
Variational–perturbational treatment for the polarizabilities of conjugated
chains. II. Hyperpolarizabilities of polyenic chains
C. P. de Melo and R. Silbey 
 
Citation: J. Chem. Phys. 88, 2567 (1988); doi: 10.1063/1.454036 
View online: http://dx.doi.org/10.1063/1.454036 
View Table of Contents: http://jcp.aip.org/resource/1/JCPSA6/v88/i4 
Published by the American Institute of Physics. 
 
Additional information on J. Chem. Phys.
Journal Homepage: http://jcp.aip.org/ 
Journal Information: http://jcp.aip.org/about/about_the_journal 
Top downloads: http://jcp.aip.org/features/most_downloaded 
Information for Authors: http://jcp.aip.org/authors 

Downloaded 21 Oct 2012 to 18.111.99.30. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions

http://jcp.aip.org/?ver=pdfcov
http://aipadvances.aip.org/resource/1/aaidbi/v2/i1?&section=special-topic-physics-of-cancer&page=1
http://jcp.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=C. P. de Melo&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://jcp.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=R. Silbey&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://jcp.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.454036?ver=pdfcov
http://jcp.aip.org/resource/1/JCPSA6/v88/i4?ver=pdfcov
http://www.aip.org/?ver=pdfcov
http://jcp.aip.org/?ver=pdfcov
http://jcp.aip.org/about/about_the_journal?ver=pdfcov
http://jcp.aip.org/features/most_downloaded?ver=pdfcov
http://jcp.aip.org/authors?ver=pdfcov


Variational-perturbational treatment for the polarizabilities of conjugated 
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We use a perturbative density matrix treatment to investigate the behavior ofthe first and 
second static hyperpolarizabilities oflinear conjugated chains CNHN + 2 described by a 
Pariser-Parr-Pople Hamiltonian. We examine the evolution of the hyperpolarizabilities with 
increasing chain lengths, and the effect of different conformations (such as those 
corresponding to soliton and polaron defects) and of different charge states on the 
polarizabili.ty r~p~nse of the chains. It is s.hown that charged soliton chains have large first 
hyperpolanzabllttles /3, and that the behaVIOr of the different components of the second 
hyperpolarizability tensor riiii is highly dependent on the geometry and charge of the 
conjugated chain. In all cases, the contribution of the longitudinal component is shown to 
dominate the orientationally averaged hyperpolarizability of the chains. 

I. INTRODUCTION 

In the previous paper I (hereafter referred to as I), we 
have introduced a variational-perturbational treatment for 
the calculation of linear and nonlinear static polarizabilities 
of organic molecules. For large conjugated molecules, the 
polarization response to an external electric field of strength 
F will be dominated by the 1r electrons; as is well known, in 
linear chains the 1r polarizabilities increase nonlinearly with 
the size of the molecule.2 In I we have shown that the linear 
polarizabilities of polyenic chains CNHN + 2 depend on the 
conformation and charge state of the system; e.g., the way 
that the longitudinal component axx scales with the number 
of carbon atoms in the chain varies from N L8 in regular 
polyenes to J{l.6 in singly charged polarons. 

Recently, the effect of conformational changes on the 
optical properties of solutions of conjugated polymers be­
came a point of interest as a consequence of the observation 
of remarkable color changes of polydiacetylene solutions 
upon variations on temperature or concentration of a non­
solvene and of the fact that these changes have been asso­
ciated to conformational transitions in individual polymer 
chains.4 In a previous letter,S we have presented preliminary 
results for the longitudinal second hyperpolarizability rxxxx 

of polyenic chains and have shown that, at least for short 
chains, conformational defects, if present, would dominate 
the polarization response of the system. More surprisingly, 
we have found that the charge state of the defect could even 
affect the sign of r xxx;<' For instance, while singly charged 
polarons have negative second hyperpolarizabilities which 
scales as the 6.6 power of N, r XXX;< is positive and evolves as 
the 6.0 power of N for doubly charged polarons (bipolar­
ons). 

The measured second hyperpolarizability for polymers 
in solution or gas phase is an orientational average of the 
xxxx, xxyy, andyyyy components.6

,7 While for soliton chains 

a) On leave of absence from the Departamento de Fisica, Universidade Fed­
eral de Pernambuco, 50000 Recife PE Brazil. 

(which belong to the C2v group), only those three compo­
nents of r exist, for regular polyenes and polaron chains 
(C2h group) there are five independent components of the 
second hyperpolarizability tensor to be determined. On the 
other hand, the first hyperpolarizability tensor /3ijk' which 
vanishes for systems with inversion symmetry, can be in 
principle different from zero for soliton-bearing chains. 

Previous experimental and theoretical work on the non­
linear optical response of conjugated systems has been usual­
ly devoted to the investigation of the second hyperpolariza­
bility r. In I, we reviewed the corresponding theoretical 
calculations of r for polyenes. Here, we will just point out 
that in calculating the nonlinear polarizabilities of conjugat­
ed systems, one is forced to attain a compromise between the 
level of approximations introduced in the Hamiltonian and 
the size of the molecules to be examined; to our knowledge, 
self-consistent treatments including the q backbone have 
only been implemented for N<.8 polyenes,8 while previous 
usage of the PPP approximation was limited to small poly­
enes in the regular (i.e., with no defects present) conforma­
tion9 or N<.14 molecules with homogeneous bond length 
along the chain. 10 The only experimental data available for 
the hyperpolarizabilities ofpolyenes was obtained by Ward 
and Elliott who have used a dc electric-field-induced second­
harmonic generation technique to measure the effective r of 
small conjugated molecules in vapor phase. II They have un­
ambiguously determined the sign of r to be positive for 1,3-
butadiene and 1,3,5-hexatriene. The butadiene sample used 
was essentially in the trans form, with a small ( < 1%) pres­
ence of the cis isomer, while for hexatriene a mixture of poor­
ly known concentrations of cis (10%-40%) and trans 
(90%-60%) isomers was used. No experimental results for 
the polyacetylene (N -+ 00 ) polymer are available. 

In this paper, we present results for the first and second 
hyperpolarizabilities of polyenic chains. We show that al­
though the first hyperpolarizabities /3 of neutral soliton 
chains are exceedingly small, some ofthe/3 components can 
be quite large for charged solitons. For the negatively 
charged soliton chain (8 -) with N = 21, e.g., the predicted 
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value for the xyy component of f3 is 1.79 X 106 a. u.; for this 
family ofmolecules,f3 xyy scales roughly asN 3' We also com­
pute the orientationally averaged second hyperpolarizabili­
ties y1T of regular polyene, soliton and polaron chains; the 
sensitivity of the y""s to the conformation and charge state of 
the conjugated chain is much more pronounced than that of 
the corresponding average linear polarizabilities, similar to 
the behavior found when the longitudinal components of a 
and yare compared. 

II. CALCULATION 

We have adopted the same Hamiltonian and model geo­
metries as those utilized in I. The molecules are assumed to 
be oriented along the x axis. The PPP Hamiltonian only 
considers explicitly the 1r electrons; in spite of this, it is well­
known to lead to reasonably good results for the electronic 
structure of conjugated moleculesl2

• By the semiempirical 
nature of the PPP Hamiltonian, however, one should not 
expect the corresponding results to be quantitatively reli­
able, but rather that trends and patterns could emerge as the 
nonlinear optical response of conjugated systems is exam­
ined for different charge states and chain conformations. 
One should also note that even if the u-electron contribution 
is known to evolve only linearly with the chain size, its im­
portance cannot be ruled out a priori, specially for the small 
N molecules. 

Through the perturbative expansion for the density ma­
trix (PEDM) procedure, it is possible to obtain expressions 
for the sucessive orders of the polarization response, which 
are independent of the strength of the applied field. As 
shown in I, once the first-order correction for the density 
matrix R I is determined, the linear polarizability a and the 
first hyperpolarizability f3 can be calculated. On the other 
hand, to determine y we have to solve a self-consistent equa­
tion involving the second-order density matrix correction 
R2. 

We have found that both iterative equations for RI and 
R2 can be most efficiently solved in the basis in which the 
unperturbed density matrix Ro is diagonal; we were then 
able to satisfy both in first and second orders the idempo­
tency of the density matrix and its commutation relation 
with the Hamiltonian to at least 10-5 for all molecules con­
sidered. 

The rotationally averaged first and second hyperpolari­
zabilities are given, respectively, by6,7 

f3 1T =f3xxx+f3Xyy (2.1) 

and 

y1T = 1I5(yxxxx + 2yxxyy + yyyyy), (2.2) 

since the molecules are considered to be planar. 

III. RESULTS 
A. First hyperpolarizabilities 

By symmetry, the first hyperpolarizability tensor f3 ijk 
vanishes for regular polyenes and polaron chains. For mole­
cules belonging to the C2v group, in principle three indepen­
dent nonzero components (f3 xxx' f3 xxy' and f3 yyy )can exist; 
we have found, however, that for neutral soliton chains all 

components of the first hyperpolarizability tensor are negli­
gible. 

For charged solitons, on the other hand, while f3 xxx re­
mains exceedingly small, the magnitudes of the other two 
components are large and increase with the size of the chain. 
f3 xyy is the largest of them by at least one order of magnitude; 
for the largest soliton chain examined (N = 21), e.g., f3XYy 
- 630 f3 yyy' Contrary to what it is observed for linear polari­
zabilities and second hyperpolarizabilities, the signs (al­
though not the absolute values) of all components of f3 de­
pend on the ionization state of the molecule, while for the 
N = 5,9,11, ... , S + chains, thef3's are increasingly negative, 
exactly the same absolute values and opposite signs are ob­
tained for the corresponding S - chains. 

The absolute values of f3 xyy for the soliton chains exam­
ined are presented in Fig. 1. No saturation effect with the 
increasing in size of the chain for the first hyperpolarizabili­
ties can yet be seen for the range of N considered, and the 
data is well reproduced by a linear regression of the form 
16.4 N 3

.
05

• As one can see from expression (2.1), in the pres­
ent case the orientationally averaged first hyperpolarizabi­
lity f31T depends solely on this component of f3. 

B. Second hyperpolarizablllties 

For regular polyene and polaron chains, there are five 
independent components (xxxx, yyyy, xxyy, xyyy, and 
xxxy) for the second hyperpolarizability tensor y. For soli­
tons, only the first three components exist. Therefore, while 
for chains belonging to the C2h group, the calculation of the 
fourth-order energy correction {which involves the time­
consuming step of achieving the self-consistent solution for 
the commutation relation for R2 [cf. Eq. (6) of!]} has to be 
performed for five different directions of the external field, 
only three distinct orientations of F suffice for the complete 
determination of the y ijkl tensor for soliton chains. 

As could be expected from symmetry considerations, 
the magnitude of y xxxx turns out to be the largest of all com­
ponents of y in each case. However, the results show remark­
able dependence on the conformation and charge of the 
chain. All neutral molecules have positive longitudinal com­
ponent, whose variation with chain size is represented in Fig. 
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FIG. I. Evolution of the xyy component of the first hyperpolarizability fJ of 
charged soliton chains. 
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FIG. 2. Second hyperpolarizabilities for chains of regular polyenes (0), 
neutral soliton (fl.), and neutral polarons (0). (a) Longitudinal compo­
nent rxxxx' (b) Orientational average r". 

2 (a). While for neutral solitons the xxyy and yyyy compo­
nents are positive and increase monotonically with N, the 
rxxxy component of regular polyenes and neutral polarons 
has a peculiar behavior. Initially, it is negative and increases 
in absolute values as N increases; for larger N, it turns 
around and becomes positive. All remaining (xxyy, xyyy, 
and yyyy) components of r are negative for regular polyenes 
and neutral polarons and have monotonically increasing 
magnitudes. The values of the different components of the r 
tensor for the largest chains considered in each case are pre­
sented in Table I. The fact that r = dominates the optical 
response of these systems is shown by the positive values 
assumed by the orientationally averaged second hyperpolar­
izability r1T in all cases; the variation of r1T with N for neutral 
chains is represented in Fig. 2(b). The data of Fig. 2 indi­
cates that up to the N - 20 range the onset of saturation with 
the chain size does not occur either for the longitudinal com­
ponent xxxx or for the averaged polarizability r1T. The corre­
sponding calculated values are reasonably well reproduced 
[ with the possible exception of regular polyenes (see later) ] 
by straight lines; the fitting can be cast under the general 
form aN b and the appropriate parameters are presented in 
Table II. 

We have found the longitudinal component r= to be 
negative for charged solitons (either S + or S -) and singly 
charged polarons. This result can be of special significance 

TABLE I. (A) Values of the ditferent components of the second hyperpo­
larizability r for the largest chains (N = 20) of regular polyenes (rp), neu­
tral polarons (np), singly charged polarons (cp), and bipolarons (bp). (B) 
Values of the different components of the second hyperpolarizability r for 
the largest chains (N = 21 ) of neutral (ns) and singly charged (cs) soliton 
chains. 

rp np cp bp 

r xxxx (l07 a.u.) 1.379 3.745 -103.0 1.728 

rXXXY (10s a.u.) 3.514 6.503 - 172.2 83.26 

r xxyy (lOS a.u.) - 1.627 - 3.993 - 239.7 - 2.384 

rxyyy (1()l a.u.) - 6.130 - 12.80 - 315.1 2.960 

r yyyy (103 a.u.) - 17.88 - 32.38 - 39.47 -4.278 

ns cs 

rxxxx (107 a.u.) 2.858 - 5.791 

rxxyy (lOS a.u.) 11.45 16.11 
r yyyy (1 ()l a. u. ) 15.01 0.9176 

once experimental results for the nonlinear polarizability of 
doped polyacetylene become available, since it is well known 
about the important role played by charged conformational 
defects on the optical and transport properties of the materi­
al.13 The evolution with chain size of the magnitUde of r = 
for charged defects is depicted in Fig. 3 (a). The xxyy com­
ponent of r for charged solitons is monotonically increasing 
positive, while the yyyy component starts as being negative 
and then suffers a sudden change of sign becoming increas­
ingly positive for larger chains. For singly charged polarons, 
all five components are of negative sign and have magnitudes 
which monotonically increase with N. Finally, for bipolar­
ons, only thexxyy and the yyyy components are negative, but 
all five of them have absolute values which increase with N. 
The values of the different components for the largest value 
of N examined for each of the three charged chains consid­
ered are also presented in Table I. As found for the neutral 
chains, the orientationally averaged hyperpolarizability is 
dominated by the longitudinal component xxxx and, as a 
result, the calculated r"'s are negative for charged solitons 
and singly charged polarons. The evolution of r1T with chain 
size for charged chains is represented in Fig. 3(b). Once 
again, the data is well reproduced by a fitting of aN b form 
and the corresponding parameters can be found in Table II. 

TABLE II. a and b parameters derived from linear least-squares fitting aN b 

for calculated values (in a.u.) of the longitudinal component (r =xx) and 
orientational average (r°') ofthe second hyperpolarizability of finite chains 
of regular polyenes (rp), neutral solitons (ns), neutral polarons (np), 
charged solitons (cs), singly charged polarons (cp), and bipolarons (bp). 

rp ns np cs cp bp 

a 52.0 146 42.0 -7.0 -2.66 0.247 

b 4.25 4.05 4.60 4.79 6.57 6.04 

a 5.27 56.4 5.98 - 5.16 - 1.17 0.045 

b 4.48 3.85 4.71 4.79 6.32 6.07 
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FIG. 3. Second hyperpolarizabilities for charged solitons (0), singly 
charged polarons (t.), and bipolarons (0). (a) Longitudinal component 
Yxxxx. (b) Orientational average y". 

IV. DISCUSSION 

The above results indicate that the second hyperpolari­
zabilities of conjugated chains are extremely sensitive to the 
conjugation pattern along the chain. This is a confirmation 
of the behavior first observed for the linear polarizabilities of 
polyenes. I Considering the role that doping by both elec­
tron-rich and electrophyllic agents plays on the electronic 
and optical properties of polyacetylene, 13 it is also important 
to point out the effect of different ionization states on the 
optical response of the system. As our results show, for a 
given conformation of the conjugated chain, the nonlinear 
response of the system is extremely affected by the presence 
of charge along the chain. 

Although our results are based on a simple semiempiri­
cal scheme, we expect that the general trends and patterns 
here appointed for the effect of conformational and charge 
transfer upon the polarization response of conjugated sys­
tems will be confirmed by more elaborate calculations. For 
example, in the analysis ofthe behavior ofthe first hyperpo­
larizability f3 of soliton chains, the fact that exactly the same 
numerical value with opposite signs are obtained for the f3 
components of S + and S - chains reinforces our belief that 
symmetry is correctly handled in the calculation. 

To our knowledge, the only other calculations which 

have examined the evolution of the hyperpolarizabilities of 
polyenes were performed at the free-electron 14 and simple 
Hiickellevelsl5

; while the former has predicted that for regu­
lar polyenes y xxxx would scale as the fifth power of N, the 
Hiickel treatments gives a value of b equal to 5.257. Since 
previous calculations were usually performed for the regular 
conformation of the polyenic chain, no results for the first 
hyperpolarizability f3 are available. 

Papadopoulos et al. have applied a PEDM treatment 
similar to ours and based on the CNDO approximation to 
compute the second hyperpolarizabilities of small polyenes. 8 

They have optimized the orbital exponents in their basis set 
to reproduce the experimental values of y1T for both ethylene 
and hexatriene, as obtained by Ward and Elliott. II In Table 
III, our results for the regular chains are compared to the 
available theoretical and experimental data. For small poly­
enes, Zamani-Khamiri and Hamekal6 have included the (T­

electron contribution through an independent extended 
Hiickel calculation. From what we have learned here about 
the effect of conformational changes upon the polarization 
response of conjugated chains, one can understand the rea­
son for the large values predicted by the valence perturbation 
PPP treatment of Zamani-Khamiri and Hameka lD for the 
second hyperpolarizability of the polyenes. In their calcula­
tion, a nonbond-alternating geometric structure for the 
polyenic chain was adopted, thus exacerbating the conjuga­
tion character of the system. As shown by Bodart et al., 17 the 
linear polarization response of polyenes increases with the 
degree of delocalization along the conjugated chain, and the 
above results indicate that this sensitivity to conformational 
changes should be even greater for the nonlinear optical re­
sponse. By the same token, the experimental results obtained 
for butadiene, and specially hexatriene, should be analyzed 
under the caveat that the samples used were poorly defined 
mixtures of cis and trans isomers. 

One can see from Table III that the difference between 
our results and those of Papadopoulos et al. is larger for the 
trans-butadiene molecule. Besides the fact that we have not 
introduced any specific parameter optimization procedure, 
one possible reason for that difference is that in our treat­
ment the polarization response of small molecules was un-

TABLE III. Orientationally averaged hyperpolarizability y" for regular 
polyenes CN HN+2 (in a.u.). 

N This work 

4 1759 

6 18812 

8 75007 

10 202739 
12 433828 
14 791689 

"Reference 16. 
bReference 8. 

Other calculations Experiment 

16021 (PPP + H)" 27397 ± 1549 
33447 (PEDM-CNDO)b 

118 166 (PPP + H)" 89 696± 8338 
72 137 (PEDM-CNDO)b 

817272 (VPT_PPP)C 
124313 (PEDM-CNDO)b 

2209 693 (VPT_PPP)C 
4929911 (VPT_PPP)C 
9237925 (VPT_PPP)C 

C Values of Ref. 6 multiplied by a factor of 6 to take in account difference in 
coefficients in the expansion of the energy as a function of field strength. 
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derestimated by the neglect of the u.electron contribution. 
In fact, the corresponding values of both r"""", and itT do not 
lie close to the straight line fits of Fig. 2. We have verified, 
however, that even if the N = 4 data points are excluded, a 
linear regression analysis gives values of b equal to 4.00 and 
3.93 for rxxxx and r1l', respectively. Thus, the basic qualita­
tive trend is not altered by the exclusion of the butadiene 
data. Finally, we observe that the calculated values (includ­
ing the N = 4 case) are smoothly fitted by fourth-order poly­
nomial expressions and, as a consequence, the behavior of 
the hyperpolarizabilities per unit cell do not reveal any indi­
cation of saturation up to the value of N examined. 

v. CONCLUSION 

The present calculation leads to specific predictions for 
the qualitative behavior of the nonlinear static polarization 
response of conjugated chains, such as a remarkable differ­
ence in the evolution of the second hyperpolarizability for 
neutral and charged chains of same geometry, and the 
extreme sensitivity of that response to conformational 
changes. It is also pointed out that, as opposed to what is 
found for neutral solitons, the first hyperpolarizability of 
charged solitons can be large and should increase with the 
length of the chain. Finally, even for chains of regular geom­
etry, the hyperpolarizabilities are expected to attain satura­
tion with the increase of N at a much larger range than what 
was predicted for the linear polarizabilities. I 

These results, of course, need to be verified by more 
elaborate calculations and by experimental measurements. 
We note, however, that conflicting results for the sign of the 
second hyperpolarizability of polydiacetylene samplesl8

-
19 

could be reconciled if similar dependence on conformational 
changes occur for the polarization response of those conju­
gated molecules. We are at present applying the PEDM 

technique to investigate the polarizabilities of polydiacety­
lene chains. 
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