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On Congruences Related to the
First Case of Fermat’s Last Theorem

By Wells Johnson*

n n
Abstract. Solutions to the congruences (1 + a)? =1 +a? (mod p**2) and

(1 +s)P =1 + 5P (mod p") are discussed. Congruences of this type arise in the study
of the first case of Fermat’s Last Theorem. Solutions to these congruences always
exist for primes p = 1 (mod 6). They are derived from the existence of a
primitive cube root of unity (mod p). Constructive techniques for finding
numerical examples are presented. The results are obtained by examining the
p-adic expansions of the p-adic (p — 1)st roots of unity.

1. Introduction. Let p > 5 be a prime. Carmichael [2] proved that if the
Fermat equation xP + yP = 2P has a nonzero integral solution in the first case
(p 4 xyz), then there exists an a, 0 < a < p, satisfying

(1) (1 +aR’>=1+a® (modpd).

Dickson [3, p. 772] writes that it was G. D. Birkhoff who noted that this congruence
is equivalent to

) (1+aP =1+4a” (mod p3).

Meissner [9] gives the same result.

Using a theorem of Furtwingler, Vandiver [12] proved that a solution (x, y, z)
of the Fermat equation in the first case must also satisfy the congruence x + y =z
(mod p3). Gandhi [7] has noted that this implies that the congruence

3) (1+s?=1+s7 (modp?)

must hold for some integer s, p /5.
Trypanis [11] and Ferentinou-Nikolakopoulou [5] have reported that a
solution to the Fermat equation in the first case requires that for some 4, 0 <a <p,

@ a+ a)l’2 =1+ ap? (mod p*).

If a is a solution to Eq. (4), then Egs. (1) and (2) hold, so that s = 4 is a solution
to Eq. (3).

It was known classically (essentially to Cauchy) that, if a> + 2 + 1 =0 (mod p)
(implying that p = 1 (mod 6)), then Eq. (2) is satisfied by a. Meissner [9] and

Received April 26, 1976.
AMS (MOS) subject classifications (1970). Primary 10A10; Secondary 10B1S, 10B40.
Key words and phrases. Congruences, Fermat’s Last Theorem, p-adic roots of unity.
*Supported by a grant from the Vaughn Foundation Fund.
Copyright © 1977, American Mathematical Society

519




520 WELLS JOHNSON

Pollaczek [10] have noted, however, that such a’s do not give rise to a solution of
the Fermat equation in the first case. We are thus led to the question of whether or
not Eq. (2) can have a solution a which does not satisfy 2> + 2 + 1 = 0 (mod p).
It has been known for some time (cf. Arwin [1]) that there exist solutions to the
congruence (1 + a@)® =1 + 4P (mod p?) witha®? +a + 1 #0 (mod p). S.S.
Wagstaff, Jr., at the University of Illinois, has verified computationally, however,
that for all primes p < 100,000 the only solutions to Eq. (2) are those also satisfying
a®> +a+1=0 (mod p). In particular, no solution to Eq. (2) is known to exist
for p =5 (mod 6).

In the next section, we give a proof of the fact that for 0 < a < p the condition
a* + a + 1 =0 (mod p) is equivalent to the infinite set of congruences

5) (1+a)P"=1+a”" (modp"*?), n>1.

For n = 1, 2, Eq. (5) reduces to Egs. (2) and (4), respectively. This equivalence
places some perspective on any attempts to demonstrate the first case of Fermat’s
Last Theorem by means of congruences of this type (cf. Gandhi [6]).

We also present some solutions to the congruences (1 + s)° =1 + s? (mod p")
for exponents n > 3. It is shown that solutions always exist for n = 3 if p =1
(mod 6); and of course, these known solutions all satisfy 52 + s+ 1 =0 (mod p).
The solutions of this type are completely characterized (mod p!"/21). They occur in
pairs, with sum congruent to — 1 (mod p!"21). A simple construction is presented
to compute the values of the solutions in the case n = 5. We also establish a general
congruence for the difference (1 + s)y® — 1 — sP (mod p*) for all integers s satisfying
s? +s+ 1 =0 (mod p).

The results of this paper all follow from the existence of the (p — 1)st roots of
unity in the ring of p-adic integers, Zp, and the numerical determination of their
p-adic expansions. The author [8] has proved previously some well-known properties
of the Bernoulli numbers from similar considerations.

2. Main Theorems. For 0 <a < p, let v(a) denote the unique p-adic (p — 1)st
root of 1 in Z, which satisfies Wa) =a (mod p). Ifa> +a+1=0 (mod p), then
=1 (mod 6) and ¢ is a primitive cube root of 1 (mod p). From 2 =1 (mod p)
and a # 1 (mod p), we deduce v(a)®> = 1 and v(@) # 1 in Z,, so that u(a) is a
primitive cube root of 1 in Zp, and 1 + v(@) + v(@)> = 0. But then 1 + v(@) =
—v(a)?, so that 1 + v(a) is the (p — 1)st root of 1 congruent to 1 +a (mod p). By
uniqueness, we obtain

6) 1 +v(@) = vl +a).

All the results of this paper are a consequence of this basic fact. Everett and
Metropolis [4] have shown that if Eq. (6) holds, then a> + 2 + 1 = 0 (mod p). For
the sake of completeness, we include a direct proof of this fact in the following
theorem.

THEOREM 1. Let p =1 (mod 6) be a prime, and let 0 <a <p. Then the
following properties on a are equivalent:
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(1) a* +a+ 1 =0 (mod p) (i.e., a is a primitive cube root of 1 (mod p)),

(2) 1+v(@) =ul +a),

3) (1+aP"=1+a" (mod p"*2) foralln>1.

Proof. We have seen that (1) = (2). To prove the converse, let ¥ denote the
cyclic subgroup of Z,, containing the (p — 1)st roots of unity. Let F = Q(V) be the
subfield of the p-adic numbers Qp generated by ¥ over the prime subfield Q. Let
0: F — F be the automorphism defined by o(v) =v~! for v € V. Then, applying o
to (2), we obtain w(1 + @)~! =1 + v(a)~!. But this implies that 1 + v(a) + v(a)*=
0, which gives us (1).

Now write w(@) =a + r,p forr, in Zp, uniquely defined by a. Since v(@)’ =
w(a), it is easy to prove by induction on n > 0, that v(a) = a?” + r,p"*! (mod p"*+2).
A similar result holds for v(1 + a).

If (2) holds, then 7, = r, , ., and (3) follows immediately from (2) and the
congruences above. Conversely, if (3) holds, then the congruences above imply that

1+ v@=uvl +a) (modp"*?)

for all n > 1, which is sufficient for (2).

We see as a corollary that, if a> + @ + 1 = 0 (mod p), then a is a solution to
Eqgs. (2) and (4) and s = 4P is a solution to Eq. (3). The implication (3) = (1) has
been reported without proof by Trypanis [11].

We next turn to the general problem of finding solutions to the congruence
(1 + 5P =1 + sP (mod p") for exponents n > 3. If a> + a + 1 =0 (mod p), then
Eq. (6) implies that 1 + v(@)’ = v(1 + a)°. Thus, if we simply take a rational integer
5, s = v(a) (mod p"), then 1 + s =v(1 + a) (mod p") by Eq. (6), so that the
existence of solutions to our congruence is always assured for primes p =1 (mod 6).
A slightly stronger result is true, however:

THEOREM 2. Let p =1 (mod 6) be a prime, and suppose that @ +a+l1=
0 (mod p), where 0 <a <p. If s =u(a) (mod p”) for n = 1, then

(1+5)?=1+sP (modp?"t?!).

Proof. Write s = v(a) + rp", for some r €Z,. Thens? = v@@y +
" lu@P ! = v@) + rp"* ! (mod p?"*1). Also, 1 + s =u(l +a)+rp" by
Eq. (6). Hence, we also have

(1+5)? =v(l +a) +rp"*! (mod p2"tY).

The result now follows from Eq. (6).

Since the primitive cube roots of 1 (either (mod p) or in Z,) come in pairs
(either 2 and 4, or v(a) and v(g)?), we always obtain a pair of solutions (mod p")
to the congruence in Theorem 2. Moreover, if s and s’ are solutions, with s = v(a)
(mod p™) and s’ = v(@)? (mod p"), then s + s' =~ 1 (mod p"), so that a second
solution can be obtained easily from a first.

We next prove a converse to Theorem 2:
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THEOREM 3. Let p =1 (mod 6) be a prime, and suppose s* +s + 1 =0
(mod p) and (1 + s’ =1 + sP (mod p2") for some rational integer s. Then s =
v(a) (mod p"), where a is the smallest positive residue of s (mod p).

Proof. By induction on n = 1. The case n = 1 is trivial, since s = a = v(a)
(mod p) by the definitions of a and v(a).

Next assume that n = 2 and that the theorem is true for n — 1. By the induc-
tion hypothesis, we can write s = v(@) + rp" ! for some r € Z,. But then

sP = uw(@)? + rp"v@)?P ! + (’27 )v(a)”"zrzpz’“2 (mod p2™)
or
sP =v(a) + p" + (g) w@)~'r?*p?"~%  (mod p2").
Similarly, 1 + s = v(1 + a) + rp"~! by Eq. (6), so that
A+’ =vl +a)+mp" + (g)v(l +a)"'r?p?"~%  (mod p?").

By the hypothesis and Eq. (6), we deduce

(5 @ trpen=t = ()t + '3 (mod p27),
or
(1 +ay® =v(@yr® (mod p).

Equation (6) now implies that p|r, so that s = v(e) (mod p”), as desired.

It should be remarked that the proofs of Theorems 2 and 3 generalize slightly.
With the same hypotheses, if s = v(a) (mod p"), then (1 + s)Pk =1+ "
(mod p2"*¥), and conversely, if (1 + s)?* =1 + s2* (mod p2"*+*—1), then s =
v(a) (mod p™).

3. A Construction and Some Examples. In this section we show how examples
of solutions to the congruence (1 + s)” =1 + sP (mod p®) may be constructed easily
in the case that p =1 (mod 6). To use Theorem 2, it is merely necessary to compute
(a) (mod p?) for a®> +a + 1 =0 (mod p). We write v(a) =a + v(a),p (mod p?),
where 0 < v(g); <p. From the relation v(@)’ = v(a), it follows that v(e); =agq,
(mod p), where g, = (a”~! - 1)/p, the so-called Fermat quotient.

Define b > 1 by the equation > + 2+ 1 = bp. Thena® - 1 = b(a - 1)p,
so that

P 1=1+bla-1p)P VB3 =1+@-1)b@-1)p/3 (modp?).

Thus g, = (p — 1)b(a — 1)/3 (mod p), or
aq, = (p - 1)b(@* - a)/3 =b(2a + 1)/3 (mod p),

and v(a), is the least nonnegative residue of (22 + 1)/3 (mod p). Also,0<a<p
implies that p+b, and p > S implies that p + (22 + 1). Hence, v(z), > 0 always,
and we have




FERMAT’S LAST THEOREM 523

THEOREM 4. Let p be a prime, p = 1 (mod 6), and let a be a solution to the
congruence a* +a+1=0 (mod p),0< a<p. Ifb>1isdefined by a* +a + 1 = bp,
then wW(a), is the least nonnegative residue of b(2a + 1)/3 (mod p), and v(a), > 0. Hence,
s = a + v(a),p is a rational integer solution to the congruence (1 + s’ =1 + sP
(mod p®), and p < s < p?.

The simplest examples, for p = 7, 13, and 19 and a = 2, 3, and 7, respectively,
yield the congruences

317 =1+ 307 (mod 7° = 16807),
147'3 =1 + 146'3  (mod 13° = 371293),
29319 =1+ 292!  (mod 19° = 2476099).

By the remark just before Theorem 3, we also have the congruences

197 =1+ 18"  (mod 7%),
2313 =1 +22'3  (mod 13%),
691° =1 +68'° (mod 199).

The latter solutions can also be obtained from Theorem 4, by choosing a = 4, 9, and
11 for p = 7, 13, and 19, respectively.

Theorems 3 and 4 combine to give the following:

COROLLARY. If p is an odd prime, there are no rational integer solutions a in
the interval 0 < a < p to the simultaneous congruences

a>+a+1=0 (modp),

(1+a?=1+a" (modp*).

This contrasts with the classical result that, for p = 1 (mod 6), the congruence
a* + a + 1 =0 (mod p) always has two solutions a, 0 < a < p, both of which also
satisfy Eq. (2).

4. More General Congruences. In this section we establish general congruences
for the differences (1 + a)*” — 1 —aP” (mod p"*3)and (1 + s — 1 — sP (mod p*),
when a and s satisfy x> + x + 1 =0 (mod p).

THEOREM 5. If p is a prime, p = 1 (mod 6) and a®> + a + 1 =0 (mod p)
for some a, 0 <a <p, then forn=1,

(A +aP" =1+aP" +(q,9,4,/0"F? (mod p"*3).
Proof. As in the proof of Theorem 1, write v(@) = a + r,p. Then v(a) =
v@pP" =af" +rp" ! + (ag?/2)p"+? (mod p"*3), since r, = aq, (mod p), as we

noted at the beginning of Section 3. A similar result holds for v(1 + a). By Eq. (6),
r,=ry4,and

(1 +aP" —1-aP" = [(ag? - (1 +a)q?,)21p"*? (mod p"*?).




524 WELLS JOHNSON

But r, =r,,, implies that (1 + a)g, ., =aq, (mod p), and the result follows.
Theorem 5 also follows from Theorem 1 and the second result of Trypanis [11].
If we choose n = 1 in Theorem 5, we have proved a special case (namely 0 <s < p)
of the following:
THEOREM 6. If p is a prime, p =1 (mod 6),and s> +s + 1 =0 (mod p) for
some rational integer s = 2, p 15, then

(1+sP =1+ +(qq,4,/2p> (mod p*).

Proof. To finish the proof, it suffices to show that if the congruence holds for
s, then it also holds for s + p. To see this, note that

@) As4p =45~ s™! (mod p).

This in turn implies that the congruence
®) 5qs = a1+ s)ql +s (mod p),

proved for 0 <'s < p above, depends only on the residue class of s (mod p). The
rest of the verification is an easy algebraic computation.

Note that if s> + s + 1 =0 (mod p), then by Theorem 6 we have that (1 + s)?
=1 + s (mod p*) if and only if g, =0 (mod p). If we write s = a + ¢p, with
0<a<pand c> 1, then by Eq. (7), this condition is equivalent to g, = c/a (mod p),
or ¢ =aq, = wWa), (mod p). But this means that s = v(a) (mod p?), which is nothing
more than the case n = 2 of Theorem 3.

5. More Examples. It is not difficult, using Theorem 2, to construct specific
solutions to the congruences (1 + s =1 + s (mod p”) and (mod p®), much as
we did (mod p*) in Section 3. It merely requires the computation of v(z) (mod p*),
where a> + a + 1 =0 (mod p).

For notation, expand v(z) out p-adically in the form

v(@) = a + v(a),p + v(@),p* + - +v(@),p" + -

where the p-adic coefficients v(a),, satisfy 0 <uv(a), <p for all n > 1. Now Eq. (6)
implies the rather remarkable fact that all the p-adic coefficients for v(a) and v(1 + a)
are equal:

©) v@), =v(l +a),, n>1.
In Section 3 we saw that the relation v(a)’ = v(g) implies that
(10) v(@), =aq, (mod p).

Similarly, from v(a)® = v(a) we can compute that

an v(@),p = v(@),p + (ag, — v(@),) (mod p?),
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and
(12) v(@);p? = [ua), — v(@),]p + (aq, —v(@),) + v(@),p* + (ag2/2)p* (mod p3).

Equations (10)—(12) permit the computation of v(a) (mod p*). For example,
if p = 13 and a = 3, we have already seen that v(a) = 3 + 11p (mod p?). Now 33 =
1 + 2p, and from this we can compute that

q; =8+ llp + 7p? + 5p3 + p*.
From Egs. (10)—(12), we find that v(3), = 11, v(3), = 6, v(3); =9, so that
v(3)=3+11p + 6p* + 9p* (mod p*).
From Theorem 2 and the remark before Theorem 3, we obtain the examples
11613 =1 4+ 1160'3  (mod 137),
103713 =1 +1036'*  (mod 137),

20934!3 =1 +20933!3 (mod 13%),
7628'3 =1+ 7627'3  (mod 13%).

The second congruence in each pair also follows from Theorem 2, with @ = 9. Since
v(3) + v(9) = — 1, we can conclude that

w9)=9+p+6p%+3p3 (modp*).

The explicit formula for »(3) (mod p*) given above can also be deduced from
the so-called Witt formula: v(a) = limn_maP" (p-adic limit). From this, one sees
that if

@ =a+ap+a,p?+ap® (modp?),

then

v@ =a+a,p+(a + (12)p2 + @, ta, ta; + (af/2a))p3 (mod p4).

This formula is equivalent to Eqs. (10)—(12). For p = 13 and a = 3, we find that
a, =11,a, = 8,and a, = 10, so that, as before,

W3)=3+ 11p + 6p* + 9p> (mod p?).
From Eq. (9) with n = 1, 2, 3 and Egs. (10)—(12), we obtain
(1 +a)g, 4, —aq, = (4,9, +,/2)p* (mod p).

This congruence is in fact the case n = 1 of Theorem 5, so that Theorem 6 can be
obtained by these more computational methods.
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