A RELATION BETWEEN RIESZ AND RIEMANN
SUMMABILITY

H. BURKILL AND G. M. PETERSEN

The Cesaro and the Riemann methods of summation are both
intimately connected with the theories of Fourier and trigonometric
series. It is therefore natural that the relation between these methods
should have been investigated in some detail. For instance Verblun-
sky [2] has proved that, when k is a positive integer, summability
(C, k—38) implies summability (R, k+1); and Kuttner [1] has
proved that, for k=1, 2, summability (R, k) implies summability
(C, k+9).

Riesz’s typical means generalise Cesiro summability and there is a
corresponding generalisation for Riemann summability. Since both
these methods are appropriate for dealing with almost periodic func-
tions, we wish to establish a connection between them.

The notation we shall use is the following.

Riesg's typical means. If k>0, 0= <A\ <A< : -+ and
A“ k
(-2
A< ()
as w— o, then Zu. is said to be summable (R, \,, k) to s.

Riemann summability. 1f k is a positive rational number with odd

denominator, 0 <A <A< - - - and
®_ /sin A\h\*
%o + Up— S
’ g( W )

as h—0, then Y u, is said to be summable (R, &, \a) to s.
The object of this note is to prove the following result.

THEOREM. Suppose \o=0, 0 <p SNpj1— NS g for all n and E,‘.'_,, Un
1s summable (R, \a, 1) to t. Then Z:-o %n 15 also summable (R, k, \,)
to t when k>2 (and k is a rational number with odd denominator).

Before proceeding with the proof we might mention that, although
our result is new even when {\.}={n}, from the point of view of
applications it would be more desirable to proceed from a nonintegral
Riesz mean to Riemann summability of an integral order. However
this problem appears to be a very formidable bne because of the diffi-
culty of dealing with nonintegral Riesz means.
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PROOF OF THE THEOREM. For =1 we put
» A

th = 2(1 - —:)u,

r=0 An

so that the hypothesis of the theorem implies that ¢t,—¢t as n— . We
have

Anfn = AaSn — Z x1"“1')
rm==0

where sp,=uo+wu1+ - - - +u,, and so
Antitntl = Anbn = Ang1Snt1 — AaSn — Ant1%at1 = Qg1 — Au)Sa.
It follows that, for ng?.,
_ Attt — Aala _ Antn — An—tfn—1

1 Un ;
( ) Ani—l - An )\n - An—l

and, since Ao=0, (1) is easily seen to hold for n=1 also, whatever
value is assigned to f.
Taking a suitable 2> 2 we define 73, for £>0, by

®_ /sin A\ h\*
= uo + — ) Uy,
™o ,.z.i( W) )

the series being convergent since Ant1—Aa=p and so #,=0(\,). We
put

1, for x = 0,
c(x) = sin x\*
) , for x # 0.
x

Then, by (1) and since also %=1,
(X'H-ltiﬁl. - xntu Antn - An—ltn—l)

= c(Noh)? Ak
Th c(o)1+26( ) Awt: — An An — An-1

na=1

Now ¢, is bounded, c(\.k) =0(1/%*) and Nn/(Nrp1—N;) =0(n). Hence
the series for 7, may be written

2 fc(Anp1h) — cQAak)  c(\ak) — c()\,._xh)))‘ ,
n=1 )\n+l - xn xn - xn—l "t

o0
= Z ap nla.

A=l

Th =
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We wish to prove that this transformation is regular, i.e. that
7»—t as b—0. This is so if (and only if) the three Toeplitz conditions
are satisfied, namely

(i) ana—0 as h— 0, for all n,

(ii) Z:_l |a;._,.| is uniformly bounded for all >0,

(i) Do i ann—1 as h—0.

The first and the third condition are easily shown to be satisfied.
In the first place the continuity of c¢(x) shows that as,,—0 as 2—0.
Also

L
Z ann =1
n=1

for all #>0. This is either proved directly or by taking #e=1, u,=0
for n=1 so that ¢,=1 for all » and 7,=1 for all £>0.
We still have to prove (ii). We have

c(xn+lh) - ‘:O‘nh) C(Anh) - C(An—lh)
Ahop = — Ak
)\,+1h — Ak Ak — Aok
= {d(na) — ¢ (&)} Aalt
= (nn — &) (Za)Aakr,
where A1k <Eu <Moh <fu <Appak and £, <xn <7a. Now
sin 2\*~2/x cos x — sin x\?
" (x) = k(k — 1)( ) ( )
x

%2

Tk (sin oc)""‘(—x2 sin x — 2x cos x + 2 sin x)

x x3

and so

A fo<zx<1,

'
@] < {A/x" ifr21,

where 4 is a constant.
Let N be the integer such that
Mk < 1S Ayah.
Forn=<N,
| ann| < (= £) ANk < 2qh AN < 2Ag°nR2

and so
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N N
> | ana| < 24¢%82 3 n = AgW*N(N + 1) < Bi?N*

A=l ne=l

< Br*(\v/p)* < B/p* = K,

say.
For n> N,

o] < by Ay < 2AdH 24¢?
Qh,n Mn n, x: n. (A,._.]h)h = (1 )k
J— P hk—znk—'l
2

and so
24¢* d 1 o
E k-1 < -2
1 ?)*h,_, N S
2

Cg- .
< (AAw41)*2 Ce~

say. Hence, for all £>0,

o0
2 leanal <

n=N41

e

A

=1L,

> lama] <K+L

na=l

and the theorem is therefore proved.

We wish to express our thanks to the Sandia Corporation of Albu-
querque, New Mexico, which financed a project of which this paper

is a part.
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