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INVARIANCE OF FRECHET FRAMES UNDER
PERTURBATION

ASGHAR RAHIMI*

ABSTRACT. Motivating the perturbations of frames in Hilbert and
Banach spaces, in this paper we introduce the invariance of Fréchet
frames under perturbation. Also we show that for any Fréchet
spaces, there is a Fréchet frame and any element in these spaces
has a series expansion.

1. INTRODUCTION

Historically, theory of frames appeared in the paper of Duffin and
Schaeffer in 1952. Around 1986, Daubechies, Grossmann, Meyer and
others reconsidered ideas of Duffin and Schaeffer [9], and started to
develop the wavelet and frame theory. Frames for Banach spaces were
introduced by K. Grochenig [10] and subsequently many mathematicians
have contributed to this theory [1, 4, 5, 17]. There are some complete
spaces which are not Banach spaces ( like Fréchet spaces). This was the
main motivation for frames on Fréchet spaces. The concept of Fréchet
frames investigated by Pilipovi¢ and Stoeva in [15, 16]. Like Hilbert
and Banach spaces, we will show that for any Fréchet space we can
find a Fréchet frame and every element in a Fréchet space has a series
expansion [4].

In this manuscript we are interested in the problem of finding condi-
tions under which the perturbation of a Fréchet frame is also a Fréchet
frame. The following result [3], is one of the most general and also
typical results about frame perturbations for the whole space H which
generalizes the main results in [7, §].
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Theorem 1.1. [3] Let F := {f;}icr be a frame for H with bounds A
and B, and G := {g;}ics is a sequence in H. Suppose that there exist
non-negative A1, A2 and p with A2 < 1 such that

1Y il = gl <MD cifil + 22l eigill + pllel

for each finitely supported ¢ € ¢2(N) and \; + ﬁ < 1. Then G is a

frame for H with bounds
M+ dt+
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1+ XA ’

Al
( 1— )9

and B(1+

2. FRECHET FRAMES

Throughout this paper, (X, |.||) is a Banach space and (X*,||.||*) is
its dual, (0, |||.|||) is a Banach sequence space and (0, |||.|||*) is the dual
of O©.

Definition 2.1. A sequence space Xy is called a Banach space of scalar
valued sequences or briefly a BK-space, if it is a Banach space and the
coordinate functionals are continuous on X, , i.e., the relations z,, =

{ag-n)},x = {a;} € X4, limz, = x imply limozg-n) = .

Definition 2.2. Let X be a Banach space and Xy be a BK-space. A
countable family {g;}icr in the dual X* is called an X, -frame for X if

(1) {g:(f)}i2, € Xa,Vf € X;
(i) the norms ||f||x and |[{gi(f)}2,|lx, are equivalent, i.e., there
exist constants A, B > 0 such that

Allfllx < [Hai(H}Ellx, < Bllflx, VfeX

A and B are called X, -frame bounds. If at least (1) and the upper
condition in (2) are satisfied, {g;}3°, is called an X, -Bessel sequence
for X.

If X is a Hilbert space and X4 = ¢2, (2) means that {g; }$°, is a frame,
and in this case it is well known that there exists a sequence {f;}32; in

X such that f =322, (f, fi)gi = 22(f, 9i) fi-

Similar reconstruction formulas are not always available in the Banach
space setting. This is the reason behind the following definition:

Definition 2.3. Let X be a Banach space and X, a sequence space.
Given a bounded linear operator S : Xy — X, and an Xy -frame
{g:}32, € X*, we say that ({g;}5°,,5) is a Banach frame for X with
respect to Xy if

(2.1) SHe(N} =1, VfeX
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Note that (2.1) can be considered as some kind of generalized recon-
struction formula, in the sense that it tells how to come back to f € X
based on the coefficients {g;(f)}5°;.

There is a relationship between these definitions, a Banach frame is
an atomic decomposition if and only if the unit vectors form a basis for
the space X,4. The following Proposition states this result.

Proposition 2.4. [5] Let X be a Banach space and X be a BK-space.
Let {y;}5°; € X* and S : X4 — X be given. Let {e;}°; be the unit
vectors in X4. Then the following are equivalent:
(i) ({wi}2,,5) is a Banach frame for X with respect to Xy and
{€;}$2, is a Schauder basis for X,.
(i) ({wi}s2q, {S(e:)}2,) is an atomic decomposition for X with re-
spect to Xj.

It is known [5] that every separable Banach space has a Banach frame.

Theorem 2.5. Every separable Banach space has a Banach frame with
bounds A =B = 1.

The main motivation of Fréchet frames comes from some sequences
{9i}32, which are not Bessel sequences but they give rise to series ex-
pansions. For Banach space X, let {g;}5°; € X* be given and let there
exist {f;}?2; € X such that the following series expansion in X holds

(2:2) F=>Y 9N, VieX
=1

Validity of (2.2) does not imply that {g;}$°, is a Banach frame for X
with respect to the given sequence space. As one can see in the following
examples.

Ezample 2.6. Let {e;}°, be an orthonormal basis for the Hilbert space
H. Consider the sequence {g;}5°; = {e1,e1,2e2, 3e3,4eq,...}. This se-
quence is not a Banach frame for H with respect to ¢2. However, the se-
ries expansion in H in the form (2.2) is { f;}5°, = {e1,0, %62, %63, %64, .}

Validity of (2.2) implies that {g;}:°; is a Banach frame for X with
respect to the sequence space {{¢;}32; : > o0, ¢;f; converges}.

Recall, a complete locally convex space which has a countable funda-
mental system of seminorms is called a Fréchet space.

Let {Y5, ||.]|s}sen be a sequence of separable Banach spaces such that

(2.3) {0} #NeenYs € .. C Y2 C Y1 C Y
(2:4) Mol - (A<l fl2< e

(2.5) Yr = NgenYs is dense in Yy VseN.
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Then Yr is a Fréchet space with the sequence of norms |.||s, s € N.
We use the above sequences in two cases: Yy = X, and Yy = ©,. Let
{Xs, ||-|ls}sen and {Os, |||.|||s}sen be sequences of Banach and Banach
sequence spaces, which satisfy (2.3)-(2.5). For fixed s € N, an operator
V : O — Xp is s-bounded if there exist constants K, > 0 such that
IV{ci}2ills < Ksll[{ci}i2yll]s for all {¢;}2, € Op. If V is s-bounded
for every s € N, then V is called F-bounded. Note that an F-bounded
operator is continuous but the converse dose not hold in general. The
book of R. Meise, D. Vogt is a very useful text book about Fréchet spaces
[13].

The Banach sequence space O is called solid if the condition {¢;}°, € ©
and |d;| < ¢ for all + € N, imply that {d;}5°, € © and ||[{d;}324||le <
I{ci}21llle- A BK-space which contains all the canonical vectors e;
and for which there exists a constant A > 1 such that

I{eiticillle < AMll{ei}Zillle,  Vn e N,¥{ci}Z, € ©

will be called A-BK-space. A BK-space is called a CB-space if the set of
the canonical vectors forms a basis.

Definition 2.7. Let { X, ||.||s}sen be a family of Banach spaces, satis-
fying (2.3)-(2.5) and let {Og, |||.]||s}sen be a family of BK-spaces, satis-
fying (2.3)-(2.5). A sequence {g;};°; C X7}, is called a pre-Fréchet frame

( a pre-F-frame) for X with respect to O if for every s € N there exist
constants 0 < As; < By < 0o such that

(2.6) {9i(f)}:21 € OF,

(2.7) Asl[flls < 1Hgi ()} llls < Bsl fls,

for all f € Xp. The constants A; and By are called lower and upper
bounds for {g;}°,. The pre-F-frame is called tight if A, = By for all
s € N. Moreover, if there exists a F-bounded operator S : Op — Xp
so that S({g:(f)}2,) = f for all f € Xp, then a pre-F-frame {g;}°,
is called a Fréchet frame ( or F-frame ) for Xy with respect to ©p and
S is called an F-frame operator of {g;}5°,. When (2.6) and at least the
upper inequality in (2.7) hold, then {g;}3°, is called a F-Bessel sequence
for X with respect to Op.

Since Xp is dense in X, for all s € N, ¢g; has a unique continuous
extension on X, we show it by g7. Thus g; € X and g] = g; on Xp.

The following Theorem gives some conditions, under which an element
can be expanded by some elementary vectors.

Theorem 2.8. [15, 16] Let {Xj, ||.||s}sen be a family of Banach spaces,
satisfying (2.3)-(2.5) and let {Os, |||.|||s}sen be a family of CB-spaces,
satisfying (2.3)-(2.5) and we assume that ©F is a CB-space for every
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s € N. Let {g;}°, be a pre-F-frame for X with respect to Op. There
exists a family {f;}2°, € X such that

() f=2219:(f)fi and g =37%, g(fi)gi, Vf € Xp and Vg € X
(i) f =222 9/(f)fi and g = 3272, 9(fi)gi, Vf € X5 and Vg €
X¥ VseN;
(iii) for every s € N, {f;}°, is a ©}-frame for X.

if and only if there exists a continuous projection U from ©p onto its
subspace {{g;(f)}2,: f € Xr}.

The following proposition shows that the pre-Fréchet Besselness is
equivalent to the F-boundedness of an operator.

Proposition 2.9. Let {Xg, ||.||s}seny be a family of Banach spaces, satis-
fying (2.3)-(2.5) and let {Oy, |||.|||s}sen be a family of CB-spaces, satis-
fying (2.3)-(2.5) and we assume that ©F is a CB-space for every s € N.
The family {g;};°; € X} is a pre-Fréchet Bessel sequences for X with
respect to O if and only if the operator 7' : ©% — X defined by
T{d;}2, = > .2, digi is well defined and ||T'||s < Bs, for all s € N.

Proof. First, suppose that {g;}5°; C X} is a pre-Fréchet Bessel se-
quences for X with respect to ©p. Define the operator

R: XF — @F
by
Rf ={g:(f)}Zs.
Since {gi(f)}32, is a pre-Fréchet Bessel sequence , so |R||; < B for
every s € N. The adjoint of R is in the form R* : O — X and

R(ej)f = ej(Rf) = ej({9:if}21) = 95
so R*e; = gj. Put T'= R*, then ||T'||; < B, and

T{di}iZ, = T(i die;) = idiTei = idiR*ei = idigi-
i=1 =1 =1 =1

Conversely, suppose the operator T : ©} — X defined by T{d;}°, =
Y2y digi is well defined and s-bounded for all s € N . It is clear that
Te; = g; and T* : X3¥ — O3 is (T f)e; = f(T'e;) = f(gi). Therefore
{g:(H)}2y ={(T* e}, , ie. {gi(f)}2, € Op. The s- boundedness
of T imply that |[[{g:(f)}321]lls < Bs. O

Similar to Theorem 2.5, the following Theorem shows that for any
Fréchet space X we can construct a Fréchet frame.

Theorem 2.10. Let { X, ||.||s}sen be a family of separable Banach spaces
satisfying (2.3)-(2.5). Let Xp := [),cy Xs. Then Xp can be equipped
with a Fréchet frame with respect to an appropriately sequence space.
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Proof. Since X, is a separable Banach space for any s € N, there is a
sequence {x7}>°, C X, such that {7}, = X,. For any fs; € X, there
is a subsequence zj — fs as ¢ — oo. By Hahn-Banach Theorem, there
is g € X7 such that ¢g7(z?) = ||| and [|¢g7|| = 1. Now,

[k | = 197, (r)| < Mlgi, (PN + 1 = 2,1,

so || f*]] < sup||g:(f*)||. Since we also have ||f*|| > sup; ||g:(f*)]|, there-
fore

121l = sup [|g7 (F)Il, Vf° € X

Let ©5, C ¢ and ©, = {{gz(fs) X f7 e Xs}, then {O;}sen®Os
satisfies (2.3)-(2.5). Let ©p := (,cy and S({g:(f)}2,) = f. Then
({g7}52,,5) is a Fréchet frame for X with respect Op. O

3. PERTURBATION OF FRECHET FRAMES

Like the results about p-frames [20], Banach frames and atomic de-
compositions [6, 11], generalized frames [14], continuous frames [19], we
study perturbations of Fréchet frames. We need the following assertion.

Lemma 3.1. [12] Let U : X — X be a linear operator and assume that
there exist constants A1, Ay € [0, 1] such that

o — Uall < Ml + X |Usll, Va € X.
Then U is invertible and

1—)\1 1+)\1
<||Uz|l <
Tl < 12l < 7=l
1—/\2 _ 1+)\2
2]l < U™ ]| < ]

1+ XM\ 1-M

for all z € X.
The simplest assertion about perturbation of F-Bessel sequences is:

Proposition 3.2. Let Xr be a Fréchet space satisfying (1)-(3) and let O
be a Fréchet sequence space satisfying (1)-(3) so that ©; is a reflexive
C B-space for every s. Let {g;} be an Fréchet Bessel sequence for Xp
with respect to O with bounds By and let {f;} C X}.

Assume that {(¢; — fi)(f)} € ©p, Vf € Xp, and 3 15 > 0 such that

(3.1) 1{(g: = f)(IHIs < misll flls, Vf € Xp

(i.e. {g; — fi} is an Fréchet Bessel sequence for Xr w.r.t. ©p). Then
{fi} is an F-Bessel sequence for Xr w.r.t. O with bounds B + [is.
The converse also holds.
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Proof. Tt is clear that {(f;)(f)} ={(—=g;i+ fi)(f)}+{(g: — fi)(f)} € O
for all f € Xp, also

LA MHIs < 1 Cge = F) (P HIls + 1K Cgi = L) HIs < (Bs + ) [ £
forall se N, f € Xp. O

The following Theorem generalizes a Theorem of [11] to Fréchet frames
and gives a necessary and sufficient condition for the stability of Fréchet
frames.

Theorem 3.3. Let ({g;},S) be a Fréchet frame for Xp with respect to
O with bounds Ay and Bs. Let {h;} C X} such that {h;(f)} € Op
for all f € Xp and let D : ©p — Op be a continuous linear operator
such that D{h,(f)} = {gn(f)}, f € Xr. Then there exists an operator
V : ©p — Xp such that ({hy},V) is a Fréchet frame if and only if for
each s € N there exists Ag > 0 such that

32)  [I{(gn = 2n)(H)}HIls < Asmin{[[[{gn () Hls, [{(ha () HIls}
for all f € Xp.

Proof. Suppose there exists A\ for every s € N such that (3.2) holds. By
assumption, {h;(f)} € Op for all f € Xp. For any f € Xp and s € N,

Adfls < a3
< Mgn = B)DHls + (A
< MM+ 1A}
= A EaDs
< (4 A (IH(gn — h) (A} + (A1)
< @+ AL M I
< 1+ A)B
So we have
Lol < MM < (14 A Bl £l
14+ A o o

Let V = SD. Then V({hn(f)}) = SD({hn(f)}) = f,ie. ({hn},V) isa
Fréchet frame for X with respect to ©p.

Conversely, suppose ({gi}, S) and ({hn}, V) are Fréchet frames for Xp
with respect to © with bounds Ay, Bs and A’, B, | respectively. Then,
by using the inequalities, we get

I1{(gn = ha)(HHIls < 1+ ii)\l\{gn(f)}l\\s, feXp
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and

I1{(gn = ha) (N)}HIs < (1 + %)H!{hn(f)}l\ls, feXp.

Choose \s := Maz{l + %, 1+ B2}, therefore (3.2) holds for any f €
Xr. O
Theorem 3.4. Let ({g;},S) be a Fréchet frames for X, with respect to
©,. Let {h;} € X} such that {h;(f)} € Op for all f € Xp and let

D : O — Of be a continuous ( or F-bounded) linear operator such

that D{gn(f)} = {hn(f)}, f € XF. Let {a,} and {B,} be sequences of
positive numbers for which 0 < inf a,, < sup o, < oo and 0 < inf 3, <
sup B, < oco. If for any s € N there exist non negative scalers Ag, s €
[0,1] and ~s such that

(i) [I5]ls7s < (1 = As)(inf an)
(i) [1{(ngn=Brhn) FHs < Asll{(angn) FH s+ s K (Bnhn) £ 315+
,YS”f”&vf € XF7
then there is a F-bounded operator V : Op — Xp such that ({h;},V)
is a Fréchet frame for X with respect to Op.

Proof. Let W : Xp — Op with Wf := {g;(f)} for all f € Xp. Then
SW : ©p — O is an identity operator and for all s € N

[flls = [1SW flls < 1S1sH{g: () 3Hls-

Now,

I{(Bnhn) FH]Is I{(engn) FHIls + [[{(engn = Buhn) fH]Is
I{(engn) fHIIs + Asll{(angn) fHIs
+ sl {Brbn) FHIs + sl £l

for all s € N and f € Xp. Therefore
(1 = ) K (Batn) s < (1 + X)W ls(supan) +v5) [ f s,

<
<

also
(1 = ps) (inf Bo) [{(Rn) fHIs < (1= ) [I{(Brhn) £l
< (X)W |s(sup an) + 7s) 1],
By using (2), we have:
1+ p)IKBuhn) fHIs = (1= A) [ (angn) FHIls = vsllF s
> (1= )NS5 (inf an) =) I £ls

for all f € XF and s € N. Therefore

(1 + ps) (sup Bu) I (ha) fH1s - = (14 ps) [{(Bufen) S H s
> (L= 2SI (inf an) —7s) Iflls
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for all f € Xr and s € N. The above inequality shows the frame bounds.
Let V = SD. Then V is a bounded operator that V{h,(f)} = f, for all
f € Xp. Therefore ({h;},V) is a Fréchet frame for Xz with respect to
Op. O

Theorem 3.5. Let ({g:},V) be a Fréchet frame for Xy with respect to
OF. Suppose Ai,, Ag,, s > 0 such that max{Aa , A1, + pusBs} < 1 for
all s € Nand S : ©p — X a continuous operator such that for any
{c;} €eOp and s e N

(3:3)  lIS{ei} = V{eidlls < MllV{eitlls + Ao, 1S{eidlls + psll[{ei} s

then there exists a {h;} C X}, such that ({h;},S) is a Fréchet frame of
X with respect to Op.

Proof. For f € X, let ¢; = gi(f) in (3.3), then we have

15{gi(F)}=V{gi(H)}ls < MMV Egi ()} s A2, 15{gi(F) Hls+rsl1{9: ()]s
since V({gi(f)}) = [, so
1549i(F)} = flls < Al fHIs + A2, 1589 (F) s + psBs | f1s-
Let L(f) := S{gi()}, so
1f = Lflls < A flls + A2l (1L flls + psBs | £ls

1f = Lflls < (A1, 4 psBs) [ flls + Ao, |ILfls-
Lemma 3.1 results that the operator L is invertible and

1—A2 -1 1+A2
- 4s < || L < S

and f = LL7'f = S({g:(L71f)}). Tt is clear that {g;(L71f)} C X5
By choosing h; = g; o L', we have

. o (L S s A=A
IR ()Ml = WHgi (L™ )}lls = AL s = 5 W JrNslelst
and By(1+ As.)
. —1 S 2s
ML < Bl < T 22
0

Theorem 3.6. Let ({g;},S) be a F-frame for X with respect to Op. Let
{h;} € X5 If for every s € N there exist Ag, 15 > 0 such that
(1) As[|UI+ ps < ISI5H
(i) 1K (g = ha)fHIls < Asll{(g0)fHIls + psll flls for all s € N and
f € Xp.
Then there is a continuous operator 7" such that ({h;},T) is a F-frame
for X with respect to Op.
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Proof. Tt is a direct result of (2) that the operator V : Xp — Op defined
by Vf :={hi(f)} is bounded and

U =V fllls < AU FIlls + psll flls
for all s € N and f € Xp. Therefore,
(3.4) IV £llls < ([Uls + AsUs + )1 £
for all s € N and f € Xp. Also, SU = I imply that
1T = SV[s < IS[sAsIUls + ps) < 1.

Therefore SV is invertible and [|(SV) s < (1= (A[U][s +u)||S||5))_1.
Finally T = (SV)~!S and TV = I. For all f € Xp and s € N

S|
35) Il < ITIelIV AL < 1V Al
1- ()\SHUHS + ,US)HSHS
(3.4) and (3.5) which imply that for every s € N and f € Xp:
1- (ASHU S +Ns)| SHS
||L|| Il £l < RIS < NTTAANT 4120 1]

So ({h;},T) is a F-frame for X with respect to ©p. O

4. PERSPECTIVE

However the concept of Fréchet frame is new and there are few papers
in this area, but in my opinion it can be generalized in more general
setting and some concepts like g-frame, controlled frames, controlled g-
frames [18], multiplier of frames [2] and etc may be extended to Fréchet
frames.
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