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Lecture No. 9

Moment of Inertia

Introduction
The second moment of area, also known as area moment of inertia, is a geometrical property

of an area, which reflects how its points are distributed with regard to an arbitrary axis.
The unit of dimension of the second moment of area is length to fourth power, L*, and should
not be confused with the mass moment of inertia. If the piece is thin, however, the mass

moment of inertia equals the area density times the area moment of inertia.

Moment Of Inertia of a Plane Area
Consider a plane area, whose moment of inertia is required to be found out. Split up the whole

area into a number of small elements.

Let

a,;, a,, as...= Areasof small elements, and

T, Ty, T3,..=corresponding distances of the elements from the line about which the moment
of inertia is required to be found out.

Now the moment of inertia of the area,

|=a; *x1 2 +a, *x1% + as x 132+ ..

=Y axr?

Units of Moment of Inertia
In fact, the units of moment of inertia of a plane area depend upon the units of

The area and the length. e.qg.
e Ifareais in m? and the length is in m, the moment of inertia is expressed in m*.
e If area in mm? and the length is also in mm, then moment of inertia is expressed

in mm?.
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Moment Of Inertia by Integration
The moment of inertia of an area may also be found out by the method of integration as

discussed below: Consider a plane figure, whose moment of inertia is required to be found out
about X-X axis and Y-Y axis as shown in Figure (3.1). Let us divide the whole area into a no.
of strips. Consider one of these strips.
Let

e dA = Area of the strip

e x = Distance of the center of gravity of the strip on X-X axis and

e y = Distance of the center of gravity of the strip on Y-Y axis.

We know that the moment of inertia of the strip about Y-Y axis
=" §4.4 x>
Now the moment of inertia of the whole area may be found out by integrating above Equation.

l.e.

Similarly

L, = ZdA.y2

In the following pages, we shall discuss the applications of this method for finding out the

Moment of inertia of various cross-sections.
Y

Figure 3-1
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Moment Of Inertia of a Rectangular Section

Consider a rectangular section ABCD as shown in Figure 3-2 whose moment of inertia is

required to be found out.

A Yi B

Let l X

e b = Width of the section and |

e d = Depth of the section. i

_ _ _ : X -------.---f--- X d
Now consider a strip PQ of thickness dy parallel to X-X axis : )
And at a distance y from it as shown in the figure P : }_ o
~ Area of the strip = b.dy 5 Y . 2
I Y, .

We know that moment of inertia of the strip about X-X axis, [fe— v —>]

= Area X y* = (b.dy) y* = b. y?.dy

Now *moment of inertia of the whole section may be found out by integrating the above
d

equation for the whole length of the lamina i.e. from —% to -

d d
l.. = Zb 2d=b : 2d
o= | b yidy L yhdy
2 2

2 d
y3]2
=bx|=—

} [ 3 ]_g
2
b * d?3

Ixx = 12

Similarly

d * b3

Iyy Te e,

Note. Cube is to be taken of the side, which is at right angles to the line of reference.
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Moment Of Inertia of a Hollow Rectangular Section

Consider a hollow rectangular section, in which ABCD is the main section and EFGH is the
cut out section as shown in Fig 7.3
Let
e b = Breadth of the outer rectangle,
e d = Depth of the outer rectangle and
e Dbl, d1 = Corresponding values for the cut out rectangle.
We know that the moment of inertia, of the outer rectangle ABCD about X-X axis
/ B * D3
12
And moment of inertia of the cut out rectangle EFGH about X-X axis

b *d?
Ixx = 12
Moment of inertia of the hollow rectangular section about x-x axis,

I, = M.l.of rectangle ABCD - M.I.of rectangle EFGH

I __ BxD?® bxad?

XX 12 12
Similarly

I __ DxB® dxb?

e A e

Theorem of Perpendicular Axis
It states, If I,and I, be the moments of inertia of a plane section about two perpendicular

axis meeting at O, the moment of inertia I, about the axis . Z-Z, perpendicular to the plane

and passing through the intersection of X-X and Y-Y is given by:
I; = Ly + Iyy z

Proof: o
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Consider a small lamina (P) of area da having co-ordinates as x and y along OX and OY two
mutually perpendicular axes on a plane section as shown in Figure.
Now consider a plane OZ perpendicular to OX and OY.
Let
(r) Be the distance of the lamina (P) from Z-Z axis such that
OP=r.
From the geometry of the figure, we find that

r2 = x2 4+ y?
We know that the moment of inertia of the lamina P about X-X axis,
Lix = dax y?

[I = Area x(Distance)?]

Similarly,

I, = da* x*
I,, = dax*r?=dax (x* + y?).

= da.x* + da.y?

I;; = Ly + I,y

Moment of Inertia of a Circular Section

Consider a circle ABCD of radius (r) with centre O and XX" and Y-Y" be two axes of reference
through O as shown in Fig. 7.5. Now consider an elementary ring of radius x and thickness dx.
Therefore area of the ring,

da = 2mx.dx
And moment of inertia of ring, about X-X axis or Y-Y axis

= Area X (Distance)?
2mx.dx * x?
2 mx3.dx

Now moment of inertia of the whole section, about the central axis, can be found out by

integrating the above equation for the whole radius of the circle i.e., from O to r.
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Ly =f0r 27Tx3.dx=27'[f0r x3.dx

2T —
= *
0

s /[
_ 4 _ 4
Ly =—=*1"=—xd

We know from the Theorem of Perpendicular Axis that
I, = Ly + I,

1, T
Ixx: Iyy:7=6—4*d4

Moment Of Inertia of a Hollow Rectangular Section
Consider a hollow rectangular section, in which ABCD is the main section and EFGH is the
cut out section as shown in Fig 7.3

Let S0 1T O TLLUIN,. oo e -

e D= Diameter of the main circle,,

i
 d = Diameter of the cut out circle. \ : i
v

We know that the moment of inertia, of the outer rectangle ABCD

about X-X axis
T

g = Q
And moment of inertia of the cut out rectangle EFGH about X-X axis

L. * D4

T 4
Ixx = 6_4- * d
Moment of inertia of the hollow rectangular section about x-x axis,
L., = M.l.of rectangle ABCD - M.l.of rectangle EFGH

T Vs
I, =—xD%-—x %=
XX 64 64
T

Similarly
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Ly, = %* (D* —d*")
Theorem of Parallel Axis
It states, if I;, then moment of inertia of the area about any other axis AB, parallel to the first,
and at a distance h from the center of gravity is given by denote the moment of inertia of a
plane area about an axis through its center of gravity:
Lig = I + axh? [ ;
Where | /o

e [, = Moment of inertia of the area about an axis AB, : - L ’

e . = Moment of Inertia of the area about its center of gravity

e a = Area of the section, and

e h = Distance between center of gravity of the section and axis AB.
Proof
Consider a strip of a circle, whose moment of inertia is required to be found out about a line
AB as shown in Figure.
Let

e da = Area of the strip

e y = Distance of the strip from the center of gravity the section and

e h = Distance between center of gravity of the section and the axis AB.
We know that moment of inertia of the whole section about an axis passing through the center
of gravity of the section

= Sa.y?

And moment of inertia of the whole section about an axis passing through its center of gravity,

I =Z6a y?

~ Moment of inertia of the section about the axis AB,

Lip = Zaa (h+y)? = Zaa (h2 +y% + 2hy)

- (z5a*h2) + (z5a*y2) + (z5a*2hy)

=ah®* +I;+ 0
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It may be noted that Y. §a = h? = a h? and Y 8a = y?> = I; and Y, §a = y is the algebraic sum
of moments of all the areas, about an axis through center of gravity of the section and is equal
to a.y , where y is the distance between the section and the axis passing through the center of

gravity, which obviously is zero.

Moment Of Inertia of a Triangular Section
Consider a triangular section ABC whose moment of inertia is required to be found out.

Let
e b = Base of the triangular section and
e h = Height of the triangular section.
Now consider a small strip PQ of thickness dx at a distance of x from the vertex A as shown

in Figure from the geometry of the figure, we find that the two triangles APQ and ABC are

similar. Therefore I
-, [ dx §
BC  h N
Cxx bxx
PQ = h = h B b C

We know that area of the strip PQ

_b*x

- * dx

And moment of inertia of the strip about the base BC

7 b *x
: *dx(h—x)zz%

Now moment of inertia of the completely triangular section may be found out by integrating

(h — x)? * dx

= Area X (Distance)? =

the above equation for the whole height of the triangle i.e., from 0 to h.

"bxx =
IBczj H (h—x)**dx
0

d
b (2
=E_[d (hR> +x2+2*h*xx)*xxdy
2
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d

b (2
zﬁjd (WPx +x3+2*xhxx?)dy

2

h

b h*x2+x4+2*h*x3
= — % -
h 2 4 3

b * h3
Igc = 12

We know that distance between center of gravity of the triangular section and base BC,

Moment of inertia of the triangular section about an axis through its centre of gravity and
parallel to X-X axis,
IG = IAB — ax* h2
2 bxh®> bxh h., bxh®
— * * (— =

“ 12 2 3 36
MOMENT OF INERTIA OF A SEMICIRCULAR SECTION
Consider a semicircular section ABC whose moment of inertia is required to be found out as

shown in Fig. 7.10.
Let r = Radius of the semicircle. P

We know that moment of inertia of the semicircular section /

’..’. g

about the base AC is equal to half the moment of inertia of the
. . - . A
circular section about AC. Therefore moment of inertia of the I Diseter |

semicircular section ABC about the base AC

1 = 4
Iye = > * o1 *x D
We also know that area of semicircular section,
. 1 LT D?
2 4
In addition, distance between center of gravity of the section and the base AC,
4x7r
- 3%
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Moment of inertia of the section through its center of gravity and parallel to x-x axis,

I; = 0.11 2

Example 1

Find the moment of inertia of a rectangular section 30 mm wide and 40 mm deep about X-X

axis and Y-Y axis.

Solution:

, b *d3

xx 12

L, = 30*—403 = 160 e3 mm*
™ 12

, d * b3

xx = 12

L = 40*—303 =90 e3 mm*
xx 12

Example 2

ww Q¢

A
\

40 mm

Find the moment of inertia of a hollow rectangular section about its center of gravity if the

external dimensions are breadth 60 mm, depth 80 mm and internal dimensions are breadth 30

mm and depth 40 mm respectively.

Solution:
BxD?® bxd3
b = === 3
L., = 60+ 89 DY .1 = 2400e3 mm*
xx 12 12
D*B3 d=x*b3
by=—7"""13
[, = 80x60° 40%30°_.ih amme
vy 12 12
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Example 3
Find the moment of inertia of a circular section of 50 mm diameter about an axis passing

through its center.

Solution:
T
Ly = 64 * d*

s
Ly i (50)* =307 e3 mm*

Example 4

A hollow circular section has an external diameter of 80 mm and
internal diameter of 60 mm. Find its moment of inertia about the
horizontal axis passing through its center.

Solution:

e = =2+ (D* = ")

80 mm

T
L = <" (80% — 60*%) = 1374 e3 mm*

Example 5
An isosceles triangular section ABC has base width 80 mm and height 60 mm. Determine the

moment of inertia of the section about the center of gravity of the section and the base BC.

Solution:
, b * h3
I —80*603—1440 3 4 %
BC — 12 - esomm 8

b * h3
IG ==

36
80 mm
80 * 603 D — —
IG = T = 480 e3 mm4
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Example 6
A hollow triangular section shown in Figure is symmetrical about its vertical axis. Find the

moment of inertia of the section about the base BC.

Solution: N T
LA t gl
Yoo ML et
. 180+ 100° 120 * 60° e o3t

BC — 12 12 = . eomm

Example 7

Determine the moment of inertia of a semicircular section of 100 mm diameter about its center

of gravity and parallel to X-X and Y-Y axes.

Solution:

I; = 0.11 % r?

I, = 0.11 * 502 = 687.5 e3 mm*

Ly = 5 * =% 100* = 2456 €3 mm*
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Moment of Inertia of a Composite Section
The moment of inertia of a composite section may be found out by the following steps:

First of all, split up the given section into plane areas (i.e., rectangular, triangular,
circular etc., and find the center of gravity of the section).
Find the moments of inertia of these areas about their respective centers of gravity.
Now transfer these moment of inertia about the required axis (AB) by the Theorem of
Parallel Axis, i.e.,

Lig =1; + ah?

where
I;  Moment of inertia of a section about its center of gravity and parallel to the axis.
a  Area of the section,
h  Distance between the required axis and center of gravity of the section.

The moments of inertia of the given section may now be obtained by the algebraic sum

of the moment of inertia about the required axis.

Example 7

Figure below shows an area ABCDEF. Compute the moment of inertia of the above area about
axis K-K.

K F E=--mmmmmmmm T
—» <« 40 mm 120 mm

) c ¥
40 mm

A B T

—KP 100 mm |€— 240 mm —»|
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K
4
e
T
i
120 A1
: .
|
. |
100 . ab Irm
. |
- ) .
g
- 1 >
K

Split up the given section into plane areas (i.e., rectangular A1 and A2)

Moment of inertia of section (Al) about its center of gravity

, _bxh® 120+*40°
12 12
Distance between center of gravity of section (1) and axis K-K,

= 640 e3 mm*

40
hy =100 +—~ = 120 mm

Moment of inertia of section (Al) about axis K-K
Ik-x 1y = lo1 + A1 hy”°
= 640 e3 + (120 * 40) = 1202
= 69.76 e6 mm*
Moment of inertia of section (A2) about its center of gravity

’ _bxh®  40%240°
vecCnapical Eng
Distance between center of gravity of section (1) and axis K-K,

= 46.08 e6 mm*

240
h, = 100+T: 220 mm
Moment of inertia of section (Al) about axis K-K
Ig_k2) = Ig2 + Ay hy?
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= 46.08 €6 + (240 * 40) * 2202
= 510.72 e6 mm*

Now moment of inertia of the whole area about axis K-K,
Ix—x = Ix-x1) T Ixk-k (2
= 69.76 e6 + 510.72 €6

= 580.48 e6 mm*

Example 8
Find the moment of inertia of a T-section with flange as 150 mm x 50 mm and web as 150

mm % 50 mm about X-X and Y-Y axes through the center of gravity of the section.

Solution

First of all, let us find out center of gravity of the section. As the section is symmetrical about
Y-Y axis, therefore its center of gravity will lie on this axis. Split up the whole section into
two rectangles viz., 1 and 2 as shown in figure. Let bottom of the web be the axis of reference.

|€&——150 mm—| i

— 1,875,000 - 125 @ 50 mm
Y = sotob \ | 7 T
@

150 mm

.

—»{50 mm|e—
No. Area (mm? y axy
1 50 * 150 = 7500 150 + 52—0 =175 7500 * 175 = 1,312,500
2 150 % 50 = 7500 1750 =75 7500 * 75 =562,500
Total 3000 + 3600 =15000 1,312,500 + 562000 = 1,875,000
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A2 150

Moment of inertia about X-X axis
Moment of inertia of section (Al) about its center of gravity
Ic1=b*h3 L 150 x 503
12 12
Distance between center of gravity of section (1) and axis K-K,

hy =175+ 125 =25mm

= 1.56 e6 mm*

Moment of inertia of section (A1) about axis X-X
Ix_x ) = Ig1 + A1 hy*
= 1.56 e6 + 7500 * 25
= 20.3125 e6 mm*
Moment of inertia of section (A2) about its center of gravity

p _bxh® 50%150°
27 12 7 12
Distance between center of gravity of section (1) and axis K-K,

h, =125+ 75 =50mm

= 14.0625 e6 mm*

Moment of inertia of section (Al) about axis X-X
Ix_x ) = Ig1 + A1 hy*
= 14.0625 e6 + 7500 * 50
= 32.8125 e6 mm*

Now moment of inertia of the whole area about axis X-X
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Iy_x = Ix_xa) + Ix—x2)
= 20.3125e6 + 20.3125 e6
= 53.125 e6 mm*

Moment of inertia about Y-Y axis
Moment of inertia of section (Al) about its center of gravity

AL oy LNy
Gl — 12 = 12 = 4 eomm
Moment of inertia of section (A2) about its center of gravity

b*h3 150 %503 %
Iy = 175 17 = 1.5625 e6 mm

Now moment of inertia of the whole area about axis Y-Y
ly_y =ly_ya) + Iy—y(2)

= 20.3125 e6 + 20.3125 e6
= 15.625 mm*

Example 9

Find the moment of inertia about the centroid X-X and Y-Y axes of the angle section shown

in Figure below

1 20 mm

Al

100 mm

_____________ |
—>
|

80 mm

68000
X = 73200
112000
Y= 73200

= 25 mm

= 35 mm

A2 _i_ EO_m_ wywl
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No. | Area (mm?) X y axx axy
1| 100 «20 = 2000 22_0 =10 g = 50 2000 + 10 =20000 2000+ 50 = 100000
2 20 * 60=1200 62_0 +20 = 40 22_0 - 10 1200 % 50 =60000 1200+ 10 = 12000
1200 + 2000 = 100000 + 12000
Total 20000 + 60000=80000
3200 = 112000

Moment of inertia about X-X axis

20 Y
e »
Al | !
E A
100 oy
b QE—— I S A, S — X
5 - :
Lo A2 20
; -
-— 80 >
v

Moment of inertia of section (Al) about its center of gravity

; _bxh® 20x100°
N 12 12
Distance between center of gravity of section (1) and axis K-K,

hy =50+ 35 =15mm

Moment of inertia of section (Al) about axis X-X
Iy_x (1) = Iy + Ay h12
= 1.66 €6 + 2000 * 152
= 2.117 e6 mm*
Moment of inertia of section (A2) about its center of gravity
p zb*h3=60*203
27 12 12
Distance between center of gravity of section (1) and axis K-K,
h, =35+ 10=25mm

Moment of inertia of section (Al) about axis X-X

= 0.04 e6 mm*

Dr. Mujtaba A. Flayyih
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Ix_x2) = Ilg1 + A4 hy?
= 0.04 e6 + 1200 * 252

= 0.79 e6 mm*

Now moment of inertia of the whole area about axis X-X

Iy_x = Ix_xa) + Ix—x2)
= 2.117 e6 + 0.79 e6
= 2.907 e6 mm*

Moment of inertia about Y-Y axis

20 Y

Al

100 1

Moment of inertia of section (Al) about its center of gravity

b = h3 B 100 = 203
12 12

Distance between center of gravity of section (1) and axis K-K,

hy =254+ 10 =15mm

= 0.067 e6 mm*

Ig =

Moment of inertia of section (Al) about axis X-X
Loy @y =Ig1 + Ay by®
= 0.067 e6 + 2000 * 152
= 0.517 e6 mm*
Moment of inertia of section (A2) about its center of gravity

, _bxh®> 20%x60°
27 12 7 12
Distance between center of gravity of section (1) and axis K-K,

h, =50+ 25 =25mm

= 0.36 e6 mm*
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Moment of inertia of section (Al) about axis X-X
Iy_x 2 = I + Aq h12
= 0.36 e6 + 1200 * 252

=1.11 e6 mm*

Now moment of inertia of the whole area about axis Y-Y

Iy_y = IY—Y(l) . IY—Y(Z)
= 0.517e6 + 1.11 e6
= 1.627 e6 mm*
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