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Section 1: Theory 3

1 Theory

This Tutorial deals with the solution of second order linear o.d.e.’s
with constant coefficients (a, b and ¢), i.e. of the form:

2
T bW ey = @) ()

The first step is to find the general solution of the homogeneous equa-
tion [i.e. as (x), except that f(x) = 0]. This gives us the “comple-
mentary function” yop .

The second step is to find a particular solution ypg of the full equa-
tion (x). Assume that ypg is a more general form of f(x), having
undetermined coefficients, as shown in the following table:
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Section 1: Theory 4
f(z) Form of ypg
k (a constant) C
linear in x Cx+ D
quadratic in x Cz?+Dx+FE
ksin px or k cos px C cos pr + D sin pz
keP* CeP*

sum of the above
product of the above

sum of the above
product of the above

(where p is a constant)

Note:

If the suggested form of ypg already appears in the

complementary function then multiply this

suggested form by x.

Substitution of ypg into (x) yields values for the undetermined coef-

ficients (C, D, etc). Then,

’ General solution of (x) = yor + yps
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Section 2: Exercises 5

2 Exercises

Find the general solution of the following equations. Where boundary
conditions are also given, derive the appropriate particular solution.

Click on EXERCISE links for full worked solutions (there are 13 exer-
cises in total)

d? d
Notation: g = %z , oy = ﬁ
EXERCISE 1. 3" — 2y — 3y =6
EXERCISE 2. ¢y + 5y’ + 6y = 2z

EXERCISE 3. (a) %" + 5y — 9y = 2°

(b) ¢+ 5y — 9y = cos2z

C) y//+5y/_9y:e4x

(d) y' 45y -9y =e*+2—2

EXERCISE 4. y"” — A2y = sin 2z

e THEORY ® ANSWERS ®© DERIVATIVES ® FINDING ycop ® TIPS
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Section 2: Exercises

EXERCISE 5. 3y —y = ¢e”
EXERCISE 6. ¢ +3y —2y = 2®
EXERCISE 7.y — 2y +y =¢€"
EXERCISE 8. y" + 8y’ + 17y = 2¢ 3% ;

EXERCISE 9. ¢ + 9 — 12y = 4¢** ;

EXERCISE 10. y” + 3y’ + 2y = 10cos 2z ;

EXERCISE 11. ¢ + 4y + 5y = 2¢7%* ;

d? d
ExXERCISE 12, S0 1490 135 = =37,
dr?  dr
2

d*y dy
EXERCISE 13. ﬁ + 4d— + b5y =6sinT

y(0) = 2 and y(g) =0

-2

y(0) =7and %' (0)=0
y(0)=1and ¥'(0)=0
y(0)=1and y'(0) =

x:% and %:—2 at T =

e THEORY ® ANSWERS ®© DERIVATIVES ® FINDING ycop ® TIPS
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Section 3: Answers

3 Answers

1. y=Ae * 4 Be?* — 2
— —2x —3x 5
2. y= A62+B63+7—ﬁ7

3. General solutions are y = yor + yps

where yorp = Ae™* + Be™*  (m1p = —5 = 5V61)
and (a) yps=—ga° — FHT — %

b) yps = 21639 cos 2z + 269 sin 2z

(
() yps= ﬁe4aj
(

— 1 -2 1 13
d) yps=—q "+ 57— 57,

4. y = Aet® 4+ Be ™A@ — ;’_‘;ig ,
_ - 1
5. y = Ae” + Be™" + jwe”
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Section 3: Answers
6. y = Ae” + Be 2" — lze 2"
7. y=(A+ Bz)e” + Ja2e”,
8. y=e 1(Acosz + Bsinz) + e 3% ;
y=e (cosr —e? sinx) + e 3

9. y = Ae3® + Be 4 — %ezr ;
Y= 26393 4 %6741 _ %621 ,
10. y = Ae™2® + Be™® — %COS 2x + %Sin2x ;
Y= %e‘zx — %COSZ:E + %Sin2x,
11. y=e ?*(Acosz + Bsinz) + 2¢%*;
y=e 2%(2—cosz),

12. z = Ae™®" + Be ™ — 17e 737 ;
T = %(1 —7)e 37,

13. y=e " (AcosT + Bsin7) — 3(cosT — sinT).
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Section 4: Standard derivatives

4 Standard derivatives

f(x) f'(x) f(x) f'(@)
" na"! lg@)]" | nlg(@)]" g (x)
Inz 3 (>0 Ing(z) | ;49 (@) (9(x) >0)
e’ e* a* a*lna (a>0)
sinz cos T sinh z coshz
cos T —sinx coshz sinh z
tanx sec? x tanh x sech’z
cosecx | — cosecxcotx cosechz | —cosechx coth x
secx secx tan x sech —sechz tanh z
cotx —cosec?z cothz —cosech?z
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Section 4: Standard derivatives

10

0 1@ o 7w
tan~ ! x lez tanh ™! x = (-l<z<1)
cosT x| — 11_z2 (-1<z<1)| cosh ™z e (x >1)
sin~'z \/11_? (-l<z<1) sinh™' \/zéﬁ

where cosecr = 1/sinx , secx =1/coszx cotx =1/tanz

cosechz = 1/sinhz ,

sechz = 1/coshz

cothz = 1/tanhz
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Section 5: Finding ycor 11

5 Finding yor

One considers the differential equation with RHS = 0. Substituting a
trial solution of the form y = Ae™® yields an “auxiliary equation”:

am? +bm + ¢ = 0.

This will have two roots (m; and ma).

The general solution yop, when RHS = 0, is then constructed from
the possible forms (y; and ys2) of the trial solution. The auxiliary
equation may have:

i) real different roots,
my and mo — Yyor = Y1 + Y2 = Ae™* + Be™2*

or ii) real equal roots,
mi =my — ycr = Y1 +ays = (A + Bx)e™?

or iii) complex roots,
pEiqg— yor = y1 + y2 = eP*(Acos gr + Bsinqz)
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Section 6: Tips on using solutions 12

6 Tips on using solutions

e When looking at the THEORY, ANSWERS, DERIVATIVES, FIND-
ING ycr or TIPS pages, use the Back button (at the bottom of the
page) to return to the exercises

e Use the solutions intelligently. For example, they can help you get
started on an exercise, or they can allow you to check whether your
intermediate results are correct

e Try to make less use of the full solutions as you work your way
through the Tutorial

Toc << | d g < | g Back



Solutions to exercises 13

Full worked solutions

Exercise 1. ’y” -2y — 3y = 6‘

Auxiliary equation (A.E.) from the homogeneous equation
y' =2y =3y =0,
is m?—2m —3=0
ie. (m—=3)(m+1)=0 ie m3=3,mg=-1
Real different roots : homogeneous equation has general solution

y = Ae™?* 4+ Be™?®

ie. yop = Ae™® 4+ Be3®  (complementary function).
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Solutions to exercises 14

flx)=6 suggests form of particular solution

yps =C (C = undetermined constant)

Ybs =Ypg =0 when yps = constant

substitute yps =C:04+40-3C=6 ie C=-2.

General solution, y = ycr + yps = Ae™* 4+ Be3® — 2.

Return to Exercise 1

Toc << > > L | | 4 Back



Solutions to exercises 15

Exercise 2. |y’ + 5y + 6y = 2z ‘

AE.is m?2+5m+6=0 ie. (m+2)(m+3)=0

ie. mi=-—-2,mg= -3, yor = Ae™2* 4 Be™37 |

f(x) = 2z suggests substitution of yps = Cx + D (C, D are undeter-
mined constants)

ypg = C, yphg = 0, substitution gives
0+5C+6(Cx+ D) =2z ie. 5C+6D+ 6Cx =2x

Constant term : 5C +6D =0
Coefficient of x: 6C =2
i.e. C= %

_ c _
and D = —% = —1—58
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Solutions to exercises 16

General solution, y = ycr + yrs
le. y=Ae > +Be™¥ + fx— X .

Return to Exercise 2
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Solutions to exercises 17

Exercise 3. Parts (a)-(d) have same homogeneous equation
ie. y'+5) —9y=0 withAE m?2+5m—-9=0

ie. m=1(-5+/25-(-30))

ie. m=-24+1,61

Real different roots: yop = Ae™* + Be™2% |

where mlz—%—l—% 61
mg =—3 —161.

[(a) y"+5y —9y=2a°

Try yps = Ca? + Du+ E, s — 90z 4D, ©ims — o0

dx?

Toc << > > <« | 4 Back



Solutions to exercises

Substitution:  2C + 5(2Cz + D) — 9(Cz? 4+ Dz + E) = 2?

ie. 2C0+5D—-9E = 0 (constant term)
10Cx — 9Dz = 0 (termsin x)
—9Cz? = 2? (terms in 2?)
= -9C =1 ie. C=-3
10C—9D =0 gives D=1¢=_10
2C+5D —9E =0 gives =3:(2C +5D)
3384 -8)
_ _ 68
729

General solution is:

Yy =ycr +yps = Ae™7 + Bem2® — Lg? — 0 — 88

Toc << > > <« | 4 Back
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Solutions to exercises 19

’ (b) ¢+ 5y — 9y = cos2z

Try yps = Ccos2x + D sin 2z
Ypg = —2C'sin 2z + 2D cos 2z
Ypg = —4C cos 2z — 4D sin 2z

Substitute: —4C cos2x —4Dsin2z + 5 - (—2C sin 2z + 2D cos 2z)
—9(C cos 2z + Dsin 2z) = cos 2z

ie. (—4C+10D—-9C) cos 2z —(4D+10C+9D) sin 2z = cos 2z
ie. (—13C + 10D) cos 2x — (13D + 10C) sin 2z = cos 2z

Coefficients of cos2z: —13C'+10D =1 (i)
Coefficients of sin 2z: 13D +10C =0 (i)
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Solutions to exercises

A _ _10C N 100C _
(ii) gives D = — =2~ then (i) gives —13C — 3= =1
. 13-13-100 _ 1
ie. —13132100 — 1
. 13
1.e. — 365 = C
_ 10 (_ 13\ _ , 10
then D = —13 - (—555) = +39
i = _ 13 10 o
L.e. yps = —55q COS 2T + 555 sin 2z

General solution is:

- = 1
Yy =yor +yps = Ae"™'" + Be™?*" + @(10 sin 2z — 13 cos 2x) .

Toc <4< | d 2 < | g Back
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Solutions to exercises

’ (C) y// + 5y/ -9y = edr

Try yps = Ce™*
ie. Ypg = 4Ce®
yhg = 16Ce*”

Substitute: 16Ce*® 4+ 20Ce*® — 9Ce*™ = **

iLe. (16C + 20C — 9C)ete = ele
i.e. 27C =1
i.e. C = 2%

(by comparing coefficients of %)
i.e. Yps = 2%64””

General solution is:

1
Yy =ycr +yps =A™ + Be™" +

Toc <4< | 4 4 | | 4
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Solutions to exercises 22

’(d) y”+5y/—9y:e_2”’+2—x‘

Try yps = Ce 2*+Dzx+FE (i.e. sum of the forms “keP*” and
“linear in x”)

ie.  yYpg=—-2Ce"2+D
Yhg = +4Ce™ 2"

Substitute: 4Ce=2*—10Ce 2 4+5D—-9Ce~2*—9Dx—9E =¢"2742 — ¢

Coeff. e=2* . 4C-10C-9C=1 — C=-L

15
Coeff. x : 9D =—-1 — D:%
Coeff. 20 : 5D-9E=2 — 5(§)—-9E=2
ie. —g
Le. ypg = —f5e 2 + gz —

Toc <4< | d 2 < | g Back



Solutions to exercises 23
General solution is:
1 13

1
— — Ae™® Be™2% _ —2x - )
Y =Ycr +yprs e"'" 4+ Be 15¢ + iy

Return to Exercise 3
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Solutions to exercises 24

Exercise 4. [y — A2y = sin2z ‘

AE.is m?2-X=0 ie. m==)\ (real different roots)
yor = Ae’ + Be M\

f(x) = sin 2z suggests trying yps = Asin2z + B cos 2z
ie. ypg=2Acos2x —2Bsin2z
Ypg = —4Asin2x — 4B cos 2z
Substitute:
—4Asin 2z — 4B cos 2 — A2 Asin 2 — A2 B cos 2 = sin 2z
i.e. (—4A — A?A)sin2z + (—4B — A\?B) cos 2z = sin 2z

Coeff. cos2x: —4B—-)N?B=0 ie. B=0
Coeff. sin2x: —4A—-XNA=1 ie A= fﬁ

. in2x .
Le. yps = — s

general solution y = ycp + yps = Ae + Be ™ — Zliig .

Return to Exercise 4
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Solutions to exercises 25

AE.is m?2—-1=0 ie m==%1, ycr=Ae®+ Be®

f(x) = e suggests trying yps = Ce® BUT THIS ALREADY AP-
PEARS IN ycp, therefore multiply this trial form by .
Try yps = Cze®, ypg = Cre® + Ce® = C(1 + x)e”
Yhs =C(l+1x)e” +Ce® = C(2+ x)e”
Substitute: C(2+ z)e® — Cze®™ = €”
Coeff. ¢*: CQ2+2z)—Czx=1 ie. 2C=1 ie C=

N[

SoYyps = %xﬁ and general solution is

Yy =vycr +yps = Ae” + Be™" + fxe” .

Return to Exercise 5
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Solutions to exercises

Exercise 6. [y +y' —2y =72 ‘

AE.is m*+m—-2=0 ie. (m+2)(m—-1)=0

ie. m=lorm=-2 ie ycp=Ae®+ Be 2

Try ypg = Ce 2*? No. This already appears in yor

€T

(i.e. multiply trial solution by
x, until it does not appear in yor)

Try yps = Cxe 2

ie.  ypg=—-2Cre ? +Ce 2 = (1—2x)Ce "

Yhs = —2(1 — 22)Ce + (=2)Ce " = (—4 + 4a)Ce™2"

Toc <4< | d 2 < | g Back
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Solutions to exercises 27

Substitute: (=4 +4x)Ce™ 2% 4 (1 — 22)Ce ™ 2* —2Cxe 2% = =22

Coeff. e72%: —4C+42C +C—-22C—-2Cz =1

. _ 1 . _ _1..-2z
ie. C=—3, 1ie yps=—37e

General solution is y = ycr + yps = Ae® + Be™2* — lze
3

Return to Exercise 6
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Solutions to exercises 28

Exercise 7. |y’ — 2y +y =¢"

AE. is m?>-2m+1=0 ie. (m—12=0
ie. m=1 (twice) ie. ycr =(A+ Bx)e®

Try yps = Ce®? No, it’s in yor
Try yps = Cze®?  No. Also in yop!
Try yps = Cz2e”.

Yps = 2xCe” +Cx?e®, yhg = (24+22)Ce” + (2u+2?)Ce”
e ypg = (2z+2H)Ce” = (2+4+2?)Ce”
Substitute: (2 + 4z + 2%)Ce® — 2(2z + 2%)Ce® + Ca?e® = e
Coeff. e*:  (24+4z+2? -4z —2224+22)C=1 ie C=1

yps = zxe” and general solution is

Yy =ycr +yps = (A+ Bx)e” + jae”.

Return to Exercise 7
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Solutions to exercises 29

Exercise 8. |y’ + 8y + 17y =2¢73%; y(0)=2 and y (g) = O‘

AE.is m?>+8m+17=0 ie m=13(-8+61—08) =4+

ie. yor =e % (Acosx + Bsinz).

f(x) =2e73%, sotry yps=Ce 3

ie. Ypg=—3Ce 3% ylho=9Ce™3"
Substitute: 9Ce™3% + 8- (=3)Ce 3% + 17Ce 3% = 273
Coeff. e73%: 9C —24C +17C =2 ie. C=1

yps = e 3% | general solution

y=1ycr +yps =e ®(Acosz + Bsinz) +e 3. ‘
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Solutions to exercises
Now use the boundary conditions.

y(0)=2 means y=2 when =0

y(3) =0 means y=0 when z=7

(multiply both sides by €27)

Required particular solution is

Toc << | 4 2

30

i.e. 2=€%(Acos0+Bsin0)+e°
ie. 2=A4+1 ie A=1

i.e. 0=e"?"(Acos 5+Bsin g)—l—e*%r
cos 5 =0

sing =1

ie. 0=e2"(0+B) +e %
ie.0=e "B +e 7

ie. 0=B+4e T .2

ie. 0=B+e?ie B=—e?

— ~ . —
y=e 4 (Cosm—ez 51nac)+e 3z

Return to Exercise 8
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Solutions to exercises

Exercise 9. |y’ +9 — 12y =4e** ; y(0)=7 and %(0)= 0‘

AE.is m?4+m—-12=0 ie. (m—3)(m+4)=0

ie. m=3orm=—-4 ie ycr = Ae’* + Be ¥*

Try yps = Ce**, ypg =2Ce®®, ylhy =4Ce>®

Substitute: 4Ce?* 4+ 20e?® — 12Ce?* = 4e%
Coeff. €2 : 4C+2C -12C =4 ie. C= —%
yps = —2€?* | | general solution is y = Ae®® + Be ™1 — 2¢%7

Toc << | d g < | g Back
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Solutions to exercises 32

Apply boundary conditions to general solution (as always)

_ _ : _ 2
y(0) =7 means y =7 when 2 =0 ie. 7= Ae’ + Be® — 2¢°
ie. 7:A+B—%

ie. |21 =34+3B-2] (i)

y'(0) =0 means y' =0 when z =0,
where y'= % =3Ae3"— 4Be‘4“—§e2w

ie. 0 =3A4e% —4Be0 — %eo

Le. |3 =3A—4B|(ii)
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Solutions to exercises 33

Solve equations (i) and (ii) simultaneously to find A and B

(i)-(ii) gives  21—3=7B—-2 e (23-3)-1=8B

_ ; _ 65
=B ie B=3,

o 65
1.e. 3

1
7

then (ii) gives 3A =4 +4B ie 34200 =28 34
. _ 96 _ 32
ile. A= 5=
Particular solution is
_ 32 3x 65 —4z 2 2x
AT 3¢ -

Return to Exercise 9
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Solutions to exercises 34

Exercise 10. |y’ + 3y’ + 2y = 10cos2z; y(0)=1 and ¢'(0)= O‘

AE.is m?+4+3m+2=0 ie. (m+2)(m+1)=0

ie. m=—-2orm—1 1ie yop=Ae ?* 4+ Be®

Try yps=Ccos2x+ Dsin2z ie. ypg= —2Csin2z+ 2D cos2z
ypg = —4C cos 2z — 4D sin 2z

Substitute:

—4Ccos2x —4Dsin2z + 3(—2Csin2z + 2D cos 2x)
+ 2(Ccos2z+ Dsin2z) = 10 cos 2z

Coeff. cos2z: —4C+6D+2C =10 ie. —2C+6D =10 (i)
Coeff. sin2z: —4D -6C+2D =0 ie —2D—-6C=0 (i
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Solutions to exercises 35

Solve (i) and (ii) for C' and D

(—3) times (i) gives +6C — 18D = —-30 (
ADD 60— 2D = 0 (i)
—20D =-30 i

(i) then gives —2(3) —-6C =0 ie. —3-6C =0

i.e. = —

S yps = —3cos2z + 3 sin2x;

general solution is: y = Ae™2* + Be ™™ — %COS 2x + %sin 2z

Boundary condition y(0) =1 gives 1=A+ B— 1 ie. A+B=3 (iii)
y' = —2Ae™2® — Be™® + sin 2x + 3 cos 2x

Sy (0)=0gives0=—-24A—-B+3 ie. 2A+B=3 (iv)
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Solutions to exercises 36

Solve (iii) and (iv) to find A and B (iv)-(iii) gives A =3 — 3 = 2

Then, (iv) gives 2(2) + B=3 ie. B=0

o2 —lcos2ac+%sin2m.

Particular solution is y = 5e 3

Return to Exercise 10
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Solutions to exercises 37

Exercise 11. |y + 4y’ + 5y =2e72*; y(0)=1 and ¢'(0)= _2‘

AE.is m?>+4m+5=0 ie m=1(-4+y16-20)=-2+i

ie. yor=e 2 (Acosz+Bsinz)

Try yps = Ce 7, yhg = —2Ce™27, ylhy = 4Ce™2®
Substitute: 4Ce™2* — 8Ce 2" 4 5Ce 2% = 2e72®
Coeff. e72%:  4C—-8C +5C =2 ie. C=2.

yps = 2e~2%  general solution is

’ y=e 2%(Acosx + Bsinx) + 2e~ %
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Solutions to exercises 38
Boundary condition y(0)=1: 1= Acos0+ Bsin0+ 2
ie. 1=A+2 ie A=-1

y = —2e **(Acosx + Bsinz) + e 2 - (~Asinz + Bceosz) — de**

y'(0) = —2 gives

—2=—-2.(-140)+(0+B)—4
ie. —2=2+B—-4 ie B=0.

Particular solution is

y=e"2%.(—cosz +0)+2e %
ie. y=e (2 —cosx).
Return to Exercise 11
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Solutions to exercises 39

: &’z dx — 3T . _1 doe _ _ —
Exercise 12. | -7 + 457 + 3z =e¢ ; x=szand g =-2at7=0

AE.is m?2+4m+3=0 ie. (m+3)(m+1)=0

ie. m=-3orm=-1 1ie xop=Ae 3 +Be T

Try xps = Ce 377 No. Already in z¢p

Try xps = Cre 37, dfi—is =Ce™ 3 —37Ce™37

— (1 - 37)Ce57.

d2£EpS
dr?

= —3Ce™ " —3(1—37)Ce %"
= (97 —6)Ce™®"

Substitute: (97 — 6)Ce™37 +4(1 — 37)Ce 37 + 3CTe 3™ = 737
Coeff. e737: 97C — 6C +4C — 127C +3CT =1
ie. C= —%
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Solutions to exercises

40
Ipg = —%Te*?”, general solution is
x=zop +xpg = Ae 3" + Be T — Lre=37T
Boundary conditions x = % when 7 =0: % =A+EB (i)
g—f = —34e7 3" — Be T + %TG_ST — %6_37—
9 — 2when7=0: -2=-3A-B-—3}
ie. —2=-34-B (ii)
Solve (i) and (ii) for A and B: (i)+(ii) gives 3—3 = A-3A i.e. A= 3
Then, (i) gives B = 0.

Particular solution is

1

1 1
3T 3T 3T
e N = —(1—
T 26 276 2( 7)6

Toc

Return to Exercise 12
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Solutions to exercises 41

Exercise 13. % + 4% + 5y =6sinT

AE.is m*+4m+5=0  ie.m=13(-4+16-20)=-2+i

yor = e 2"(AcosT+BsinT)

[Since =27 multiplies sin7 in yor,sin7 is an independent function
with respect to the components of yop].

Try yps=CcosT+ DsinT
Ypg = —C'sinT + DcosT
ypg =—CcosT — DsinT (each dash denoting %, here)

Substitute: —C'cosT — Dsint +4(—C'sinT + D cosT)
+5(CcosT+ DsinT) = 6sinT
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Solutions to exercises
(i)

Coeff. cos7: —-C+4D+5C =0 i.e. 0
Coeff. sint: —D—-4C+5D=6 ie. —-C+D=3 (i)
ADD 2D =3

i.e. D= 3 and
C

General solution: y = e "> (AcosT + BsinT) — 3(cosT —sint) .

Return to Exercise 13
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