easy to see that the variation x* — x* 4 dx* applied to
5/gWU“U”dT =0
yields the correct equation of motion:

99a
da (2, U") — peBes _

dr agglff
0G, d?z” 09ap
= 2P yeyY 4 2g,,—— — UCUP 222 =0
Ox™ + dr? Ozt
d%zv 1 0gap ~ Og dg
helade 712 e ap uB o' ,BZ_FZ/ arrf A20
= 3 59 ( oot Db (%a)U U U U (A20)

Energy-Momentum Tensor

The Einstein’s equation, which will be discussed in the following section, relates the dis-
tribution of matter with the metric and its derivatives. We model the matter content not by
a collection of point particles but by a fluid, a continuum characterized by macroscopic
quantities such as density, pressure, entropy, viscosity, and so on. A single momentum four-
vector field, e.g. the 4-current J# = (cp, j), is insufficient to describe the energy momentum
of a fluid. We thus introduce the energy-momentum tensor 7# which is symmetric (2,0)
tensor. In the Minkowski spacetime, it is easy to state the physical meaning of each compo-
nents of energy-momentum tensor 7#”: “the flux of four momentum p* across a surface of
constant x#.”

In many cosmologically interesting cases, relativists usually consider a special type of

fluid of matter, the perfect fluid, which is defined by, in the Minkowski spacetime,

T = (p+p/)U*U” — pp*”, 2] S AR
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where p is the rest frame mass density, p is an isotropic pressure, and U* is the (constant)
4-velocity field of the fluid. The rest frame T+ is given by just diag(pc?, p, p, p).

One reason for considering such an exotic energy-momentum tensor is that the conser-
vation law 0, T*” = 0 reduces, in the non-relativistic limit, to the continuity equation and

the Euler equation of fluid dynamics: for the perfect fluid (A.2T),
0=0,T" = ,(p+p/)U*U" + (p+ p/)(U"9,U" + U0, U") — 0"p. (A22)

To analyze what this equation means, it is helpful to consider separately what happens when
we project it into pieces along and orthogonal to the 4-velocity field U*. To project (A.22)

along the 4-velocity, we simply contract it with U,,:

0= U,0,T" = c*0,(pU") + pd, UH, (A.23)

where we used the normalization U,U" = ¢? and its implication U, 0,U" = %8M(UVU Y) =

0. Now we take the non-relativistic limit, in which
pc > p, U* = (c,u), c> u. (A.24)
Then the result becomes
Op+ V- (pu) =0,

which is the continuity equation for mass density.
We next consider the part of (A.22) that is orthogonal to U*. For that purpose we
multiply it by the projection tensor
P?, =69 —~U°U,/c*.

Observe that the projection operator annihilates any vector proportional to U”, and pre-

serves the orthogonal one. When applied to 9, T#", we obtain
P°,0,T" = (p+p/c*)U",U° — °p + U U 9,p/c*.

In the non-relativistic limit (A.24)), setting the spatial components of this expression equal
- L, -1 =1
] L2-t)] &

T
1 K
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to zero yields p [0y +u- V]u + Vp + u(dp + u - Vp)/c? = 0. Here we may neglect the
third term in the limit (A.24) and obtain

1
ou+ (u-V)u= —;Vp,

which is the Euler equation familiar in fluid mechanics.
The following expression is clearly a tensor and reduces to the rest-frame Minkowski

expression (A.21):

T = (p+ p/E)UT” — pg™

thus it must be the general expression for the energy-momentum tensor of a perfect fluid by

the technique of manifest covariance.

Field Equations

The only ingredient now missing from a classical theory of relativistic gravitation is a field
equation: the presence of mass must determine the gravitational field. The existence of a
general metric says that spacetime is curved in a way that is revealed by non-zero second
derivatives of g"”. There has to be some covariant description of this curvature, and this is
exactly what the Riemann tensor provides:

“ _TH I3
R 7—1“ -T

“w
ov.8 ~Tagy T Lopl%a =5, a0

af o Yo

The Riemann tensor is contracted to the Ricci tensor R*” and further to the curvature scalar
R:
R.s = RZW, R = Rﬁ =g""Ruy.

Unfortunately, these definitions are not universally agreed, and different signs can arise in
the final equations according to which convention is adopted. All authors, however, agree

on the definition of the Einstein tensor G*V:

GM = R — %g“”R.

This tensor has zero covariant divergence: G’ = 9,G* 4+ T'h, G* + G%,,G** = 0. Since

TH" also has zero covariant divergence by virtue of the conseryation laws_itrexprésses; it —
Ay — 18] o 1
| T ol T |
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therefore seems reasonable to guess that the two are proportional:
GHY = kTH. (A.25)

The correct constant of proportionality will be obtained below by considering the weak-field

limit, where Einstein’s theory must go over to Newtonian gravity.

Sign Conventions

Incidentally, we mention that there are few universal conventions in general relativity. The

distinctions that exist were analysed into three signs by Misner, Thorne & Wheeler (1973):

nt = [91] x diag(—1, +1, +1, +1)

R" :wmxogw—r%ﬂ+mg%—rgwg
&G
Gl'”/ - [83] X CTTMV.

aBy

The third sign above is related to the choice of convention for the Ricci tensor:

R, = [S2] x [S3] x R},

pov

With these definitions, Misnoer, Thorne & Wheeler classify themselves as (+++), whereas
Weinberg (1972) is (+ — —), Peebles (1980, 1993) and Efstathiou (1990) are (— + +). This
review is (—+ —), as are Rindler (1977), Atwater (1974), Narlikar & Padmanabhan (1986),
Collins, Martin & Squires (1989), and Peacock (1999).

Newtonian Limit

To obtain the correct proportionality constant in the eq. (A.23), we consider the limit of a
Stationary particle in a stationary (i.e. time-independent) weak field. To first order in the

field, we can replace 7 by ¢, and the spatial part of the geodesic equation (A.20) is then

B4 PThy =0, 1 U & 7
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where F60 = —% g% 0900 = %(‘% goo- Thus we have

. c?
X =—75Vgoo = Vo,

. . . . 2. .
where we obtained a expression for Newtonian potential ¢ = $-gqo in the stationary, weak-
field limit. In the Newtonian mechanics, the Newtonian potential is supposed to satisfy the

Poisson equation V2¢ = 47Gp. Thus we have

- 1 1 ArG
F%)O,i = §v2900 = C*QV2¢ = 7;0 (A.26)
Considering a classical source of gravity, with p < pc?, so that the only non-zero

component of T is T = ¢2p, the spatial parts of R*¥ must be given by

1 ) 1 . 1 . ) 1 . 3
1 — ZgW (R =5 L=V R=—=
R 2gR = R, 2gyR 2,,R = R 2IR 2R
3 3
= R—ROOZER = R—goyR00:§R
= R=—-2R%,
And hence
G = Goo = 2Ryp. (A.27)

Discarding nonlinear (2nd order) terms in the definition of the Riemann tensor leaves

Rop=T"

i —The, = Roo=-Too, (A.28)

for the case of a stationary field.

Combining eqgs. (A.26), (A.27) and (A.28), we find

- 8rG 8rG
GOO — 2R00 — _QF%)O,Z' = —CTp =—— TOO

)

and we obtain the field equations with correct constant of proportionallity:

_ 81

G = =T (A29)
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Pressure as a Source of Gravity

Newtonian gravitation is modified in the case of a relativistic fluid (i.e. where we cannot
assume p < pc?). We recast the field equations by contracting the equation to obtain R =

(87G/c*)T. This allows us to write an equation for RA:

R — ——8”40 (T — %g‘“’T).
C

Since T = ¢?p — 3p, we get a modified Poisson equation:

B rG 1

= R = === (1% = 5(c®p — 3p))
4rG 4rG
RO —7(0 +3p/c?)

= V2¢ = 4nG(p+ 3p/c?).

Energy Density of Vacuum

One consequence of the gravitational effects of pressure that may seem of mathematical
interest only is that a negative-pressure equation of state that achieved pc? + 3p < 0 would
produce gravitational repulsion.

When Einstein was first thinking about the cosmological consequences of general rel-
ativity, he believed the universe to be static. It should be obvious, even in the context of
Newtonian gravity, that such a universe is not stable: the mutual attraction of all particles
would cause the distribution of mass to undergo a global contraction. This could be pre-
vented only by either postulating an expanding universe (which idea Einstein unfortunately
discarded at that time), or by interfering with the long-range properties of gravity.

Einstein was loath to complicate the beautiful simplicity of the field equations, and

there seemed only one way out. He introduced the energy-momentum tensor of the vacuum:

o _ Act pv
vac 87T'Gg )
and then the field equation has the form
y y 87G, .,
G + Ag"" = T .

How can a vacuum have a non-zero energy density and pressure? I_pkig well knpown hiatd —
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to predict what the properties of the vacuum should be. Assuming the energy and pressure
of the vacuum to be apart from zero, the energy momentum tensor of the vacuum 7%;. must
be proportional to the metric tensor in order for being unaltered by Lorentz transformations.
Therefore, it is inevitable that the vacuum (at least in special relativity) will have a negative-

pressure equation of state:

Ac?
81G’

2
DPvac = —PvacC , Pvac =

In this case, pc? 4 3p is indeed negative: a positive A will act to cause a large-scale repulsion.

Since the vacuum energy is a constant, independent of time, there might seem to be a
problem with conservation of energy in an expanding universe. However, since the pressure
is negative, the work done by the pressure is negative, and this becomes a source of energy,
which can supply as much as is required to inflate a given region to any required size at
constant energy density. This supply of energy is what is used in ‘inflationary’ theories of

cosmology to create the whole universe out of almost nothing.

A.3 Maximally Symmetric Spacetime

Noether theorem of field theory in flat spacetime states that “symmetry of the spacetime
implies a conserved quantity.” In the context of general relativity, in which the background
geometry is generally curved, there arises the need for rigorous charaterization of concepts
of symmetry and conserved quantity.

Symmetries of a manifold are related to a special kind of transformations (isometries)
defined on the manifold. Actually, we need a continuous family of transformations to char-
acterize a symmetry of the manifold. And it can be shown that these continuous families
of transformations, each of which corresponds to a symmetry of the manifold, are in one-
to-one correspondence with vector fields, the Killing vector fields, which will be defined
soon.

It is easy to figure out a condition for a vector field to imply a symmetry of the space-
time and a conserved quantity. Suppose that a particle (massive or massless) is moving
along a geodesic in a given spacetime. Let’s denote the 4-momentm of a massive particle by

a product of its rest mass and its 4-velocity, p* = mU*. Here, the 4-velocity is the deriva-

tive of the spacetime position of the particle with repect to the proper tllp;é U ¥ = dxﬂ I -
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For the case of massless particles, the affine parameter A is chosen so that the tangent vector
dzt /d\ gives the 4-momentum of the particle, p* = dz*/d), since the proper time for a
massless particle is identically zero (dr = 0, null geodesic). By definition, the geodesic
is a parametrized curve which parallel transports its tangent vector (and its scalar multi-
ples of course) along the trajectory. Thus p#V ,p” = 0 holds. Now, consider a vector field
K" which is defined over the spacetime. The quantity we want to secure its constancy is

K"p, = K, p”, namely we want to show
PV (Kyp”) = 0.
By expanding the left hand side, we obtain,

pI'V(K,p") = p"p"'V K, + K,p'V ,p"
= 'V (K.

For this to vanish for any 4-momentum p*, it is necessary and sufficient that the condition,
Vihy =0

hold. This equation is known as Killing’s equation and the vector fields satisfying this
equation are called the Killing vector fields. If the metric is independent of some coordinate
x7*, the vector field K = 0,4 can be an easy example of Killing vector field, i.e., a vector

field satisfying the Killing’s equation : K” = (0p+)" = 6%,, K, = K" g, = 0" . g,

1 (0% (0% 1 (0% a
V(MKI/) 9 (Vu(9or0%5+) + Vi(gapud®or)) = ) (gavFua* + gaurua*)
1
~2 8", (0ugpo- + Do 9o — Do) + 6, (Ontigpo~ + Do gpu — 3ﬁgw*))
= 0o+ (g )
=0.

The conserved quantity along the geodesic, in this case, is the component of the 4-momentum
in 9,4 direction : KVp, = Dos.

Although, for each Killing vector field, there is a coordinate system in which a coordi-
nate vector coincides with the Killing vector field, there is in general no coordinate system

b y 1 |
-':l"-\-_i _'\-;.-_'l'l. '-.-:i
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in which more than one cordinate vectors are the same as given Killing vectors. This is
partly because Killing vectors don’t need to be linearly independent, and partly because
there can be more than n independent Killing vector fields in an n-dimensional manifold.

But there is a highest possible number of Killing vectors in an n-dimensional mani-
fold. For counting, let us focus on a neighborhood of a point p in an n-dimensional manifold.
Since any sufficiently small neighborhood resembles R™ with canonical metric, we count
the number of possible isometries by counting those of R™. First, there are n independent
translations. And there are rotations around the point p. We can count the number of rota-
tions by counting the number of 2 dimensional subspaces of R", whichis ,Cy = n(n—1)/2.
If the metric signiture were not Euclidean, some of the rotations will actually be boosts, but
again the counting will be the same. Therefore, the total number of independent isometries
of R" is

1 1
n+ in(n —-1)= 5n(n+ 1).

Since our counting argument only refers to the behavior of the symmetry in a neighborhood
of p, even in the presence of curvature the counting should be the same. We refer to an
n-dimensional manifold with %n(n + 1) Killing vectors as a maximally symmetric space.

If a manifold is maximally symmetric, the curvature is the same everywhere and the
same in every direction. This idea ends up with an equation true in any maximally symmetric

spaces, at any point, in any coordinate system:

R
) (gp,ugcrz/ - gpyga,u)a (A.30)

Ry = ————
PORY " p(n —1

where the Ricci scalar R is constant over the manifold. Convince yourself that the indices
in the RHS have the symmetric properties of Riemann tensor. Conversely, if the Riemann
tensor satisfies this condition (with R a constant over the manifold), the metric will
be maximally symmetric. We omit the proof.

Since the magnitude of the Ricci scalar R can be absorbed to the metric, we can clas-
sify the maximally symmetric spaces according to the sign of . For Euclidean signitures,
the flat maximally symmetric spaces are planes or appropriate higher-dimensional gener-
alizations, while the positively curved ones are spheres, and negatively curved ones are

hyperboloids, denoted H™.



98 APPENDIX A. COSMOLOGICAL MODELS OF GENERAL RELATIVITY

A.4 de Sitter Universe

The Copernican principle is related to two mathematically precise properties that a mani-
fold might have : isotropy and homogeniety. Isotropy applies at some specific point in the
manifold, and states that the space looks the same no matter in which direction we look.
More formally, a manifold M is isotropic around a point p if, for any two vectors V' and
W in T), M, there is an isometry of M such that the pushforward of W under the isometry
is parallel with V' (not pushed forward). Homogeniety is the statement that the metric is the
same throughout the manifold. In other words, given any two points p and g in M, there is
an isometry that takes p into q.

An extreme application of the Copernican principle would be to insist that spacetime
is maximally symmetric. But, in fact, observationally we know that the universe is homo-
geneous and isotropic in space, but not at all of spacetime. However, it would be interesting
to begin by considering spacetimes that are maximally symmetric, the de Sitter and anti-de
Sitter spacetime. We mentioned in section [A.3] that the Riemann tensor for a maximally

symmetric n-dimensional manifold with metric g,,,, can be written as

Rpa;ux = /‘G(gpugm/ - gpugau)a

where k 1s a normalized measure of the Ricci curvature

R

" n-1)

and the Ricci scalar R will be a constant over the manifold. For vanishing curvature (k = 0),

a possible maximally symmetric spacetime is the well known Minkowski spacetime.

Maximally Symmetric Spacetime with Positive Curvature

The maximally symmetric spacetime with positive curvature (x« > 0) is called de Sitter
spacetime. Consider a five-dimensional Minkowski space with metric ds? = du? — dz? —

dy? — dz* + dw?, and embed a hyperboloid given by

P+ 24?4+ 22 w? = ok 1] © 1 &
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Now introduce coordinates {t, x, 8, ¢} on the hyperboloid via
u = asinh(t/a)

w = acosh(t/a) cos x

y = acosh(t/«

(/)

x = acosh(t/a)sin x cos @
(t/a) sin x sin 0 cos ¢
(t/c)

z = acosh(t/a) sin  sin € sin ¢

with ranges —oo <t < oo, 0 < x <7, 0 <@ <, and 0 < ¢ < 27. The metric on the

hyperboloid becomes
ds® = dt* — o’ cosh?(t/a) |dx* + sin® x(d6? + sin® 9d¢)2)} (A31)

Now we perform a clever coordinate transformation to obtain conformal diagram of de

Sitter space. Consider the transformation from ¢ to ¢’ via

cosh(t/a) = cos(?)

where t' assumes — % < t' < 7. Then the metric (A.31]) becomes

1. sin(t')

—sinh(t/a)dt =

o> (t/a) cos?(t')

1 sin?(t') 1 1

— (cosh?(t/a) — 1)dt* = t? = dt”
R (COS (t/a) ) cos*(t) cos?(t) (COSQ(t/) — 1>
I S e

cos?(t)
2
2 O N2 g3 2 2 2

= ds° = cos2(1) ((dt) dx® — sin Xd(22>.

Recall that the ranges are —§ < t' < 7 and 0 < x < . So the conformal diagram is just a
square. (Fig.[A.2)

One special feature that de Sitter spacetime has is that two points can have future (or
past) light cones that are completely disconnected; this reflects the fact that the spherical

spatial sections are expanding so rapidly that light from one point can never come into

contact with light from the other.
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e

Figure A.2: Conformal diagram for de Sitter spacetime

If we introduce

2
u = EC sinh(Ht/2) + Hr'2eM/? J4¢

2
w= EC cosh(Ht/2) — Hr'?eM/2 /4¢

l,:th/Zx/
_ _Ht/2_ 1
y=e /y
ZZGHt/2Z/,

2

where 12 = 2/ + /2 4+ 22, them the metric becomes

ds® = Adt* — eftar’.

This is called the flat slicing of de Sitter spacetime, which is used to model the accelerated

expansion of the universe.

Maximally Symmetric Spacetime with Negative Curvature

Now let us consider the negative curvature case of maximally symmetric spacetime, known
as anti-de Sitter spacetime. Begin with a fictitious five-dimensional flat manifold with

metric ds? = du?® + dv? — dx? — dy? — dz?, and embed a hyperboloid given by

_u2_v2+$2+y2+22:_a2' .:l_: _"-':.'I'IE _.--
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We introduce coordinates {t, p.6, ¢} on the hyperboloid via

u = asin(t’) cosh(p)
v = acos(t') cosh(p)
x = asinh(p) cos 0 (A.32)
y = acsinh(p) sin 6 cos ¢
(

z = asinh(p) sin @ sin ¢

with ranges —oo <t/ < 0o, 0 < p < o0, 0 <0 <7, and 0 < ¢ < 2. Actually, there
is redundancy in the range of ¢’. The range 0 < ¢’ < 27 is enough, and it is not legitimate
to extend this interval because it will break the injectiveness of the chart. By allowing ¢’
to range from —oo to co, we actually are considering the “covering space” of the embeded
hyperboloid, which we will take as the definition of anti-de Sitter space. The metric in terms

of these new coordinates becomes
ds? = o? (coshg(p)(dt’)2 —dp?® — sinhQ(p)dQ%>.

Now we perform coordinate transformations to derive the conformal diagram. Define a new

coordinate x by
1

cos X

cosh(p) =

with 0 < x < 7, so that

1 22 2
ds? = o ( —(at)? = ZEXTE X g2 SmQXd%)
cos? x cos* x sin” cos? x

O£2

= o ", ((dt’)2 — dx?* — sin® Xdﬂg)
o?
= ds?
cos? y s

where d3? represents the metric on the Einstein static universe.

The conformal diagram is shown in Fig. [A.3] which illustrates a few representative
timelike and spacelike geodesics passing through the point ¢’ = 0, y = 0.

So we have three spacetimes of maximal symmetry: Minkowski (x = 0), de Sitter

(k > 0), and anti-de Sitter (v < 0 ). We can ask, at this point, whether any one of these

- . x
¥ £ 1l =L —
"""‘-_i - |" 1_ : 5 .l! !':.
| 1] ] i
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Figure A.3: Conformal diagram for anti-de Siter spacetime

spaces model the real world.

Unfortunately, the maximally symmetric spacetimes are not reasonable models of the
universe, which will be explained in detail later. Until now, there was no restriction on
introducing spacetime and its metric. But, in fact, not all of these spacetimes are physically

meaningful. Then what will be physically meaningful spacetime?

A.5 FRW Universe

Just as Einstein aimed to write down the simplest possible relativistic generalization of the
laws of gravity, so cosmological investigation began by considering the simplest possible
mass distribution: one whose properties are homogeneous (constant density) and isotropic

(the same in all directions).

Isotropy Implies Homogeneity

Consider an observer who is surrounded by a matter distribution that is perceived to be
isotropic. Most scientists believe that it is not reasonable to adopt a cosmological model in
which humans are privileged observers. This attitude is called the Copernican principle.
It is therefore a reasonable supposition that, if the universe appears isotropic about our
position, it would also appear isotropic to observers in other galaxies; the term ‘isotropic’
is therefore often employed in cosmology as a shorthand for ‘isotropic about all locations’.

This is a crucial shift in meaning, for the properties of such a universe are/highly restrictell. —
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In fact, given only two points (A and B) from which conditions appear isotropic, we can

prove that they must be homogeneous everywhere. (See Fig[A.4])

Figure A.4: Isotropy about two points A and B shows that the universe is homogeneous.
From isotropy about B, the density is the same at each of C, D, E. By constructing spheres
of different radii about A, the shaded zone is swept out and shown to be homogeneous. By

using large enough shells, this argument extends to the entire universe.

Having chosen a model mass distribution, the next step is to solve the field equations
to find the correponding metric. Since our model is a particularly symmetric one, many of
the features of the metric can be deduced from symmetry alone. These general arguments

were put forward independently by H.P. Robertson and A.G. Walker in 1936.

Cosmological Time and Foliation of Spacelike Slices

The first point to note is that a universal time exists in an isotropic universe. Consider a
set of observers in different locations, all of whom are at rest with respect to the matter in
their vicinity (these characters are usually termed fundamental observers). We can define
a global time coordinate ¢, which is the time measured by the clocks of these observers —
i.e. t is the proper time measured by an observer at rest with respect to the local matter
distribution. The coordinate is useful globally as well as locally because the clocks can
be synchronized by the exchange of light signals between observers, who agree to set their
clocks to a standard time when, e.g., the universal homogeneous density reaches some given
value.

It turns out to be straightforward, and consistent with observation, to posit that the uni-

verse is spatially homogeneous and isotropic, but evolving in time. In gengral relatiyity-this —
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translates into the statement that the universe can be foliated into spacelike slices such that
each three-dimensional slice is maximally symmetric. We therefore consider our spacetime
to be R x 3, where R represents the cosmological time direction and ¥ is a maximally

symmetric three-manifold. The spacetime metric thus takes the form
Adr? = Adt? — R (t)do?

Here, we have used the equivalence principle to say that the proper time interval between
two distant events would look locally like special relativity to a fundamental observer on
the spot: for them, c?dr? = c2dt? — dx'?> — dy'?> — dz?, and the coefficient of dt* should
be constant(c?), not a function of 7. R(t) is a function known as the scale factor, and do?

is the metric on 3, which can be expressed as
do® = ~;j(x)dz'da?

where (2!, 2%, 23) are coordinates on ¥ and ;; is a maximally symmetric three dimensional

metric. The coordinates used here, in which the metric is free of cross terms dtdxz’ and
coefficient of dt? is independent of x?, are known as comoving coordinates. An observer

who stays at constant x* is also called “comoving.”

Robertson-Walker Metrics

Our interest is in maximally symmetric Euclidean three-metrics +;;. We know that maxi-

mally symmetric metrics obey
G Rijir = k(Yavie — Yarvit),
where for future convenience we have introduced
k= ®R/6,

and we put a superscript (3) on the Riemann tensor to remind that it is associated with the

three-metric ;;, not the metric of the entire spacetime. The Ricci tensor is then

(3)Rjk = 2k"7jk:- _.:l .

——

O 118D 7
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If the space is to be maximally symmetric, then it will certainly be spherically symmetric.
One requirement to preserve spherical symmetry is that we maintain the form of dQ?, that
is, if we want our spheres to be perfectrly round, the coefficient of the d¢? term should be
sin? @ times that of the df? term. But we are otherwise free to multiply all of the terms by

separate coefficients, so long as they are only functions of the radial coordinate r:
do? = 28 g2 4 (12902, (A.34)

We’ve expressed our functions as exponentials so that the signature of the metric doesn’t
change.

Unlike other theories of physics, in general relativity we simultaneously define coor-
dinates and the metric as a function of those coordinates. In other words, we don’t know
ahead of time what, for example, the radial coordiante r really is; we can only interpret it
once the solution is in our hands. Let us therefore imagine defining a new coordinate 7 via

F=e "y,

with an associated basis one-form

dr = (1 + rahl> evdr.
dr

In terms of this new variable, the metric (A.34)) becomes

d _2

do® = (1 + 7“d7> 2PN~ g2 4 72402, (A.35)
r

where each function of  is a function of 7 in the obvious way. Now let us make the following

relabelings:

—2
T =, (1+r?> 2B =), 28
r

Then our metric (A.33]) becomes
do? = 2" dr? + r2dQ2. (A.36)

We have simply chosen a special coordinate system. Thus, is precisely as general as

(B33). SR
.-':l-\.\,_ﬂ -tl". - '|_' !E [ i

. 11
Al
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The components of the Ricci tensor for such a metric can be obtained, and we will

have
2
R =208, ORyp=e00,8-1), O Rs3=[e2P(1,8— 1)+ 1]sin?6.
r
We set these proportional to the metric using (A.33]), and can solve for 3(r):
1 2
/B = —§ln(1 — kr ),

which yields the metric on the three-surface %,

dr?

_ 2 702
—1_kr2+rdﬂ.

do?

It is common to normalize the value of k, which sets the curvature, so that k € {+1, 0, —1},
and absorb the physical size of the manifold into the scale factor R(t). Now the metric of

the spacetime is written

dr?
1 — kr2

Adr? = Pdt* — R (1) ( + r2d92> (A.37)
This is the Robertson-Walker (RW) metric. We have not yet made use of Einstein’s equa-

tion; that will determine the behavior of the scale factor R(t).

The most compact form of RW metric can be obtained by applying to (A.37) a trans-

formation
5 Rodr
" V1—Fkr?’
and defining
Rosin (3%) (k = +1)
Sk(T) =< Rysinh io) (k=-1)
T (k=0),

where Ry is the crrent value of R(t), Ry = R(t = 0). One can make the scale factor
dimensionless, defining a(t) = R(t)/Rp, so that a = 1 at the present.

The metric can now be written in the preferred form that we shall use throughout:

2dr? = 2di? — aQ(t) [er + S’%(r)dQQ] ’ (A.38)
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where we replaced 7 with r. Cosmologists generally use the metric in the form of or
of with comoving distance » whose value depends on which metric is being used in
the context. We will use the metric unless there is any notice.

It is also important to note that cosmologists tend to use the term ‘distance’ as meaning

comoving distance unless otherwise specified, usually in units of Mpc.

Hubble’s Law

The physical separation 7}, between two points with dimensionlesss comoving distance 7
is rpn = a(t)r, and therefore, the relative velocity between them can be written as Uph =
drpn/dt = ar = Hrpp, where _
=2,
a

and the Hubble’s Law reads vy, = Hrpp.

Conformal Time

There is another modification of some importance; this is to define the conformal time

Eedt!
- / it (A.39)

which allows a factor of a2 to be taken out of the metric
Adr? = a?(t) [dn2 —dr? — S]%(?”)QQ]

This is a special case of a conformal transformation in general relativity, such transfor-
mations correspond to g*¥ — fg"”, where f is some arbitrary spacetime function. The
universe with £ = 0, although certainly possessing spacetime curvature, is obviously di-
rectly related to Minkowski spacetime via a conformal transformation, and so tends to be
loosely known as the ‘flat” model. If we denote the begining of the conformal time by 7;,

the maximal distance that light could propagate in the past is

/t cdt!
r, = e —_—
P 77 771 t; a(t,)

We call r, the dimensionless comoving particle horizon, and corresponding distance ary, is

called the particle horizon. Points far from each other by r, cannot be;causally ¢onneétéd —
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in the past times.
On the other hand, if we denote the ending of the conformal time by 7p,x, the maximal

distance that light can propagate in the future is

/°° cdt!
Te = Nmax — 1 = .
e 77 a 7] ¢ a(t’)

We call r, the dimensionless comoving event horizon, and corresponding distance ar. is

called the event horizon.

The Redshift

Since photons travel on null geodesics of zero proper time, we see directly from the metric
(A.38) that
/ tobs Cdt
r= —.
temit a(t)

The comoving distance between two fundamental observer is constant, whereas the domain
of integration in time extends from eyt t0 fons; these are the times of emission and recep-
tion of a photon. Photons that are emitted at later times tomis + dtemis Will be received at
later times tops + dtops, but these changes in tepit and ¢ops cannot alter the integral, since 7

is a comoving quantity. This requires the condition dtemit /@ (temit) = dtobs/a(tobs), OF

dtemit _ a(temit)
dtobs a(tobs) ’

which means that events on distant galaxies time-dilate according to how much the universe

has expanded since the photons we see now were emitted. We therefore get

Vemit _ R(tobs)
Vobs R(temit) ‘

Cosmologists like to speak of this in terms of the redshift > between the two events, defined
by the fractional change in wavelength:
)\obs - Aemit Vemit CL(tobs)

= = 1+4z= = .
)\emit Vobs a(temit)

In terms of the normalized scale factor a(t) we have simply a(t) = (1 + z)~!. Photon

wavelengths therefore stretch with the universe. 2 2 1 &)
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This is the only correct interpretation of the redshift at large distances; it is common
but misleading to convert a large redshift to a recession velocity using the special-relativistic

formula 1 + z = [(1 4 v/c)/(1 — v/c)]"/2. Any such temptation should be avoided.

Causal Structure and Conservation Laws

For general RW universe spatial slices are curved. Here we consider flat RW universe. The

spacetime is provided with the metric
ds® = dt* — a®(t)[da® + dy? + d2?] (A.40)

This describes a universe for which “space at a fixed moment of time” is a flat three dimen-
sional Euclidean space, which is expanding as a function of time.

Worldlines that remain at constant spatial coordinates z are said to be comoving;
similarly, we denote a region of space that expands along with boundaries defined by fixed
spatial coordinates as a “comoving volume.” Since the metric describes (distance)?, the
relative distance between comoving points is growing as a(t) in this spacetime; the function
a is called the scale factor.

For this metric to model the physical universe, we assume the scale factor a(t) to

satisfy
i) a(t) >0,

(i) lima(t) =0,
t—0 ]
(i) lim — < oo.
t—0 a(t)
The first condition is needed to maintain the Lorentzian signiture of the metric. The second
and third conditions will be derived from the Einstein’s equation, the dynamical equation
that determines the metric from given energy-momentum tensor.
Note that there is a crucial difference between this metric and that of Minkowski space;

this metric has a singularity at ¢ = 0, which restricts the range of our coordinate:
0<t<oo.

This is a coordinate-dependent statement, and in principle there might be another coordinate
system in which everything looks finite; in this case, however, ¢ = 0 represents a true

singularity of the geometry (the “Big Bang”), and should be excluded f.rgi‘n the manifold:|. —
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Let’s first look at the causal structure of the flat RW universe. We put the metric in

polar coordinates on space,

ds* = dt* — a*(t)[dr® 4 r2dQ?).

Because of the condition (iii) on the scale factor, the integral n = g ac(—dtt) gives finite value.

The range of conformal time is thus 0 < 1 < oo and, by definition,
a(n)dn = cdt,

where a(n) = a(t(n)), which can be obtained by inverting (A.39) to obtain ¢(n) and by

substituing this into a(¢). Now the metric becomes

ds* = a®*(n)dn* — a*(n)[dr? + r?dQ?]

a’(n) (d772 —dr? — 7’2d§22)

Now that we have our expanding-universe metric in the form of a conformal factor
times Minkowski metric, we can perform the same sequence of coordinate transformations
as in the derivation of the conformal diagram for Minkowski spacetime. Define v :=n — r
and v := n+r, with corresponding ranges given by —oco < u < 00, 0 < v < oo and |u| <
v. Then the metric becomes

1 1
2 2 2 2
ds® = a*(u,v) <f2 (dudv + dvdu) — = (v — u)*dS2 )

Now let U := arctanu and V' := arctanv, with ranges —5 < U < 5, 0 < v <

% and [U| < V. Then we have

d52 _ aQ(U7 V)

=~ "7’ |2(dUd dVdU) — sin?(V — U)dQ?|.
Tl T ooV (dUdV + dVdU) —sin*(V — U)

Finally we introduce 7' :=V +U and R =V — U, withranges 0 < R <7, 0 < T <
7 and |T'| + R < 7. The metric becomes

ds? = (T, R) (dT2 _ dR? — sin? RdQQ),
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B

Figure A.5: Ranges of variables

where w~2(T, R) is unimportant conformal factor. The ranges can be easily traced by look-
ing at the region depicted in Fig.[A.5]

We obtain the conformal diagram for a flat Robertson-Walker metric.(Fig. [A.6) The
important distinction between this case and that of flat spacetime is that timelike coordi-
nate ends at the singularity 7' = 0; otherwise the spacetime diagram is identical to that of
Minkowski spacetime. The light cones appear at 45°. It is straightforward to choose two
events in the spacetime with the property that their past light cones will hit the singularity
before they intersect(while future light cones will always overlap).

Having understood the causal structure of the flat RW spacetime, let us investigate
the implications of the energy-momentum conservation. In the Minkowski spacetime, it is
stated as 0, 7" = 0. But in general curved spacetime, this statment is coordinate dependent
and so cannot have physical meaning. As we will discuss more detail in the next chapter,

a simple rule of thumb is simply to replace all partial derivatives by covariant derivatives, -
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Figure A.6: Conformal diagram for flat Robertson-Walker universe

and all appearance of the flat spacetime metric 7),,, by the curved metric g,,. Thus the

energy-momentum conservation equation becomes
vV, IT* =0, (A41)

or
VT = 9, T + T, T + TV, T = 0. (A.42)

Now we find the Christoffel symbols of the metric (A.40). Consider the functional
1 cdt\ 2 dx\? dy\ 2 dz\2
=5 ) () o) (G) + () + ()]
2 / dr (1) [ dr + dr * dr ar
Let’s start with t — ¢ + dt. We have

b o [ () () (2o

- [ ) (G () for

from which we have

Y, =0, % =19 =0, TY =Soer. 3]
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Next we consider x — = 4 dx, which yields

dx déx 2aa dx cdt d%x
61 == [ 2a® dr= [ (———+d*—)ozd
/ ar dar T /(cd7d7+ d2)$7

Since the spatial part is isotropic, we would get the same result for y and z coordinates.
Thus we obtain
. . . a - .

Now that everything is prepared, let’s face the equation (A.41)). In cosmology, physicists
typically model the matter filling the universe as a perfect fluid; the corresponding energy-

momentum tensor comes from generalizing (A.21)) to curved spacetime,
T = (p+p/c)U'T" — pg"".

Recall that p is the energy density, p is the pressure, and U* is the constant four-velocity of

the fluid. For metric (A.40)), the components of inverse metric are

g =

The energy-momentum tensor is a kind of source for the metric of the spacetime. So it
is clear that, if a fluid that is isotropic in some frame leads to a metric that is isotropic in the
same frame. That is, the fluid will be at rest in comoving coordinates, in which the metric
looks like (A.40). The four-velocity is then

U* = (c,0,0,0),

and the energy-momentum tensor T** = (p + p/c?)U*U"Y — pg" becomes

pc?

T =
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The equation (A.42)) has four components, one for each p, although the three p = i €
{1,2,3} are equivalent. Let’s first look at the v = 0 component, piece by piece. The first
term is straightforward,

9, T = 9yT™ = pe.

The second term is

T A0 — T 700 — 32
A 10 apca

and the third term is

a
CpaT"™ = Do T + T TH + T, T2 + T T = 3—p.

altogether, then, we find .
(pc® + p). (A.43)

a
ca

pc=—3

Now let’s look at one of the spatial components, choosing ¥ = 1 for definiteness. Once

again working piece by piece, we have for the first term in (A.42),
GMT"I =T = a20,p.
The second and third terms are
eI =TT =0, TpTH =TgeT% + T1 T 4+ 5,77 + T3,T% = 0.

Equivalent results will hold for v = 2 and v = 3. So the spatial components of the energy-

momentum conservation equation simply amount to
aip =0.

This does not involve any effect from the scale factor, thus there is no effect of curvature on
the spatial components.

Often the perfect fluids relevant to cosmology obey the simple equation of state,
p = wpc?,

where w is some constant independent of time. Then the (A.43)) becomes p/p = —3(1 +

I y ¥
"':l"-_i —— T I: ol
I - 1] I

!'h.
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w)(a/a), which can be solved to yield

p o a73(1+w).
Further investigation neccessarily stimulates the issue of what physically meaningful space-
time is. At this moment, we have to verify the value of w and the behavior of the scale factor
a(t). The former is determined by ‘energy conditions’, and the later is determined by the
Einstein’s equation. Therfore, in the following sections, we move to the discussion of Ein-

stein’s equation and the energy conditions.

Dynamics of RW Universe

Consider a sphere about some arbitrary point, and let the radius be a(t)r, where r is arbi-
trary. The motion of a point at the edge of the sphere will, in Newtonian gravity, be influ-
enced only by the interior mass. We can therefore write down immediately a differential
equation (Friedmann’s equation) that expresses conservation of energy:

(ar)> GM

— —— = const. (A.44)
2 ar

In fact, the result that the gravitational field inside a uniform shell is zero does hold in
general relativity, and is known as Birkhoff’s theorem. General relativity becomes even
more vital in giving us the constant of integration in Friedmann’s equation. To this end, we

investigate the Einstein’s equation with the Robertson Walker metric (A.37):

10 0 0

o 25 0 0

M0 0 R 0
0 0 0 —R*r?sin? 0|

Corresponding Christoffel symbols are calculated as

RR
(1—kr2)c 0 0

0
FCt — 0
0 0 RRr? 0 ’
0

L c J ;_} 2 +11 &
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R R
0 0 # 0 0 0 0 e
1 1
o — () 0 = 0 o= 0 0 O - ’
210 0 0 0 0 cotf
0 0 0 -2 B 1 ootg 0
0 £ 0 0 ]
R kr
I = Rc  1—kr2 0 0
0 0 (1 —kr?)r 0
0 0 0 —(1 — kr?)rsin?6
and the non-vanishing Riemann tensors are
RR rRR
R rOr — 75 7 o\ o R =
RRr? R%r2(R2%/c? + k)
Rogop = 2 Sin 0 Rygro = — 12
R2p2 R2 24k .
Rygrg = —— f — g’;;r ) 6in?6 Rygop = —R*r*(R?/c* + k) sin? 6.
The Ricci tensors are
R RR/® +2(R%/c* + k)
Rop =3 Ry = —
00 Rc? 1 — kr?
. o .. o
Rgg = —1? <Rf + 2R7 + 2k> Ryy = —r?sin® 6 <Rf + QRT + 2"’) )
c c c c

and the Ricci scalar is )
R R k
R=6¢ =5 — —
R T (cR) TR
(Be careful not to confuse the Ricci scalar R on the Lh.s. with the scale factor R(¢).) The

energy momentum tensor, 7, = (p+p/ cQ)Uu U, —pg,u, observed in a rest frame in which
U* = (c,0), reads

R2
T, = diag (pcz, P R?%r%, pR%*r? sin 9) .

1—fr2 P
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Now, the 00-component of the Einstein’s equation yields

N\ 2
1 8nG R 8nG  *k
~CgoR=-TC1, = (2] 20T, CF A4
Roo 29003 o Loo <R> 3 P pa (A.45)

which is the celerbrated Friedmann’s equation (cf. (A.44)). Looking at the trace of the

Einstein’s equation, we obtain

&rG .. e
_ T _
ct - R 3

~-R= R(p+3p/c?), (A.46)
from which one can show that the change of entropy of the universe during its evolution is
Zero:

TdS = dE + pdV « d(pc®R) + pd(R*) = 0.

(A.46) is sometimes called the second Friedmann equation.

Note that the equation covers all contributions to p, i.e. those from matter, ra-
diation and vacuum; it is independent of the equation of state. The Friedmann equation
is so named because Friedmann was the first to appreciate, in 1922, that Einstein’s equa-
tions admitted cosmological solutions containing matter only. The term Friedmann model is
therefore often used to indicate a matter-only cosmology, even though his equation includes
contributions from all equations of state. A common shorthand for relativistic cosmological
models, which are described by the Robertson-Walker metric and which obey the Fried-

mann equation, is called FRW universe.
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Chapter B

Cosmological Particle Production

Identifying particle concept in a curved spacetime is controversial in that it depends on the
state of motion of the observer. Even in flat Minkowski spacetime, an accelerated detector
will register quanta from the vacuum state in the point of view of inertial observers. A
special feature of Minkowski spacetime is that there exists an agreed vacuum for all inertial
observers throughout the spacetime. This is because the agreed vacuum is invariant under
Poincaré group.

In some restricted situations, we can secure the particle concept even in the presence of
spacetime curvature. In many problems of interest, the spacetime can be treated as asymp-
totically Minkowskian in the remote past and/or future. We will refer to the remote past and
futre as in and out regions, respectively. Under these circumstances, the absence of particles
according to inertial observers in the asymptotic region can be taken to be the commonly
accepted idea of a vacuum in that region.

If we work in the Heisenberg picture, a chosen vacuum state in the remote past will
remain in that state during its subsequent evolution. However, that state may not coincide
with the vacuum state in the remote future. In that case, an inertial observer in the future
region will detect the presence of particles. We can therefore say that particles have been
‘created’ by the time-dependent external gravitational field. This is a remarkable prediction

in that a galaxy can be created out of vacuum soley from the expansion of the universe.

B.1 Scalar Field Residing on a Flat FRW Universe

Suppose we are given a spacetime with metric
ds® = Adt* — a(t)*(dz® + dy* + d2?). (B.1)

We assume that the manifold is a simple product of temporal part and spatial part: the
temporal part is R and the spatial part is a cube of finite volume V' such that the faces

standing opposite are identified (3-torus). This spacetime is called spatially flat Friedmanh- —

119
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Robertson-Walker universe. Define conformal time 7(t) by

t
cdt
nn = [
o a(t)
We assume a(t) > 0 so that 7(¢) is a strictly increasing function. In terms of conformal

time, the metric (B.I)) becomes
ds® = a(n)? [an —dz? — dy? — sz] = a(n)*nudztda,

where a(n) = a(t(n)), nu = diag(l,—1,—1,—1), and 2° = 7. Setting g, = a*n,, we
have g" = a 721" and g = det(g,,) = —a®. Note that (1, z,y, z) is also a coordinate
chart for the manifold. By the general covariance, the action for a real minimally coupled

massive scalar field ¢(x) becomes

1
S=3 / d'wy/=g [0 06,6 — m*¢?]

1 (B.2)
= [ o [d - (Vo - mPaer]
where ¢ = 8¢ /0.
We introduce an auxiliary field x(n,x) = a(n)¢(n, x). Then the action can be rewrit-

ten in terms of y as

L[, o (1. a \° [1_\" .,
S=—-[dza"|{-x——=x] —(-Vx]|] —m™x
2 a a? a

2

. a . a . a
/d4x [x2 - XX XK ;xz —(Vx)? - m2a2x2] :

(B.3)

Substituting —% XX = _8% (% xx) + 8% (% X) X, and discarding the boundary term (which

is constant), we obtain

Skl = % / d'x [58 —(Vx)* — <mQa2 - a) x2] : (B.4)

By taking Euler-Lagrange equation for y yields,

¥ — V2 +mZgx =0, (B.5)
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where m?%;(n) = m?a® — % We remark here that the field x is a classical field and all the
derivations above are classical. We continue the classical analysis.
Expanding the field x in Fourier modes (this is possible because the given metric (B.I))

is spatially flat), we have

— L 6ik~x T x) = L - eik.x
x(n,%) = \/Vng(n) : (n,x) W% k(me®>,  (B.6)

where 7(7,x) is the conjugate momentum of x(7,x), 7(n,x) = dox(n, x). For Fourier

coefficients, we have m () = xk(n). Substituting this expansion into (B.5)), we find

¥ + w(n)xx = 0, (B.7)

where wi (1) = /k? + meg(n). This is a second order homogeneous linear ODE. There-
fore, if we found two linearly independent solutions, then we can express the general solu-

tions as a linear combination of them.

B.2 Mode Expansion

Let vk (n) be a solution for (B.7). Since wy, depends only on the magnitude k = |k|, vi(n)
is a solution for any k with k| = k. Observe that v is also a solution for (B.7). Observe
also that

vy, and vy, are linearly independent. < [jvg + lovy, = 0 implies I; = lo = 0.

= |1 0
Uk Yk - implies [y =I5 = 0.
Up Up] |2 0

& Wlok, v] = det vk Yk # 0.
e U

Given a specific wy(7), we can find vy, with non-zero Wronskian W vy, vj]. It is easy to see

the following properties of the Wronskian W [y, v} ].

@) d%W[vk,vz] =0.
(1) Wlvg, vi]* = =W ok, vy

(iil) W{Avg, (Avg)*] = [A[*W v, v;] forany A € C. _-:',__—-ii LoNS o | ’n
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First two properties imply that the Wronskian W [vy, vj] is a pure imaginary constant. The
third property implies that we may assume that W vy, vi] = —2i or W v}, v] = 2i hold,
by multiplying appropriate constant. We choose such vy and v;; as two linearly independent
solutions for (B.7).

Define a sesqui-linear form (f, g), for functions f(n) and g(n), by

(f,9) = %W[f*,g] = %(f*g — f*9).

1
Then (g, f) = (f,9)" and (f,9)* = —(f*, g*) hold. Since the solutions vj and v; satisfy

W v;, vg] = 2i, we see that (v, v) = 2:W/[v}, vx] = 1. Summarizing the results,
(v, vE) =1, (vg,vg) = —1, (vg, vi) = (vg, vg) = 0. (B.8)
Now the general solution for (B.7) can be written as a linear combination of vy, and v;:
() = = (encu () + by (n) ®.9)
= — (agv v , .
Xk(" NG kUM kVE(T

where the prefactor 1/+/2 is introduced for convenience. For x(n, x) in to be real,

Xk (n) must satisfy xj. = x_k. We now have
ay vk + bpvy = a_xvi, + b_kvg.

By taking inner-product with vy, on the left, and using (B.8), we obtain a = b_y or

by = a*, . We get the same result by taking inner-product with v;;. Now the solution (B.9)

becomes
1
= — (axvi(n) +a* v . B.10
xx(n) ﬁ( KUy (1) + aZyor(n)) (B.10)
We can invert this relations to obtain expressions for ay and a;r( in terms of xy and 7y:
V2 1
= — 2 * = —_—— Y 7 = —— -7
ax V2(vf, k) 5 (VRXK — DR Xk) NGT (UpTK — D XK)

aj = V2(vg, X—x) = g(vkxfk — UfX—k) = E(Uﬂfk — UkX—k)-



B.3. CANONICAL QUANTIZATION

Substituting (B.10) into (B.5)), we find

ik-x

x(1,x) \/WZ axvy(n) + aZyv(n)) e

= 5= S awi (e + aigon (e
k

zk X ik-x

+ akvk (77) e 3

1 .
m(n,x) = \/TT/ ; ax 0y (n)

where in the second term the summation variable k was changed from k to —k.

B.3 Canonical Quantization

123

(B.11)

We regard x(7,x) and its conjugate momentum 7 (7, x) as Hermitian operators in the

Heisenberg picture. The field operator x’s being Hermitian is equivalent to say that ay

and ay, are operators and are Hermitian conjugate to each other. We designate ay as aj, and

ay, as ak Now the field operators becomes

. 1 . ik

X(n,x) = \/TT/ axvi(n)e ka+@TUk(7l)€ e
k

. 1 . ik

7(n,x) = \/TT/ Zakvk(ﬁ) Hox +a;r(vk(n) tex,
k

We impose the equal time commutation relations:

X, x), 7(n,y)] =i6® (x —y), [X(n.x),x(n,y)] = [#(n, %), 7(n,y)] = 0.

These are equivalent to the commutation relations for the Fourier components:

~

[R(n), 7)) = | d*xd®ye™™ >V [3(n,x),#(n,y)] = idk.1,

—

(XK (), x1(n)] = T (n), 71(n)] = 0.

These again are equivalent to the commutation relations for ay and &L:

1

s, @] = 3 fowtic(n) — O ac(n), o1 (7) = Sk 1))

1 ,. 1
= *.(Ukvk Ukvk)(sk] = fQZ(Uk,Uk)(;k] . 51(7'1

) 21 '\-l.'\:_'l' |

'\-\._i-;

(B.12)

(B.13)

(B.14)
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lax, &) = [af., a]] =0,

which implies that dL and ay are Bosonic creation/annihilation operators.

B.4 Bogoliubov Transformation
Consider functions defined by the expression
ug(n) = owvi(n) + Brog(n),
where oy, and (3, are time-dependent constants satisfying
o |* — [Bel* = 1.

Then uy(n) and uj (n) are also solutions of and satisfy

(Uk,Uk) = 17 (UZ,UZ) - _]-7 (Uk,u;’;) = (Uzﬂ%) =0.

If we define by and I;L by

we obtain
~ 1 7 * 7
Xk(n) = 7 (bkuk(n) + bikuk(n))
and
1 7% ik-x ik-x
X(n,x) = —= Z bicuy, (7)™ + bl (m)e =™
2V k
1 7 ex ik-x ik-x
wi(n,x) = VoG Z byt (n)e™> 4 bl i () e
k

(B.15)

(B.16)

From this we can deduce that the canonical commutation relation (B.15) implies the fol-

lowings hold.

i, b1 = 1, [oi, ] = B0l =0.0 77 _©
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Observe how the operators by, EL are related to ay, dL. From the definition (B.16) we have

b = —V2(uf, Xic(n)) = — (v} + Bk, awvj + a op) = agax — Bral B.17)
ZA)IT( = aZ&Tk — Bk&—k-

The coefficients oy, and 5y are called the Bogoliubov coefficients.
Both sets of operators, {ay, &L} and {by, EL} can be used to build a basis for the Fock

space relevant to the system. There are two different vacuum states |0,), |0p) defined by

ax|04) =0,  bi|0y) = 0 for all k.

We call them “a-vacuum” and “b-vacuum” respectively. If 8 # 0, then the a-vacuum
contains “b-particles”. To verify this statement, we calculate the expectation value of b-

particle number operator Nl({b) = l;;r(l;k in the state |0,). Using (B.17), we obtain

(02| NP104) = (Oal (il — B 1) (i — Bl 1)|0a)
= |ﬁk‘2<0a|d—k&ik’0a>
= |Bx* # 0.

We conclude that the particle interpretation depends on the choice of mode functions. If
their were no rules in choosing mode functions, the particle concept becomes obsolete.

Suppose that the spacetime is flat in the remote past (t < —7') and remote future
(t > T'). Then we can secure an acceptable particle interpretation. Suppose that the scale
factor a(t) in the metric satisfies

ap fort < —T,
a(t) =
ag fort>T.

Since the conformal time 7 is an increasing function of ¢, the effective mass mgﬁ(n) =

m?a? — i/a and the frequency w?(n) = k* + m2¢(n) satisfy similar conditions,

) wit forn < —T7,
wE\n) =
we' forn > 1T,

where +7" = n(+T). In these asymptotic regions, the equation (B.7) becomes the equation
1 [, -11 =71
-"*-_i e 1_ S |

T
. 11
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for a simple harmonic oscillator. Thus we may choose mode functions uj, and v such that

ug(n) o eiw}cnn forn < —17,

op(n) o €8y forn > T,

which becomes the initial condition for the second order ODE (B.7). If the solutions were

found, they can be related each other by the Bogoliubov coefficients,
ur(n) = cgor(n) + Brvg(n)-
The coefficients are determined by
ag(ve,ug), By = —(vi, ug)-

Let dy and by be the annihilation operators corresponding to the mode functions u(7) and

vk (n), respectively. The field operator can be written in two different ways:

o 1 ik i ikx
xX(n,x) = Za upe™™™ 4+ a, ue ,
V2V
k
1 . .
X, x) = — Z D™ 4 bl v kX

These expressions are the expansions of the field operator y in terms of the particle opera-
tors of in region and of our region, respectively. The initial and final vacuums, |0,) and |0p),
have physical meaning in that they are the agreed vacuum identified by the inertial observers
in the corresponding asymptotic regions. Since we are working in Heisenberg picture, the
initial vacuum state |0,) remains unchanged. Thus the result (OalNﬁb)\Oa> = |Be]? # 0
implies that the expectation value of number of particles in the initial vacuum can become
nonzero in the remote future. Particles can be created by time-dependent gravitational back-

ground.



Chapter C

Quantum Many-Body Physics

C.1 Fock Space

Let H be a Hilbert space to which the single particle state vectors |1)) belong. To construct
a mathematical architecture that models physical quantum system consisting of many par-

ticles, we are to consider N-fold tensor product of H:
N
H=He -oH=QH
i=1

A quick and dirty way to define the tensor product is to pick a basis {|\) : A € I'} for H, e.g.
the collection of eigenvectors corresponding to a Hermitian operator on . Then " is the
vector space whose basis is given by all expressions of the form [A1) ® - - - ® |[An), A\x € 1.

Thus a general element of 7" can be expressed as

Z Crivay M) @+ @ [AN)
AL Anel

where each ); runs over the whole index set I. The dimension of HY is, if dim A were

finite, is equal to (dim )" . The innerproduct of H*V is defined by
((Ml@-@ AN (M) @ @A) = (A [ M) -+ (A [ Ay)

for basis vectors. For general vectors, the innerproduct is defined by linear extension.
According to the basic postulates of quantum mechanics, physical quantum many-
body systems are divided into two classes referred to as Bosonic and Fermionic system,
repectively. And the constituents of each system are called as Bosons and Fermions. We
are to construct mathematical architecture to describe these systems. It is very rare to con-
sider a mixture of Bosons and Fermions. For such cases, we can describe the system as a
statistical ensemble of quantum states, which cannot be described by a single (many-body)

wavefunction. 1
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Consider an observable A and its corresponding eigenstates which constitutes a basis
{IA) : X € I}. And consider the corresponding basis for HY, {|A\;) ® --- @ |Ay)
M € I, k = 1,---N}. Let us denote the symmetric group of N integers (the set of
all permutations defined on {1,--- ,N}) by Sy. For each ¢ € Sy, define an operator
Py HN — HN by

Po(IA1) @ - @ AN)) = [Ao)) @ -+ @ [Agv))-

It is well known that a linear operator is determined if its images for basis vectors are

specified. If we act P, to a generic vector, we obtain

'PU< Z C)\l...,\N|)\1>®-"®|)\N) Z Chi-anP |)‘1> '®|)‘N>)

AL-AN

Z C)\l“‘)\N|)\O'(1)> Q- ® P‘a(N))'

Now consider special subspaces of #” defined by

FN = {y\m e HY . P, = W) forallo SN}

FN = {|\p> e HM . P, |U) =sgn(o)|V) forallo € SN}

F g and F, };V are called Bosonic and Fermionic subspace, repetively. It can easily be shown

that these form subspaces of " . For example,

0),|®) € Y, o,B€C,
= Po(a|¥) + B|®)) = aPy|¥) + fPs|®) = sgn(o) (a|¥) + 5|®))
= a|¥) + 3|®) € FN.

Thus we conclude that F fpv is a subspace of H" .

To construct a basis for F&, we consider the vectors of the form

A c= (1=sena)/2) 5 R A, C.1)
|A1 - \/W EXS:N ¢l |Ao(1)) ® [ Ao(3)) (
where ¢ = 1 for Bosons and ¢ = —1 for Fermions. Note that ¢(175829)/2 — 1 for Bosons
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and ((17%8%9)/2 = son (o) for Fermions. One can check that | A1 - -- Ax)¢ is an element of

}"év. For the case of fermions (( = —1),

Po(|A1--- An)e)
(\/W Z Sgn |/\7’(1)

D sgn(T)Ar (1)) ® -+ @ [Ar(o(a)

\ N' H)‘n)‘ TESN

- ® ey

1
= ————sgn(o) sgn(7 0 0)|Arog(1)) @+ @ [Aroo(N))
\/m rgs:N (1) (N)

= sgn(0)|)\1 . -)\N>C
= |)\1“')\N>§ S fiﬂv

Observe that, for some 7 € Sy,

|)\T(1)"')\( )¢
Z ¢S D2 N a)) ® -+ @ [Ag(r(ay)

v N' HA n)‘ oESN

1
VNI oS
Tt 2oes 5@ Aotr(a) ® -+ @ Aoray) - (Fermion).

[Aor(1))) ® -+ @ [Ao(r(vy)) (Boson)

Since ) 5. flooT) =3 5. f(0), wehave

\/ﬁ Y oSy 1Aa(1) @ @ [Ag(ny) (Boson)
AT Soesy (o o7

= ¢(=senm)/2) )\, ... AN

Ao(1)) @+ @ [Ag(vy) (fermion)

Thus, we may switch the position of A1, --- , Ay at the cost of, at most, a change of sign.
From now on, we assume that whenever we use expressions like (C.I), A1, -+, Ay are
arranged according to a certain ordering. If we rename \’s by its ordering label, in the case
of discrete A, \’s would take values 1,2, 3,--- € N.
We see that, if the set {1, -, Ax} and {\],--- , Ny} are not identical, | A1 - - - An)¢
and |X] --- Ny)¢ must be orthogonal, since every term in the 1nnerpr(j)c£=uc_t ?f them must —
|
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contain a factor (A | \’) with A # ), which is zero. This condition for orthogonality can

be even neater. We have introduced a certain ordering on Aq,--- , Ay. So we can assert
that | A1 --- An)¢ and [\] - - - Xy )¢ are orthogonal if \; # X, for some 7. As a conclusion, a
collection of vectors of the form | A1 - - - An)¢ with n-tuples (A, - - - , Anx)’s being all distinct

is linearly independent.

We have checked that |A; - -- Ay)¢ belongs to ]:év and that these vectors are linearly
independent. Although we did not checked whether they can span ]-"év , it is known that
|A1--- An)¢ forms a basis for .Fév , whose proof we omit here. Therefore any Bosonic or

Fermionic state vectors can be expressed uniquely as a linear combination of [\ - -- Ay )¢’s:

)= Y Capan M An)es (C.2)
A <<AN
where A\; < --- < Ay means that one must sum over arranged tuples (A, --- , Ay ) only.

The prefactor in the definition (C.1I]) was needed to secure the normalization condition.

O ANIAL AN

1
= ATT C(l—sgna)/2<)\a 1 ‘ K- <)\O' N ’
NI, (na!) U;,:N M (V)
X Z C(lisgnT)/Q‘)“r(lﬂ - ® |)\T(N)>
TESN
1 (1—sgno)/2 ~(1—sgnt /2
= NI > ¢ Aoy [Ar)) - Qovy [ Ar(v))-
Nt HA(nA o,TESN
For Fermions, ny! = 1 for all A. Thus
1
(A AN AL AN = 15 > sgn(e)sgn(m) (Ao | Ar@) - Aoy [ Ar(n)
"o, reESN

=N Z sgn(o Z sgn(T) (A1 [ Ar)) -+ (AN [ Arw)
= Z sgn(7) (A1 | Arr)) - (AN [ Az ()

=1.
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For Bosons,

1

<<)\1"'>\N|/\1"‘)‘N>C:W

Z<)‘a(1) | )“r(l)> e <)\O’(N) | A7'(N)>

o,T

For fixed o, among N! 7’s, only [ [, (n!) of them make the same arrangements as (1), - - - ,
o(N). Thus

1
- ﬁ Z<)\‘7(1) ’)\0(1)> e <A0'(N) | )\O'(N)>

=1.

Thus we conclude that [\ - - - An)¢ is normalized. Let us omit the subscript  if there is no
confusion about which species we are considering.

After we respect the ordering, we can uniquely write |[A1---Ay) as [nyng---). For
example, we can denote |111122333466 - - - ) simply by [423102 - - - ). We call this kind of

representation as the occupation number representation. Now (C.2) can be written as

W) = > Coymye [nang ). (C.3)
SN

Although we changed our notation, the vectors |njng - - - ) still are the basis vectors for F N

given by (C.1).
If the eigenvalue A can take M values (i.e. if the dimension of the Hilbert space H

were M), we can explicitly count the dimension of F*:

M!

dim FN NIM=N)! (Fermions) < Choose N states to occupy among M states.
im = ' '
% (Bosons) <+ Distribute N balls into M baskets.

Altough we considered N > 1 only, we add an artificial case N = 0. F* is an 1-dimensional

space with a basis vector |0) which is called the vacuum state. Now we form a direct sum,

F= é]_—N.
N=0

Direct sum V' @ W of vector spaces V, W is defined by, for (vi,w;), (vo,we) € VG W
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and o € C,
(v1,w1) + (v2,w2) = (v1 + v2, w1 + w2); a(vy,wr) = (o, awy).

If {v1,-- ,v,} were a basis for V and {wy, - - ,w,, } were a basis for W, {(vl, 0), -,
(Un,0) , (0,w1), -+, (0,wy,)} is a basis for V & W. Thus dim(V & W) = dimV +
dim W. If we identify (v;,0) with v; and (0, w;) with w;, the direct sum V' & W is just a
vector space with basis vy, -+ , Un, W1, , Wiy.

We have shown that 7 has [njng---) (n1 + ng + --- = N) as its basis. Thus the
direct sum @3_, FV has [nyns---) as its basis with no restriction on the total number
>~ ni. The space F = Pr_y F N is called the Fock space. A general vector in F can be

written as

= Z Chying [ning - -+ ).

ning-
This differs from (C.3) in that it does not have any restriction on the total number of parti-

cles.

C.2 Creation and Annihilation Operators

Having defined the space where many-body state vectors live, we move onto the discussion
of operators defined on the Fock space. Let H be a Hilbert space, A be a Hermitian oper-
ator defined on H, and |\) be the corresponding eigenstates. And let F be the Fock space

constructed from H. We define a special operators aj» : F— Fby
a;r|n1n2-~>E\/ni+1csi]n1--'ni+1~-> (C4)

where s; = Z; 11 n;. In Fermionic case, the prefactor n; + 1 has to be understood mod 2,
ie,1+1=0mod?2.
Observe that, for any M € N,

M

1 1 1
H al)10) = — = (a])™ -+ ——{af, )" (a])"™0)
i1 ni: np—1: ny:
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Thus we obtain,

|ning - -

al)"i10). ©5)
=T gt

It would be instructive to recall that |ning - - - ) was originally,
|n1n2...>:|)\1... ><

C (1—sgno /2‘)\ >
V N! H)\ n>‘ agS:N

Comparing (C.3)) and (C.6), we see that (C.3) is easier to notice. In (C.3)), N-fold application
of a' generates N-particle state. So a! are commonly called the creation operators.

Using the definition (C.4)), we can show that, for i # 7,

C.6
'®|/\J(N)>' (o

Ta}|n1n2...>
= /nj + 1<zi;1nkaff|n1...nj+1...>
\/,’T\/rczk 1nkCZk lnk|n1 nz+1n]+1> (@<])

TCLT|7’L17’L2 . >

\/TT\/TCZ’“ 1"’9CZ nk+1’n1 ni+1--'nj+1"'> (Z<])
\/T\/rczk 1”kCZk 1”k|n1 nj+1--omy+1--) (i > 7).

Thus we obtain

Tt T — [P P | Tl —
(afa) = Caja)lminz ) =0 = [af,al¢ := ala} — ¢alal = 0.
In the case of ¢ = j, for Bosons, obviously [CLJr CLT]+1 = aTaT I j = (. For Fermions
we can show as above that (a ) = 0 using the fact that 1 + 1 = 0 mod 2. Thus we get
[al,al]_1 = 0. (a])? = 0 says that two-fold application of a! to any state leads to its

annihilation. Actually, although not intuitively straightforward, this is a formal statement of

the Pauli exclusion principle.
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Now we consider the Hermitian conjugate of az denoted by (aj)T = a;.

ailning--) = Y Chny|ning---)

I on!
nyng--

= Crpg. = (i -+ Jaglmang ) = (ning -+ |a|nfnh - )*

i—1 7
/ —an
=\/n; + 1C2J71 Jénln’l T 6n¢n;+1 e
1=1
T 5 !/
:}ai|n1n2...> — E /ng+1CZJ71nJ5nln/1...5ni7n;+1... nan...>

! on!
ning -

:>al|n1n2>:\/n7§“sl|n1nlfl> (C.7)

The operators a are commonly called the annihilation operators.
Using (C.4) and (C.7), a straightforward calculation shows that

[ai, CL;]C = (51']', and [ai, aj]c = [CLI, a}]c =0. (C.S)

People use the following notation
[A,B]- = AB — BA, [A, B = AB + BA.

Thus, for Bosons, the commutation relation between the creation/annihilation operators can
be written as

[ai,a}]_ =0;;, and [a;,a5]- = [ag,a}]_ =0.

Incidentally, it can be shown that the algebra (C.8)) fully characterizes the operator ac-
tion so that we can find a unique (up to unitary equivalence) representation of these operators
and a unique state |0) from which all other states can be reached by repeated application of
aj. This is the statement of the Stone-von Neumann theorem (For more precise statement,
see [112, pp. 45-46].)

We define an operator n; = aj»ai which is called an occupation number operator.
It can be shown that 7;|ning---) = nilning---). So far, we succeeded to express the
state vectors in Fock space using creation and annihilation operators. Now we seek for an

expression for observables in terms of these operators.
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C.3 One-Body and Two-Body Operators

Let H be a Hilbert space. Consider an observable A and its corresponding eigenstates
IA), A € I. And consider another observable B and its eigenstates |\), A € I. By def-
inition, a} 0) = [0---1---) = |\) and al|0) = [0---1--+) = |X) hold. Thus we obtain

al]0y =X) =3 (AN =3 (A Aal o).

A A

In general it is known that

yz—:—

=> (Al (C.9)
A

i.e., creation operators transform covariantly under basis change. By taking Hermitian con-
jugate of (C.9), we get
as = > (A Nax, (C.10)

A
i.e., annihilation operators transform contravariantly under basis change.
Let 0 be a Hermitian operator defined on a Hilbert space. One-body operator Oy

corresponding to 6 is an operator acting on N-particle Fock space 7 and is defined by
@IEZam 6,=1® - Q06---®1

where 0 is an ordinary single particle operator and 1 is the identity operator. Here, 0,, is
an operator that applies 6 only to the n-th particle while all the other particles remain un-

changed. A typical example of single-particle operator would be the kinetic energy operator

Fos B

n 2m:*

Let |\) be the eigenstates of 6 and we introduce the occupation number representation

corresponding to these eigenstates. Then

@1!711712 )=

m Y ¢l /2ZOW @ Ag())-

cESN
One may notice here that

N
D onPo) @ @ o) = (30 M) Ao} @+ @ Do)
A P

n=1 A ==
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holds. Therefore we obtain
@1|n1n2 ce > = (Z /\71)\> |n1n2 NP > = (Z Aﬁ/)\) |n1n2 [P >
A A

We finally get an expression for the single-particle operator Oy in terms of creation/annihilation

operators:

O =Y "Xin= > (Ag|N)ala.

el ANET

Let {|) : p € J} and {|v) : v € K} be complete set of eigenstates corresponding to some

other observables. Then,

= 3 Olmulol) v | Xyakax

ANET

pneJveK
= > o) (o mal) (S INax) = 3 (ulélv)afan.
peJveK el Nel 782

Thus we conclude that

O, = Z<M‘5|V>GLGV- (C.11)

LV
The representation of an operator in terms of creation/annihilation operators is usually
called a second quantized form .

At this point, it would be instructive to look upon an example. Consider a single particle
Hamiltonian H = % + V(x). Using (C.T1)), single-particle operator corresponding to the

Hamiltonian H can be represented by (we use the same symbol for single-particle operator)
. p?
H= /drdr' (r|— + V(&)|r)al (r)a(r')
2m
= /drdr/ (—hQVQ + V(r))53(r —r')al (r)a(r)
2m
- / drdr’ (—th'? + V(r)>53(r —r)al (r)a(r')
2m
h2
/dr a (r)( ZmV + V(r))a(r).

In this example, we applied the results we derived for discrete eigenvalues to a continuous
1] O 1 &
M L-t}] @
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eigenvalues (position). This will be justified in the following section.

Now we move onto the two-body operators, which are needed to describe pairwise
interactions. Let 6 be an Hermitian operator defined on a product space H2 = H®@H, i.e., 6
acts on a state vector representing a system of two particles. Let |u) (1 € I) be eigenstates
of an observable A defined on the single particle Hilbert space . We assume that 0 is a

function of Al and flg, where AZ is just the observable A defined on i-th Hilbert space H:
0= O(Al, Ag) (CIZ)
If we act 6 to a vector |u)|v) € H ® H (here we omitted ® between |u) and |v)), we obtain

0lp)|v) = o(Ar, Ag)|)[v) = o(u, v) ) v).

We assume further that the function o(y, v) is symmetric, i.e.,

o(p,v) = o(v, ). (C.13)

The conditions (C.12)) and (C.13) are usual properties of operators describing pairwise in-
teractions, which we will see later.

The two-body operator O, corresponding to 0 = O(Al, Ag) is an operator acting on
FN defined by

Oal A1) [AN) = Y oA, A)An) -+ [An),
1<i<j<N

which means, we pick all possible pairs of two vectors |X;), |A;), among |A1),---, |An),

and act 6 = o(A, As) to obtain 0lAi)|A;) = o(Xi; Aj)|Ai)|Aj), and put these vectors at

the original position. A typical example of two-body operator is the coulomb potential
1 2

V(E1,F2) = e sl

Now we claim that the second quantized form of the two-body operator Oy is

. 1

Oy = 5 Z alal<u|<u|é|,u'>|1/>al,/au/ (C.14)
,uzluz/
— Z a o(p V') 8 duraa, = Za o(p, V) ayay,.
,u,uu 7 n%
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Here, the second and third lines are used more frequently in practical discussion.

Let’s prove the claim. To this end, recall that

1
Mo An)e = e > CUTEI 1)) @ @A) (C.15)

\ Nl H)\n)‘ geSN
1 i

T
= ——q e a 0
VIl M AN' >

holds. Now we prove (C.14) as follows.

(C.16)

1 —sgno)/

Os|A1 - Ay Z N IRGN) D> 0 Ao o) - o)
oeSN N'H)\ n>‘ 1<i<j<N

Here, the factor 3, ; ;< n 0(Ao(i)s As(j)) can be separated from other parts of the above
expression. For fixed o, the pairs (A\,(;), \s(jy), 1 < @ < j < N sweeps every pairs
(Air; Ajr), possibly ¢ > j’. But, by the symmetric property (C.13), it doesn’t matter. Thus

we have
> 0y degy) = DL oA A,
1<i<j<N 1<i<j<N

and thus

@2|)\1... AN)e

C(l sgno)/ 1
Z >\7,7A |Ao(1> ‘)‘ (N)>

a;N \/m 1<i<j<N NITT,(nal)
= > oA M)A AN

1<i<j<N

From (C.16), we have
(Aj, Ai) o

.I.
= ay ay ’0>
1<Z<ZJ<N VILima! ™ N

C(l—sgna)/? ; ; ; ;
B 1<Z<N 2\/WO(U(Aj)’ o(A))ah, g ny Ga(ay) Dy [0)
1<
_06?9;
C(l—sgno)/2 i ; — —
- 1<‘<Z<<N WO( )%U()‘ ovo(r:)6 ]aLaia)\l Tay
EANASS

g€S2
mv
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Here, the wide hat implies its absence.

= Z H) uu’éuu’a
I1, ”A m 1§i< J<N
oE€Ss
t T .
. a)\l o« .. aAZ o« .. aA] .« .. aAN |0>

- 2\/1_[)\71)\ Mz,;

—_

togl gt

. a}\l . aAi aAj .o

al (ul(v]o|') V') [
1<i<j<N
ogE€So

-, |0>] .

We claim that the factor in the square bracket can be written as a,/a M/ail X

can be shown as follows.
. . +
Imagine that we proceed a, and a,y in ayrayay, -

|0) using commutation relations. Then it will have the form

D

1<i<j<N c€Sy

—

a,,/au/ai\l e aRN|O> =

where Cj;, are coefficients to be determined. Observe that

a,l,/a,‘u/ail cee G/I\N‘O>
- au/au/C(j_1)+(i_1)a§jCLL@L e a;i e aij . '“§N|0>
_ Cz‘+jC(l—sgna)/Qaylawal(}\j)az()\i)ai\l .. .aT/\i .. .a;j . aj\N|0>

—

T 1

_ <1+J< (1- Sgng)/2(5 oA )51/ To(Ni )aJ;q BV

—

; [ N
Slncea)\1 ay, ay,

-~

can obtain the coefficient C;;, =

aylauzagl e CLI\N |0)

Do D Oy e @, ah,

1<i<j<N o€Sy

Z Cz‘ja(sp,’g(/\j)éy’o()\i)a-r)\l e CLL_ o

-a§N|O> +

139

I D CacTa U T IS WA

S i,

-a}|0). This

. a:r\N |0) to the vacuum state vector

—

.|.

.aAj...a§N|0>

(C.17)

.a;N |0)’s are linearly independent foreach 1 < i < j < N, we

¢i+i¢(1—sgn9)/2 Thys we have proved the claim,
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Now we get
A 1
Oa A1+ An)e = ——— > afal (ul(W|ol) |V )avaal - al 10)
2) HA”A! %1;/ nov 1 N
wv
1 )
=3 > alal (ul(v]olp) V) avau |\ -+ An)e
ijZ/

by (C.16)). Therefore we conclude that the second quantized form of the two-body operator
O, is as in (C.14).
Let’s look upon an example. The coulomb interaction between electrons can be repre-

sented as second quantized form by using (C.14):

o1 1 §
V= 3 /drdr’dr”dr”’ai(r)az,(r')(ra](r'a’ e ﬁ\r"a@\r'"a”’>a0m(r'”)aou(r”)
2

M&’)(r — )& — 1" )agm (r")agn (x")

_ T
= 8o /drdr'dr”dr"’al(r)ao,(r') 1

2

e 1

/drdr’al(r)az,(r')Mag/(r’)ao(r),

N 871‘50

where summation on spin indices o = :l:% is assumed.

For many cases, we need to express a two-body operator by another basis, e.g., by the
energy eigenstates of the system, rather than by the position eigenstates as in the example
above. We must apply a change of basis in eq.(C.14)). In another basis, the two-body operator
still have the same form as before, while |p), |} are not the eigenstates of 6 (of A, more
precisely) anymore.

We are relatively familiar with manipulations and interpretations of the (many particle)
Schrodinger equation. The concepts and structures we have developed so far seems first
somewhat abstract and impractical. And it is hard to see the connection between the many-
body wave functions and the abstract Fock space state vectors. In the following sections,
we are going to introduce a non-linear wave equation from the Fock space formalism. And
we will clarify the relation between the Fock space state vectors and the many-body wave

functions which are somewhat more tractable.
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C.4 Ordering of Eigenvalues

Let H be a Hilbert space and consider a complete set of eigenstates {|\) : A € I}. We can
construct a basis {|\1) ® --- @ [\,) : Ay € I, k =1,--- ,n} for the n-fold tensor product
space H'™.

Let o be an element of symmetric group S,,. If we define an operator P, : H" — H"
by Py (A1) ®: - -®|An)) = [Ag(1)) @ - *®|As(n))» We can characterize the Bosonic/fermionic
subspaces by

Fe = {|gp> e 1" : Pylp) = ¢175889)/2|0) forall o € Sn}
where ¢ = +1 for Bosons and { = —1 for fermions. Consider vectors of the form

A A = Z C(lfsgna)/Zy/\a(l)>®...®‘)\U(n)> (C.18)

1
V! T na! o
where, in the prefactor, n) are nothing but the number of occurance of each eigenvalues
in Ay, -+, A\,. Since we may switch the position of Aq,--- , A, at the cost of a change of
sign, we introduce an ordering to fix the representation of the vector (C.I8). In the previous
sections, we saw that these vectors form an orthonormal basis for 7.

After we respect the ordering of eigenvalues, we can write |\ - - - )\n>C as [ning - )
uniquely. For example, we can denote [1111223334667 - - - ). simply by |423102---). We
call this kind of representation as occupation number representation. Now, an arbitrary vec-

tor |p) € Fg can be expressed as a linear combination of [ning - - - )’s.

)= D Copmylming ). (C.19)

ning--

S ni=n

After we construct the Fock space F¢ = @, F (', we define operators aj and a; by

a1|n1n2--->E\/ni+1gsiln1---ni+1--->
ailning ) = /miCsilng - ong—1---)

where s; = 23;11 n;. From this definitions we can obtain the commutation relations.

(s, afle =65, lai,ajle = [a],alle=0 2] ©_ 1] o
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where upper signs are for fermions and lower signs are for Bosons. In terms of these cre-

ation/annihilation operators, we can express the basis vectors |ning - - - ) by

|
mana ) =[] — (al)™i|0). (C.20)
i=1 vV

Although the occupation number representation (C.20) is a great simplification of the com-
plicated notation (C.I§), it still has several defects. One thing is that we have to define an
ordering on the eigenvalues to arrange occupation numbers in unique way. The other de-
fect is that, in the case of continuous eigenvalues, we have to introduce continuously many
occupation numbers, which cannot be listed as before. To overcome these defects, we try
to express a state vector not by a summation over occupation numbers (C.19), but by a
summation over eigenvalues.

Let |¢) € F¢ be an arbitrary n-particle state vector. This vector can be expressed
as a linear combination of [nins - - ). Since each |ninsy - --) can be obtained by applying
creation operators to the vacuum state for n times, we may express the generic state vector
) by ,

o) = Z Cyl...unﬁall - af, 10). (C21)

involv u i ver eigenvalues whi involv u i
Note that involves a summation over eigenvalues while involves a summation

1
vl
ric property on the indices of Cy,...,,, yet. But, by using the property aJLG(l) .- a,ta(n) |0) =

over occupation numbers. The factor is conventional. Note also that there is no symmet-

¢(1=sgno)/ Qail e a:r,n |0), we can symmetrize/antisymmetrize the indices:

1
lp) = Z Cur--unﬁall e aln|0>

Vi, yUn
1 1
- (1—sgno)/2 T gl
Tl Z; ¢ Z Cl’l""/n /n!al’au) al’o(n)‘o>'
o€Sy, V1, \Un

For fixed o € Sy, define w; = v,(;). Then

1 1
- = (1-sgno)/2 Tt
! Z ¢rE Z Cwafl(l)“"*’flm) ,/n!aw1 @i 0

UESTL 1/17.“7V
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Since (v1,- -+ ,vn) = (W1, s wn) = (Vo(1)s """ » Vo(n)) 18 bijective,

1 —Sgno
= E Z C(l g )/2 Z Cwofl(l) w 1 \/7 w1 .. aI}n|0>

gESy Wi, ,Wn
. (1—sgno)/2 oot
- Z <n| Z C C Wo (1) wa(n)) / UJ1 awn|0>'
W1, ,Wn oESh

If we define Coyw, = 7t Soes, (1752 Cly iy, then the indices of Co,...

have desired symmetric/antisymmetric property, i.e., C’wa (1) = g(lfsgﬂ(f)/ZC*w1 w

o(n)

We finally obtain eq.(C.21)) with C,,...,,, having symmetric/antisymmetric property.

Now we determine the coefficients C,, ..., . To this end, we calculate

1
L | S
<0‘a’l/§v aulayl a’VN’O>m'

2

Imagine that ayye e ,ai, are prodeeding to |0) by commuting with creation operators.
N

Each Q! will meet aij to give (51,%.. Thus it will become

<0‘a / ...al/ia’l’l ...aVN‘O

V' N! N' Z Colufvym  Ougvon)

ocESN

i

where C,, are coefficient we cannot specify yet.

To determine C,,, observe that

1 1 1 _
ﬁ«)’a”f\r - a’/i all .. ath’0> 7@ — ﬁC(l sgno)/2 <O\a,/ . al’l a:ﬂa(l) .. aid(N) |0>
1 1—sgn 2
NlC( —sgno)/ 5%%(1) . 51/;\]”0(1\,) R

We don’t need to calculate the other terms. We see that C, = ¢ (1-sgno)/2 Therefore we
conclude that
1 :7Z<1 sgncr)/25/ R
/NT | V1Yo (1) VNVo(N)'
N! N ceSN N
(C.22)

7<0|al/;\,."ayia’/1 -..aVN‘O>

%H
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Now, by applying ﬁ(O\a% -+ ay; to (C21)), we obtain

1 1
7(0‘(11,/ "'au’|¢> = Z CVl"'VNj<0|a“V/ T Ayt Gy "'al/N|0>
/N N 1 ot N N 1
1
_ = (1—sgno)/2 e
- Z Corvy NI Z ¢ 0wy Oupyvoqy
V1VN ceSN
1 1
—_ (lfsgno—)/2 / / = — / /
-~ N! Z ¢ C”a(l)"'”a(zv) N! Z CVl"'VN
ocESN geSN
= Cfay
Therefore, we finally get
! U
©) = D 5 Olavy - anl@)—=al, ---al,[0). (C23)

VNI VT

v1IUN

Eq.(C.23)) involves summation over eigenvalues while eq.(C.19) involves summation over
occupation numbers. This expression is convenient because we don’t need to concern the

ordering of eigenvalues. We will see how this is convenient.

C.5 Field Operators and Wavefunctions

It is desirable to see the connection between the many-body wavefunctions, which is more
tractable, and the abstract Fock space vectors. To this end, we introduce field operators.

Let A be an observable and {|1/)} be the corresponding eigenbasis. We can construct
the creation/annihilation operators corresponding to the observable A. We have the commu-
tation relations,

[ay,a0 e =0,y law, a]e = [a],a], ]2 =0, (C.24)

vy Yyl

where we revived the ‘hat’s to indicate that they are operators. Here ‘+’ is for Fermions and
‘—" is for Bosons.

Now we define the field operators v)(x) and ' (x) by

Px) =D uX)a,  ONx) =) up(x)al, i

w1 =— T}
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where u, (x) = (x| ). We used special observable A and its eigenstates to define the field
operators. For the field operators to be a natural concept, we have to show that the definition
does not depend on such choices.

Let B be another observable, {v,,(x)} be the eigenfunctions of B, and I;L, b, be the
creation/annihilation operators corresponding to B. Then, by the transformation rule for

creation/annihilation operators (C.9), we obtain

Zuu(x)&v = Z<X’V><V‘M>[;u = Z x| p) B :ZUM

v

Therefore the definition (C.25) does not depend on the choice of eigenbasis.

By using the commutation relations (C.24)), we can show that

~ ~ ~

(), 9 (0] = 6(x =), [P(x)d(x)]e = {1 (x),$T ()]« =0.  (C26)

For example,

[ (), i—ZuV v, ) = (x| V) (v [x') = 6(x = x).

v

We may inverse the definition (C.25)) by using orthogonality of {u, (x)} to obtain expres-

sions for a,, and &), in terms of the field operators.

& = / dxul(x)b(x),  al = / i (%) (). 27)

For example,

/dx wlh(x)(x) = /dx u;, (%) Z Uy (X)ayr = Z Sy Gy = Gy
Substituing (C.27) to ( , we obtain

PR / sy () e )y )
Vi, VN

1
VNI

_ / dx, - dxy r”“"( >--z&<xl>|¢>-&wxn-wﬁ(xm\o» (©28)

. +
¥ i 11 =L —
-"'H-_i _I.-.'l_;I ._|! ,!.\i_

O R R TUCARRAIENIL)
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This is the expression for a generic IN-particle many-body state vector in terms of field

operators. Eq.(C.28)) shows that the collection {\/ivjqzﬁ(xl) et xa)|0) % o€ R3}

spans the space F2 . Furthermore, we see that the operator
p p ¢ p

= [ et ) e ) 010 ) 1)

can be regarded as the identity operator if it acts on N particle Fock space states. If it acts
on a state with different number of particles, it gives zero.

Now we can reveal the connection between the Fock space vector |¢) and the tractable
many-body wavefunction. Before revealing the connection, let us recall what we meant by
saying many-body wavefunction (X1, - - ,xx ). Consider a set of orthonormal wavefunc-
tions {w, (x)}. These are the single particle wavefunctions that we regard to be relevant to
the system of concern. In case of hydrogenic atoms, these are products of the spherical har-
monics and the radial wavefunctions. The many-body wavefunction with n; particles being
in w,, (x) state is written as

1
- - E (1-sgno)/2,,, cw, ) C.29
(P(Xl, 7XN) N'H}\ ~ ¢ w 0(1)(X1) Wrg(n) (XN) ( )

ocESN

This is a usual quantum mechanical argument.

We define operators on the Fock space by

Cy = / dxw!(x)p(x)  and ¢ = / dx w, (x))! (x). (C.30)

Then the commutation relations (C.26) implies
[Cm Ci/]:l: = Opu/s [Cua cl/’]:l: = [czTn Ci/]:l: =0.

And by inverting (C30), we get ¢(x) = 3w, (x)¢, and f(x) = 3 w(x)ch.

Until this point, it is not clear why we introduced c,T, and c,,. We assert that the Fock

space state vector |p) that models a system with n; particles being in w,, (x) state is

1
¢ = —===cf, -], 10).

V1! =
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And we claim that

1

p(x1,- -+ XN) = ﬁwlzﬁ(xmwzﬂ(m)\@ (C.31)
holds. This is the relation between the wavefunction and the field operators. The proof goes
as follows.

(X1, ,XN) (C.32)

Z C(l—sgno‘)/?,wya(l) (X1> Wy (XN) (C.33)

1
1 1 1— 2
- Vv N! Z w”i(xl)mw”fv(XN) [T 7! Z C( ene)/ 5%(1)1’1'”5%(N)V5v'

! !
ViV gESN

Recalling the identity, (O\cygv ey cil e c£N|O> =D vesn C(l_sgn”)/zéya(l)yi S By ey v
we get
=L ST (1)t () e (Ol gl <l [0)
1 N N 11 N
\/N! V{_”V;v \/H)\TL)\!
= (Ol 1) e, el [0
= \/ﬁ N{XN 1(X1 \/WCV1 CVN
1 . .
= ﬁmWN(XN) i (x1) ). (C.34)
The claim (C.31)) is proved.
By putting (C.31)) into (C.28)), we obtain the following expression for the state vector

o)
1

VNI

where o(x1,- -+ ,XN) = ﬁ (0]th(xx7) - - - 1h(x1) ) is the tractable many-body wavefunc-

lp) = /dxl e dXNy e(X1, 0, XN) @T(Xl) : "@T(XN)’O% (C.35)

tion corresponding to the state vector |¢).

C.6 Density Operators

Density operators are fundamental objects in statistical mechanics in that they represent

the ensemble itself and are the only things we need to know to calculate macroscopic ob-

. . . : =R I
servable quantities. Bose-Einstein condensation(BEC) is one of the m9§_ti 1qt~e;rlqs§_m% mqqy o
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particle phenomenon and so it must be characterized (defined) in terms of density operator
representing the system. In subsequent sections, we will discuss the definition of BEC and
one of its sufficient condition, the celebrated concept of ‘Off-Diagonal Long-Range Order
(ODLRO)’. To this end, we develop here the theory of density operators.

Mathematically, density operator is a positive Hermitian operator with unit trace.
Most easy but practical construction of a density operator for given system is to use all
the possible states of the system. Suppose that an ensemble of systems can occupy states
|®;), i = 1,---, M. |®;) can be a state vector in a single particle Hilbert space H or
a many particle state belonging to a Fock space. Suppose we also know the probability
pi (0 < p; <1, > ,p; = 1) that a system in the ensemble is in the state |®;). p; is
just the number of systems occupying state |®;) divided by the total number of systems in
the ensemble. Now we represent the ensemble by a single mathematical object, the density

operator:

pi|Pi) (Pi]. (C.36)

=
I
=

I
—

(2

The density operator p given by above equation is positive because
M
(U[p[T) =D " pil(U[®)> >0 forany |¥).
i=1

p is Hermitian because

sz @) (@) Zm@ il = p.

Here we used (|a)(b|)" = |b)(a|. This can be proved easily:

(el (o) o)1) = (Wl(a)bhle)) = (@l b){al )
= (pl()ahle) forall [p),lp) = (la)(b) = Ib)(al.

p has unit trace. To see this, let’s introduce a complete orthonormal basis {|v) : v € I}.

Then we see that

M
Te(p) = > _(vlilv) Zplsz ICAE me@ Z

v
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Therefore the operator p defined in (C.36) is indeed a positive Hermitian operator with unit
trace.

An ensemble is called in pure state if its density operator can be expressed by a single
term, p = |®)(®|. If this is impossible, the ensemble is called in mixed state. This kind
of terminology is well-defined because of a property of tensor product space : If a tensor

T € V ® W can be expressed by
T=v1Qwi+ - +vyQuwy (C.37)

with linearly independent vy, --- ,vps € V and linearly independent wy,--- ,wy € W,
then 1" cannot be manipulated to yield an expression having fewer terms, i.e., is the
shortest expression.

The expression for a density operator p is the shortest expression if and only
if |®;)’s are linearly independent. Thus, if a density operator is expressed as %|<I>1) (®q] +
|@2)(®2| and |®1), |®2) are linearly independent, then this represents a mixed state.

Now, let’s consider a system of NN particles. It is very rare to consider a mixture of
Bosons and Fermions. It is difficult to describe such system, because the constituent parti-
cles are neither completely identical nor completely distinguishable. Let’s restrict our con-
sideration to a system of N Bosons or a system of N Fermions. This kind of systems can
assume a state in ]-“év .

Obviously we cannot know the state of the system comletely. We usually have some
partial information about the system, e.g., the temperature 7', volume V', and the number
of particles N of the system. To analyze this system, we have to introduce an ensemble
of systems which assume a number of different states but all have the same macroscopic
quantities 7', V, N.

Let p be the density operator for the N particle system. To calcuate the expectation
value of an observable A, we have to take the ensemble average of this observable, which
is defined by

(A) = Tr(pA).

Here, the meaning of trace is the obvious one:

Tr(d) = > ({m}A[{na}),

{na}
2ama=N 11 O 1 &l



150 APPENDIX C. QUANTUM MANY-BODY PHYSICS

where {n, } represents the number distribution of particles over the eigenstates and

{m}) = H e = rth e

Here we assume A, ---, Ay are arranged according to a certain ordering. Now, in fa-

vor of position variables, we replace a&i with the field operator 1/AJT (x) by using a;i =

[ dxuy, (x)¥1(x), where uy, (x) is the eigenfunction (x | A;). Then we obtain

1
TrA = Z '(0|a)\N- aAlAa)\ a];\N\O>
iy 1l
Soama=N

1 * *
= Z M/d}’I"'dYNdXI'"dXN“AN(YN)"‘uAl(Y1)UA1<X1>"'UAN(XN)

(0l (yn) - d(y) AT (x1) - T (x)[0)
The summation over the number distribution {n)}, >, ny = N is the same as the sum-

mation over [V-tuple of eigenbalues A\; < --- < Ay. Thus

1
= Z /dY1"'dYNdX1“'dXNujN(YN)"'u§1(YI)u)\1(X1)"'UAN(XN)'
A <<An

Since y1, - - - , Xy are just the integration variables,

1
= Y [y (o), 5o0)
)\1< </\N O’GSN

X 1, (K1) ay (o)) - O Fry) - DT (1)) A0 (51)) -+ B () 10)
)3 n:nwv' Z / dyy -+~ dyydsy -~ dxyul, | (yn) -, (1)

A1<<AN

Xy, ) (X1) - un o, (XN - [ (y ) - - b (y1) AgT (x1) - - 4T (xv)[0).

Now, we apply the following replacement

IS

A <-<An "o€SN A1, ANET

This is true since the set {(A1, - ,An) : A\; € I} is the same as {()\0.(1), Iq(N))‘
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A < --- < An, 0 € Sy} except the redundance [ [, n)! in the later. Therefore we obtain

TrA = ]\17, /dY1"‘dYNdX1"'dXN5(X1 —y1) - 0(xXN —yN)
AO[(yn) - D(y1) AdT (x1) - - (x)|0)
— ]\1[,/dX1~--dXN(OW(XN)---Qﬁ(m)/hﬁ(m)-~-W(XN)\0>

1 1
VN! VNT

The notions used to analyze a given system usually involves single particle : It is easier

- Trd = / dxcy -y —— (O (k) - (1) A (1) - - 6 (3)[0) = (C.38)

to understand a function of single position (e.g. density of particles) then a function of NV
positions. Thus we need to extract information from p so that we can describe the behavior
of a single constituent particle among N identical particles in the system. For this usage,

we introduce the reduced single-particle density operator:

p1="Tro3 ... NP
=i [[dmav1a) [0l o) - D) b ()9 (xa) - GO

We need reduced single-particle density operator when we calculate the expectation value
of an observable related to a single particle </1>1 = Tri(p1 /1), where the subscript 1 at the
trace means that we should use single particle states to evaluate the trace. p; is conceptually
closer to our analytic notions. However, it is cumbersome to derive p; everytime we calcu-

late the expectation values of 1-body observables. We claim here a convenient formula:

Try () A) = %Tr(pfi). (C.39)
The proof is as follows.
Te(pd) = [ daxw o (O e) - D) AD (1) - 1 e 0)
— [ dyiatylle) [ i -y 01 en) D) 1))

T (x1) - (%) [0) —=

%H
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N
Tr(pA) = /dydz<y|A|z> /dx1 cedxy 25(Xz -
1=1

%(%@(xm o1 (xi) - (xa) i () pT ()T (1) - (i) - - T () 0)

By renaming the integration variables,

/ dyday|Ala) o / a1 - - dxx— (Ol (xn—1) - - (<) (2) o ()
T (xq) T (xv—1)]0)

= N/dz<z\;31,21\z> = N - Tri(pA).

The criterion for ‘Off-Diagonal Long-Range Order’ will be stated in terms of the ma-
trix elements of p; in position basis, the single particle reduced density matrix p;(r,r’) =

(r'|p1|r). It is easy to see that p;(r,r) = p(r) is the particle density:
pr=>_pili)(il = pilrr)={rlplr) sz = p(r).
i

In the literature, people define the reduced single-particle density matrix p;(r,r’) by the
identity
. . 1 . .
pr(r,x') = (P (1) ()1 = (@ (X)), (C40)

where the second identity came from eq.(C.39). We show the first identity here. Let’s
prove more general assertions: Let A be some Hermitian operator on the Hilbert space #,
{|) : p € I} be complete eigenbasis of A, and a,, a}, be creation/annihilation operators

corresponding to A. We claim that the matrix element p; (i, 1) = (@/|p1|p) is given by

1
pr(ps ') = {afap)r = L (afaw),
where the second identity again came from (C.39). The first identity can be shown as fol-

lows.

(ahawds = Tri(prala) = 3 Wlprala vy = 3 (vlprakayal o)

v v

= Y (vl (aaw + 6)10) = 0+ (i 1pabl0) = (1 pal) = pr(m, ).
12
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By choosing position basis, we get (C.40). In short, we don’t need to derive p; when we
calculate reduced single-particle density matrix py (g, p').

If the many body state of the whole system were p = 1,y p{n} | {n}><{n}}, then

pr(ps i) = {afaw)r = S (afay) Zp{n} {n}|ala|{n}).

{n}

Especially, if the many-body state were pure, p = |®) (P

1
pr(p, i) = N(q’\alaw!@-

We can introduce reduced density operators p,, involving n (< N) particles in the
system. C. N. Yang [79] provided clear criterion for the existence of OLDRO in terms of
these operators. In the following, we observe the definition and properties of po from which
we can infer how the other reduced density operators will look like. The 2-particle reduced

density operator is defined by

p2 = Tr3... Np

= /dZ1d22dy1dy21ﬁT(Zl)%Z)T(Zz)|0> [/dxg'“XN@W(XN)"'1/3(X3)1/;(22)¢(21)ﬁ

P ) 2 () - () 10)] {01 20931 g

from which we can show that

O )i aa) (0)5 (32)]0)—
— i [ O e - Do) ) ) (30)3 (2 )+ e )0
(C41)
Let A be a 2-body operator (C.14):
121:;/d}’1d}’2dzldz2wT(YI)wT(YQ)<Yl‘<YQ|A|Z2>|ZI> (22)9)(21). (C.42)

We are going to prove the trace formula analogous to (C.39),

(N — 2)!

Tra(poA) =
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which allows us to calculate the expectation value of a 2-body operator A not knowing po.

The proof goes as follows.

For convenience, let us denote ——1)f(x;) -+ - T (xx)[0) = |x1 - - - X}, where F is

=

from Fock space.

Tr(ﬁfl) = /Xm---dXN F<X1 -~~XN|ﬁA‘X1---XN>F

1
— ;5 [ dvidyaimdas(y|tyalAz)l)

' / dxy -+~ dxy plxs - x0T (y) i (y2) (22)d(z) T (1) - 0 () 0) \/%,

~~

(*)

The factor () can be calculated easily. We proceed t(z2)1)(z1) to the vacuum state. Then
the result will be

—_—

> Cijod(Xi = 2(1))0(X;j = Z@)) VT (x1) -l (%) -+ PF(x;) - - T (xw)0),

1<i<j<N
oES2

where the coefficients C;;, need to be determined. To do this, observe that, for fixed 1 <

i<j<N,

D(z2)(20)d (x1) - T (%) - - DT (%) - DT () [0)
= 173819/ 24) (g, 0 ) (2 1)) (1) - T (33) - T () -+ T (xv)|O)

— —
~

_ C(psgna)/zglmglﬂ(;(xi — 2,1))0(x; — ZU(Q))I;T(XQ et (xg) - @T(xj) .. -1[1T(xN)|0)
4.

Thus Cjj, = ¢*+7¢(175879)/2 Now we have

Tr(pA)
1 P R
_ 2/dyldy2d22d21<yl‘<y2|Ayzg>|z1>[/dxl...deF<x1...xN|PIZJT(ZY1)¢T(Y2)
Z ¢ c—sena)/25(x, — Z6(1))0(Xj — Zo(2))
1<i<j<N
c€Ss
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The terms in the bracket become

/dX1 o dXN (X1 XN|p Z (I U/ 25 (%, — Zy(1))0(Xj — Zg(2))

1<i<j<N
0ES?
~ A ~ A 1
D) e T (ve) e () e ()| 0)
Pi(x1) ¥ (y2) ¥ (y1) - Y N)Hm
1<i<j<N
c€Ss
N R
= mF<Z1Z2|PZ|Y1Y2>F7
where the last equality came from eq.(C.41). Now we get
o a 1 N! .
Tr(pA) = 5 dY1dY2dZ1dZ2<Y1\<Y2’A’Z2>’Z1>MF<Z1Z2!P2’}’1}’2>F
Since y1,y2, 21, Z2 are just integration variables, we have
NUy-1)[(¥r(2)|AlZo2))120(2)) R
:/dY1dY2dzldz2 > uc 8(71(\1)— 2)?() 72 F(Zo(1)20(2)| 02|V (1) Y 0 (2)) F

o,7ES2

1 1 —sgno —sgnr
:2/dy1dy2dz1d22 {4 Z ¢(Usen)/2c0=senm)/2(y 1 [(y ()| AlZo (1)) | Zo(2)

o,7TES>

N! .
: mF<Z1Z2|P|YIY2>F-

The factor in the square bracket is equal to

1 —Sgno —SsgnT
1 > (ool 2eUmsen )2y (yr(2)| Al @) Zo(1))

o,TES2

1

1 —SegnT
= Q/dy’ldy’de’le’zﬁ@! > IRy — v 1)d(yh — Ye2)
TES?

—sgno 1
(il (yalAlzi)|zh) | D (U 26(ah — 2,1))5(2h — 20(2) | 10)

oc€Ss

[\)

= F<YIY2|A’Z1Z2>F-
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Now we conclude that

o 1
Tr(pA) = 5

) N )
/dY1dYdeleQ F<Y1YZ’A|2122>FmF<le2‘PQ|Y1Y2>F

N! -

Therefore, the proof is done.
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