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ON SUBSYMMETRIC BASES IN FRÉCHET SPACES

WIES�LAW ŚLIWA

(Communicated by N. Tomczak-Jaegermann)

Abstract. It is proved that any non-normable Fréchet space with a semi-
symmetric absolute basis is isomorphic to the space ω of all scalar sequences. A
similar result is shown for quasi-homogeneous absolute bases. It is also proved
that any nuclear Fréchet space with a semi-subsymmetric basis is isomorphic
to ω.

Introduction

Let E be a Fréchet space (i.e. a metrizable lcs over the field K of real or complex
numbers) with a base (pk) of continuous seminorms. A basis (en) in E, with the
sequence (fn) of coefficient functionals, is said to be absolute if

∀ k ∈ N ∀ x ∈ E :
∞∑

n=1

|fn(x)|pk(en) < ∞.

By the Dynin-Mitiagin theorem any basis in a nuclear Fréchet space is absolute.
A basis (en) in E is (semi-)symmetric if any permutation (eπ(n)) of (en) is a basis

in E (semi-)equivalent to (en). We say that a basis (en) in E is (semi-)subsym-
metric if any permutation (eπ(n)) of (en) is a basis in E (semi-)equivalent to some
subsequence (ekn

) of (en). ( Two sequences (xn) in an lcs X and (yn) in an lcs Y
are equivalent if there exists an isomorphism T between their linear spans such that
Txn = yn, n ∈ N, and semi-equivalent if for some (αn) ⊂ (K \ {0}) the sequences
(xn), (αnyn) are equivalent.)

Symmetric bases were studied in Banach spaces by Singer [8] and in locally
convex spaces (lcs) by Garling [4], Ruckle [6], [7], Cac [3] and Terzioǧlu [9].

Every basis in ω is symmetric because any two bases in ω are equivalent [2].
Terzioǧlu [9] proved that any nuclear Fréchet space with a symmetric basis is iso-
morphic to ω. (His definition of a symmetric basis is equivalent to our definition
which appears in [7].)

In this paper we show that any non-normable Fréchet space with a semi-symmet-
ric absolute basis is isomorphic to ω (Theorem 2). We also prove that any Fréchet-
Schwartz space with a semi-subsymmetric absolute basis is isomorphic to ω (The-
orem 3). It follows that any nuclear Fréchet space with a semi-subsymmetric basis
(in particular, with a subsymmetric basis) is isomorphic to ω (Corollary 4).
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Next, we construct an uncountable family of mutually non-quasi-equivalent sub-
symmetric absolute bases in Fréchet spaces (Proposition 5). (Two sequences (xn)
in an lcs X and (yn) in an lcs Y are quasi-equivalent if for some permutation π of
N the sequences (xn), (yπ(n)) are semi-equivalent.)

We say that a basis (en) in E is (quasi-)homogeneous if any subsequence (ekn
) of

(en) is (quasi-)equivalent to (en). (Homogeneous bases in Banach spaces are known
as “subsymmetric bases” [8].)

We show that any non-normable Fréchet space with a quasi-homogeneous ab-
solute basis is isomorphic to ω (Theorem 6). It follows that any nuclear Fréchet
space with a quasi-homogeneous basis (in particular, with a homogeneous basis) is
isomorphic to ω (Corollary 7).

Preliminaries

The linear span of a subset A of a linear space E is denoted by linA.
A non-decreasing sequence (pk) of continuous seminorms on an lcs E is a base of

continuous seminorms on E if for every continuous seminorm p on E there is k ∈ N

with p ≤ pk. Any metrizable lcs E possesses a base (pk) of continuous seminorms.
A Fréchet space F with a base (qk) of continuous seminorms is isomorphic to ω

if and only if for any k ∈ N the quotient space (F/ ker qk) is finite-dimensional [1].
A sequence (xn) in an lcs E is a basis in E if each x ∈ E can be written uniquely

as x =
∑∞

n=1 αnxn with (αn) ⊂ K. If additionally the coefficient functionals
fn : E → K, x → αn (n ∈ N) are continuous, then (xn) is a Schauder basis in E.

Any basis in a Fréchet space is a Schauder basis.
Let (xn) be a basis in a Fréchet space X and (yn) a basis in a Fréchet space Y .

Then the following conditions are equivalent:
(1) (xn) is equivalent to (yn);
(2) for any (αn) ⊂ K the series

∑∞
n=1 αnxn is convergent in X if and only if the

series
∑∞

n=1 αnyn is convergent in Y .
If a sequence (xn) in a Fréchet space X is quasi-equivalent to a sequence (yn) in

a Fréchet space Y , then the closed linear spans of (xn) and (yn) are isomorphic.
Let E be a Fréchet space with a base (pk) of continuous seminorms and let (en)

be an absolute basis in E with the sequence (fn) of coefficient functionals. Then
we have the following:

(a) For any M ⊂ N, (en)n∈M is an absolute basis in the closed linear span EM

of (en)n∈M and E is isomorphic to the product EM × EN\M .
(b) The seminorms p∗k, k ∈ N, defined by

p∗k(x) =
∞∑

n=1

|fn(x)|pk(en), x ∈ E,

are continuous on E and (p∗k) is a base of continuous seminorms on E.
(c) E is a nuclear space (respectively, a Schwartz space) if and only if for

any i ∈ N there exists j > i such that
∑∞

n=1[pi(en)/pj(en)] < ∞ (respectively,
[pi(en)/pj(en)] →n 0) (we agree [0/0] = 0) [5].

Let B = (bn,k) be an infinite matrix consisting of positive real numbers and
satisfying the condition ∀k, n ∈ N : bn,k ≤ bn,k+1. The Köthe space associated with



ON SUBSYMMETRIC BASES IN FRÉCHET SPACES 455

the matrix B is the Fréchet space

K(B) = {(αn) ⊂ K :
∞∑

n=1

|αn|bn,k < ∞ for all k ∈ N}

with the standard base (pk) of continuous norms: pk((αn)) =
∑∞

n=1 k|αn|bn,k, k ∈
N. The sequence (en) of coordinate vectors is an absolute basis in K(B).

Results

We will need the following lemma.

Lemma 1. Assume that a sequence (xn) in a metrizable lcs X is semi-equivalent
to a sequence (yn) in a metrizable lcs Y . Let (pk) and (qk) be bases of continuous
seminorms on X and Y , respectively. Then there exist increasing functions s, r :
N → N such that for all i, j, n ∈ N with qi(yn)qj(yn) > 0 we have

qi(yn)
qr(j)(yn)

≤
ps(i)(xn)
ps(j)(xn)

≤
qr(i)(yn)
qj(yn)

.

Proof. The sequence (xn) is equivalent to (αnyn) for some (αn) ⊂ (K \ {0}). Thus
there exists an isomorphism T : lin(xn) → lin(yn) with Txn = αnyn, n ∈ N. By the
continuity of T and T−1 we obtain

∀k ∈ N ∃s(k), r(k) ∈ N ∀x ∈ lin(xn) : qk(Tx) ≤ ps(k)(x) ≤ qr(k)(Tx);

clearly, we can assume that s(k) < s(k + 1) and r(k) < r(k + 1) for any k ∈ N.
Then ∀k, n ∈ N : qk(yn) ≤ ps(k)(α−1

n xn) ≤ qr(k)(yn). Thus for all k, n ∈ N with
qk(yn) > 0 we have [qk(yn)/ps(k)(xn)] ≤ |α−1

n | ≤ [qr(k)(yn)/ps(k)(xn)]. Hence for all
i, j, n ∈ N with qi(yn)qj(yn) > 0 we get

qi(yn)
ps(i)(xn)

≤
qr(j)(yn)
ps(j)(xn)

and
qj(yn)

ps(j)(xn)
≤

qr(i)(yn)
ps(i)(xn)

,

or equivalently

qi(yn) ps(j)(xn) ≤ ps(i)(xn) qr(j)(yn) and qj(yn) ps(i)(xn) ≤ ps(j)(xn) qr(i)(yn).

This implies Lemma 1. �

Using this lemma, we shall show the following.

Theorem 2. Any non-normable Fréchet space E with a semi-symmetric absolute
basis (en) is isomorphic to ω. In particular, any non-normable Fréchet space with
a symmetric absolute basis is isomorphic to ω.

Proof. Let (pk) be a base of continuous seminorms on E. Suppose, by contradiction,
that E is not isomorphic to ω. Then, for some k ∈ N, the space (E/ ker pk) is
infinite-dimensional. Thus the set M1 = {n ∈ N : pk(en) > 0} is infinite. Put
M2 = (N \ M1). Let Ei be the closed linear span of {en : n ∈ Mi} for i = 1, 2.
Clearly, p∗k|E1 is a continuous norm on E1 and E is isomorphic to E1×E2. We shall
prove that E has a continuous norm. It is obvious if M2 is finite. Otherwise, there
exists a permutation of N with π(M2) = M1. Since the basis (en) is semi-symmetric,
the sequence (eπ(n)) is semi-equivalent to (en). Then (eπ(n))n∈M2 is semi-equivalent
to (en)n∈M2 . Thus E1 is isomorphic to E2. It follows that E possesses a continuous
norm.



456 WIES�LAW ŚLIWA

Since E is non-normable, then for M = {2n − 1 : n ∈ N} or M = {2n : n ∈ N},
the closed linear span F of {en : n ∈ M} is non-normable. Without loss of generality
we can assume that p∗k|F, k ∈ N, are pairwise non-equivalent norms on F . Then
lim infn∈M [pk(en)/pk+1(en)] = 0, k ∈ N. Let ϕ : N3 → M be an injection. We can
construct an injection ψ : N3 → M such that

pa(eψ(w))
pa+1(eψ(w))

<
pb(eϕ(w))
pc(eϕ(w))

for any w = (a, b, c) ∈ N3.

(We put the elements of the set N3 in a sequence (tm) and next we choose in turn
ψ(t1), ψ(t2), . . . .)

Since the maps ϕ, ψ : N3 → M are injective and the sets [N \ϕ(N3)], [N \ψ(N3)]
are countable and infinite, there exists a permutation π of N with π(ϕ(w)) = ψ(w)
for all w ∈ N3. Then

∀(a, b, c) ∈ N3 ∃n ∈ N :
pa(eπ(n))

pa+1(eπ(n))
<

pb(en)
pc(en)

.

Since (en) is semi-symmetric, (eπ(n)) is semi-equivalent to (en) . By Lemma 1,
there exist increasing functions s, r : N → N such that

∀i, j, n ∈ N :
pr(i)(eπ(n))
pj(eπ(n))

≥
ps(i)(en)
ps(j)(en)

.

Hence, for (a, b, c) = (r(1), s(1), s(r(1) + 1)), we have

∀n ∈ N :
pa(eπ(n))

pa+1(eπ(n))
≥ pb(en)

pc(en)
;

a contradiction. Thus E is isomorphic to ω. �

For Fréchet-Schwartz spaces we shall show a stronger result.

Theorem 3. Any Fréchet-Schwartz space E with a semi-subsymmetric absolute
basis (en) is isomorphic to ω. In particular, any Fréchet-Schwartz space with a
subsymmetric absolute basis is isomorphic to ω.

Proof. Let (qk) be a base of continuous seminorms on E. Suppose, by contradiction,
that E is not isomorphic to ω. Then there is i1 ∈ N with dim(E/ ker qi1) = ∞. Let
i ≥ i1. Put Ni = {n ∈ N : qi(en) > 0}. Clearly, the closed linear span Ei of {en :
n ∈ Ni} is an infinite-dimensional Fréchet-Schwartz space with an absolute basis
(en)n∈Ni

and q∗i |Ei is a continuous norm on Ei. Therefore limn∈Ni
[qi(en)/qj(en)] =

0 for some j > i. Thus we can construct inductively an increasing sequence (ik) ⊂ N

such that limn∈Nik
[qik

(en)/qik+1(en)] = 0 for any k ∈ N. Put pk = qik
and Mk =

Nik
for all k ∈ N; obviously Mi ⊂ Mi+1 for any i ∈ N. Let ai,j(n) = [pi(en)/pj(en)]

for i, j ∈ N with i < j and n ∈ Mi. Then limn∈Mi
ai,j(n) = 0 for all i, j ∈ N with

i < j. Thus we can construct inductively an increasing sequence (tn) ⊂ M1 such
that for any n > 1 we have

(1) max
1≤p<q≤n

ap,q(tn) < min
1≤h<n

min{ah,n(l) : l ∈ Mh, l ≤ bh,n}

where bh,n = max
h≤d<w≤n

max{f ∈ Mh : ad,w(f) ≥ a1,n(tn−1)}.

(If h ≤ d < w ≤ n, then the set {f ∈ Mh : ad,w(f) ≥ a1,n(tn−1)} is finite because
limf∈Mh

ad,w(f) = 0. Moreover, limt∈M1 max1≤p<q≤n ap,q(t) = 0 for any n ∈ N.)
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Let π be a permutation of N with π(M1) = M1 and π(t3m) = t3m, π(t3m+1) =
t3m−1 for any m ∈ N. Since the basis (en) is semi-subsymmetric, the sequence
(eπ(n)) is semi-equivalent to (ekn

) for some increasing sequence (kn) ⊂ N. Then
(eπ(n))n∈M1 is semi-equivalent to (ekn

)n∈M1 . Thus the linear span Y of {ekn
: n ∈

M1} is isomorphic to the linear span of {en : n ∈ M1}; so Y has a continuous norm.
Therefore {kn : n ∈ M1} ⊂ Mh for some h ∈ N. Using Lemma 1, we infer that
there exist increasing functions s, r : N → N such that

pi(ekn
)

pr(j)(ekn
)
≤

ps(i)(eπ(n))
ps(j)(eπ(n))

≤
pr(i)(ekn

)
pj(ekn

)

for all i, j, n ∈ N with pi(ekn
)pj(ekn

) > 0. Hence for (i, j) = (h, r(h) + 1) and
(u, v) = (h, r(r(h) + 1)), (p, q) = (s(h), s(r(h) + 1)), (d, w) = (r(h), r(h) + 1) we get
au,v(kn) ≤ ap,q(π(n)) ≤ ad,w(kn) for any n ∈ M1, since ph(ekn

)pr(h)+1(ekn
) > 0 for

any n ∈ M1.
Let m ∈ N with 3m ≥ max{v, q, w}. Then 1 ≤ h < 3m, 1 ≤ p < q ≤ 3m, h ≤

d < w ≤ 3m, kt3m
∈ Mh, kt3m+1 ∈ Mh, ap,q(t3m) = ap,q(π(t3m)) ≥ au,v(kt3m

) ≥
ah,3m(kt3m

) and ad,w(kt3m+1) ≥ ap,q(π(t3m+1)) = ap,q(t3m−1) ≥ a1,3m(t3m−1).
By (1) we obtain kt3m

> bh,3m since ap,q(t3m) ≥ ah,3m(kt3m
) and kt3m

∈ Mh.
Moreover, bh,3m ≥ kt3m+1 because kt3m+1 ∈ Mh and ad,w(kt3m+1) ≥ a1,3m(t3m−1).
Thus kt3m

> kt3m+1 . Hence t3m > t3m+1, so 3m > 3m + 1; a contradiction. It
follows that E is isomorphic to ω. �

Corollary 4. Any nuclear Fréchet space with a semi-subsymmetric basis (in par-
ticular, with a subsymmetric basis) is isomorphic to ω.

Now we show that there exist uncountably many mutually non-quasi-equivalent
absolute subsymmetric bases in Fréchet spaces. Let D be the set of all sequences
a = (an) ⊂ (0,∞) such that lim supn lim infm |an − am| < ∞. Let a ∈ D. Put
B = (bn,k) where bn,k = kan for all n, k ∈ N. Denote by D∞(a) the Köthe space
K(B). We shall prove the following.

Proposition 5. (a) For any a ∈ D the coordinate basis in the Köthe space D∞(a)
is subsymmetric.

(b) There exists an uncountable family D′ ⊂ D such that the coordinate bases in
D∞(a′) and D∞(a′′) are not quasi-equivalent for any a′, a′′ ∈ D′ with a′ 	= a′′.

Proof. (a) Let a = (an) ∈ D and let (eπ(n)) be a permutation of the coordinate
basis (en) in D∞(a). By the definition of D, there exist c ∈ N and an increasing
sequence (kn) ⊂ N such that |aπ(n) − akn

| ≤ (c − 1), n ∈ N. Then

(aπ(n) + 1) ≤ c(akn
+ 1) ≤ c2(aπ(n) + 1), n ∈ N.

Let s(j) = jc and r(j) = jc2
for each j ∈ N and bn,k = kan for n, k ∈ N. Then

(2) ∀j, n ∈ N : jbπ(n),j ≤ s(j)bkn,s(j) ≤ r(j)bπ(n),r(j).

Consider a linear map T : lin(eπ(n)) → lin(ekn
), such that Teπ(n) = ekn

for any
n ∈ N. By (2) we get

∀j ∈ N ∀x ∈ lin(eπ(n)) : pj(x) ≤ ps(j)(Tx) ≤ pr(j)(x),

where (pk) is the standard base of continuous norms on D∞(a). Therefore T is an
isomorphism. Thus (eπ(n)) is equivalent to (ekn

), so (en) is subsymmetric.
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(b) Let ϕ : Q → N be an injection. For x ∈ R let (tx,n) ⊂ (Q \ {x}) with
lim tx,n = x and Nx = {ϕ(tx,n) : n ∈ N}. Then {Nx : x ∈ R} is an uncountable
family of infinite subsets of N such that the set Nx ∩ Ny is finite for all x, y ∈ R

with x 	= y.
Let (hm) ⊂ (1,∞) be an increasing sequence with limm h−1

2mh2m+1 = ∞. Put
Im = (h2m−1, h2m), m ∈ N. For x ∈ R let ax = (ax,n) be a sequence with {ax,n : n ∈
N} =

⋃
{Im ∩ Q : m ∈ Nx}. Clearly, ax ∈ D for any x ∈ R. Put D′ = {ax : x ∈ R}.

We shall prove that the coordinate bases in D∞(ax) and D∞(ay) are not quasi-
equivalent for any x, y ∈ R with x 	= y. Let x, y ∈ R with x 	= y.

Let π be a permutation of N. Take an increasing sequence (dn) ⊂ (Nx \Ny) and
a sequence (sn) ⊂ N such that ax,π(sn) ∈ Idn

, n ∈ N. Then limn ax,π(sn) = ∞ and

(ax,π(sn), ay,sn
) ∈

[( ∞⋃
k=1

Ik ×
∞⋃

k=1

Ik

)
\

∞⋃
k=1

Ik × Ik

]
, n ∈ N.

Thus ax,π(sn), ay,sn
∈ (1,∞) for n ∈ N and

max
{(

ax,π(sn)

ay,sn

)
,

(
ay,sn

ax,π(sn)

)}
→n ∞.

Hence

max
{(

ax,π(sn) + 1
ay,sn

+ 1

)
,

(
ay,sn

+ 1
ax,π(sn) + 1

)}
→n ∞

because

2
(

ax,π(sn)

ay,sn

)
>

(
ax,π(sn) + 1
ay,sn

+ 1

)
>

1
2

(
ax,π(sn)

ay,sn

)
, n ∈ N.

Suppose that the permutation (eπ(n)) of the coordinate basis in D∞(ax) is semi-
equivalent to the coordinate basis (en) in D∞(ay). Then by Lemma 1 there exist
increasing functions s, r : N → N such that

∀i, j, n ∈ N :
py,i(en)

py,r(j)(en)
≤

px,s(i)(eπ(n))
px,s(j)(eπ(n))

≤
py,r(i)(en)
py,j(en)

where (px,k) and (py,k) are the standard bases of continuous seminorms on D∞(ax)
and D∞(ay), respectively. Thus

∀i, j, n ∈ N :
[

iay,n+1

r(j)ay,n+1

]
≤

[
s(i)ax,π(n)+1

s(j)ax,π(n)+1

]
≤

[
r(i)ay,n+1

jay,n+1

]
.

Hence, for all i, j, n ∈ N, we obtain

(ay,n + 1) ln
[

i

r(j)

]
≤ (ax,π(n) + 1) ln

[
s(i)
s(j)

]
≤ (ay,n + 1) ln

[
r(i)
j

]
.

Then for (i, j) = (r(1) + 1, 1) we get

ln[i/r(j)]
ln[s(i)/s(j)]

≤
(

ax,π(n) + 1
ay,n + 1

)
≤ ln[r(i)/j]

ln[s(i)/s(j)]
, n ∈ N.

Thus

max
{(

ax,π(sn) + 1
ay,sn

+ 1

)
,

(
ay,sn

+ 1
ax,π(sn) + 1

)}
	→n ∞;

a contradiction. This shows that the coordinate bases in D∞(ax) and D∞(ay) are
not quasi-equivalent. �

Finally, we prove the following result.
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Theorem 6. Any non-normable Fréchet space E with a quasi-homogeneous abso-
lute basis (en) is isomorphic to ω.

Proof. Let (qk) be a base of continuous seminorms on E. Suppose, by contradiction,
that E is not isomorphic to ω. Then for some k ∈ N, we have dim(E/ ker qk) = ∞,
so the set L = {n ∈ N : qk(en) > 0} is infinite. Denote by X the closed linear
span of (en)n∈L; clearly, q∗k|X is a continuous norm on X. Since the basis (en) is
quasi-homogeneous, then (en)n∈L is quasi-equivalent to (en); so X is isomorphic to
E. Thus E has a continuous norm. Without loss of generality we can assume that
q1 is a norm.

Let M be an infinite subset of N. Since (en)n∈M is quasi-equivalent to (en), the
closed linear span Y of (en)n∈M is isomorphic to E, so Y is non-normable. Hence

∀ k ∈ N ∃ l > k : inf
n∈M

qk(en)
ql(en)

= 0.

Thus we can construct inductively an increasing sequence (ki) ⊂ N and a decreasing
sequence (Mi) of infinite subsets of N such that limn∈Mi

[qki
(en)/qki+1(en)] = 0 for

any i ∈ N. Put pi = qki
, i ∈ N. Then there exists an increasing sequence (tn) ⊂ N

such that

(3) ∀n ∈ N : min
1≤v≤n

p1(ev)
pn(ev)

> max
1≤i≤n

pi(etn
)

pi+1(etn
)
.

Since (etn
) is quasi-equivalent to (en) , there is a permutation π of N such that

(eπ(n)) is semi-equivalent to (etn
). By Lemma 1, there exist increasing functions

s, r : N → N such that

∀i, j, n ∈ N :
ps(i)(eπ(n))
ps(j)(eπ(n))

≤
pr(i)(etn

)
pj(etn

)
.

In particular, for (a, b, c) = (r(1), s(1), s(r(1) + 1)) we have

∀n ∈ N :
pb(eπ(n))
pc(eπ(n))

≤ pa(etn
)

pa+1(etn
)
.

Using (3), we get π(n) > n for any n ≥ c because

p1(eπ(n))
pn(eπ(n))

≤
pb(eπ(n))
pc(eπ(n))

and a ≤ n for any n ≥ c . Hence π({i ∈ N : i ≥ c}) ⊂ {i ∈ N : i > c}, so
π({i ∈ N : i < c}) ⊃ {i ∈ N : i ≤ c}; this is impossible.

Thus E is isomorphic to ω. �

Corollary 7. Any nuclear Fréchet space with a quasi-homogeneous basis (in par-
ticular, with a homogeneous one) is isomorphic to ω.
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