GENERAL VECTOR CALCULUS *

BY

JAMES BYRNIE SHAW

INTRODUCTION

This paper presents results from various papers read before the Society
during a period of several years. These are indicated in the footnotes. The
calculus is independent of the number of dimensions of the space in which the
vectors are supposed to be placed. Indeed the vectors are for the most part
supposed to be imbedded in a space of an infinity of dimensions, this infinity
being denumerable sometimes but more often non-denumerable. In the sense
in which the term is used every vector is an infinite vector as regards its dimen-
sionality. The reader may always make the development concrete by thinking
of a vector as a function of one or more variables, usually one, and involving a
parameter whose values determine the ““ dimensionality” of the space. The
values the parameter can assume constitute its “spectrum.” It must be
emphasized however that no one concrete representation is all that is meant,
for the vector is in reality an abstract entity given by its definition, that is to
say, postulationally. The case is analogous to that of ““group ” in which the
‘““operators” are generally not operators at all, since they have nothing to
operate upon, but are abstract entities, defined by postulates. Always to
interpret vectors as directed line-segments or as expansions of functions is to
limit the generality of the subject to no purpose, and actually to interfere with
some of the processes. It is sufficient to notice that in any case the theorems
may be tested out in any concrete representation. The author desires to
state that he discriminates between the terms function, values of a function,
expansion of a function. The function is the law which enables one to ascertain
the values. The table of values is not the function. The expansion is the
system of coefficients of the basis functions by means of which we may have a
particular representation of the function. Further a system of coefficients
does not constitute a vector; such a system the author calls a multiplex.

It is true that a multiplex appeals to many mathematicians as a sufficient
entity to serve as vector, but a multiplex does not specify a vector till the basis
(or in geometry the set of axes) is specified. A system of coefficients does not de-
fine the same function when attached to powers of x as when attached to sines in
a Fourier series; the vector (1,2, 3) has no meaning till the directions for the

* Presented to the Society at various meetings, 1909-1921.
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numbers are assigned; and 1 — 2? is the same function whether expanded in a
Fourier series or a Bessel series, though its multiplex is different. The essence
indeed of a vector calculus lies in its ability to produce invariantive and co-
variantive expressions, and it does this because it uses vectors directly and not
some particular representation of the vectors. A calculus which produces
formulas in «, y, z, even though they may be at once replaced by 2’, 3', 2/,
and preserve the same formulas, may be an invariant calculus, but it is not a
vector calculus. At the best, symbols which stand for such expressions referred
to axes for their meaning are merely short-hand symbols.

The method developed here has been found by years of use to be flexible,
smooth-running, simple, and to include all the systems of vectors now extant.
Its expressions are all covariantive for the simple reason they have no depend-
ence upon any system of reference. They are compact and readily interpreted
in such applications as differential geometry. It furnishes the basis for integral
equations, and the general theory of distributive operators. In the abstract
the intention is to create a calculus of symbols which are defined by the rules of
the calculus. Any entities that submit to these rules may be represented by
the symbols so far as this calculus is concerned, though from other points of
view they must be treated differently. These symbols stand for entities which
are subject to certain processes. A process is not a function; it produces
entities which are functions of the entities subject to the process, but the process
is not the function. For instance we use a process called addition, and one
called multiplication. There are several called “ A’ processes which are not
“multiplications.” The author is aware that some mathematicians like to
call some of these A processes by such names as tnner multiplication, outer
multvplication, tndeterminate multiplication, and the like, but he has not yet
observed that this multiplicity of names has been any advantage in the develop-
ment of the subject.

On the side of vectors in finite space (as to dimensions) this method includes
the Clifford algebras,* and might be supposed to be identical with the general
treatment of Clifford. The question has been asked: Why not assume a system
of units, 11, 12, - - -, 1,, whose squares are — 1, and such that 1,1, = — 241,
when p # ¢? All the formulas in the finite cases may be worked out from this
point of departure. They mi~ht then be generalized to the case of a denumer-
able infinity of units. This would indeed at least simplify much of the extant
work on the uses of orthogonal functions, vectors in a “Hilbert space,” etc.
But when we take up the most general case of a non-denumerable space it
would fail. The present development has no reference to any dimensions.

* Consult Clifford’s Works; Joly, Proceedings of the Royal Irish Acad-

emy (3), vol. 5 (1897), pp. 73-123; vol. 6 (1900), pp. 13-18; M’Aulay, Proceedings
of the Royal Society of Edinburgh, vol. 28 (1908), pp. 503-585.
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This must be well understood by the reader, for it is fundamental. The
Grassmann treatments are hampered by their assumption that the “outer
product” of all the basis units of the system is a numerical value. Without
knowing the number of dimensions of the space the formulas cannot always be
written. The formulas here are equally valid whether the vectors lie in a space
of three, three thousand, a denumerable number, or a non-denumerable
number of dimensions. There is no basis, for every vector is an entity unique
in itself. It defines with its numerical multiples a linear space, any two define
with their numerical multiples and under addition a binary space, any n an
n-ary space,—under certain restrictions to be noted.

I. FUNDAMENTALS
1. DEFINITIONS

1. Vectors. Vectors are represented in notation throughout by small Greek
letters, or by expressions built up with small Greek letters, and other symbols.
Capital Greek letters invariably mean operators. Roman (italic) letters mean
numerical values selected from a given domain, or field. An exception some-
times is furnished in using 7 in the ordinary sense.

Vectors are defined by stating the conditions to which they are subject.
These are as follows.

(1) Each vector gives rise to a set of vectors, called its multiples, repre-
sented by writing the symbol of the vector and a symbol for a number
(or mark) chosen from the given field, thus from « we have aa, 3a, 7, and
the like. No distinction is made between aa and aa. The multiples of a
vector are as numerous as the marks or numbers of the field. Any one of the
multiples may itself be taken as the initial vector and the others, including the
original vector, are then multiples of it. No vector is a unit vector absolutely,
but only relatively.

(2) In case we have one more vector which is not among the multiples of the
vector «, say 8, then the multiples of @ and the multiples of 8 enable us to
form a binary complex of vectors, indicated by za + yB, where x and y inde-
pendently assume all values in the field. The vector £ = za + yB is a unique
vector, but is said to be dependent upon « and 8, or not to be linearly inde-
pendent of them. We call the process of forming these vectors of the complex
addition of vectors. We assume as a matter of definition that

§=2a+yB =yB + za,

and further that, in the case of still a third vector, not in the complex of «,
and B,say v,if § =xa+yB, ¢ =yB+zy,0 =£+2y,7 =2a+, then
in all cases o = 7.

This is called associativity of addition.
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() If £ = X @, an, then the multiples of &, as c&, are also to be formed
from the same multiples of x; a1, @3 a2, - -+, that is

ct = Zcx,.an.
We see that by this last condition
xa+ya+... = (x+y+ ...)a_

(4) If 0 is included in the field, then we have vectors Oa, 08, - - - and these
are indistinguishable.

It follows that we may consider @ + 0f = « in all cases. Further we see
that the multiples of «, 3, v, etc., which determine a complex are to be con-
sidered as in the complex. Hence the vectors which determine a complex are
not unique. Whatever vectors are used to determine a complex are called a
basts for the complex in case they constitute an irreductble set, in the sense that
no one of them is included in the complex of the others. That is the same as
saying that a;, a2, - -+, o, form a basis for a complex in case

Op=ma1+22004+ -+ + 20000
only for 2y =2, = --- =2, = 0. They are said then to be linearly in-
dependent.
(5) When the number of linearly independent vectors is not finite we
indicate them by using a parameter attached to the vector symbol, sometimes
as a subscript, as in the case of a denumerable infinity, thus oy, oz, - -+, 0w;

and sometimes as a parameter in a parenthesis, as a(2), as in the case of a
non-denumerable infinity. The complex in the first case is indicated by

‘E=Z;°xnan or Zx,.a(n).

The complex in the second case is indicated by
b
§ = f 2(i) e (i) di.

As an instance of each case, so far as our conditions go we may consider that
functions of a single variable are vectors. We would then have, using z for the
variable, ¢ for the parameter, in the first case, an instance from expansions in
orthogonal functions,

£(2) = Zan¢n (=);

in the second case, an instance from the expression of a function as a definite
integral,

£(2) =f"a<i>¢<i,z>di.
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When we apply vectors to functions we need to note there are further restric-
tions on account of the problems of analysis. We are concerned here largely
with the problems of algebra only.

When we undertake to find the coefficients (from the field) which would
enable us to express a given vector as belonging to the complex of a given basis
(finding the components of the vector), in case it is possible to express the vector
thus, that is, in case the vector does belong to the complex, we say we resolve
the given vector on the given basis. This is exemplified in the process of finding
components of velocity, or force, or vector field, or Fourier coefficients, or
solving a linear homogeneous integral equation. The conditions, in the func-
tion case again, that such resolution may take place, have been extensively
studied in certain special cases. The study of such conditions as result from
these analytic problems has been carried far by E. H. Moore, whose papers on
General Analysis may be referred to. The definitions of norm, Hermitian
square, generalized theorem of Pythagoras, etc., find their place in such
investigations.

(6) Vectors are further subject to conditions which are the main object of
the present paper. These result from the formation of vectors of grade 2, 3,
-+, and their combinations into complexes, and combinations into complexes
of mixed grades. These will be treated separately under the heads: the accretive
process, the decretive process, the Hamiltonian process. The latter will also be
called the product.

2. THE ACCRETIVE PROCESS

2. Alternants.* In general an expression is alternant when it changes sign
with the interchange of two of its elements. The usage here is not contra-
dictory to this but supplements it considerably. As an example of an alternant
let us consider n functions of n different variables, giving us n? different func-
tions

a,‘(-.?j) (i7j=1,2’°"’n)-

Then the expression Y. = a;, (81) s, (82) * -+ o, (8n), where the subscripts ¢
are the numbers 1,2, - - -, n in some permutation, all permutations occurring,
and the sign is + or — according to the number of inversions, is an expression
which changes sign if any two subscripts are interchanged. It is therefore an
alternant.

The alternants we introduce are defined by the following conditions:

(1) From any n vectors we may construct an alternant, written A4, - a; as
«++ ay,, called a simple vector of grade n.
" % The remainder of part I contains the results of papers read before the Society as follows:
Chicago Section, December 26, 1913, The two fundamental operations of general vector analysis;

December 31, 1909, On Hamiltonian products; Southwestern Section, November 27, 1909,
Scalars of lineal products.
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(2) The interchange of any two vectors changes the sign.
(3) If any one of the vectors is in a complex, say a; = > a; 8; where the >
may be used also to include the non-denumerable case

o (4) =fa(j>ﬁ(j>dj,

then
An.alaz...ai...an= ZajAn-a1a2 tooﬁj o.-an.

It follows at once that if any two vectors are equal the alternant vanishes,
that if any vector is in the complex of the others the alternant vanishes, and
that to any vector may be added any vector in the complex of the others
without altering the alternant. The distributivity property (3) is very
important.

(4) A, - @ = a. The alternants begin with 4,. We preserve the notation
since it is valid in general theorems.

5) If A, - oy @z - -+ a, = 0 then for some set of values z;, 23, -+, x, not
all zero

rrart a0 Faaan =0.

This makes either equation a necessary and sufficient condition for the other.
It precludes using as the alternant defined above any alternant expression.
For instance in quaternions we might use as A, - o the expression
V - 0(a)6(B) where 6 () is a linear vector function, but it would be necessary
to choose 8 as non-singular. Otherwise the expression might vanish because
o or 3 happened to be an invariant line for the root 0. Similarly we might
take as A, - of8 the expression

f”f’[a<s>ﬂ<t> — B(s)a(t)](s)dsdt,

but we should have to place restrictions upon what ¢ () could be. Indeed in
either example we can consider that we do not really have the simple alternant,
but a function of the alternant, for they may be written respectively ®V - af3,
and ®[a(s)B(t) —B(s)a(t)]. The function might vanish when the
elementary alternant does not. We limit the meaning of A4, - otherwise,
however, only by the postulates.

3. Vector of grade n.* A basis of alternants of grade n gives a complex of
grade n, and any member of the complex is a vector of grade n. A vector of
grade n is indicated by V,. It does not have to reduce to a single alternant,
as for instance 4, - a8 + A, - v6 may or may not reduce to the form A, - €{.
Many vectors of grade n do however reduce to single terms which are repre-
sented by the symbols 4,. Such is the case to be defined, which is written

*This is not the ““ polyadic >’ of some authors.
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A, - a1as -+ anpr Where k£ % 0. Such expressions have properties to be
proved which may be stated in terms of the permutation groups under which
they are invariant. In case k¥ = 0 we might say that 4, - aj oz --- o, Is
invariant under the alternating group of permutations of its vectors, and
changes sign for the remaining substitutions of the symmetric group. Other
expressions constructed from an initial term by applying the substitutions of
some group would be interesting and useful, but little study of them has
occurred.

4. Accretive process. The accretive process is now defined by the equation

Aptg - Ap-o1an - apAg - BB+ By =Aprq- 1oz aphiPr--- By,

where p, q, are any integers. Hence if the alternants are interchanged the sign
is multiplied by ( — 1)7e.

3. THE DECRETIVE PROCESS
5. Scalars. The term scalar was first applied by Hamilton to quaternions
which could be included in the ordinary number scale. It is used here in the
same sense but with the further application to a process which gives numbers
(marks) belonging to the field, from vectors, whatever the grade of the vectors.
We shall use 4, - to indicate such results. We define first:

1) do- An - arag -+ ap An - B1B2 - -+ B 1s a number or mark of the
coefficient field.

(2 do-Anonay -+ on An - 182 -+ Ba
=do-dn-B1B2 - Budn-ron- an.
This will be found to be a special case of a more general formula. In particular
Ay af = Ay - Ba.
) 4o+ 4, () A4,() =0, p=gq.

@) Ao (P+Q+ ) (R+S+ )
= Ay PR+ Ay-PS+ -+ Ao- QR+ Ao - QS + - --

for any expressions P, @, ---, R, S, ---. That is, 4, is distributive.

Instances of the scalar process are found in the expression called inner product
by some mathematicians. In geometric vectors it is usually defined to be the
product of the lengths of the vectors by the cosine of their angle, which angle is
defined for the space involved. In functions we have

Ao-aﬁ=fba(s),3(3)ds.

We do not identify the scalar process A, with the scalar process in quaternions,
though the latter is included. For we might take A, - o = Saf (8) where
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0() is a self-transverse (symmetric, self-conjugate) linear vector operator
which has no zero roots. Such a form is implied in the integration with a
matrix defined by E. H. Moore in his General Analysis.

Scalars of vectors of grades higher than one are expressible by scalars of
vectors of grade one.

6. Orthogonality. If the scalar of two vectors of any grade vanishes the
two vectors are said to be orthogonal. A system of vectors may be mutually
orthogonal, as for instance a system of mutually perpendicular vectors in
space, or a system of functions such as a; = V2 sin iws, under the definition

1
Ay - a;a; = f o; (8)a; (s)ds.
0

Biorthogonality. Two systems of vectors a (%), 3(j) are mutually bior-
thogonal in case we have

Ao a(e)B(j) =0, 1],
Ao - a(2)B (1) # 0.

Biorthogonality and orthogonality play an important part in the problem of
expansions mentioned earlier. For instance they enable us to find the coeffi-
cients under proper restrictions.

7. Decretive process. We are now in a position to define the general de-
cretive process. We define first the expression

Ans - adn - Bify - Bo= T (= 1) Ao~ afi- AnsBr--- B

where the 7 written under 3; - - - 3, means that 38; is missing from the expression.

That is B: - : Bn means By -+ Bi—1Bit1++* Bn, with the particular cases

B1--- Bn means Bz --- B, and By - -+ B, means By --- Bn—1. This expression
1 n

is evidently a vector of grade n — 1. The decretive process reduces the grade.
We define further

Ans+ (An-Br-+PBa)a=(=1)"1Apy+ads-B1- B

We shall see later that we are here following a general law of permutations

which is the same as the determinant law for change of sign, but we have to

notice that in 4, the two vectors may be permuted without change of sign.
If we iterate the process just defined we would have

An_2‘a1An—1'a2An°ﬁl"°ﬁn

o B Ao+ auB; .
=Y (= 1)o@ ot abil B B, i<
2 ) Ao oz B Ao o2 B 2 b Y, g LI

This is evident since the multiplier of 4,381 - -+ - Bs will come from two
4
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sources; being, if we omit the signs, one way Ao - a2 8; + Ao - cu B;, and the
other way Ay - a2 B: Ao - a1 B;. But if 4 < j the sign for the first is (—)/+2
and for the second (—)*7*3, hence they have opposite signs. It is easy to
see by induction that for r iterations we have

An—r’alAn-—r-l-l'a2"’An—l'arAn'Bl"'ﬁn
= 3 (= )irkirttictr | Ao oy Bl Aney - Ba e ..‘r. Ba
1

wherek =1,2, «--,r,m=1,%, ~, 0,0 <lg <+ <1
The formula for operation on the right instead of the left is easily written.
As an instance in functions, we may define 4, - (1 --- B, to be the
determinant

LY B (o1, (1) = B (90),

a function of n independent variables. If now we multiply by a; (s), we
may produce the decretive process by forming the sum, with proper sign, of the
integrals we have, when we set in turn s = 8;,8 =83, -+, 8 = 8,

Since the vectors a enter the expressions above in an alternating manner
we are warranted in the final definition, for the decretive process on two
vectors of any grades,

An—r'Ar'al"'arAn°ﬁl"'Bn
=An—r'alAn—r+1'a2"'An—l'arAn'ﬁl'°'ﬁn: rén’
and we can show that
Apy  An- VA4, - () =(=)®D 4, ,-4,- ()A,- () when r=n.
In either case if = n we have the important formula
AO'An’al"’anAn'ﬁl"'Bn‘_‘ (_);n(n_l)]AO'aiﬁjl
('i)j=1’2y"'yn)-

The expression just found is sometimes called the Grammian when the a’s and
B’s represent functions. In this case we define

Ao af = fba(wB(s)ds.

For n functions the vanishing of the Grammian is a necessary and sufficient
condition of their being linearly dependent. However, this is really because of
the presence of the A4, - of the n functions. It is really what vanishes. It
is evident now that we may rewrite the definition of the general decretive
process in a theorem

Apr A0y arApn - Br-- Bn
= Z(—)zﬂ-h('—l)Ao’Ar‘ al"’arAr'Bil”'BirAn—rﬁl' .

f, o b

[
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It is to be observed that the sign is to be obtained by the determinant rule,
since we pass 3;, over 7; — 1 preceding f’s, B, then over 7, — 2 preceding B’s,
etc. The total inversions are then %; + %, + --- + 4. +ir(r +1). This
theorem is a particular case of a more general one to follow, which, however,
is to be stated as a definition of both the accretive and the decretive processes
for all cases.

The expression Ag - 4, () 4, () is called the norm or square of the intensity
of the vector A4,, as for instance Ay - 4s - afA4; - aff is the square of the in-
tensity of A, - a8. An alternant divided by its intensity, if this is not 0, gives
a unit alternant.

By means of the two processes it is possible to construct the whole of a
general vector calculus.*

8. When 4o - 4, - a1 -+ an An - B1 - Bn = 0, we know from the prop-
erties of determinants that if the rank is &, by proper addition of rows and
columns we may reduce the determinant to one in which either n — & rows or
n — h columns contain only 0, which in the present determinant will give
vectors in these rows or columns that are in the complex of the vectors « or
the complex of the vectors 8, respectively. It follows that n — & vectors in
the complex of 8’s may be chosen so as to all be orthogonal to every vector o,
or we may choose n — k vectors in the complex of the o’s which are all orthog-
onal to all the vectors 8. It follows that the complex of the remaining A
linearly independent vectors in the complex of the a’s, and the remaining &
linearly independent vectors in the complex of the §8’s, define two complexes of
h dimensions, which have a common incident complex of h dimensions. We
must not assume that the complex of order % of the vectors a can be identified
with that of order % of the vectors 8, since each vector of the first may be of
the form > i x;v: + ¢;,j = 1, -+, k, and the vectors of the other complex of
the form > 1 yivi + &,j =1, - - -, h, where the vectors { and £ are orthogonal
to all the vectors v, and all vectors { are orthogonal to all vectors £. The A4,
process leaves only the bilinear homogeneous forms Y a; y;. It follows that
the & vectors « are not necessarily expressible as in the complex of the & vectors
B, and vice versa. We may say then that the complex of the n vectors which
determine a vector of grade n, and the complex of the n vectors which deter-
mine another vector of grade n, may have with regard to each other a rank &,
which is the order of two sub-complexes, one from each complex, which have a
common sub-complex of order £. In the geometric case it is easy to see the
significance of these facts. In the function spaces, however, they are also sig-
nificant. When the general decretive expression vanishes, each scalar coefficient
vanishes provided the vectors 8 are linearly independent. Hence all vectors
o and B become subject to the remarks just made.

* This was presented to the Society in a paper read March 26, 1921, On Hamiltonian
products, second paper. The contents are incorporated in this memoir.
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9. In the alternant 4, - oy - - - @, we may substitute other vectors without
changing the value of the alternant. These may be chosen so as to form a
mutually orthogonal system if their intensities do not vanish. For it is evident
that
oy — ale Carap
Ao A O
is orthogonal to a; and its substitution for e, will not change the value of the
alternant. We may now find a vector orthogonal to both a;, a, to substitute
for a3, ete. In short if we set

’
a; = 0,
’
Qg = A1 . a1A2 . alaz/Ao c 1 0y,
4 .
az=A; - 42 - oy 45 - Ollolzas/Ao‘ As - oy Ay - oy asg,

we shall have 4, - oy -+ ap = Adp - & -+ .
The process would of course break down in case

Ao-a1a1=0, Ao'Az'a1a2A2'Ol1(¥2=0,

etc. But these are singular vectors and are excluded from the cases that are
under consideration. This process of orthogonalizing vectors is of importance
in the study of sets of functions, integral equations, etc. If the 4, process is
defined as in the General Analysis of Moore, so that it is a Hermitian product,
the vectors may always be orthogonalized.

10. In case p is linearly expressible in terms of 81, - - -, B, , since we have for
any set of n vectors o, - -, o, (writing merely o for a; a; - -+ o, and g for
BiBz2 -+ Bn)

Ay - Ay - adpyy B =0= (4o A4, - ad,B)p
- (AO S aAn 'Bl "'6n—1p)ﬁn+ tee
it follows that we have a means of expanding p in terms of the vectors 81, B2,

<, Baif Ao - A, - ad, - B # 0; that is, if the set of o’s has rank n with
regard to the set of §’s. Transposing we have

P=B Ao'an'An°ﬁ1"°ﬁn—lp
" Ao'An'OlA,,°B

_ AO'An‘aAn'ﬁl“'Bn-—2BnP .
by Ay ady g T

We now set
B = (—)i_lAI'An—l‘Bl""BnAn'al"‘an/Ao'An'aAn°ﬂ;

B¢ is called the complement of B; as to the vectors . In case the vectors «
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coincided each to each with the corresponding vectors 3, then the complements
would be called the adjuncts of the vectors 3, that is, the adjuncts are com-
plements in the complex of the §’s themselves. Evidently

Ao - B = 8y,
where 8;;is 1if ¢ = j, and 0if 2 # 5. The expression of p now becomes
p=2Bido-Bip=2 B Ao-Bip.

This is the generalized form for the expansion of p commonly used in
quaternions.

The process used above for two complexes is called biorthogonalization of
the vectors 8 as to the vectors «. The complexes need not be the same, but
must have their rank with regard to each other equal to the order of the com-
plex. That is to say, the vectors & must be expressible linearly in terms of the
common incident complex and other vectors orthogonal to the incident com-
plex. The same is true for the vectors 8. The vectors outside of the incident
complex, however, may be quite different. As an example we may show that
the sets of vectors

61; Al'a1A2'BlﬁZ; A1°A2‘a1a2A3'616263)
Al'As'ala2a3A4'61/32ﬁ3B4’ )

ai, Ay - B1ds - ay az, Ay - Ay - B1B2 A3 - a1 a3 a3,
A, - A4s - 515253114 c 01 0 (3 Oy,

are biorthogonalized sets.

11. We may now give the complete definition that states the result of using
either the accretive or the decretive process on two alternants* (counting
A, - £ as an alternant by definition). It could not have been stated before
since some of the expressions on the right would have to be defined first. We
define for all 7, j and any vectors «, 3,

Aipior - Ai w0+ i d; - o+ B

= Z ( _)2¢¢+2I5+b(i—k) Ai+j—2k L 2 BRI s 2 Bl . 'BJ
fety Jyoedy

X (4o Ap -y, 4-Bj, -+ B;,)

where T we have k =4,k =j, thatis, i +j — 2k = | — j|. The sign may be
determined directly without using the factor containing the sign, by counting
the total number of inversions, provided however that in the scalar factor
Ao - () () the vectors o precede the vectors 8. This definition includes all

* No special name is needed, as the next division shows.
+This X sign merely means that the expression should be written on one line.
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the others given, as particular cases. In case k = 17,7 =7, and B;, = o,
%2e = 1,2, -+, 1, the expression vanishes. In case & = 0 we have but a single
term, the sign being 4+. If £ = 0 we have the accretive process. If the
order of the two alternants is changed it is evident that the result is multi-
plied by (— )k,

The vector just defined, of grade © + j — 2k, is the alternant which defines
the region or space of order ¢+ j — 2k containing all the regions of the
alternants of order ¢ and j determined by omitting common incident regions
of order j.

4. TaE HAMILTON PRODUCT

12. Hamilton product of two vectors. Let V, and V., be any two vectors of
grades n, m respectively, that is, in the complex of a system of alternants all
of grade n and the complex of a system of alternants of grade m respectively.
Then we define Viinok*Vn Va=3 Aminsr- Ap AbTm Y, Where V=3 &m An,
and V, = Y y. A7. This merely states the distributive law. We now
define the Hamilton product (also distributive) for two vectors of grades m, n,
indicating it by the sign * temporarily. We shall see later that no special
mark is needed. We remember a scalar is not a vector, though written 4,.

Vm*Vn=E::!)m—anm-|-n_2k'VmVn, 0<m,0<n, Vm*x=me=x*Vm-
From this definition we have first, since 4, - oy = a3,
al*ag = Ao © Q1 Oy +A2 A1 Q.
Since the two parts of this product are of different grades, there is nothing to
interfere with our using the same symbols in front of the Hamilton product as
selective symbols to indicate the different parts. That is, we may use
Ao . Ollfaz and Ao Qa1 a,
A2 . oq*ag and Az c a1 O
indifferently. We shall see that this is a procedure which is general.
Again we have
a*dy - maz=Ai-ardy -zt Ay de -z
= OtaAo c Q1 0y — C(on . a1a3‘+ A3 c Q) Oy O3 .
Since a1 * 4o - az a3 = a1 Ay - a2 a3, by adding, we have
ar*(*os) =1 do-apas — s do-aro3 + az Ao asap + 43 - a1 a2 03.
This product consists then of two vectors, one of grade 1, the other of grade 3.
If we use 4, and 4; in front of a Hamilton product as selective symbols, then
we may define
Ay on*(e*az) =1 do- avag — ap Ao - aras + as Ao - o o,
4s - a* (012*013) = A3 - a1 a3.
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Evidently
A1 - o* (¥ a3) = A1 - as* (™).

We have
ar*(a*as) = 41 ¥ (e*as) + A3 cvewas = (% a2) * 3.

The vector of grade 3 in this product is familiar. The vector of grade 1, how-
ever, is a new function of o1, a2, and a3. We may indicate it as a function of
ay, az, a3 by using the same symbol, omitting the multiplication sign*. The
alternants we have already written in that manner, the mere juxtaposition of
the vectors in 4, - @; - -+ &, not implying up to this point anything in the
nature of a product. It has meant so far nothing more than a certain defined
function 4, - (a1, oz, -+, a,) of n vectors, of first grade. Hence we will
now define a new system of functions recurrently:

(1) A‘n c A1 Ottt Opgoy = An c oy An—l Qg Opg2g

+ An - o1 Angr - a2 - ¢ ¢ Ay, 0<mn,
where0 =¢. (Thelast term vanisheswhen ¢ = 0, since Ap41 - @2 -+ an = 0,
forn+1>mn.)
(2) AO'leaz"'Olm=A0'C¥1A1'6¥2"'C¥2m-

For instance
A1 c 01 0 O3 =A1’ ale-aga;;—i-Al- a1A2‘ oo 3.

In the case of functional space the number ¢ indicates the number of integra-
tions we perform, there being in all n + 27 parameters which are set equal in
t pairs in every possible manner, and then each pair integrated, leaving in
every resulting term n parameters as indicated always by the subscript of
the 4. We see that now 4 has ceased to have only an alternating significance,
retaining that meaning when the number of vectors following is the same as the
subscript on the A. But when the number is greater (it never can be less), then
4 no longer is an alternating sign. The functions, however, do permit certain
permutations depending upon the grade, as will be shown.

13. We shall now prove that the definition just given for 4, , when the number
of vectors exceeds n, leads to an expansion in alternants of grade n. Thatis,
we shall prove the theorem:

An—2i ty Oy = E(_)EI¢+¢A0 © Oy Oyttt Qg

XAn—2i'a1""'an (a=1)2)"')2i)‘

N1laeJai

As a matter of fact again the signs follow the determinant rule, provided we
place the subscripts after 4, in natural order, thatis,have j1 = jo = + -+ = joi.
For let us suppose this formula holds for all values of n up to and including
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n = t, and for all values of 7, such that 2¢ = ¢. Then it follows that
Al C QIO A = alAO' g **° ot — a2A0 Lo BRI 7]

+ - tardoon
whenever ¢ is odd, and further when ¢ is odd, so that £ + 1 is even, from the
definition in § 12,

Ao oray -+ (2225}
=do a1 dr- - amy
=Ado-onagdo-az - a1 — do-onazdo- azoy R - 725 BRI

Now by definition whether ¢ is odd or even

Az+1—2j OOttt Oyl
= AH-1—2;' T ay At+2—2j cog oo+ AH—l—Zj *ay Ao—zj Qg t Qg
where 2j =t + 1. But each term on the right contains a case that comes

under the hypothesis since there are only ¢ vectors concerned in the second 4.
Hence we may reduce the right-hand member, and

At+1—2j c ] Qg cc ot Oy

= Aproj- o1 D Ayssj - e Ao - gy + e gy, (— )T
kg

+ Ao - oy EAM:' - e g1 Ao - oy + o ahﬁ(_)]’+2h
_

where Iy < ky < - - <k2j_2, hh<h<---< hgj.
The first term reduces to
ZAm—zi cog s oy Ao ooy Aot oyt Oty ( R
Kok kgj—g
where r is the number of subscripts ki, ks, -+, &k < ko in the term, and
ko= ky, kyy -, kojo,ko=2,3,---,t+1in different terms. This reduces
to

z At+l—2j . Qg O3 .k. .k;, . aH-l AO . al oy e akﬁ_’ ( ._.)J+1+0+2k
0,ky-kg—s

in which the subscripts are now rearranged so that g < ky < ks < --- < kgj—s.
Nok = 1. In these terms oy is missing with 2j — 1 others, or 2j including a; .
The second term reduces to

EAH'I—?j - o1 Oy .h. .h;’. aH—l AO . ahl o e ah’j(_)J‘l‘zh
100-hg;

where no his 1, and by < by < -+ < hy;.
In these terms o« is present, and 2j excluding oy are missing. But these
two sets of terms together give exactly

AH-I—?j t a1 0 O

=Z‘At+l—2j.al‘ LY .at‘l'le.akl... akzj
0 9

( —_ )J'+2k
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and hence the theorem holds for the next value of n = ¢ 4+ 1 and for all values
of j that are possible. Since, however, we know the theorem is true forn = 1,
n =2, n =3, it holds for ail cases of n an integer. The signs follow the
determinant rule provided that under A, - the letters are in their natural
order, that is, as on the left. We see now from the definition of the Hamilton
product of two vectors of any grades that

al*[An‘Olz"’an+1+An-2"a2"'Oln+1
+ -4+ 4, or Ao az - anti]
=Ap1- o1z pp1 + Ay - 1 An -z o0 ompn
+ o+ Adia oo o A oo
=An+l'a1"‘an+l+An—1'011"’%»—1—1
+ -+ 4o or Ar-arccc onta.
Now we know already that

tpa¥o, = Ay any0n + Ao - A1 O
and

*
Qlp—2 (an—l*an) = Aa * Qn—g Op—1 0ty + Al * Op—3 Op—1 Oy «

It is evident from the theorem just proved that we must have the general

Hamilton product (in which the multiplier is set at the left) given by the
theorem

a*[ae* (- F*ay)] =4 a1 ant+ Ans o1 anF e

If the A’s are inserted in front of this product they are understood as selective
symbols that pick out the term on the right of corresponding grade. We have
now to show that this product is assoctative, that is, we may group the vectors in
the order in which they come, in any manner, and find that the Hamilton
product of the groups is the Hamilton product of the whole set. For instance

[ar* (en*as)1* (as*a5) = * [(Qz*aa)* (as*as)|=ar*[e* (s® ™ a5) ].

14. Associativity of the Hamilton product. We shall prove this by showing
that whether we multiply successively a, by an—1, then an—s, -+, by a1, or
whether we form the product of a,, by ap—1, - - -, by a;, and then the product of
this by the product of @; multiplied successively by o1, aiz, <+, by a1,
we have the same result. That is, we are to prove that

[4i - as+Aig 1o+ -]
*[Apic g1 o an + An—ice * @ip1 * - an)
=An-a1...an+An_2.al...a”+.

In the first place let n = ¢ + j. Then

Aigg-ay oy = 2(—)2“’*"Ai-zq(i1, oy dag) Ao ity
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where the subscripts written inside the parenthesis will indicate the missing
vectors from ay, - -+, a;. Also we have

Ajamotigy o+ oigg = D (=)™ Ai g (G1, -+, Jom) Ao - @y +++ gy,
Airjamipte) * Aimzg - 01+ @i Ajom - Qi1 =+ - otiyj
= D0 (= )FATiem 4o ity Aiag (11, + -+, G2q)
X Ajom (G1y =+ 5 Jom) Ao * 0y =+ gy Ao+ aj, -+ @y,

= iz +Z5,
= E(_)z'f"‘ J*MﬂAHj_2("H_p+q)a1a2. SRR s 230
t1etagp firSamhp
XAO . ail oo aiquO . ajl...aj,on

: AP Qigpyy *°° aizwAP * Ogmir " Xgpy e
Let r = m + p + ¢; then we may condense the expression just written into
2 (=) Aigiar (31 -+ Sagip i *+ Jomin) Ao - Ap + @y,

. o0 ai’WAp . ajl . o 0 aj’mw.
If now weset g+ m = h, p = r — k, and holding & fixed let ¢ and m take all

possible values, we have from the above
h=r I=h m=0

2 2 Augor Aigicon o Ajamaigr - o
h=0 1=0, m=h

=2 (=) dijeran- s o Qi P a; Ao+ Arn * oy
Lo Ay o,
where we must haves + ¢ = 2randr — h =s =r + h. Butfinally summing
as to h, we have exactly the sum
Do Aipiaran s 0oy e g,

which is the expansion of the Hamiltonian product of e, a2, -+, aiyjin the
order written. On the left the final sums give the Hamiltonian products of
o1, g,y co, o and oy, v, iy

We see now that the special use of a multiplication sign is unnecessary and
that in all the functions we have built up, with the use of the 4 and subscripts,
the array of vectors may be considered to be a Hamilton product, and the 4 a
selective sign for the vector of the indicated grade. The remarkable simplicity
of this result enables us to dispense with any very large collection of formulas
for transforming expressions in this general vector calculus. We may break up
by associativity any expression under an 4 and arrive at various reductions in
this way. As instances

Ao oanasozagasog = Ao - (010120130&1)(0560!6)
= Ao [(Ads+ 42+ Ao) - vz az ][ Az + Ao] - a5
=do-Ads-onpasoy ds - o505+ Ao - a1 asag Ay - a a;
4, - (Az cayop Ay - /315253134)
=ds (cnar — Ao a103) Ay - B1B2B3Ps = Ay - (o1 a2 As - B1B2Bs Be);
Ao aropazay = Ay arop Ao azay

— Ao arazdo- azas+ Ao anay Ay - oz a3.
Trans. Am. Math. Soc. 15.
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Expansions of this sort are unlimited in number.* Other useful formulas are
easily derived by combinations, as

An’aAn—IBAn")/l"'7n+An’,BAn+1'aAn"Yl""Yn
=An°aBAn C Y1t Ynj

Ay - Ap - oy - anAppapBr - Ba = (= )"pdo - 4n - a1
cei g An By Br — ZﬂjAO'An'al"’anAn'Pﬁl“!‘Bn;

A1 on Ay - azaz+ Ay - e ds - asar + A1 - as A2 - a1 = 0;

Ag-a1A3~a2a3a4—Az-azA3-a1a3a4
+ Ay -azds -1 — Ay - 0y A3 - araz a3 = 0.

15. There are other ways by which we might have developed the subject.
We might have taken a method similar to that of Clifford and defined the
symbols «, B, etc., which we have called vectors, as the hypernumbers defined
by the ratios of geometric vectors; but this method (and others) has great
disadvantages in the end. We might of course have defined a general or
indeterminate product and derived from this expressions which would have
been our A expressions. Some of these will be exhibited later. We should
have difficulties also this way. From a long consideration of the problem the
method of development used was settled on as the most desirable from a good
many points of view.

16. We proceed to develop a few theorems useful in applications. If we
consider two complexes of order n each, defined by a1, - -+, ayand 81, - -, Bn,
and a vector p, the part of p in the incident complex of the two (say p’) is
given by

p,Ao . An . OlAn . ﬂ = A1 . (An—l . pA,,a)A,, . B.

For it is easy to see that

Apy - pdn- o1 an= ZAo'aipAn_l°a1-;'an(—)i_l,

and therefore the right side gives Y s Ao - aip - o' - Ao - Ay - ad, - B, when
we set for the complement of o;

al= (=)l Ay - Apy- a1 andn-Pr--- Bu/do - An - adn-B.

{

But the form we now have is that part of p which lies in the complex of o', o?,
.-+, o, that is, in the incident complex. It follows that

4, - (An—-l - pdy - a)A,. - B
Ay - An - ad, - B

*Conversely every expression An,- a; + -+ an, may be expressed as a sum of products alone
without any A’s. See page 220.

p —
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is the part of p (its projection) exterior to the incident space. It may be also
written in the form
Al'[PAO‘An’aAn’B_ (An—l'PAn'a)An'B].
AO ° An * aAn * ﬁ
17. Another useful form is the following. Since Ay + Ap—1 * B1 -+ Br-1dn - @

is linear in oy, - -+, a,, we see that if we consider a set of vectors defining a
complex of order 7, a1, -+, @n, Qnt1, ***, @, n =1, then

Aoy - [Ar - Aoy Brv+ Botdn -+ amldr-az -+ ar=0
identically. This is true whatever the vectors 8. Hence for any vectors
Y1, ***y Yrp1

Ao [Arpr - v1 - Yrr1 drpr - A1 (Anq - Br
"'Bn—lAn’al"'an)Ar'al""ar]=0

identically. We may now change the order and have still identically
Ao [Arpr- (Ar -1+ v Ay Any - B
"'611—1141» cap vt an)Ar+1 2R 'yr_'_l] = O.

We may however drop the first 4,,; since 4, in front prevents any additional
terms from entering, and then for the same reason we may insert A4, as shown,
arriving at a formula from which many useful formulas may be deduced: *

Ao 4 a1 ar Ay - [A1 - (dpar - B
o Bu1 A o1 @) A Y1 Y] = 0.
18. A similar formula may be deduced from
Ar Ay Bre By Aary - 01+ Aoy,

which is linear in 4, + a;, + -+ a;,. If then we consider the set ay, + - -, Coppts
where 2 may be zero, we have the identity

Asoryte (Aa- Ay - Bre By dory 01+ Qoty) Aopyis - 01+ Cagyyz = 0.
Hence whatever the vectors vi,  **, Y2o+4+2, We have identically

Ao - [A2otytzs = Y1 ** Veorurs A2otors
(A Ay B Bydopy o1t Qary) Aapyts s 1 Capr] = 0,
whence for all 8’s and ¥’s we have
Ao [Aoppys - a1 Clopyps Az
“(Ay - Bre By Aapy s 010t aapy) | Aosyare * Y10 * Yooy = 0.
Particular cases occur for z = 0.
*Volterra, Rice Institute Pamphlets, vol. 4 (1917), No. 1, p. 58 (3).
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19. In the expression

A2r+3_2z'Ar'a1"'arAr+s cap o arfrcc B
= Z:*:AO.Az.ail...aizAz.ajl.-.aijkl

“ e Bk,_y A2T+8-—2I L 21 .‘.-‘;. ar 01 .’;.’. . arBl ; ..k;_. ﬂS
) oo gy e y

the vectors « that enter the right-hand side are all different, and there are not
more than r, hence we have 2r —2 —y =rorr =2 + y. Further if the j
set and the 7 set do not together make up the whole r set, then there are inevi-
tably duplicates in the last factor which would cause it to vanish. Hence the ¢
set and the j set must cover all the r vectors a1, - - -, ar, though they may over-
lap, in which case in the last factor the overlap would be missing. In each 4
we may reduce with no alteration in value by substituting an orthogonal set
for the vectors appearing there (indicated by accents). The factor 4, would
then vanish if it contained any vectors 3. Hence the vectors of the ¢ set and
those of the j set must define the same complex. They must therefore each

be the whole set a1, -+, . Hence for any value except # = y = r the
expression vanishes, and when « = y = r it reduces to
Ay - B1--- B
20. If we consider the bordered determinant
Ao°a5 Ao'aﬁj, Ao'aﬁz Ao’aﬁn
Ao 718 Ao-v1Br Ao-7iB: -+ Ao v1bn
Ao vad Ao vaBr Ao-7vnBz -+ Ao Ynbn

we see that it may be condensed into
(=)D 4o Ao - 8818 -+ Bu Angr - €V1 Y2 *** Yn-
If we expand by Cauchy’s theorem the determinant is equal to
A-Ay-ad— D Ao afi Ao - 8v; - Ay,

where A is the determinant of 8 and + alone, that is, the one bordered, and A;;
is the minor of A produced by omitting the column containing 3; and row con-
taining ;. Now interchange o and é§ and subtract. The first terms cancel
and the others become
ZAo - Ay - adA, cBivi - Ay = EAO - Ay - add,

“Bivido- Anr - B S Bn Any = Y1+ Yo (= DO,

i R/

This is easily reduced to

(_)}(n—l)n+le 'A2 ° a6A2 M An ’Bl "'6»44” *Y1°** Yno
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Hence we have the useful theorem
Ao Anpr - afr v B dagr - 0v1 - Yo — Ao - Anp1 - 36
BnAn—i-l cOYL Y = ('—)"Ao <A,y - addy - A4, ‘BAn Y.
21. We notice that
An 'ﬁl "'ﬂn*a = An+1 : (An 'Bl "'ﬁn*a) +An—1 . (An 'Bl °"Bn*a)
= (=)[dny1-0Br -+ o — Apr - adyn - 1+ Bal.
Hence we have since Ayys + @dppra() = 0,and 4y - @dp - () =0,
a*An : Bl te Bn*a
= (_)n[An . aAn+1 . aBl "'ﬁn _An . aAn—l . aAn '131 L ﬁn]
= (=) [Ao- aads -1+ B — 240 - af1 - 4n - afs
o ﬁn +2A0 ° aﬁZAn * aﬁlﬁs v ﬁn]
=A”oaﬁloooﬂna.
It is apparent then that if we multiply an alternant of grade n by the same
linear vector on the right and left, we have a vector of grade n, which is the
part of grade n of the product of the original product by this vector on the
right and the left.
Since we have Ay - af1 -+ Ba . = Ao - aady - By - - - B. and since
aa = Ay aa, and oAy -B1Bn-a=aady B Bn,
it is evident that for any expression

Am = B1 -+ Bn (m=n)
we have
@* Ay By Ba* = Ap - oy - Bu .
A vector of grade 1 which comes at both extremes of any vector of any grade of
a product may be set outside the vector symbol of that grade. This enables us
to make reductions. For instance

afya = ads - By - o + aado - By;
ofyad = aady - By - 6 + ads - By - ad.
This theorem is useful in studying invariancy under rotation about linear
vectors. The papers of Joly and M’Aulay should be consulted.
It is evident that continued application of the theorem is possible. For
instance

(alnnoan)Vmuﬁl .ooﬂr(anoao al) =Vmaa1 LRI anBl oooﬁran-ooal.

22. Since the formulas we are to consider in this section are homogeneous in
all vectors on both sides, we will consider that the vectors are unit vectors, that
is to say for each vector we have

= Aot =1.
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We may introduce multipliers easily to produce vectors not unit vectors.
We will occasionally indicate the opposite of a vector by a stroke over the
symbol, thus

—a=a.
We have then aa = — 1. We shall use the stroke extended to cover more
than one vector to indicate that the order is to be reversed and all the signs,
thus

al... an=an... al.

This is called, in quaternions, taking the conjugate.
This operation will not affect the form 4o a; *-+ a,, for this vanishes
when n is odd, and if n = 2m we have by definition of 4y « @y - - - aom

Aoy agm = Z(—)pAo' ailaleO'ai,Olj, "'Ao'ai..aj,,.,

where the subscripts are so arranged that i, < j, (¢ = 1,2, ---, m) and pis
the number of inversions in the total collection of subscripts so arranged. It
simplifies the count a little to arrange either the subscripts ¢ or j in their
natural order. It is evident now that as each factor may have its vectors
interchanged, and as a change of both signs does not affect the value, we will
have in any case
Ao~y an=Adg a1+ a.

Hence if we remember the expansion of the form 4., - a; - -+ a,, we see that

as every term is an alternant of grade m, and as

A B o= (=) A Bovee fr= (=)D 4, By oo B,

we shall have

Am'al"'an= (—)*m(m'l'l)Am.al.-. Oy «

Hence we have the four forms for any product = = a; -+ @5, according to

form of n,
A T = A -7, — Aimy1 * T = Agmyr - T;
—A4m,.|.2‘-1l-' T
It follows that
T=(Aor — Ay — Ay + Ay + Ay e — Ay e — o) o,
Hence
T(r+7)= (4o + 4s-
(r—7)= (42 + 46
j(r47)=(41- + 4s-
3(r—7) = (43 + 47+

<) if 7 is of even grade,
DY - if 7 is of even grade,
«)m  if wis of odd grade,

++ + +

L. if = is of odd grade.
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We may also state the theorem thus: * in 4o, 44, - -+ we may reverse the order

of the product, in 41, 45, - - - we may reverse the order, in 45, 4¢, --- and in

Az, A7, --- we must change the sign if we reverse the order. We may also

state it thus: the substitution (1,7)(2,n —1)(3,n — 2) - - - leaves invariant

Ao, Ay, -+, A1, As, - - - and changes the sign of 4z, 4¢, ---, A3, A7, -+-.
Again we notice that if p is a vector of grade m, then

pa = Ampp1 - po + Ams - pe,  ap = A1 - ap + Ama - ap,

since all other grades vanish, and by the formula in § 11 we have when we
interchange the vectors

ap = (=) [Amp1 * pa — Am - pal,
pa = (=) [Amnp1 - ap — Am - aul.
This gives us at once
pa+ (=)"ap = 24mny1 - po = (= )" 24mp - ap,
poe— (= )"au = 241 - pa = (=) 124, 1 - ap.

We have from this, reverting to 7 = oy -+ o, and writing 7y = A4, - 7 - for
brevity,

ra= Y msa= ), (=) [de1+ ams — Asy - am,].
We also have
om = > ams = 2 [Asgrams + Aeq - am,].

It is clearer if we write these out in full, retaining only the terms actually
present,

ar = Ao - amy + Ay - a7 + m2)

+ Ay - a(m +m3) + A3 - a(me +m) + -+,
‘7I'Ol=Ao'Ol7l'1+A1'a(1l'o—1l'2)

— Ay - a(m —ms) + A3 - a(my —mg) + - --.

Of course when = is even all the even terms are zero in these, and when = is
odd all the odd terms are zero. We have from these, by combining,

llor +mal =Ado-am+ Ay -oamo+ Ay - ams + As - amy + -+ -,
Llar —ma]l =A1-oame+ 4y - amy + A3 - amy + 44 - oms + -+ -
We have a number of interesting results from these. For instance, taking 4,
of both sides we find that
Ao’T(X:Ao'aﬂ'.
Hence A4, is invariant under the substitution (1, 2, ---, n). This substitu-
tion taken with the other which leaves 4, invariant gives a group of order 2n .

*Since Ag(m,— 7) =0, Ay - (7 —7) = 0, ete.
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Since in the expanded form, where n = 2m, we see that there are 2™ (m!)
substitutions which leave the individual terms unchanged, and there are
(2m)! substitutions altogether, there will be in the development, of
Ao a1 o
(2m)!
2™ (ml)
There will evidently be for n = 2m vectors of grade 1, £ (n — 1)! different

expressions Ao - a1+ .
Again we have

=(2m —-1)(2m —3) --- 3 -1 terms.

Ay -ma=A, - ar — 241 - ary = — Ay - ar + 2am;
Ay o= Ay - ar — 245 - amy = — Ay - ar + 245 - ams;
Az -ma = Az - ar — 243 - amy = — Az - ar + 243 - ams;

Ap T = Ay - o — 24 + 0Tme1 = — Ap - ar + 24, - aTm=1,

where the upper signs are used if m ¢s odd, the lower if m is even. Returning
to our previous procedure we have

uaf = udo - of + pdz - aff = pdo - o + Am—z - pds - off
+ Ap - pds - af + Apye - pds - af,
=pdo-af + Ams - (A2 - aB)
— Am - (As - aB)p + Amyz - (4s - aB) p,
afu=pdo- o+ Ansz - (A2 - aB)p+ An- (As- aB)u+ Amya - (42 - aB) .
We have at once
paB = afu — 24m (42 - of) u,
waf = afr — 2Y, Am (As + o) 7.

We need not proceed in this fashion, for it is simpler to make use of the con-
jugates, thus: let

whence easily

T:alooo% and T=61-ooﬁp;

then - .
mr =77 = ), (=)D 4, . 71,

=9 Am - ™,
we have the general formula
TT T = Y Am - (77 &£ (=)D 271y

Now by expanding each expression in the form

T=2m, w=2(=)keDq,

and since



19227 GENERAL VECTOR CALCULUS 219

and similarly for 7, and cancelling all terms that must give 0, we arrive at any
of these forms directly. The terms retained are of the form 7, r, where

m=|lp—s|, pt+s=m.
If we take conjugates of the expression just written we have
+ 77 + 77 = O Am - [(=)ID opr 4 77

By combining these formulas by addition and subtraction we arrive at a
variety of forms.
Applying the same method to three products as factors of a single product

we see that L
Tne = Z (=)D 4, . o7,

We combine this with or7 = Y>_A, - o7 to produce various formulas. In
particular let ¢ and 7 be vectors of grade 1; thens = — ¢ and 7 = — 7, s0 that

e = Y, (= )InttD 4. orr,
We have then
ot £ 170 = O Ay - o[m £ (= )InmD T,

Remembering the grades of o and 7, the only possible grades for the [] which
will not give zero terms are the grades m — 2, m, m + 2. The bracket there-
fore reduces to 2w, for the upper sign and 2 (wm—2 + Tmie) for the lower sign.
Hence

orr + 100 = 2D, A OTm T,

ot — 110 = 29, Apm - [0Tms T + 0Tmy2 7].

We finally reduce these as follows:

ot + 710 = 2D Am - 0[Ami1 - T T + Am1 - Tm 7]
=22 (=) Am - 6[Amt1 * TTm — Am-1 * TTm]
= :I:ZZ[Ton 01 — Apm A1 - T
— A - 1A - oTR],

ot — 1m0 = £ 29 Am (A2 - 07) (Tm—z + Tmi2) ("?jg)'

These formulas give the effect of transposing two vectors in such a product.
They are very useful For instance when we introduce V it will be seen that
we may set V for o, and for V4, - 7() 4+ 74 - V() we may write 2¢o (). If
then we set 7, for the value of = when in the vector of grade m in each term of
the expansion for 7, (say Am * Y1 -+ Ym) We write ¢, thus:

Am'tﬁo(‘Yx)'Yz“"Ym+Am"Yl¢o(')’2) e {3

oo+ An vy G0 (Ym)s
we have

vrr + v = & 2rd, - Vr F 2D 7k,
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where V acts only on 7. The expression 4, - vr will be called later the
divergence of 7. Likewise A, - V7 will be called the curl of . We see then
that when curl + = 0, vrr = 77v. We cannot elaborate on these, but this
single example will show how simple the transformations are without any
great display of formulas of reduction.*

A few cases need to be written down, however. They will explain them-
selves. We use 7 and 7 as products of grades ¢ and j respectively, and o as of
grade 1:

i1 = (= )7 [Aiy; — Aipjs + diyjs — - 175755
F(mimi+ (=)o 7m) = [Aay + Aoy + - 1M 755
F(miri — (=) rim) = [Aige + Augse + -+ [T 755
Aiyamior = A (7 Ajpr - 075 + (Aimy - Ti0) 75
+ (= )odi; - mitil;
Ai_j+1 T;0T; = Ai_j+1 [7!’,' Aj_l caTj + (Ai—l . 7r,~0')7'j
+ (=)odiy; - mi7i].

23. We consider now more particularly 4y - o1 -+ az,. In the first place
from the development it is obvious that the form is a pfaffian. Hence if we
square it we shall have a skew determinant of even order, that is,

(Ao - a1 -+ aog)?

0 Ay -ovar Ag-onas -+ Ao - oo
"'Ao°011a2 0 Ao oraz -+ Ao'azazn
— Ao . al a2"—1 LY LY LY Ao . a2n—1 a2n
— Ay - o1 e 0

It is evident in this form that advancing each subscript cyclically is equivalent
to moving the first row and column to the last row and column, which does not
change the value of the determinant. Reversing all rows and columns does
not change the determinant. The number of positive terms in the pfaffian is
one greater than the number of negative terms, hence not all terms can have
their signs changed without changing the value. This shows again the permu-
tations possible in this form. If any vector is orthogonal to all the others the
pfaffian vanishes. From the form orr 4 7mo if m = 0 we have

Ao ot + Ao - 7m0 = 24y - 7y - o7

Hence if o and 7 are orthogonal the right side vanishes. Hence interchanging
two orthogonal vectors in the 4, - form merely changes its sign.
Let Ao - () represent Ao - o1 -+ e, Ao~ (%1, %2, --+, %3,) represent

Ay oy oo oo one om, m<mn, and let (—)"* 4, - be the minor of
6,13, f2m

Ao - a;ap. It is clear that if we differentiate the expressions Ao - () as to

* By means of these forms we can reduce every expression Am-ay- - -, to sums and differ-
ences of products alone, thus Ao ez = §(aiaz + azar), A2 iz = (i@ — aeay), Ar-arazas
= }(aazas + azazar).
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Ay - a; oy partially, we have (— )% 1 4, - (4, k). If we differentiate the
determinant in the same manner we have 2 ( —)™* 4;,. Hence

A= —do- VAo (3, k).
From a well known theorem in determinants if
A(ilx 7:2’ M) im;jlij: ot ’jm)
is the determinant produced by erasing from the original determinant the rows

indicated by the ¢ subscripts, and the columns indicated by the j subscripts,
then we have

| Ay =[4o- OP"2A(G - ju-++)  (2,y=1,2,---,m).
In case the subscripts ¢ and j are the same, A is a skew symmetric determinant

also and is the square of A - (71, -+, %m). The determinant on the left in
any case reduces to

0 Ao (1112) -+ Ao+ (11m)
(= Oop| TAER 0 A )
— Ay (im i) 0

This vanishes if m is odd, giving a theorem as to A, and if m is even the de-
terminant is the square of a pfaffian, giving a series of theorems about expres-
sions built up from the forms Ao - (2, j) in the same formal manner as the
forms A, are built up from A4y - a; ;. We cite only the following:

4o+ (a,b)4o- (c,d) — Ao (a,c) Ao (b, d)
+ Ao~ (a,d)do- (b,c) = 4o (a,b,c,d) - 4o - ();
Ao (a,b)Ao- (c,d,e,f) — - =40-(a,b,e,d,e,f)4o- ().
They are easily written and extended to all orders.
24. Space does not permit further developments here, but enough has been

said to make it easy to continue. The particular forms that are related to the
linear vector operator, whose general form would be

¢() =2 ady-B(),
furnish a complete part by themselves. When the number of vector terms
becomes infinite we have functional transformations, and functions of lines
with related subjects enter. This development is deferred to later papers.

5. THE DIFFERENTIATOR

25. We should however mention here the differentiator (corresponding to
the Hamiltonian nabla) related to a vector p = Y x; a;, expressed as depending
upon 7 parameters, ¢ = 1,2, ---, n,

vV = Za,-a/axi.
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This symbol may be used anywhere just as if it were a vector, for all vector properties,
and s supposed to differentiate in situ any vector dependent upon the parameters
entering p. It differentiates also in situ any function or operator dependent upon
these parameters. This one simple rule enables us to write out at once an
indefinitely great number of forms for differential work. No special collection
of formulas is necessary. The mere fact that v may follow an operand is a
principle that introduces great simplicity. We observe here that in the case
of functions the process of differentiation of a function of a line used by
Volterra, is a case of the use of a Vv in which the number of parameters is non-
denumerably infinite.

It is evident that we have

d-()=4o-dpv- ()
for any operand dependent upon the parameters of p. (Note the parameters of
p belong to the complex in which p is variable, and do not mean the coordinates
of p, which would be usually more numerous and might be infinite in number.)
A simple example of the use of Vv is shown in the following.

If we have a pfaffian differential form w = ) y; dx; we know that it may be
reduced to a set of terms udv + pdg + rds + ---. In case there is but one
term and that is dv, the expression is called integrable or exact. If the single
term is udv it is said to be integrable with a multiplier, «~*. The number of
such terms was shown by Pfaff to be not more than half the number of param-
eters x, if this is even, and not more than half the number plus one, if the
number is odd.

Suppose we can reduce w to udv. Then we have by setting ¢ = uyw

Vo = vuvo + uv?v,  where VvV =vVV,
whence
4z - vuvw = 4, - Vo, and A;-ove = 0.

This is a necessary condition of integrability with a multiplier. In caseu =1,
we have as the necessary condition 4, - vo = 0. Considering likewise the
next form
w = udv 4+ ds = Ao - dp (uvv + Vs),
we set
g =uw + Vs,
whence
Vo = vuw + uviv + Vs,
A2 . yo = A% - yuw, Az - oVo = A;z - VsVuve, Ay - Yovo = 0.

This problem has been studied by Cartan* who gives the conditions above in
*Annales de 1’Ecole Normale (3), vol. 18 (1901), pp. 241-311.
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scalar forms which, owing to the arbitrary differentials, are equivalent to
these:
Ao+ Ay Vod; - 61pd2p = 0,
Ao - Az - oV dsz - 61p0:p03p = 0, ete.

The expression A, - Vo is called the divergence of ¢, and 4, « Vo is called
the curl of 0.

We have other differential expressions, as for instance in the ordinary
relativity theory in four variables, we consider A; - Vo called the curl of the
2-vector (vector of grade 2) g,. The complement or adjunct of this in the
region of order 4 is called the Lorentzian of ¢. Itis 4y« A3 Voo As wy.

We may build up expressions with v which are covariant for unique and
invertible transformations ¢ (p). Such are

Ao+ Voardsdipdsp, Ao-As-wVrds - dipdepdsp,

In fact the possibility of expressing a function in such wise implies certain
covariant properties.
26. In general if we write the form A4, - dps, and consider the equation
Ay -dpos =0, with Azpy1 - oVoVe --- Vo = 0 identically,
we undertake to find v such that 4s, - VooVo - -- Vo = 0, where both forms
A are alternants. From the latter, multiplying by dp and taking Asn—; + we
have
Agn1dpAs, - V00VG -+ Vo =0 = dvdg,_1 - 0V - -+ Vo
— Ao - dpoAsp_y - VOVO .-+ Vo
+ Aop1 VoodoVo - -+ — AgdpoAsn—y VooVO < + -+
= dvAy,10Ve --- — (n — 1) Ay - dpo Az VOV
o (n = 1) Ay VodaVo e A e
Set dv = 0, so that one solution is » = const., and the remainder of the ex-
pression furnishes an equation which must hold for arbitrary differentials of

the parameters of p.  Setting their coefficients equal to 0, we are able to find v.
For instance let us have

xy a3 dey + w12 drs + (21 + 25 25) deg + 2324 das = 0.

We have ¢ = x1a300 + t1 22 03 + (21 + 23 45) ou + 23 24 5, the vectors
ai, - -+, as being constant. It is easy to show that 4; - ¢VoVe = 0 and four
variables will suffice. To find » so as to reduce the expression, we notice that
since the form will be udv + rds
c=uww+1rvs, Ay-Vo= A Vuvw + 4, - Vrvs,
Az - ove = r4; - Vsvuww + uds - Vovrvs.
Either yv or Vs is common to both, hence 44 - Vvoiove = 0. We assume the
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form for v such that
Vo =00+ o+ 303+ 0404+ %05,
and substituting all values we have a vector of grade 4 which vanishes so that
each coefficient of the alternants A4, - oy s azoy, Ay 1 oz a3 a5, ete.,
vanishes. These are here
2
T3L5 V3 — X2 X3 X502 + L1 X3 240 = 0,
2
Z3X4V3 — Xy T3 X4V + L1 2324 = 0,
— T T3 X5 Vs + Ty T3 X4 Vg — T3 X4 V3 + (x3x4m5 - — xsa:5)'v1 = 0,
— XT3 50 F X1 X340 F (T3 ks — X1 — T3 25) 02 = 0.
From these we have
10 — X0 + 2303 =0,
Xy Vg — X3 X4 V4 + X3 X5 V5 = 0.

These are satisfied by taking either v = a1/x3, or 2, 3 + 24, or 24 x5.

The equation 4y - dpo = 0 means that dp is everywhere orthogonal to the
congruence given by A; dpe = 0. This is called the characteristic congruence.
If the equation is integrable with or without a multiplier, the congruence
satisfies 4z - Vo = 0 or 4A; - Vo = 0, and this makes it a normal congruence.
That is, there is a function of n — 1 of the parameters, f, such that 4o0vf = 0.
The integral in fact is f = const. The other cases, 4, - Vo Vo = 0, etc., give
special congruences worthy of study.

27. The integral S"A4, - odp depends generally upon the path of p, that is,
p is taken as an arbitrary function of a single parameter, s, p = p(s), and dp
becomes p’ds. The terminal values of s furnish the limits. The integral
evidently depends in general upon the form of the function p(s). If the
initial and the final value of s are the same we say we have integrated around a
loop, and indicate the fact with the sign ¢ . If we follow any path for which
we have A4, - odp = 0, it is evident that the integral from any point to any
other is zero, and such paths are orthogonal lines for the characteristic con-
gruence. In case they can be collected upon spreads (functions of one or more
parameters) these functions are called solutions of the pfaffian form.

If we follow a loop or closed circuit in the integration, and choose a spread
of order 2 (a surface), attending as usual to singularities, we may introduce
elementary areas and circuits, arriving at the generalized Stokes’ Theorem,

FAo-adp = f S A Ay VoA, - dipdyp,

over the area. This theorem still applies in case the line-integral is not taken
over a circuit, if we can draw through the terminals of the actual path orthog-
onal lines as mentioned above so as to complete a circuit, since the integral
along the lines introduced is zero. If the curl of ¢ is zero at all points of the
area the loop integral evidently vanishes.



19227] GENERAL VECTOR CALCULUS 225

6. INTEGRAL INVARIANTS*

28. Suppose that we have a general function linear id dp, Q(dp). If we
integrate this over a loop the form of Stokes’ theorem is

$QUdp) = S S Q (41 - V' Az dipdyp),
where the accent shows the operand of the accented v. This may be con-
sidered to be the difference between two distinct paths from an initial point to
a terminal point chosen on the loop, the double integral being taken over the
enclosed area. If the paths differ infinitesimally it becomes the variation of
the integral for a variation in path. Therefore if

Q' (4:V'42[]) = 0 identically,

the variation is zero, and the integral is called an integral invariant for the
variation in path. We do not necessarily have to retain the same end points,
for we may move either along any line which satisfies the equation @ (dp) = 0.

When the integral is invariant it is called the integral of the exact differential
form @ (dp) = 0. For instance, A, - adp is exact, the integral being 4, - ap.
In this case we have identically A, - « (A4; vA4:[]) = 0, since « is constant.
The lines which satisfy A, - adp = 0 are p = sa. The path could be moved
parallel to a, leaving the integral invariant.

29. It happens sometimes that an integral remains invariant when the
whole loop is displaced, as for instance the strength of a vortex tube. The
general condition is obtained thus: let the integral be taken over a region of
order n (that is, there are n independent parameters and these are varied
between appropriate limits),

I = S"Q (4, - dipdsp - - dup),
where /™ means n integral signs or an n-fold integral (the iteration of an
integral in order to procure an area-integral, or a space-integral, is incidental
here and may not be necessary). Suppose now that we displace the region so
that p becomes p + 8p; then we may consider the effect of this on any function
of p by noting that
6= A 6pV.
Hence
0L, = Ao - 5pVS ™ Q(An - 81p -+ dup)
=S40V - Q (du---)+S"Q(Andidpdrp -~ dup)
+ o+ S"Q(An - dip -+ dadp)
=S40V - Q (4n - dip -+ dup)
+JS"Q(A4ndp’Anr - V'An - dip -+ dup).

* The contents of this division were included in a paper presented before the Society,
Chicago Section, January 2, 1913, Integral invariants in general vector analysis.
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This is called the first form. Integrate the last term by parts, combine, and
we have

8L, = S Q' (An » V' Anp10p dip -+~ dup)
+ S7(Q(An - 30)V Apy - V'Ay - dip -+ dup.

This is called the second form. The expansion of the last term gives a number
of terms each of which is integrable once, and we have

0, = S"Q (An - V' Any1 - 0pdip -+ dnp)
+ 2 S (QAn - 90)5, — (QAn - 8p)a,) Any - dip - v dnp.
Let 8p follow a path so that dp = a6t; then we have
8/t = S QAn - VAnyr - adyip -+ dup
+ 2" (Q4n - o), — (Q4n - 0)a) Ay -+
If we had retained the first form we would have
0L/t = S Ao oV - Q (An--)+S"Q(4n - 041 V'4n ---).
If now I, is an absolute invariant, we must have for the paths given by o
Ay oV - Q (An--+) +Q(An - 06’4p—1 - VA4, ---) = 0 identically,
or for the second form
Q (An - V' Apyr - 04y -+ ) + (QAn - ¢) Apy - VA, --- = 0 identically.
These conditions are very general and include every form as usually stated.
As an instance, consider the integral f"A4, - 7dp. This will be an absolute
invariant for the congruence o if
Ao -oVAe-7() + A¢ - 10'de - V' () = 0.
The condition may also be written
VAdy-d'1=—14V' o or V(A4 -017) = — Ay - 04, - V.

In case the boundary is fixed, then at the boundary §p = 0; if the integral
is to remain invariant for all ¢, we see from the second form that as the second
integral is now zero, and the first holds for all ¢, we must have

Q (A, - V'Anp1 --+) = 0 identically.
For instance, in the example just considered we would have
Ay - 741 - V' Ay - -+ = 0 identically,

whence
Ay - vr = 0 identically.

The situation considered here is the extension from an integral over two
distinct paths, with fixed terminals, to an integral over two regions of order n,
with fixed boundary. Such an integral is indicated by Goursat* by I;. When

*Journal des Mathématiques (6), vol. 4 (1908), pp. 331.
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the boundary is closed we have simply an invariant, called a relative invariant,
indicated by J,.

3C. In a manner similar to that for Stokes’ generalized theorem we have
Green’s generalized theorem

Li=Iipn = $"Q(4n-dip - dup)
=JS"Q (4n - V' - Aupr - dap -+ dupap).

The second integral is evidently of the type I¢. Since now a relative invariant
integral may be written as an integral of order higher by unity, the condition
of its being invariant may be stated. That is,

Jn=F"Q(An - dip -+ dup)

is a relative invariant if
I = S Q (4a V' dny1 - dip -+ - duyip)
is absolute, that is to say, if
Ao oV - Q (4o - VAnp1) + Q' (A V' Anp10"4, V' Apn) = 0,
or if
Q (4o - VA1V Apizc0-++) + (Q4n - VAnr+ 0)"4n - V'4p1a = 0.
This gives us the condition (since 4, - A; V' V'Anys - - - vanishes identically)
(QAn - V'Ant1-0]"4n » V'Apy1 -+ = 0.
For instance in the case considered above
Ao- 74, - V' Ay - 0"4, - V'As - () + Ao - 741 - V42 - V43 - 042 () = 0.
Hence, reducing, 4, - V4, - 64, - vr = 0 identically.
31. Since we may always write
Ao - oV (QA4n -0 +-+)+QAn - 0d4p 10" Any V' Ara
=4o-0V - Q (4dn-0---)+Q(dn -0’41 V'4s0),
the condition above becomes
Ao oV Q (4n - 04n1()) + Q(4n -0’41 V' 4s - 0441) = 0.

Hence if I, = S QA4, is an absolute invariant,

Lia=S"1Q(4n - 0dna )
is an absolute invariant.
32. From any integrand @ (A, ---) may be formed by two processes two
other integrands, one by the process D, giving @' (A4, - V'An41 -+ ), and the

other by the process E, giving @ (4, - ¢4.—1 --+). In case the latter form
Trans. Am. Math. Soc. 16.
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vanishes identically, we mark the integral I, of @ (A4, ---) with an e, thus I;.
In any case the second application of the E process gives an identically vanish-
ing form, hence from any I, the E process produces an I,,_,;. Integrals are of
four types with respect to these processes, that is, according to whether or
not they can be marked with d or ¢. The effect of the D process on the inte-
grand is to mark the integral with d, of the E process to mark the integral
with e. We need to prove that if an integral invariant has either character
the other process will not destroy this character. That is,

(I4)e = (I°)2.
E produces from I? an I;°;, that is, if the first is from an exact integrand, the

second will also be exact when the first is invariant, and also will be invariant.
For from

Q (4, V ---)=0
and
Q (Ap - VApp1-0-+)+ (Qdn -0+ ) A1V Ay--+ =0

it follows that
(QAp - 0) Ay - V' -+ =0,

which is the condition that the result have an exact integrand. To be in-
variant we must also have

(QA4, - 0Ap10)Apn2 -V -+ =0,
which is evident. Again when Q4, - ¢ --- = 0 and I, is invariant we have
also
QAn - VA -0+ =0,

showing at once that Q'A4, - V' --- is of type E. That it is also invariant
demands that

QIAn V,An+1 V,An+2 g .- + (Q,An ° V'An+1 * U),An-l-l V’An = 0)

which is evident. Hence the two operations are permutable when applied to
an invariant, one giving Q' - A, V' 4ny1 - 04, -+, the other

(QAna) Ana V'An -+ -

If @ is invariant, however, the first expression is the negative of the other.
The characters are then unchanged. If we start with an invariant and apply
the E process we arrive at an I® of one lower order, usually not identically
zero, and if we then apply the D proce.s we have an integral of character I4¢
of the original order. For iustan e, from A4y - 7dp we have, by D,

— Ao+ A2 Vrds - dipdsp,
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by E, Ao7o. Using the other process in either case we have from the first
— Ay - Ay - VT A, - adp, from the second (Ao - 67)' 4y - V' dp. In case now
Ag - Tdp is an invariant the new forms are also invariant.

The D process is a sort of generalization of getting the curl, while the E
process fixes certain paths for integration, along which the lower integral may
be displaced.

As instances, let I} = S Ao - 7dp, and let I have both characters d, e; that
means

Ay - vr =0,
and for a certain congruence given by dp = odt,
Ag-710 =0.
The expression is exact on account of character d; hence the integral is
u = const.

This is a function of p, and such that v = zyu. Hence we have also vu
everywhere orthogonal to the congruence line ¢, by the second condition.
That is, o gives lines lying in the spread u = ¢.

Let

=SS A4y w2 Ay - dip dyp;
then
Ao . Az * e Az . VA3 = O, Ao . Az O ) Az 0’A1 - =0 identically.
We have easily 4; - ymry = 0, Ag + A2 - w2 A3 oX = 0 for every \; that is,

Ay - 0As + m, = 0 identically.
From the first condition

w2 = Ay VE;
hence
Ay 04, VE=0.

Put dp for odt, and we have along the congruence
Ay dpAyvE=0, or dt=VAEdp.
This means, if we set ¢ for the linear vector function v4 - £(),
dt = ¢dp.

We have then formally dp = ¢*d¢. The complete discussion is long.

A comparison of the methods used here and those given in the codrdinate
treatments of these problems will show the enormous gain in simplicity.

33. To solve the differential equation

Q'An'dpﬂ'n-—1=0
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means that we must find a congruence of curves such that if dp is taken along
any curve the equation will be satisfied, and that x (p)Q is an absolute in-
variant for the curves. That is, setting dp = odt,

Q-A".o-... =O’
(2Q) An - VAnpr0 - + (2QAp - 0)' Apey - V' Ay -+ = 0
= (2Q) 4n - VA1 -0 -+,

0=Q4, - VApp1 -0+ Ay-aViogz - QA4,.
Hence we must have

QAn.o'...=0’ Q’An.V'An_'_l.q..._—.tQA”...’

for some ¢, and ¢ may be zero. For instance let  be Ao - £&dp = 0. The
condition is then

Ao-0t =0, Ao-AyVEdy -0 () =1tdo- £().
For a particular case let £ = A4; - pA4; - ap, where « is constant. Then
Ay -vVE=34,-ap, Ay - Ay -0pAz - ap =0, A1 -0As -ap =tAy-pAs - ap.
These are satisfied if we take
o = tp + any vector orthogonal to @ and to p.

Hence dp must be in the plane through the origin containing the common
perpendicular to o and p. Hence dp is in any plane tangent to a cone of
revolution about « as an axis. This cone must therefore furnish an integral,
that is,

Ao - pp = (Ao - ap)?.
34. A system of equations
0=Ao-&1dp=Ao-Edp=--- = Ay Endpn
is equivalent to a single equation
Any - dpAn - &1+ b = Apamdp = 0.
The conditions then reduce to
Apy mo =0, Ao-0V4n1 (Omn — Ao - () VAn-10m = tAn1 ().

We cannot enlarge on the use of these forms in the study of differential
equations, but enough has been said to indicate the procedures. We will,
however, show the application to differential geometry.

1I. DIFFERENTIAL GEOMETRY

1. Let p be a vector dependent upon n parameters i, %z, -, U, thus
defining a region of order n. For instance if n = 1 we would call the region
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a curve, if n = 2, a surface, etc. We have then
p=p(ur,us, -+, Un).

2. If now we let the parameters vary and assume that the function p is
differentiable as to each parameter, indicating the derivative by a correspond-
ing subscript, we have

dp = prduy + pedug + - -+ + pp duy,

where p; = dp/du;, and the n vectors are in general linearly independent.

We will indicate the adjunct of p; in the region by p? so that
pt = (—)i_lAl cApycp1p2cc Pic1Pigr pn An - p1p2

"'Pn/AO . A” .pl ...p”An * p1 ...p”.

For convenience we shall writev = A, p; - - - p, so that v is an alternate vector
of grade n, which is also a function of the point at which it is calculated. We
also set (I -v)? = Ay -w, and Uv =»/Iv is a unit vector. Wherev =0, we
have singular points.

It is clear that

Ag-pipp =0, if 155, and Ag-pip*=1.
Further
An .p1p2 ..-p” =V/AOW,

which is seen by expanding each in terms of pi1, ps, -+, p» and applying
the theorems of determinants.

3. The exprgssions Ao - pipjfori,j =1, .-, nare called the fundamental
quantities of the first order. They are commonly represented by a;;. The

corresponding forms A, - p*p’ = a* are the adjunct quantities of first order.
It is clear that

Ia"fl = (_ )in(n—l) Ao - w, |aii| = (_ l)in(n—l) AO —

4. The biorthogonal systems p; and p* are useful. Suppose for instance we
have a system of values /, which we attach to p, giving a vector

A= 20l
then we may define a new system of values
m = Ao p'\,
and from the properties of the vectors p we have
p=2mp =2 prAdop"\ =N\.

The coefficients m and the coefficients [ therefore give the same vector when
attached to the proper vectors. For the vector p in terms of p;, and the vector
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p in terms of p* we may introduce a new system of n independent vectors defin-
ing the region, and their biorthogonal system. As we are dealing with the
vectors themselves we shall not be concerned with their mode of expression.
Such questions however play an important part in the developments of Ricci
(Lezioni sulla Teoria delle Superficie) and those who follow him.

5. If we have a vector £ = >_X,p", and in the other form, £ = > X" p,,
then £/Ip, is such that X,/Ip, = the orthogonal projection of £ on p,. In
other words the orthogonal projections are given by 4, Up, £. Similarly for
the other form.

6. If we differentiate Agp, p* = 0 or 1 we have in either case

Aoprep® + Aopr (p*): =0,
a useful formula. From it we have the Christoffel * form
{rf} = Aoprsp* = — Aopr (p*)s = — Aops (p*)r.
Evidently
Prs = — Zpt AO * Pr (Pt)s + A4 - UVAn+1 . U”Prs
== > pido-ps(pt)r + A1+ Uvdnys - Urpys.

The second termT in each form gives that part of p,, outside the region of order
n. The other Christoffel form is

rs
[ ¢ ]= 4o * PrsPe-

7. Since Apt1 * p1p2 - - - pnp™ = 0 we have
ddnyr -vp™ =0, or  Appr-v(p™): = — Anp1 - v 0™,
and likewise
Anpr  vprs = — Any1 - Ve ps = — Any1 - Ve pr.
There is usually a non-vanishing expression of first degree which is orthogonal
to the region under consideration (p1, -+, pa)
Ay vAngr - vprs = — Ay i vAnpr - vepr = — Ay vAnpr - Ve ps.
We note that Ur might as well have been used here as ». We can construct
n* expressions
Ao . An+1 * Pra VAn+1 VPtu ,

which can also be written
Ao prvs Aniy - vepu, o Ao pr Ay vs Anr - vipu, Or Ao puve Ani1 * pevs,

* This is easily reduced to the usual cartesian form by writing out p, in terms of py, -+ -, pn.
For the other Christoffel form expand p,, in terms of p’, « -+, p*.

1 It is to be noted that in general p,, has components not linearly expressible in terms of
p1, ***, pn, as for instance for a surface, which is imbedded in a three-dimensional space.
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and in other forms produced by permissible interchanges of the subscripts.
However this is a quadratic in p,, p, of the form A, p, ¢p., where ¢ is a linear
vector function. Its transverse would be

AO * PrVe An+1 Vs Pu -
We will set
Al ‘ (UV)cAn+1 : (UV)t () = Ng ():
A1+ (Uv)e Angr - (Ur)e () = Not = Nis.
The difference of these two forms has received a symbol due to Riemann:
(ru, st) = Ao - pr [(Ur)s Apya - (Ur):
- (UV)tAn+1 : (UV)t]Pu = 4o - Pr (GNat)Pin

There is also another Riemann symbol * of order four,
{Tu’ 3” = Ao+ pr Neep* — Ao - pr Niwp* = AOPr (fNat)Pu;

wheree(N) = 3 (N — N), N being the transverse linear vector function of N .
A better form may be given these by utilizing a previous formula, which gives

{ru, st} = Ao Az prpu Ay - (Ur), (Ur),
= — Ao prs UvAo - put Uv + Ag - pre Uv Ao - pus Uy;
{ru, st} = Ao A2p,p* Az - (Ur), (Ur),
= — Ao prs Uvdo - (p*)e Uv + Ao - pre Uvdp - (p*)s Ur.

From these expressions it is evident that the two symbols in each couple may
be interchanged by changing the sign, and the two couples may be
interchanged.

8. The expression 4¢ - dpdp = XAy - pr ps dur du, is called the first funda-
mental form. In case the Riemann symbols vanish it can be reduced to the
sum of not more than n squares, that is, new variables may be found in terms
of which the parameters © may be expressed so that, for the new derived
vectors p’, we will have

Ao - dpdp = 3 Aop7p; (dur)?.

The condition is both necessary and sufficient. If some or all of the Riemann
symbols do not vanish, then it will be necessary to express Ao - dpdp as the
sum of not more than in (n 4+ 1) squares. From one point of view this is
equivalent to considering the region to be embedded in a region of not more
than in(n + 1) dimensions in which we may take the directions of p; as
orthogonal.

For instance a curve on an ordinary surface has a normal in the surface and

* These may be identified with the forms commonly used by substituting and reducing.
onAzPrPuA!(UV)o(UV)t = + AOP'(U”)t Aopu(U”)- - AOPI(U”)O Aopu(UV)t.
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also has the normal to the surface as a normal, or indeed all lines in the plane
of these two. Hence the ds? is expressible in terms of three differentials in
ordinary space which encloses the surface, in the form

ds? = da® + dy? + dz2.
On the surface alone it would usually have terms of the form
du?, dudv, dv?,

and would not be reducible to the sum of two squares.

9. We may improve the forms we have reached so far by the introduction
of the operator which generalizes the Hamilton V. On account of this general-
ization we shall use V in a general sense. It is defined thus:

V= Zpia/aug.

It follows that d() = Ao dpV - () for any function of the parameters u only.
Hence we will have 3/0u, = Ay - p, V -; therefore we may write for (Uv),
(Uv)r = 4op, V- Ur.
The operator
Ao () V: U =&

plays a very important part in all these problems and gives of course the

vector rate of change of Uy in the direction given by the unit vector operated
upon. With this symbol we may write the Riemann symbols in the forms

(ru, st) = Ao As pr pu Az $p. Pp:
with the understanding that s, £ may be interchanged with r, u;

{ru, st} = Ao Az p, p* Az Pp, Pp;.
The number of Riemann symbols with two pairs of identical subscripts is
in(n — 1), with one pair of similar indices 1 (n — 1) (n — 2), and with all
different fgn(n —1)(n —2)(n — 3), giving a total of #5n?(n? —1).
It is clear that for any four directions in the region we may have a symbol
Ao 42 affA; yP5, which for unit vectors may be called the Riemann symbol

for those directions. There is also, if we take differentials for the intensities
of the vectors, a differential quadrilinear expression

Gi=Ao- Ay -d'pd"p Ay - d"p®d" p.

Since every symbol is invariant for a change of parameters, this is a covariant.
We see at once that for any six directions we have a similar form

Gs=Ao-dipdepdsp As - Pdsp Pdsp P dsp,

and there will be higher forms as high as G;,. These are all covariants, and
are generalizations of the Christoffel quadrilinear covariant Gj.
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10. From these we derive covariant quotients, which give us in the first
instance the Riemann curvature for the plane of d; p, dz p, and by generaliza-
tions, Riemann curvatures for the regions of dip, d2p, ---. These are

Ko (dy -+ dm) ___Ao * Am - dipdap -+ dpnpAm Pd1pPdsp -+ Pdmp
" Ao'Am°dlpd2P"‘deAm'dlpdzp"'de

When we arrive at the covariant of order K, it is evidently the single coefficient
of the Christoffel form for the same order. This number is called the
Kronecker-Gaussian curvature of the space.

11. If we construct the second differential of p, d? p, we have two parts to it,
namely, that part which has components in the region, and the part which is
orthogonal to the region. Since we have identically

Api1 - Uvdp =0,

it follows that
Aptr - dUvdp = — Apyr - Uvd?p.
But
d2p =D pido-pidp+ Ay - UvAnyr - Uvd?p
=2 pido-p'd2p — A; - UvAnyr - dUvdp.
We set now
E = A1 . UVAn.H . dUVdp.

It is evident that 4o - p; £ =0fori =1, ..., n, so that £ is not in the
region. £ is called the vector second differential form since the coefficients of
its expansion are scalar second differential forms.* We evidently have

£=Y Ay Uvdppr - (Uv), ps du, du,.

The coefficients 4y - UrAny1 (Ur),ps are fundamental vectors of second
order. They depend upon the parameters and are not covariants, but they
furnish a number of covariants. We see that

Ay - dUvdp = — Apyq - Uvk.
Also
Ay - UvApyy - dUvdp = — Ay - UvA,y, - UvE.
But in general
Ay - dparag -+ anAn+1‘YBlﬂz <o B
=(=)ydo An - adaB+ (=) 41+ (dn1-v4n - a) - 4.8,
hence
Ay - UvApyr - dUvdp = dpAo - UvdUv + 4, - (An—r - dpAs - Uv) 4, - dUp
=A; -+ (Apy - dpA, - Uv) A, - dUv,

* Cf. Wilson and Moore, Proceedings of the American Academy of
Arts and Sciences, vol. 52 (1916), pp. 270-368.
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and also

Al' UVA,H,I' UV£=£+A1' (An_l,'EUV)An' Uv.
But £ is orthogonal to all vectors p, hence 4,1 - §Ur = 0. Hence
t=A;- (ApadpUv) A, - dUv.

If we go back to the theory of curves we see that if we write the differential
arcin the usual form dp = ds - a,* then d?p = d®sa + dsdaand as Agada = 0
it follows that the part of d?p outside the region consists of part of the term
containing doe. If da = c¢Bds, £ = Ay - A, - UvAnps - UvB - ¢ - ds?, which is
the part of B - ¢ - ds? orthogonal to every vector p1, - -+, pn.

12. It is evident that the first differential quadratic and whatever is deriv-
able from it of a covariantive or invariantive character will be true of a region
which is flexible but inextensible. That is to say, bending the region would
have no effect upon the first fundamental form nor upon the quantities derived
from it without differentiation. However the second fundamental vector
form does not possess this character and demands a rigid space. This is due
to the fact that d?p contains a part which is not in the region itself. For
instance if we are dealing with a curve in three or more dimensions, the first
fundamental form is merely ds?, and as long as we do not consider d?p we
merely work in the line itself which for all such purposes might as well be
straight. If however we consider d’p = d?s - a + ds - da where « is the
unit tangent (or better the hypernumber belonging to that particular tangent),
then we must either abandon the line or consider da = 0 which makes the
line really straight.

It is to be noticed that the expressions (Christoffel symbols) Ag - pre p: can
be found from the region itself, since

2AOPrsPt = (AOPrPt)a + (AOPsPt)r - (AOPrPa)t:

all of which could be computed in a practical case from measurements inside
the region. From these we can compute the expressions Ay - pr pt. The
Riemann symbols are also computable in the same manner, since

(rt, su) = (Ao - prept)u — (Ao - PruPt)s
+ 2 [ Ao p*p* (Ao - prupn Ao - pstpr — Ao - prspn Ao * prup) ]

Covariants built out of these forms can likewise be computed directly in the
space, and would be independent of any particular directions such asr, s, ¢, u.

13. If « = Udp, then da has two components, one in the region, and one
exterior to the region. The latter is £/ds. The former is called the geodesic
vector curvature of the curve of which « is the tangent. If it vanishes the
curve is called a geodesic for the region. This may also be found as a curve of

* Where a is the unit tangent vector.
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minimal length. For let
s=JS V4, - dpdp;
then

5s = f VA, dpdp = f Ay dopdp/ds = f A, dopa.

Integrating by parts, the first part being then exact and vanishing for an
extremal, we have as the condition of a minimum (or maximum) A, dpda: = 0
for every 8p in the space. That is to say, we have da wholly exterior to the
space. We might also write this fact in the form

An1dad, Uy = 0.

It is understood here of course that the da is for a displacement along the
curve.

14. The covariant G4 can be written
G4 = Ao . Az . dlpltz pAz . ds Ulld4 UV

and is thus dependent upon the four directions of differentiation. Now we
have

dUy = d(v/Iv) = dv/Iv — UvAy Uvdy/Iv.
Henceas Ay Aw oy + -+ an Anay -+ - an = 0,* and therefore 4, - UrUr = 0,
Gi=Ady- Ay - dipdap[ 4y - dsvdyv
— Ay - Uv(dsvAo - dsv —dyv - Ay - dgv) Uv]/Ay - wv.

If we let four tangents to the space, that is, four unit directions, be
o1, az, as, ou, we have

Ky=Ay>As canas Ay - Pas® ay/Ag - As - a1 ap As - azag.

The Riemann symbol (rs, tu) may be computed from observations in the
space as follows:

We find first

(AO . Prtps)u - (AO : Prups)t-

Then we find in the region 4o o} ptu — Ao * pru pe. Which is subtracted from the
other value (§ 12). The difference is (s, tu). Theaccentsonp indicate that
we are measuring so much of p,¢, etc., as we observe in the region in question.
In the first expression these accents are not needed, as the form shows that the
other parts of the second derivatives drop out anyhow. If we multiply by
du, and du, and sum for all values of the differentials we have

di Ao - dyprps — ds Ao - diprps — Ao - daprdipl + Ao - diprdapl.
*AsAnar - c andnaycrran =3 AoAna s " anApa g ! an Az a; a;, which will

contain (A; a; aj + A, oy a;)Ao Anray - ;‘ an Anr a1 ’;' [ and thus all terms cancel.
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Multiply again by du, du, and sum again, and we have

Gi=dy Ay dydzpdip — dy Ao - dy dspdsp
— Ao dsgdyp’ didip’ + Ao - didsp’ dadsp’.

This is the best form for this quadrilinear covariant, since by choosing the
directions of the four differentials properly we may obtain any one of the
Riemann forms.

15. The Riemann-Christoffel tensor G can be written in the form

(Ao Ay - oAy - V1 V2 Ao - v5)",

where V; acts on v only, Vs on & only, , B are purely arbitrary, the double
accent means that only components exterior to the space are concerned.
a, B, v, 0 are unit vectors. If this is to vanish for any «, 8, then

(A2 - V1 V2do-78)" =0,
and this may be written
(4 - v¢y8)' =0,
where ¢, is the derivative dyad of v, or ¢, {dt = d; v, the differential of v in
the ¢ direction. In other terms ¢, = 4o - ()V - v and ¢5 = V4o - v ().

If this vanishes for every 8 we must have (A4, - vy)” = 0. This can
vanish for every v only when all the Riemann symbols vanish, which inter-
prets the meaning of the vanishing of all these symbols.

16. The Einstein gravitation equations translated into our notation are

Gij = — (2 4o plp* ) — 2 Ao - pia (0%);

+ (4o - Vpi)i + ZAO - piy (P
— Ao Vpij — ZAO . P:j (0 — EAo - pie (P%);

+ (o~ Vpi)i + 2 Ao - 0%y (6* )i
= — Ao Vpis — 2 Ao pix ()i + (20 Aod* pir);
— 4o - VPQJ - ZAo ‘Pl (e*); + Z Ao - i (o*)i + Z Ao - 0* pijn

= — Ao - Vpi; + Ao - Vpij = (Ao * Vpi;)"" = Oforall s, j:

Therefore the significance is easily seen to be that the convergence of the
exterior parts of the second differentials is zero. That is, if « is a unit tangent,

Ao - vde” = 0. Hence the sum of the normal curvatures of n orthogonal
geodesics at the point is zero. The Einstein curvature is

297G =2 Ao+ pt V2ol = 2se Ao 0 p* Ao+ p pira.

The Riemann-Christoffel covariant is written also without the accents (since
components in the space lead to terms that cancel)

Ao . A2 . aﬁAz ¢ VIVZAO ° 781
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and if we substitute for v the adjunct of B, and sum for n linearly independent
values 8; with 8, we have the Einstein covariant in the form

Gus = X Ao Ay aB;i A2 Vi V2 Ao B8 = 0 forall @, &.

This gives 3.4 A2 off; A2 V; B where V operates only on the 8*. This takes
the form

D (Ao~ psaf AoB:i V — Ao aVA. B ¢58:) ;

which is another form of the potential.
If we start from the forms (Ao - perp®)e — (Ao - pru p®)? and, making
$ = u, sum, we have

Gre = Ao Vpr + 2 Aopre (p*)s = (Ao Vor)e = Ao - VoY,
as before.

The simplest way to get the second derivatives is to choose paths in the region
on the geodesics. There is then no normal in the region. If then the con-
vergence in the region of these geodesic normals vanishes, the space is of the
gravitational character.

If the Riemann-Christoffel covariants vanish for an ordinary space we know
it is a plane, and a surface nabla of the normals (which would run out into
three-dimensional space) all vanish. To be an Einstein space of two dimen-
sions it would be necessary for the convergence in the space of the geodetic
normals to vanish. For a sphere, for instance, the normals all pass through
the center, their differentials have any direction on the surface, and would
not necessarily give a convergence equal to zero. A sphere is therefore not a
possible Einstein surface.

TENSORS

17. As commonly used the term tensor means merely a multiplex of coeffi-
cients obtained when we substitute in a lineo-linear function of m variables the
various vectors chosen m at a time from the set p;, - -+, p.. We shall use E to
indicate a tensor, which from our point of view is an operator. To indicate the
operands we will'insert m parentheses after . A tensor is an extension of the
term dyad, triad, etc., used by Gibbs. We will write then a tensor of order 1
as % (), one of order 2 as 5 () (), etc. The first fundamental form is a tensor
since it has the form A4y - () (). From it we derive the set of quantities
Ay - prps. It is clear that all our 4 symbols, A, --- furnish tensors. A
tensor is a covartant tensor when it reduces to a form independent of py, - - -, py .
All the symbols 4 and their combinations furnish tensors that are covariant.

A tensor is a derivative tensor, and of order higher by unity than another,
when it is formed from the other by the process

EQQ - 04o-v0.
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For instance from the tensor £ (a covariant, as py, - - -, p, are not in evidence)
we derive £4o V() where V operates only on £. If £ = vX then we have
vXA,v(). If ¢is a differential operator, as 4y - () V - o, then we derive

Ay- )V -0-40-V().

If we indicate direction by a subscript as o,, then the derived tensor demands
that ¢,, = d,r. This condition is necessary. It is further a sufficient condi-
tion that = be a derived or differential tensor.

All differentials or derivatives taken in this manner without reference to
the parameters u are called covariant differentials. The so-called contra-
variant systems would be found by using the system p*.

18. To make translations from the ordinary notations we have to notice
that the covariant tensor 4., means the form > A,, Ao - p* () 4o - p¥ (), the
contravariant tensor A® means Y. A® Ay - p; () 4o - py (), and the mixed
tensor A% means > A% Ao - p* () 4o - py ().

The so-called product of two tensors of orders a, b is a tensor of order a + b.
For instance the product 4, B; means

2 Auw Bi Ao - p* (VAo - p* (VAo - p* () Ao - 94 ().
In expressions where “dummy ” indices appear, that is to say, duplicated
indices, the expressions are summed as to the operational terms indicated, for
instance, Ay, means 3, Ay Ao - p* () Ao - p" () Ao-p* () Ao ps ().
We will translate some of the current notations into these forms:
a’“v’w=[u’v, w] = Ao * puv Pw, {uv: 'w} = Ao * pur p*,

AP = 3 A Ao - ' (), (4%); = 2 A1 40-p* V4o - V1 (),
where the subscript 1 shows the operand of y. This is covariantive
differentiation.

With these indications it is easy to reduce any expression into the vector

forms, and then to reduce the vector forms to compact expressions which
from their forms alone show that they are covariantive.

CURVES

19. Let « be the unit tangent to a curve (that is, a function of one parameter
8), which gives 4y - aa = 1. We have therefore at once

Ay ada = 0.
Hence da is orthogonal to @. Let 8 be a unit vector so that
do = ci B ds.

c1 is called the curvature and $ the principal normal. Usually part of 8 is
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in the space of the curve, part not in the space. For instance, a curve on a
sphere may have its principal normal lying in the embedding three-dimensional

space. We may also write, then,
doz = (gl)\ + ny V)dé’,

where now g, is the geodesic curvature, n; is the normal curvature, \ is a unit
normal in the space, and » is a unit normal out of the space.

Since 4, - of = 0, differentiating again, Ao - adB = — Ay - Bda = — cj.
Hence we have for dB (the dp is still along the curve)
g = —cia+clv,

where v is called the binormal, and c] is the second curvature. Since the
first term gives the entire projection on o we must have 4, - @y = 0, and
since Ay - BdB = 0, we must have also 4y - By = 0. Continuing we find the
trinormal, etc., and the third, etc., curvatures, giving the generalized Frenet

equations:
da = cy Bds,

dB = (ciy —cra)ds,
dy = (¢’ 8 — ciB)ds,

dp = — ™ kds.
When ¢i = 0 the other curvatures become indefinite but are taken as zero by
convention. If ¢j 5 0 and ¢} = 0, from the equations above
Az - dpd?pdPp = 0.
The condition is necessary and sufficient. Hence, differentiating,
As - dpd?pd*p = 0 = A3 - dpd® pd®p),

and all higher curvatures may be taken as zero.
20. A congruence of curves is defined by the equation

Az')\d}):’o,

where X is a given unit vector in the region.* Let us consider n independent
congruences, one curve of each congruence through any one point, and at the
point let all the congruences be mutually orthogonal. To indicate the
orthogonality we shall use o instead of N\. Then

Ao - aion = i,
and using ¢, to indicate 4o - () V * ai, the operator that gives the differential

* The notation of Ricci is as follows in vector forms: Ayr = Ao + A Upr, N = Aq - M0,
where ¢ and h define different congruences; Nijrs = Ao * pr (Ni)e, viie = Ao+ Aj(Nids.
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of «; in the direction of the unit operand, we have
Ao oipaar = — Ao - ajpa ar forall o 7j=k.

Such an expression is called a coefficient of rotation for a reason that will appear.
There are 3n% (n — 1) such expressions. We have also
Ao . a;.q&anaz =0 if h # l
We may expand Ao - pr @q, ps in terms of 3 Ao - aipr Ao+ ajps Ao * 0t Pap 5+
This is the Ricci formula
Najrs = 2 Yhij Nijr Ajls,

but such expansion is not needed in the vector forms.

21. Let
0 =32 A aida, ()

be an operator which converts vectors of grade unity into vectors of grade 2.
Of course it is a very special operator of this kind. The coefficient of rotation

Yijxk = Ao * O Qy Az . eak.
We see that Odp = 33" A, - a; da; gives what may be called the instantaneous
rotation for a displacement dp about a plane. That is to say, the plexus of
congruences rotates about this plane through an infinitesimal amount given

by the intensity of the 2-vector. (Rotation about a plane or other spread is
possible in hyperspace.) We can look at the situation in this way: let

T=A4A1-00n = — 3 ¢ ndo - aj0

and Ao - ax 7 = Ao - 0¢a,n = Ao - aday/dt, Ay - o = 0. The coefficients of
rotation are the components in the directions of the elementary bivectors
As - a; a; of the bivector Oay,.

We can also express O a little differently in a form useful in the study of
n-tuply orthogonal congruences.*
Let
{= ZAz Vaidy-a;() = — ZA2 V' aido- @i (),
the accents showing the operand of v. Then
0— =342 45 aiaiV = — 34y - () 2 4s o Ve
The expression A, - Va; is of course the curl of «;.
22. If f(p) = O is a spread of order n — 1, the normals are V f and form a
normal congruence. Since fix = fin, we have
Ao on VAo - ax V- f — Ao ax VAo - e V - f = 0.

* See Shaw, Triply orthogonal congruences, these Transactions, vol. 21 (1920),
p. 391. The present articles contain the results of a paper read December 31, 1915, before
the Chicago section, On orthogonal congruences in space of three and more dimensions.
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As v operates upon following a’s we have from this

Ao Vf(¢a, a6 — payon) = 0.
This might be written

> (Yiew — Yime) Ao - a; VF = 0.

Let the unit part of V f be a,; then the equation gives

Ao - (on o, 0k — O o, ) = 0.
That is, for the entire set of curves in the spread and normal to it,

Ynkh = Ynhk (h,k=1,2,---,n—1).

The equation also states that ¢,, is self-transverse (symmetric) so far as the
spread is concerned. The condition is also sufficient. For when it is satisfied
Ay - A - anay Ay - Vag =0forallh, k=1, ---,n —1. But
A2 Van = D 2 Ay an o,
hence we have
Az - an Van, = 0,

whence t4; - Va, = As fay, for any £. Choose ¢ = — v ¢ and we have
AV (te) = 0, tan = Vf.
From this we have also 4, - Vlog ta, = — 4y - Vo, = Ay + an 7, where 7 is

in the spread and is indeed ¢, oy, .

23. Let us suppose now that a, is the principal normal of a system of curves
through the point, that is, a; is the unit tangent, da;/ds for dp along the curve is
c;opn, wheret =1, ---,n —1. Thatis,

b 0i =Ciay forall ¢=1,---,n—1.
Hence
Az - andaoi =0, Ao ojpa i = — Ao+ i i =0
(i’j =1, cee,m—1).
This may also be written to parallel the treatment in three variables referred
to above:
A1 . 01,'90(,‘ = C; Oy,

Ao . Olnd)a‘a,' = C;.
If the curves all lie in a spread as in the preceding article,

Vlogt = ¢a, ant + zas,
Ao - on o, j = Ao+ A by i

In the general case of all the curves merely such that a, is their common
principal normal, the sum of the curvatures is

AO'anqua;c"i (":=]v’")

Trans. Am. Math. Soc. 17.
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which reduces to
—ZAo-a,.Al-a.-eai or E—Ao'a;¢¢”ai=—Ao'Vao.
This shows on the one hand that the sum of the curvatures of the normal
curves is independent of the particular system chosen, if they are mutually
orthogonal, but on the other hand it gives significance to the geometric con-
vergence of a,. Dividing by n — 1 would give the mean curvature of the

system.
The second curvature of the curve with «; as tangent is

Ga, i = Cfvi — € ;.
Since « and v are orthogonal,
A2 c O ¢a,, a; = c’(,ai‘yi:
and we may write
c¢” is the intensity of A, - a; ¢a, ;.
24. The spread of order n — 1 is called sothermal when
Ao vvf = 0 = V*f.
The resulting equations are simple.
25. In case the curves in the region through the point in question are
geodesic we have ¢,, an = 0 in the region, that is, for every 2
Ay - i o, 0 =0.
That is,
AO . an¢a,-an =0
for everys1. This may also be written 4¢ - o, a; 0a, = 0. This form enables
us to state the condition in the form 4, - @, O, = 0 in the region, and this
vector must lie outside the region therefore.*
Further applications must be deferred.

*See page 213.
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