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Multiple decrement models

Lecture summary

o Multiple decrement model - expressed in terms of multiple state
model

Multiple Decrement Tables (MDT)

e several causes of decrement

e probabilities of decrement
o forces of decrement

The Associated Single Decrement Tables (ASDT)

Uniform distribution of decrements

e in the multiple decrement context

@ in the associated single decrement context

Chapter 8 (DHW), Sections 8.8-8.12
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Multiple decrement models ~ examples

Examples of multiple decrement models

@ Multiple decrement models are extensions of standard mortality
models whereby there is simultaneous operation of several causes of
decrement.

@ A life fails because of one of these decrements.

@ Examples include:
o life insurance contract is terminated because of death/survival or
withdrawal (lapse).
@ an insurance contract provides coverage for disability and death, which
are considered distinct claims.
e life insurance contract pays a different benefit for different causes of
death (e.g. accidental death benefits are doubled).

e pension plan provides benefit for death, disability, employment
termination and retirement.
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Multiple decrement models notation
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Introducing notation ,

——
age | no. offlives | heart dfsease | accidghts | other cglises ) a"-t)
Ww_ sy, o W " de d¥ dx X

50 | 4,832,555 5,168 1,157 4,293
(i"‘ $ERSSY ) | L0107 5,363 1,206 5,162
52 | 4,810,206 5,618 1,443 5,960
53 | 4,797,185 5,929 1,679 6,840
54 | 4,782,727 6,277 2,152 7,631

@ Conventional notation:
° ng) represents the surviving population present at exact age .

° dgcj) represents the number of lives exiting from the population between
ages x and x + 1 due to decrement j.

e It is also conventional to denote the total number of exits by all modes

between ages x and x + 1 by dgf) i.e

dgcT) — Z dgj)
=1

where m is the total number of possible decrements, and therefore,
(1) _ p(7)

dy’ =Vl Ew-s-l
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Multiple decrement models probabilities

Probabilities of decrement -

@ The probability that a life (x) will leave the group within one year as
a result of decrement j:

¢¥) = a9 . 7

@ The probability that (x) will leave the group (regardless of
decrement): {'IJ Q)

00 e
) = D) = Y ) = 3 g
i=1 i=1

@ The probability that (z) will remain in the group for at least one year:

P =1l = 0700 = (0 —dD) /).

[ dy. 4(7} 5

Lecture: Weeks 8-9 (STT 456) Multiple Decrement Models Spring 2015 - Valdez 5/25



Multiple decrement models probabilities

® 0 )

%X = Mx ml=m e Xin o Kinbn

@ We also have the probability of remaining in the group after n years

np gc(vln/é = pw ’ (;21 o 'pg:zn—l'

- continued

and the complement
(1) —1 - p™

xT

@ The number of failures due to decrement j over the interval
(x,x+n]is

n—1
) = Z dgcjlt'
t=0

@ These relationships should be straightforward to follow:

<.

d9) = ). 4O

< PO SR
IKJK = ndx - E:B “nlz 5

J=
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Multiple decrement models MDT

lllustration of Multiple Decrement Table

Expand Multiple Decrement Table (MDT) into:

o R P ¢ P ) Py
4,832,555 | 5,168 | 1,157 | 4,293 | 0.00107 | 0.00024 | 0.00089 | 0.00220 | 0.99780
4,821,927 | 5,363 | 1,206 | 5,162« 0.00111 | 0.00025 | 0.00107 | 0.00243 | 0.99757
4,810,206 | 5,618 | 1,443 | 5,960 © 0.00117 | 0.00030 | 0.00124 | 0.00271 | 0.99729
53 | 4,797,185 | 5,929 | 1,679 | 6,840 | 0.00124 | 0.00035 | 0.00143 | 0.00301 | 0.99699
54 | 4,782,727 | 6,277 | 2,152 | 7,631 | 0.00131 | 0.00045 | 0.00160 | 0.00336 | 0.99664

8
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Multiple decrement models

lllustrative problems

illustrative problems

_ v
T"7' 2]z k5

Using the previously given multiple decrement table, compute and
interpret the following:

®, O = 1,122
0,49 = Lt ds.7~ = SIC2+5q0o= UL,

)
o ( ls‘\ T qiisss
e ZQ53 - 2 n t‘) cn
@ *53/10[: = d53 45y L0025 yyoT
Q 1205 § ,{;‘_?
aliw Qi () @ 41679
E)M_ = ?‘__Jn s ’L: .
5o T 5-}‘

© yesy
Aeq
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The continuous case  force of decrement

Total force of decrement

@ The total force of decrement at age z is defined as

1 1 d d
M) — fim g™ = = L) = % e
py” = lim - q, o s o log(;

@ Therefore, analogous to the single decrement table, we have

(V)

() o) -J o Maasds
Pz~ = €XP — Maz—i—sds C
0

(v
and ’ . ’\ﬂk)\-\é
af) = /0 PVuds —F——

® Ry x4
e
or, more generally ,

t
) = /0 PO ds.
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The continuous case force of single decrement
Force of a single decrement - S ol(])
Xk

@ The force of decrement due to decrement j is def' ed as-_ ©

. 1 d -~ (ft) \
) — - = E
Mz /) da: 'Q U
x J-.‘
@ Notice that the denominator is NOT 12@ but is rather e&”.

@ As a consequence, we see that

,
/) :iﬂg), s M“’_“."."Y’“

j=1
@ The total force of decrement is (indeed) the sum of all the other
partial forces of decrement. al €))
W +3
@ We can also show that /’:.mL_‘_
AW
/ sp:r Na:—f—s
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The continuous case illustrative exercise

[[lustrative exercise

Suppose that in a triple-decrement model, you are given constant forces of
decrement, for a person now age x, as follows:

(4
o Q)
fyl, = b, fort>0, 9x = . 0088¢
Mgﬁt = b fort >0,
1@, = b, fort >0. —

You are also given that the probability (z) will exit the group withir@
years due to decrement 1 is 0.00884.

Compute the length of time a person now age x is expected to remain in
the triple decrement table.

Answer (to be discussed in lecture): 83 1/3 years.
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The associated single-decrement table (ASDT)

@ For each of the causes of decrement in an MDT, a single-decrement
table can be defined showing the operation of that decrement
independent of the others.

o called the associated single-decrement table (ASDT)

@ Each table represents a group of lives reduced continuously by only
one decrement. For example, a group subject only to death, but not
to other decrements such as withdrawal. .

r decrements su withdraw, “nd, LA

@ The associated probabilities in the ASDT are called absolute rates of
decrements. For example, the absolute rate of decrement due to

decrement j over the interval (z,x +t] is tq;(j)_

@ One should be able to explain intuitively why the following always

hold true: | R
B R s
i o ..f— \‘_k\ﬂ. *‘M 5
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Link between the MDT and the ASDT

Link between the MDT and the ASDT

@ If given the absolute rates of decrements, say qx( ),qx@), ey q;(m)
how do we derive the probabilities of decrements qg(c ), qé ), . ,q; m

the MDT? And vice versa.

n

4

@ The fundamental I|nk ,u(J) = ;(j) forall j=1,2,....m

@ Therefore, it follows that
- M(U J
o PSS o ) = gD s @ o ™
<
@ Furthermore, we note t

th / sp :u’:c—I—s

= /0 sp(T) ! :u:t(—i-)sds =
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Link between the MDT and the ASDT

In the multiple decrement context

@ We assume the following URDﬁu_mmg:
=t qgﬂfor 0<t<1.

@ This leads us to the following result:

(N qW»
tp;(j) =(1—t- qg(ET))%(cj)/%(cT). %'fs - CL -
@ Proof to be done in class.

@ This result allows us to compute the absolute rates of decrements
qﬁf) given the probabilities of decrements in the multiple decrement

model. In particular, when t = 1, we have

. i = /
¢V =1-(1- qg(CT))qa(f)/qg(g )
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Link between the MDT and the ASDT

lllustrative example
4 /

In a double decrement table where cause d is death and cause w is

withdrawal, you are given:
’

@ both deaths and withdrawals are each uniformly distributed over each

<t)

' ()
s o d¥ = 0354 - ci'(“’). | - (l-% )
r
Calculate q;(d) and qf,;(w).

Note: One way to check your results make sense is to ensure the inequality

q;(j) > q(j)

¢ is satisfied.
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Link between the MDT and the ASDT

ry)

In the associated single decrement context Cﬁx =

@ We assume the following UDD assumption:

@ This implies:

tdz

Pz

) _

t-q!), for0<t<1.

1G), G 1) 5;) = ¢V

uw t tpz

@ Using the previous link, one can derive

tq;])

/ sPx " Nx—i—s

/ H spx sp/(] ,LL:C_’_) dS

i#]

/(J/H qu

i#]

()

@ Use this integration to derive the probabilities of decrement given t
absolute rates of decrements.
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Link between the MDT and the ASDT

The case of two decrements

@ When we have m = 2, we can derive

t
) = q;(l)/ (1-5-0®)ds
0
1
— qx( ) (t 2752(]/(2)) Ve
and similarly,
1
0 =g (t ( St )> -/

@ Check the case when ¢t = 1.

@ As an exercise, extend the derivation to the case of a triple decrement

case.
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Link between the MDT and the ASDT

lllustrative example 1

In a triple decrement table where each of the decrement in their associated
single decrement tables satisfy the uniform distribution of decrement
assumption, you are given: o

o ¢ =0.03 and ¢'? = 0.06

/ —
o 7 = 1,000,000 and ), = 902,682 &— /

_ ™ )
Calculat (? _ Jx N Aiﬂ: 300 000 Tx

1"--‘”—)

x
S

Lecture: Weeks 8-9 (STT 456) Multiple Decrement Models Spring 2015 - Valdez 18 / 25



(zl) ds

m Ic o
C‘UJ (i s%‘)(n s*‘i
=l f(] o8s +K°3§(°Qs)d‘-‘

-M'\\_—-—l\/_—-—-——__

Cp) 155¢
_ L{“ Q02082 I 2 3)
—— = Fx % rx

(000060
r(-n)

&{1‘)
\_ (- B)(l— nO(‘-C[

v_
() 00455t < @B
e ST




Link between the MDT and the ASDT

(1) udPD
() vOD
(3) <°Y

In a triple decrement table, you are given that decrement (1) is death,
decrement (2) is disability, and decrement (3) is withdrawal.

lllustrative example 2

In addition, you have:
o gV =0.01, ¢ = 0.05 and ¢/{¥) = 0.10.

@ Withdrawals occur only at the end of the year. =

@ Mortality and disability are uniformly distributed over each year of age
in the associated single decrement tables.

Calculate qé?(’)).
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Actuarial present value calculations illustrative example 1

Q= Gelt }P'*

lllustrative example 1 o olners

An insurance policy issued to (50) will pay $40, 000 upon death if
death is accidental and occurs within 25 years.

An additional benefit of $10,000 will be paid regardless of the time or

cause of death. (&)
. . — “ = .0l

The force of accidental death at all ages is 0.01.

The force of death for all other causes is 0.05 at all ages. (o) S

You are given § = 10%. ~

Find the net single premium for this policy. ,_,)/L .

. . (T .o
[To be discussed in lecture.] M‘ =
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Actuarial present value calculations illustrative example 2

lllustrative example 2

@ An employer provides his employees aged the following one-year
term benefits, payable at the end of the yéar of decrement:

o $1 if decrement results from cause 1; T’_ CL}I\.\M:
o $2 if decrement results from cause 2: and U‘Mxﬂ"" = [0.3)
o $6 if decrement results from cause 3.

@ Only three possible decrements exist. 62 3¢

e
@ In their associated single-decrement tables, all threeldecrements
follow de Moivre's Law with w = 65. P

@ You are given i = 10%. ) MD |

o Find the actuarial present value at age 62 of the benefits.
. UDD inthe Simgle dommnd dnble -
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Asset shares

Asset share calculations —

@

Asset shares refer to the projections of the assets expected to accumulate
under a single policy (or a portfolio of policies). To illustrate, consider an
insurance contract that pays:

@ a benefit of b,(fd) at the end of year k for deaths during the year, and

@ a benefit of b,gw) at the end of year k for withdrawals of surrenders

during the year.

The policy receives an annual contract premium of G at the beginning of
the year.

It pays a percentage 7 of the premium for expenses plus a fixed amount
of expense of e;. Expenses occur at the beginning of the year.
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Asset shares

- continued
p‘gb-‘-\'} x

P T
In addition ,we have 0 K 1<)

——
-

@ Interest rate is an effective annual rate of 7.

@ The probabilities of decrements are denoted by qﬁk_l and qu}r)k—p

respectively, for deaths and withdrawals.
@ The probability of staying in force through year k is therefore

) _ (d) (w)
px:—k—l =1- q:v—l—k—l - qaij-k—l’

Denote the asset share at the end of year k by AS; with an initial asset
share at time 0 of ASy which may or may not be zero.

For a new policy/contract, we may assume this is zero.
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Asset shares recursive formula

The recursion formula for asset shares
Beginning with k£ = 1, we find

[ASo + G(1 - r1) — eq] (1 +14) = bVq{D + b{"q{™) + AS; - p{7,
and we get

[ASo + G(1 — 1) — eq)(1+ ) — B\l — p{*) )

p7

AS; =

This is easy to generalize as follows:

AS,—1 + G(1—r3,) — e (1 +4) — 07D, — (¢, |

(7)
px+k—1

ASy =

Do not memorize - use your intuition to develop the recursive formulas. s
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Asset shares illustrative example

lllustrative example

For a portfolio of fully discrete whole life insurances &f $1,000 on (30), you

are given: /
@ the contract annual premium is $9.50;

@ renewal expenses, payable at the start of the year, aref premium
plus a fixed amount of $2.50;

@ ASg9g = 145 is the asset share at the end of year 20;

o CVqyp o is the cash value payable upon withdrawal at the end of
year 21;
@ interest rate is i = 7.5% and the applicable decrement table is given
below:
T 2(d) ‘ q:(vw) ] —
50 (0.0062y 0.0415 20 2\
/ 51 00065 0.0400 So Ol
Calculate the \gsset sharelat the end of year 21. s
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