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ABSTRACT. It is proved that any non-normable Fréchet space with a semi-
symmetric absolute basis is isomorphic to the space w of all scalar sequences. A
similar result is shown for quasi-homogeneous absolute bases. It is also proved
that any nuclear Fréchet space with a semi-subsymmetric basis is isomorphic
to w.

INTRODUCTION

Let E be a Fréchet space (i.e. a metrizable lcs over the field K of real or complex
numbers) with a base (py) of continuous seminorms. A basis (e, ) in F, with the
sequence (f,) of coefficient functionals, is said to be absolute if

oo
VkeNVzeE: Z|fn(x)\pk(en) < 0.
n=1
By the Dynin-Mitiagin theorem any basis in a nuclear Fréchet space is absolute.

A basis (e,) in E is (semi-) symmetric if any permutation (ex(n)) of (e,) is a basis
in E (semi-)equivalent to (e,). We say that a basis (e,) in E is (semi-)subsym-
metric if any permutation (e () of (ey) is a basis in F (semi-)equivalent to some
subsequence (eg,, ) of (en). (Two sequences (x,) in an les X and (y,,) in an les YV
are equivalent if there exists an isomorphism T between their linear spans such that
Tz, = yn,n € N, and semi-equivalent if for some (o) C (K\ {0}) the sequences
(zn), (nyn) are equivalent.)

Symmetric bases were studied in Banach spaces by Singer [§] and in locally
convex spaces (lcs) by Garling [4], Ruckle [6], [7], Cac [3] and Terzioglu [9].

Every basis in w is symmetric because any two bases in w are equivalent [2].
Terzioglu [9] proved that any nuclear Fréchet space with a symmetric basis is iso-
morphic to w. (His definition of a symmetric basis is equivalent to our definition
which appears in [7].)

In this paper we show that any non-normable Fréchet space with a semi-symmet-
ric absolute basis is isomorphic to w (Theorem 2). We also prove that any Fréchet-
Schwartz space with a semi-subsymmetric absolute basis is isomorphic to w (The-
orem 3). It follows that any nuclear Fréchet space with a semi-subsymmetric basis
(in particular, with a subsymmetric basis) is isomorphic to w (Corollary 4).

Received by the editors October 6, 2004 and, in revised form, September 6, 2005.

2000 Mathematics Subject Classification. Primary 46A35.

Key words and phrases. Symmetric, semi-symmetric, semi-subsymmetric, quasi-homogeneous
bases.

(©2006 American Mathematical Society

453



454 WIESLAW SLIWA

Next, we construct an uncountable family of mutually non-quasi-equivalent sub-
symmetric absolute bases in Fréchet spaces (Proposition 5). (Two sequences (z,)
in an les X and (y,) in an les Y are quasi-equivalent if for some permutation 7 of
N the sequences (zr,), (yr(n)) are semi-equivalent.)

We say that a basis (e,,) in E is (quasi-)homogeneous if any subsequence (e ) of
(en) is (quasi-)equivalent to (e, ). (Homogeneous bases in Banach spaces are known
as “subsymmetric bases” [§].)

We show that any non-normable Fréchet space with a quasi-homogeneous ab-
solute basis is isomorphic to w (Theorem 6). It follows that any nuclear Fréchet
space with a quasi-homogeneous basis (in particular, with a homogeneous basis) is
isomorphic to w (Corollary 7).

PRELIMINARIES

The linear span of a subset A of a linear space E is denoted by linA.

A non-decreasing sequence (py) of continuous seminorms on an lcs E is a base of
continuous seminorms on F if for every continuous seminorm p on E there is k € N
with p < pr. Any metrizable lcs E possesses a base (pg) of continuous seminorms.

A Fréchet space F' with a base (gx) of continuous seminorms is isomorphic to w
if and only if for any k € N the quotient space (F/ ker g) is finite-dimensional [I].

A sequence (x,,) in an lcs E is a basis in E if each z € E can be written uniquely
as T = Y o, a,T, with (a,) C K. If additionally the coefficient functionals
fo: E— K,z — ap (n € N) are continuous, then (z,,) is a Schauder basis in E.

Any basis in a Fréchet space is a Schauder basis.

Let (z,,) be a basis in a Fréchet space X and (y,) a basis in a Fréchet space Y.
Then the following conditions are equivalent:

(1) (z,,) is equivalent to (yy);

(2) for any (a,) C K the series Y7 | @,z is convergent in X if and only if the
series Z:LO=1 QpYn 18 convergent in Y.

If a sequence (x,,) in a Fréchet space X is quasi-equivalent to a sequence (y,,) in
a Fréchet space Y, then the closed linear spans of (z,,) and (y,) are isomorphic.

Let E be a Fréchet space with a base (py) of continuous seminorms and let (e;)
be an absolute basis in F with the sequence (f,,) of coefficient functionals. Then
we have the following:

(a) For any M C N, (en)nen is an absolute basis in the closed linear span Ej;
of (én)nen and E is isomorphic to the product Eas X En -

(b) The seminorms pj, k € N, defined by

pZ(x) = Z |fn(z)|pK(en), 2 € E,

are continuous on E and (pj}) is a base of continuous seminorms on E.

(¢c) E is a nuclear space (respectively, a Schwartz space) if and only if for
any i € N there exists j > ¢ such that Y [pi(e,)/pj(en)] < oo (respectively,
[pi(en)/pj(en)] —n 0) (we agree [0/0] = 0) [5].

Let B = (b, ) be an infinite matrix consisting of positive real numbers and
satisfying the condition Vk,n € N : b, . < by, p4+1. The Kdthe space associated with
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the matrix B is the Fréchet space

K(B) ={(an) CK: Z |t |, < 0o for all k € N}

n=1

with the standard base (pi) of continuous norms: py((ay,)) = oo klan|bp k. k €
N. The sequence (e,,) of coordinate vectors is an absolute basis in K (B).

REsuULTS

We will need the following lemma.

Lemma 1. Assume that a sequence (x,) in a metrizable lcs X is semi-equivalent
to a sequence (yp) in a metrizable lcs Y. Let (pr) and (qi) be bases of continuous
seminorms on X and Y, respectively. Then there exist increasing functions s,r :
N — N such that for all i,j,n € N with ¢;(yn)q;(yn) > 0 we have

Qz(yn) < pS(i)(xn) < qT(i)(yn)
@) (Un) ~ Ps)(@n) T @i (Yn)

Proof. The sequence (z,,) is equivalent to (a,yy) for some (ay,) C (K\ {0}). Thus
there exists an isomorphism T : lin(x,,) — lin(y,) with Tz, = a,yn,n € N. By the
continuity of 7" and T~! we obtain

Vk € N 3s(k),r(k) € NVr € lin(z,) : qp(Tx) < poey(2) < gry(Tx);
clearly, we can assume that s(k) < s(k+ 1) and r(k) < r(k 4+ 1) for any k € N.
Then Vk,n € N : gi(y,) < ps(k)(ozgla:n) < Gr(k)(Yn). Thus for all k,n € N with
i (yn) > 0 we have [qx(yn)/Ps(k) ()] < | < (@) (Un)/Ps(k) (2:)]. Hence for all
i;j,n € N with ¢i(yn)q;(yn) > 0 we get

GWn) &)W 0 G i ()
Ps(3) (xn) ps(j)(xn) ps(j)(xn) Ps(3) (xn)

)

or equivalently

4i(Yn) Ps () (Tn) < Psiy(Tn) @r()(Yn) and q;(yn) Doy () < Do) (Tn) @ri)(Yn)-
This implies Lemma 1. (I

Using this lemma, we shall show the following.

Theorem 2. Any non-normable Fréchet space E with a semi-symmetric absolute
basis (ey,) is isomorphic to w. In particular, any non-normable Fréchet space with
a symmetric absolute basis is isomorphic to w.

Proof. Let (pg) be a base of continuous seminorms on E. Suppose, by contradiction,
that F is not isomorphic to w. Then, for some k € N, the space (E/kerpy) is
infinite-dimensional. Thus the set M; = {n € N : py(e,) > 0} is infinite. Put
My = (N\ Mj). Let E; be the closed linear span of {e, : n € M;} for i = 1,2.
Clearly, p,’;|E1 is a continuous norm on F; and F is isomorphic to E; X E5. We shall
prove that E has a continuous norm. It is obvious if Ms is finite. Otherwise, there
exists a permutation of N with 7(Ms) = M;. Since the basis (e, ) is semi-symmetric,
the sequence (ex(,)) is semi-equivalent to (e,,). Then (ex(n))nenm, is semi-equivalent
t0 (én)nem,. Thus Ej is isomorphic to Ea. It follows that E possesses a continuous
norm.
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Since E is non-normable, then for M = {2n —1:n € N} or M = {2n : n € N},
the closed linear span F of {e,, : n € M} is non-normable. Without loss of generality
we can assume that p}|F,k € N, are pairwise non-equivalent norms on F'. Then
lim inf, e pr[pr(en)/Prs1(en)] = 0,k € N. Let ¢ : N> — M be an injection. We can
construct an injection ¢ : N> — M such that

Pa(Cyw) _ Po(Co(w))
pa—l—l(ew(w)) pc(ega('w))

(We put the elements of the set N* in a sequence (t,,) and next we choose in turn

Y(t1),¥(t2), .- )

Since the maps ¢, : N3 — M are injective and the sets [N\ ¢(N3)], [N\ ¢(N?)]
are countable and infinite, there exists a permutation 7 of N with 7(p(w)) = ¥(w)
for all w € N3, Then

for any w = (a,b,c) € N,

pa(ew(n)) pb(en)
< .

pa+l(e7r(n)) pc(en)
Since (ey) is semi-symmetric, (er(,)) is semi-equivalent to (e,) . By Lemma 1,
there exist increasing functions s, : N — N such that
pr(i)(eﬂ'(n)) > ps(i)(en)

piler(n)) — Psi)(€n)
Hence, for (a,b,c) = (r(1),s(1),s(r(1) + 1)), we have

pa(eﬂ'(n)) > pb(en) .
Pa+1 (eﬂ'(n)) o pc(en>’

a contradiction. Thus F is isomorphic to w. O

¥(a,b,c) e N* In e N:

Vi, j,m € N :

Vn e N:

For Fréchet-Schwartz spaces we shall show a stronger result.

Theorem 3. Any Fréchet-Schwartz space E with a semi-subsymmetric absolute
basis (en) is isomorphic to w. In particular, any Fréchet-Schwartz space with a
subsymmetric absolute basis is isomorphic to w.

Proof. Let (qx) be a base of continuous seminorms on E. Suppose, by contradiction,
that E is not isomorphic to w. Then there is i; € N with dim(E/ker¢;,) = co. Let
i > 4. Put N; = {n € N: g;(e,) > 0}. Clearly, the closed linear span E; of {e, :
n € N;} is an infinite-dimensional Fréchet-Schwartz space with an absolute basis
(en)nen, and ¢f|E; is a continuous norm on E;. Therefore lim,en;, [gi(en)/q;(en)] =
0 for some j > ¢. Thus we can construct inductively an increasing sequence (i) C N
such that 1imn€Nik (@), (en) /iy s, (€n)] = O for any k € N. Put p = ¢;, and My =
N;, for all k € N; obviously M; C M, for any i € N. Let a; j(n) = [pi(en)/pj(en)]
for ¢, € N with ¢ < j and n € M;. Then lim,cu, a; j(n) = 0 for all ¢,j € N with
i < j. Thus we can construct inductively an increasing sequence (t,) C M such
that for any n > 1 we have

. . : <
(1) | max ap.q(tn) < 1rgnhlgnmln{ah,n(l) 1€ Mp,l <bpn}

h = My, - >q .

where by, hg{jngf}(gnmax{f € My, aguw(f) > a1n(tn-1)}

(If h < d < w < n, then the set {f € M}, : agw(f) > a1,,(tn—1)} is finite because
limsenr, aq.w(f) = 0. Moreover, limgc p, maxi<p<g<n @pq(t) = 0 for any n € N.)
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Let 7 be a permutation of N with w(M;) = My and 7(t3m) = t3m, T(tams1) =
tsm—1 for any m € N. Since the basis (e,) is semi-subsymmetric, the sequence
(€x(n)) is semi-equivalent to (eg,) for some increasing sequence (k,) C N. Then
(€x(n))nen, is semi-equivalent to (ex, )nenr, . Thus the linear span Y of {ex, :n €
M} is isomorphic to the linear span of {e,, : n € M;}; so Y has a continuous norm.
Therefore {k, : n € My} C My for some h € N. Using Lemma 1, we infer that
there exist increasing functions s, : N — N such that

pi(ekn) < ps(i)(eﬂ(n)) < pr(i)(ekn)
Priiy(er,) ~ Psg)(ermy)) T pyler,)

for all 4, j,n € N with p;(eg,)pj(ex,) > 0. Hence for (i,5) = (h,7(h) + 1) and
(u,0) = (h, 7(r(h) + 1)), (p,0) = (5(1), s(r(R) + 1)), (dy ) — (r(h), r(h) + 1) we get
u,o(kn) < apq(m(n)) < agw(kn) for any n € My, since p(ek, )pr(ny+1(ex,) > 0 for
any n € M;.

Let m € N with 3m > max{v,q,w}. Then 1 < h <3m,1 <p<qg<3m,h <
d < w < 3m, kyy,, € My, key,,o, € My, apg(tam) = apq(m(tam)) > auv(ke,,,) >
ah,Sm(ktgm) and ad,w(kt3m+1) > ap,q(ﬂ—(tSerl)) = ap,q(tSmfl) > al,Sm(tSmfl)'

By (1) we obtain ky,,, > by gm since ap q(tam) > ansm(kis,) and ki, € M.
Moreover, by 3m > ki, because ky, ., € My, and ag.w(ke,, ) = a1,3m(tam—1)-
Thus ky,,, > ki,,,,.,. Hence t3,, > t3my1, 50 3m > 3m + 1; a contradiction. It
follows that FE is isomorphic to w. (I

Corollary 4. Any nuclear Fréchet space with a semi-subsymmetric basis (in par-
ticular, with a subsymmetric basis) is isomorphic to w.

Now we show that there exist uncountably many mutually non-quasi-equivalent
absolute subsymmetric bases in Fréchet spaces. Let D be the set of all sequences
a = (an) C (0,00) such that limsup, liminf,, |a, — an| < co. Let a € D. Put
B = (by, ) where b, , = k% for all n,k € N. Denote by Dy (a) the Kéthe space
K (B). We shall prove the following.

Proposition 5. (a) For any a € D the coordinate basis in the Kothe space Do (a)
is subsymmetric.

(b) There exists an uncountable family D' C D such that the coordinate bases in
Do (a') and Dy (a”) are not quasi-equivalent for any o', a” € D" with o’ # a”.

Proof. (a) Let a = (a,) € D and let (ex(,)) be a permutation of the coordinate
basis (e,) in Do (a). By the definition of D, there exist ¢ € N and an increasing
sequence (k,) C N such that |ar(,) —ax,| < (¢ —1), n € N. Then

(@rmy +1) < clag, +1) < cQ(a,,(n) +1),neN.
Let s(j) = j¢ and r(j) = §¢* for each j € N and bk = k° for n,k € N. Then
(2) Vijsn € Nt jiba(nyj < 8(5)bk,,s() < 7(5)0r(n).r(s)-

Consider a linear map T : lin(ex(,)) — lin(es, ), such that T'er(,) = ex, for any
n € N. By (2) we get

Vi € NVz € lin(er(n)) : pj(x) < psi)(Tx) < prijy(),

where (pi) is the standard base of continuous norms on Du(a). Therefore T is an
isomorphism. Thus (e(,)) is equivalent to (e, ), so (ey) is subsymmetric.
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(b) Let ¢ : @ — N be an injection. For z € R let (t;,) C (Q\ {z}) with
limt, , = @ and N, = {¢(tzn) : n € N}. Then {N, : € R} is an uncountable
family of infinite subsets of N such that the set N, N N, is finite for all z,y € R
with x # y.

Let (hy) C (1,00) be an increasing sequence with lim,, h;,ilhgmﬂ = oo. Put
I, = (ham=1,ham),m € N. For € R let a; = (ag,) be asequence with {a;,, : n €
N} = U{I,, "nQ: m € N,}. Clearly, a, € D for any z € R. Put D’ = {a, : x € R}.
We shall prove that the coordinate bases in Dy (a,) and Dy (a,) are not quasi-
equivalent for any z,y € R with z # y. Let z,y € R with z # y.

Let 7 be a permutation of N. Take an increasing sequence (d,,) C (N, \ N,) and
a sequence (s,) C N such that ag ~(s,) € 14,,n € N. Then lim,, a; r(s,) = o0 and

n?

<Gka [j[k>\[jlk><lk],n€N.
k=1

k=1 k=1

(aw,ﬂ(sn)a ays,) €

Thus ay r(s,)s y,s, € (1,00) for n € N and
aZL’ s S
max{( ’(")>7<ay’“ >}—>noo
Qy.s,, am,ﬂ'(sn)
{ <am,w(sn> + 1) ( ay,s, +1 ) }
max§ [ ——— |, | ——=— —p 00
ayasn + 1 aw)ﬂ'(sn) + 1
Ay (s Ay r(s,) T 1 1 Qg (s
2( ,<n>>>( (sn) >>_< ’(")>,neN.
Ay,s, y,s, 11 2\ ays,
Suppose that the permutation (e (,)) of the coordinate basis in D (a,) is semi-

equivalent to the coordinate basis (e,) in Dy (ay). Then by Lemma 1 there exist
increasing functions s,r : N — N such that

Hence

because

Pyi(en) _ Prs@)(enm) _ Pyrii)(en)
py,r(j)(en) - pa:,s(j)(eﬂ(n)) - py,j(en)
where (py 1) and (py ) are the standard bases of continuous seminorms on D (a,)
and Do (a,), respectively. Thus

{0y, tl (i) mm L 7(i)%ntl
), ] : < < | —.
Vl7]7 n e N |:T(j)ayv"+1:| — |:8(j)am’7r(”)+1 — jay,"—‘rl

Hence, for all 7, j,n € N, we obtain

Vi, j,n € N:

(ayn+1)In {ﬁ} < (Az,rmy +1)In {ﬂ} <(ayn+1)In {

s(J)
Then for (i,7) = (r(1) + 1,1) we get

— (r(
Wli/r()] _ (Geey 1Y _ In[r(i)/d]
ln[s@/su)]S( P >< ()G "N

Az 7(sy,) +1 Qy.s,, .
ax {< ay,s, +1 ) (az n(sn) T 1 7rm 00

a contradiction. This shows that the coordinate bases in Dy, (ay;) and Dy (a,) are
not quasi-equivalent. [l

al

Thus

Finally, we prove the following result.
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Theorem 6. Any non-normable Fréchet space E with a quasi-homogeneous abso-
lute basis (ey,) is isomorphic to w.

Proof. Let (qi) be a base of continuous seminorms on E. Suppose, by contradiction,
that E is not isomorphic to w. Then for some k € N, we have dim(E/ ker ¢;) = oo,
so the set L = {n € N : gi(e,) > 0} is infinite. Denote by X the closed linear
span of (en)ner; clearly, ¢;|X is a continuous norm on X. Since the basis (e,) is
quasi-homogeneous, then (e, )ner is quasi-equivalent to (e,,); so X is isomorphic to
E. Thus E has a continuous norm. Without loss of generality we can assume that
q1 is a norm.

Let M be an infinite subset of N. Since (e, )nens is quasi-equivalent to (e, ), the
closed linear span Y of (e, )nens is iSomorphic to F, so Y is non-normable. Hence

VkeNIi>k: imf ) _g
neM QZ(en)
Thus we can construct inductively an increasing sequence (k;) C N and a decreasing
sequence (M;) of infinite subsets of N such that limyenr, [qr, (€n)/qr, . (en)] = 0 for

any ¢ € N. Put p; = qi,,¢ € N. Then there exists an increasing sequence (¢,) C N
such that

(3) VYn € N: min pilen) m _pilen) )
1<v<n pn(ev) 1<i<n pH_l(etn)
Since (eq,) is quasi-equivalent to (e,) , there is a permutation 7 of N such that
(€x(ny) is semi-equivalent to (e;,). By Lemma 1, there exist increasing functions
s,7: N — N such that
Psi)(€xm) _ Preiy(et,)
Py (exm) —  pjet,)
In particular, for (a,b,c) = (r(1), s(1),s(r(1) + 1)) we have

Vi, j,m € N :

pb(eﬂ'(n)) < pa(etn)
Pe(€r(n)) ~ Patiler,)

Using (3), we get m(n) > n for any n > ¢ because

Vn € N:

Pi(en(m) _ Po(ex(m)
pn(eﬂ'(n)) N pc(eﬂ'(n))
and ¢ < nforanyn >c. Hence n({i e N: ¢ >¢}) C {i e N:i > ¢}, so
7({i e N:i<c}) D {i € N:i<c}; this is impossible.
Thus FE is isomorphic to w. (]

Corollary 7. Any nuclear Fréchet space with a quasi-homogeneous basis (in par-
ticular, with a homogeneous one) is isomorphic to w.
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