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ANALYTIC CONTRACTIVE VECTOR FIELDS
IN FRECHET SPACES

DUONG MINH Due

Using degree theory we establish the inverse mapping theorem and

a Sard-Smale theorem for analytic contractive vector fields in

Frechet spaces. Applying these theorems we obtain Cronin's

theorem relating topological degree to the number of zeros of

analytic contractive vector fields.

Introduction

In [3] we have studied the differential calculus for a class of

functions in Frechet space. In this paper we prove the inverse mapping

theorem for analytic contractive vector fields which may be not of class

(f~ in the sense in [3]. Then using this theorem we prove a Sard-Smale

theorem and a theorem of Cronin's type in the case of Frechet spaces.

Finally we shall correct a small gap in [3] (af. Remark 1.2).

The idea of the present proofs of our Sard-Smale theorem and our

Cronln theorem came from a study of KrasnoseI skii and Zabreiko's elegant

proofs of these theorems for analytic compact vector fields in Banach

spaces. In fact we shall follow KrasnoseI skii and Zabreiko's approach

basing the proofs of these theorems on the inverse mapping theorem.

1. Inverse mapping theorem

Throughout the paper let E be a Frechet space over the field of

complex numbers C , V(0) a base of closed balanced convex neighborhoods
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of 0 in E , D an open nonvoid subset of E , I the identity map,

L(E) the set of a l l continuous linear mappings from E into E , and d

a translation invariant metric on E (compatible with the topology on E )

such that every open ball is convex and balanced. For each A c E we

write

L(A) = inf{r> > 0 : there is a finite subset B of E such

that A c B+B(0, r)l ,

where B(0, r) = {x € E : d(x, 0) < r] and

5 + 5(0, r) = {x+y : x £ B and y £ 5(0, r)}

and inf $ = °° .

L is called the ball measure of noncompactness on E and has the

properties (M.l)-(M.8) in [4]. Now let A c E and r > 0 such that

i(4) < r , then we can choose a finite subset 5 of 2? so that

A cz B + B(0, r) .

Put r = {s € C : \s\ = l} ; we see that

{sx : x £ A, s Z T} <= {sx : x £ B, s Z T} + 5(0 , r) .

Since {sx : x € 5 , s € F} i s compact, we have

L({sx : x € 4 , s € I"}) < i ( s ( 0 , r ) ) 2 r .

Then

(M) LU*) 5 L(4)

where A* = co{sx : x € A, s € F} , the closure of the convex hull of

{sx : x € i4, s € F} .

The results of this paper are valid for the generalized measures of

noncompactness defined as in [4] and satisfying condition (M) and the

following:

(M1) there exists a positive real number K € (0, l) such that for

any W € 7(0) and A c E , there are a , a , ..., a in E

such that A c U [a .+W) if L(A) 2 X • L(W) . //

DEFINITION 1.1. Let / be a continuous mapping from D into E .

We say / is analytic on D if for each x in D there exists a
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(necessarily unique) f'(x) in L(E) such that

(1.1) lim /(*+*>»>-/(«> = f'{x)h for all hZE.

DEFINITION 1.2. Let g be a continuous mapping from D into E .

We say g is a contraction on Z? if Z/(<7(Z?)) is finite (cf. [3], p. 95)

and there is a positive number c in (0, 1) such that

(1.2) L[g(A)) 2 cL(A) for all A c D .

Let g be an analytic contraction on D ; then f = I - g is said

to be an analytic contractive vector field on D .

In this paper f = I - g is a given analytic contractive vector field

D with the coefficient c in ( 0 , 1 ) . In this section we shall prove

the inverse mapping theorem for f . At first we study some properties of

/ and g .

LEMMA 1.1. Let a € D and V € V(0) be such that a + 2V c D .

Let K be a compact subset of a + V , and A c V . Put

where *"—~—*- ds is the Riemann integral ig{k+e h)e~ dt . Then
'V s2 >0

(i) L(B) is finite and L{B) S cL(A) ;

(ii) if A c B , then A is relatively compact.

Proof. (i) We see that B e [g(K+A*)}* . Then by the properties of

L we have

(1.3) L(B) S L[g(K+A*)) 5 cL(K+A*) 5 cL(A) .

Since L{g(D)) is finite by definition, L{B) is also.

(ii) If A c B , we have

L(A) S L(B) < cL(A) .

Then L{A) is finite. Since e < 1 , it follows that L{A) = 0 or A is

relatively compact. //

PROPOSITION 1.1. £et a £ D , V £ V{0) such that a + 2V c D ;

then L[g'(a)v) is finite and for any A c V we have
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L[g'(a))(A) S oL{A) .

Proof. By the Cauchy formula for scalar analytic functions and the

Hahn-Banach theorem we have

[ g < a y ) ds for all h l V .
8

Then we have the proposi t ion by Lemma 1.1. / /

REMARK I . I . Put T = g'(a) . We can find W € V(0) and an integer

m such tha t a" 5 K (the number K in condition (M1)) and T3(W) c V

for a l l j 5 2m . Put T = f ; by (M1) and the other propert ies of L

we have T {W) c B + v where 5 i s a f i n i t e subset of E and

5 KL[TAW)) 2

Then by induction

i ^ + V ) £ }PL{T {W)) for all integers n .

Since L[TAW)) is finite and K i (0, l) , we get

inf i(r"(V)) = 0 .
n

Therefore T is a pseudocontraction (c/. [4]). Let G(T) and

be denoted as in Theorem 1 of [4] and P and Q be the corresponding

projections of E onto 6(7) and F{T) . Then we have

(i) E is the topological direct sum of G(T) and F(T) ,

(ii) CCT) is finite dimensional,

(ili) G(T) and F{T) are invariant under T ,

(iv) the restriction of T on G(T) (respectively F(T) ) has

no real eigenvalues less than 1 (respectively greater

than or equal to 1 ),

(v) P and Q commute with T ,

(vi) I - Q ° T is a homeomorphism from E onto E .

Furthermore if I - T is a homeomorphism from E onto E , then the
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r e s t r i c t i o n of T on V i s a limit-compact mapping and the topological
o

degree deg(J-7, V, 0) is defined (of. Remark 1.1 in [3]). Now arguing as

in the proof of Theorem 3.1 in [70], we have

j - r , °V, 0) = (-

o

where V is the interior of V , and dim G(T) is the dimension of the

linear subspace G(T) over the field of real numbers. But G(T) is a

complex linear subspace then its dimension is even; hence we have

PROPOSITION 1.2. If a € D and V € V(0) are such that a + 2V is

contained in D and f (a) is a homeomorphism from E onto E , then we

have deg(f'(a), V, o) = 1 .

Hereafter we assume in this section

(i) 0 € D and f(0) = 0 , and L(g'{0){A)) 5 cL(A) for every

Ac D ,

( i i ) / ' (0 ) is a homeomorphism from E onto E ,

( i i i ) V is chosen in V(0) such that 6V c D .

Now we have the following proposition.

PROPOSITION 1.3. (i) Let a, h £ V be such that A = C • h c V

and g'(a)h = h . Then h = 0 .

(ii) There is a W in 7(0) such that f'(a) is a homeomorphism

from E onto E for any a in W .

Proof. (i) Let k € A . We have

From Lemma 1.1, A is relatively compact; then h = 0 .

(ii) By Proposition 5 in [4], f'(a) = I - g'(a) is a Fredholm

operator of index 0 on E . Now assume by contradiction that (ii) is

false; then there exist a sequence {a } converging to 0 and a

sequence {h } in dV , the boundary of V , such that

(1.6) ' *
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Since K = {a } u {0} is compact, we have, by Lemma 1.1, that {h }

is relat ively compact. Then we can assume i t converges to h in 37 .

Now, for any integer m ,

(1.7) hm-9'(0)hm=g'[am)hm-g'(0)hm

1

Since the set [{h } u ih.}) * is compact, g is uniformly continuous

on it. Then for each U € 7(0) there is an integer N such that

(1.8) [g{am+shm)-g(shm)) € U for any m > N and s € T .

It follows that

(1.9) (h -g'(O)h ) (. U fo r a l l m > N .

Therefore h - g'(O)h = 0 for any h in dV , which i s absurd, and

hence we have (ii).

PROPOSITION 1.4. There exist W and U in 7(0) suoh that

(i) if A = <Ch c v and g(h) = h then h = 0 ;

(ii) for any (t, h) € [ 0 , l ] x (f/\{0>) ,

tf(h) + (l-t)f'(O)h * 0 ;

(Hi) for any {t, h) € [0, l ] x 3j/ and q Z U ,

tf{h) + ( l - t ) / ' ( O ) h ?t q .

Proof. CiJ Let k = zh S. A we have, by ( l . U ) ,

z-h = 1^) = [ g'{sz Xk)z Xkds = 3 l ( g'(ss'^feds
Jo -"o

Then

k =
t

Arguing as in Lemma 1.1, we see that h = 0
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(ii) For each (t, h) € [ 0 , l ] x Q w e pu t

gt(h) = tg(h) + (l-t)g'(O)h .

Then g, is analytic on D and for any subset A of D we have

Then

(1.10) L{t

Thus, by Proposition 1.1, L{g^{A)) is finite and

(1.11) L[gt(A)) 5 cL{A) for every 4 c D .

Applying fij to the case of g^ we see that h = 0 when ft c F and

Now assume by contradiction that there exist a sequence of non-null

ors \k } con

[0, l ] such that

vectors \k } converging to 0 and a sequence \t } converging to t in

For each integer m there is by the preceding argument an r > 0

such that h = r~Xk € dV . Then
m mm

rl
r h = [tg'{sk ) + [l-t )g'(0))r h ds .

171 171 j - TTT TTV TU ' XU 77?

Thus

(1.12)
'0

Put B = {h } and C = co({fe } " {o}) . V7e see that C is compact

and B is contained in {g(C+B*) u g(B*))* . By the properties of L i t

follows that
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Then L{B) is finite; hence it is equal to 0 and B is relatively-

compact. We can suppose that {h } converges to h in <}V .

On the other hand we have

rl
rh -g'(O)rh =t [a'{ek )-g>(0))r h ds
mm ° m m n j w '• m> a ' m m

or

(1.13) h - g'{O)h = rfV I I • m m: • m duds .
g(sk +uh )-g{uha *• m mJ " '• m

Arguing as in the proof of Proposition 1.3, we can find a contradiction

which completes our proof.

(ii-L) By (ii) it is sufficient to show that the following set is

closed:

F= {tf{h)+(l-t)f'(O)h : (t, h) € [0, 1] x 3̂ } .

Now l e t [t , h ) be a sequence in [0, l] *• dW such tha t {t }

converges to t in [0, l ] and \y } converges to y in E where

Put A = {hn) . We have

A <= {yj + w{g(A) u g'(O)(A)) .

Since {y } is relatively compact we have

(l.lU) L{A) S ma.x{L(g(A)), L[g'(O) (A))) S cL(A) .

Then L[A) = 0 and A is relatively compact. We assume {h } converges

to h in W . It is easy to see that y = tf(h) + {l-t)f'(O)h .

Therefore F is closed. //

REMARK 1.2. Lemma U.I in [3] is similar to the preceding

proposition. There are some mistakes in the statement of this lemma, and

in its proof we have used the relations (3.2) and (3-3) of [3], but the

correct version of (3.2) is as follows:
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(3.2)' q{Rnf(x, k)) = 6p W{p(k))m for all k in Vq

where V is an element of V{E) and is dependent on q .

Therefore (3.3) may be false. Here we shall state the correct lemma

and prove it without using (3.2) and (3.3) in [3]; the notations used in

this lemma are defined in [3].

LEMMA 4.1. Let W be an open in E , f = {I-g) : W •* E be of

class C on W . Suppose that k(L, L, W, g) < k < 1 and for every a

in W a f'(a) € H{E, E) and k(L, L, W, I-v{Df{a))) < (l-k)/(l+k) . Let

a € W ; then there exist U, V € V(E) such that a + V c W and for each

{t, q) in [0, l] x u we have

(i) t[f(a+x)-f(a)) + (l-t)f'(a)(x) *q for all x € dV or

t[f(y)-f(a)) + (l-t)f'(a)(y-a) * q for all y € a + 3F ;

(ii) f{x+a) * f{a) for all x € V\{o] .

Proof. We can (and shall) suppose that a = f(a) = 0 and Df(0) = I

{of. [3], p. 116). By Proposition 3.1 in [3], we can choose W in V(E)

such that W c W and Df\W is a continuous mapping from W into

B(E, E, V) . Let V € V(E) such that ? c W and

(1.15) [f'iO)-f'(x)) € B(W, \W, h) for all x € V .

By Proposition 3.1 we have

rl

g(x) = [f'(,0)-f'(sx))xds for all x in W .
J0

Put F = {tf(x)+{l-t)x = x-tg(x) : (t, x) € [0, l] x dV} ; then F is

closed {cf. [3], p. 116). We shall show that F does not contain 0 ,

which implies (i) of the lemma.

Now suppose by contradiction that there exists {t, x) € [0, l] x dV

such that

rl
0 = x - tg(x) = x - t \ {f'(0)-f'(sx))xds .

Because x € W , by (1.15) it follows that x € \V . Hence by induction

x € h~ W for all integers m . Thus A = Rx c W' and
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/•I
y = t \ {f'(O)-f'{sx))yds for all y i. A .

J0

Since s i—• (/'(0)-/'(sa:)) is a continuous mapping from [0, l] into

[B(E, E) , W') , we see that, by Proposition 2.1 in [3],

L(A) S L{[ [f'(O)-f'(sx))yds : y

Hence L{A) = 0 ; thus x = 0 , which contradicts the condition x € 37 .

Then F does not contain 0 .

Analogously we can prove (ii). //

Now we have the inverse mapping theorem for analytic contractive

vector fields as follows.

THEOREM 1 . Let f : D •*• E be an analytic contractive vector field,

a € D be such that f'[a) is a homeomorphism from E onto E . Then

there exists an open neighborhood X of a such that X c D and f\x is

a homeomorphism of X onto an open subset Y of E . Put f = (f\x)~ .

Then f is analytic on Y and for every y € Y we have

= [f'{fx(y)))
- i

Proof. Applying Proposition 1.2 and arguing as in the proof of

Theorem 2 in [3] , we can find an open neighborhood X of a in D such

that f\X is a homeomorphism of X onto an open subset Y of E . We

only have to show that / . is analytic at /(a) and

We can suppose that a = f(a) = 0 . For a given vector k in E ,

there is a positive real number r such that for each complex number s ,

with \z\ € (0, r) , there exists an unique h& € X n \V such that

f{hj = \ - g[hz) = zk .

If 2~ hz € V we put vz = 1 , and if z~1^z f f we choose Ug in

( 0 , 1 ) such that vz~Xh € 37 . Then
Z 3
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(1.16) vk = X fzh^ f gishjv
3 3 \ 3" Z

1 1 f 1 f

- v \ - * |0 Jr * * '

Because /|.£ is a homeomorphism and {zk : z € C, 0 < \z\ < r} is

relatively compact we see that K = \h : 0 < Is I < r}* is compact. Thus
3

A = \vzz~1hz : 0 < \z\ < r\ c [ o , l ] x {k} + [g(K+A*))* .

I t follows that L{A) 5 cL(A) . Then A is relatively compact; hence A*

is compact also.

On the other hand we have

(1.17) vk - Vzz~Xhs + g'(O)vzz~1h3

dtds

T t2

Arguing as in the proof of Proposition 1.3, we have

(1.18) lim \v k-f'(O)v z^k) = 0 .
s-K) l z z 's-K)

We shall show that there are positive numbers d and r' such that

(1.19) vz > d if \z\ < r' .

Assume by contradiction that there is a sequence {z } converging to

0 such that lim V = 0 . In this case
Zm

\v z~Xh } c A* n dV .
V Zm m ZJ

L z'h }I z m z IHence we can suppose that \v z h r converges to h in 3V . It
\ Z Ttl Z \

follows that h = g'(0) by ( l . l 8 ) . This contradict ion shows (1.19) .

Then, from (1 .18) ,

k = lim f'(O)2~1h or lim z~Xh = ( / '
s-K) 2 3
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Now we have

/ (afe)-/ (0)
lim — = lim z Xh = f/'(0)l k .

Therefore / is analytic at 0 and f'(0) = (f'(O))"1 . / /

2 . The Sard-Smale theorem

In this section le t / be an analytic contractive vector field from

D into E . We shall establish a Sard-Smale theorem for f . The

following lemma is a major step in the proof of our Sard-Smale theorem.

LEMMA 2.1. Let a € D ; then there is a W in 7(0) such that

the following set has a void interior:

S(f, a+W) = {f(x) : x € (a+W) and f'(x) is not invertible) .

Proof. We can suppose a = f(a) = 0 . Put T = I - f'(Q) , and le t

C{T) , F{T) , P and Q be as in Remark 1.1. Put

(2.1) M(x) = x - Q o g{x) = fix) + P ° g(x) for a l l x (. D .

Since P(E) is a finite dimensional vector subspace of E , we can suppose

that P o g{D) is relatively compact. Then M is an analytic contractive

vector field on D because, for any A c D , we have

(2.2) L{Q O g(A)) S L{g(A) - P o g{A)) 2 L(<?U)) + L[P ° gU)) = L{gU)) •

On the other hand A/'(0) = J - § o <?'(0) is a homeomorphism from E

onto 2? by Remark 1.1. Hence by Theorem 1 there exist U' € V(0) and an

open neighborhood U of 0 in D such that M\ll is a homeomorphism of

U onto V and has an analytic inverse R with derivative

R'(y) = (I - Q o g ' l f lU)) )" 1 for a l l h in U' .

We choose V in 7(0) such that We U and

(2.3)

We shall show S(f, W) has a void interior. Indeed suppose to the

contrary that there exist x € X and W € F(0) such that x + W is

contained in 5(f, P/) . Put V = ^y' " G(T) and ft : V •* G(T) as

follows:

(2.U) ft(u) = u - P o ^

https://doi.org/10.1017/S000497270002565X Published online by Cambridge University Press

https://doi.org/10.1017/S000497270002565X


A n a l y t i c c o n t r a c t i v e v e c t o r f i e l d s 177

Since x € S{f, W) , by (2.3) we have x € kW ; hence x + u € U' for

al l v (. V . Thus 7i is well defined. By the results in [8] , h is

Frechet continuously differentiable on V , because i t is analytic and

G{T) is finite dimensional. We shall show

(2.5) S{g, V) 3 Vx = W n G(T)

which would contradict Sard's lemma [7] in the finite dimensional case.

Indeed let u € V. We have a w € W such that

(2.6) f(u) = x + u

and such that there exists e # 0 with the property

(2.7) e = g'(w)e .

I f Pe = 0 then e = Qe , in which case we have by (2.7) that

§e = § o g'(w)e , a contradict ion because M'(u) i s i nve r t i b l e . We have

proved tha t

(2.8) Pe * 0 .

Now p u t

( 2 . 9 ) U = M(w) - x .

By (2.3) and the propert ies of x s ta ted above, we have v € hll' . By

(2.1) and ( 2 . 6 ) , u € G(T) . Thus u € V and

(2.10) fl(x+u) = w .

Then

(2.11) ft(y) = V - P o g(w) = W - Q o g{w) - x - P ° g(w)

= f(w) - x = u .

Hence

(2.12) h(v) = u .

On the other hand

(2.13) h'(v) = I - P o g'(i?(x+u)) o (l - C o g'

By (2.10) and by Pe = e - Qe = e - Q o g'(w)e , we have

h'(v)Pe = pe - p o ff'(u) o {i - Q o g'(w))'
1 o (l - Q o

= Pe - P o ̂ '(u)e = Pe - Pe = 0 .
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Hence

(2.1U) h'(v)Pe = 0 .

From (2.8), (2.12) and (2.lU), we infer that u € S{h, V) . We have

just proved (2.5), which completes the proof of the lemma. //

From this lemma we have

PROPOSITION 2.1. Let M be a closed subset of E contained in D;

then f{M) is closed and S(f, M) is a closed subset with the void

interior.

Proof. Let {a; } be a sequence in M such that \f[x )} converges

to y in E . Arguing as in the proof of (Hi) of Proposition l.k, we can

suppose that {x } converges to x in M . Then y = f(x) belongs to

f{M) ; hence f(M) is closed. Now if f (x ) is not invertible for all

integers n , by Proposition 1.3, f'(x) cannot be invertible. Therefore

S{f, M) is closed.

Now assume that there exist V € V{0) and y € E such that y + V

is contained in S(f, M) . As above we see that / ({#}) n M is compact.

By Lemma 2.1 there exists a finite family of open sets \w , ..., W } in

D such that

rx({y}) n M<Z u w. = w
3 °

and the interior of S[f, W.) is empty for any j = 1, ..., m .
3

On the other hand f(M\W) is a closed set and does not contain y ,

where M\W = {x € M : x £ W} . Then there exists U € 7(0) such that

U c V and

(y+U) n f(M\W) = 0 .

Therefore

Thus by definition

fx{y+v) c MC w .

y + i /c U S{f, W) .
0 3
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This is absurd because the interior of U S(f, W.) is empty. This

contradiction completes the proof of the proposition. / /

The following is a partial generalization to Frechet spaces of the

Sard-Smale theorem ([9], [7]).

THEOREM 2. The set

S(f, D) = {fix) : x € D f'(x) is not invertible}

has the empty interior if at least one of the following conditions is

satisfied:

(i) f is an analytic contractive vector field defined on an

open set containing the closure of D j

(ii) E is separable and f is an analytic contractive vector

field on D .

Proof. (i) From Proposition 2.1 we have (i).

(ii) Let B be a countable basis of the topology of E . For each

x in D , let V € B be such that V is a closed neighborhood of x
x x

in D and s[f, V ) has the empty interior. Since S{f, D) is a

countable union of closed meager sets of form S(f, V ) , it follows from

Baire's theorem that S(f, D) is meager. //

3. Application to degree theory

In this section let f be a continuous analytic vector field from D

into E , and analytic on D . Assume that 0 jl /(30) . Using the Sard-

Smale theorem in Section 2 we shall establish the relations between the

topological degree and the number of zeros of f . At first we have the

useful lemma

LEMMA 3.1. Let p € E\f{dD) and V € V(0) . Then there is q in

p + V such that q € E\f(dD) and fix) is invertible for each x in

Proof. Since /(3D) is closed, we can suppose p + V c E\f(dD) .

Now assume by contradiction that p + Vc S{f, D) . Because /" ({p}) is

a compact subset of D , arguing as in the proof of Proposition 2.1, we can
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find U € V(0) and an open W in D such that S(f, W) has the empty

interior and p + U c S(f, W) . This contradiction proves the lemma. //

The topological degree of / at 0 in D is defined as in [3] and

denoted by deg(f,D, 0) . We see that it is positive as follows.

PROPOSITION 3.1. deg(/, D, 0) > 0 .

Proof. Choose V € V(0) and q as in the proof of the preceding

lemma. For any (t, x) € [0, l] * D we write

(3.1) Mt, x) = g{x) + tq .

I t i s c lear tha t x - h(t, x) + 0 i f ( t , x) € [0, l ] x 30 , and for each

A ci D , we have, by the proper t ies of L ,

L{h([O, 1] x 4)) < L{g{A) + [0, 1] x {q}) < L[g(A)) .

Then L{h([0, l] * 4)) is finite and is less than or equal to oL(A) .

Thus, by (D.U) in [3] (p. 97), we have

(3-2) deg(J-£, D, 0) = deg(J-£-q, D, 0) .

It is sufficient to show

(3.3) degU-g-q, D, 0) > 0 .

Indeed (/-<?)~1( (0>) = /""""({q}) is a compact subset of D and f'(x) is

invertible whenever x € / ({̂ 7}) . By Proposition l.U we see that

f {iq}) consists of isolated points. Hence / ({<?}) is a finite set

{x , ..., x } . Applying Proposition 1.1* again we can find the disjoint

open sets W, , .. . , W in D such that x. € W. for all i = 1, ..., m
1 m vi

and

deg[f-q, Wv 0) = d e g ( f ' ( « . ) , f / ^ , 0) = 1 .

Therefore, by (D.3) in [3] (p. 97), we have

deg(/-<7, D, 0) = X deg(/-<7, (/., 0) = m > 0 .
J

Hence by (3-2) we have the desired result. //

We shall conclude this paper with the following

THEOREM 3. The number of zeros of f in D is at most equal to
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deg(f, D, 0) .

Proof. By Proposition 3-1, deg(/, D, 0) = k > 0 . Now assume that

there are k + 1 distinct zeros z , .. . , z, of f . We shall find a
1 K+X

contradiction.

Put G. = G[g'{z.)) as in Remark 1.1, and let P. and Q. denote
0 0' 0 0

the co-rresponding projections for each J = 1, ..., k+\ . Using the Hahn-

Banach theorem, one can show that there exists a continuous linear

functional h on E such that h[z .-z .,) f 0 for all 0 ± 3' •
0 0

Because f ({o}) is compact, by (D.3) in [3] (p. 97) we can replace

D by an open subset of itself, also denoted by D , such that h(D) and

P •(£>) are relatively compact. For each x € D put
0

(3.10 a Ax) = Tl {h{x-z.,))2 •
3 6'*6 °

For t > 0 put

(3.5) fdx) = f{x) + t I a (x)P.{x-z ) .
-' d u d
*J

Since the set V[, a .(x)P .{x-z .) : x € Df is relatively compact, and
\j 0 0 0 )

f(3£>) is a closed set and 0 \ f( 30) , then, for t > 0 sufficiently

small, we have, by (B.h) in [3] (p. 97),

(3.6) fjx) / 0 for a l l x € 3D

and

(3-7) deg ( / t , D, o) = deg(f, D, 0) = k .

Fix £ and J and assume f'[z.)cs = 0 for an x # 0 ; then
*- 0

By Remark 1 .1 , Q .x = 0 . Hence P JX + 0 and thus 1 + ta . [z .) i s
J J 0 0

an eigenvalue of g '(s.) and belongs to the following set if t is small
0'
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enough:

S = { s € ( C : |s| > %, z is an eigenvalue of g'[z.)
3
for some g = 1, ..., k+l\ .

By Theorem 1 in [4], B is a finite set. Then f'Az .) is invertible
S ' 3

for t > 0 su f f i c i en t ly small , and for every g = 1 , . . . , fe+1 (we r e c a l l

t h a t / ' ( s . J i s a Fredholm operator of index 0 by Proposition 5 in [4 ] ) .

Now l e t t > 0 be so small tha t f'(z.) i s inver t ib le for a l l g

and we have (3 .7 ) . Since f, fe .] = 0 for every J = 1, . . . , k+l and f.

v- g- v

is an analytic contractive vector field on D . Arguing as in the proof of

Proposition 3-1, we can find W € 7(0) such that {x .+W : 3 = 1, ..., k+l}
3

are disjoint and
(3.8) deg(/t, x̂ .+S-, 0) = 1 for all g = 1, ... , k+l ,

and

( 3 - 9 ) 0 fc f t { x f w) f o r a-11 3 = 1 , •••

where w is the interior of (/ .

On the other hand we have, by Proposition 3-1,

(3.10) d e g ( / f D \ H ixj+W)> o] > 0 .
3

Now by (D.3) in [3] we get

deg(ft, D, 0) = deg[ / t , D \ U [xj+w) , o] + £ deg(ft, â .+V, o) .

T h e r e f o r e , by ( 3 . 8 ) and ( 3 . 1 0 ) ,

d e g ( / t , D, 6) > k + 1 ,

which contradicts (3-7). This contradiction completes our proof. //

REMARK 3.1. If / is a compact analytic vector field and E is a

Banach space, Theorem 3 is due to Cronin and Schwartz ([2], [S], [5]). If

/ has the form I - T - C , where C is a compact analytic mapping and T

is a contraction and £ is a Banach space, the theorem is partially proved

in [H.

https://doi.org/10.1017/S000497270002565X Published online by Cambridge University Press

https://doi.org/10.1017/S000497270002565X


A n a l y t i c c o n t r a c t i v e v e c t o r f i e l d s 183

References

[1] Felix E. Browder and Chaitan P. Gupta, "Topological degree and

nonlinear mappings of analyt ic type in Banach spaces", J. Math.

Anal. Appl. 26 (1969), 390-U02.

[2] Jane Cronin, "Analytic functional mappings", Ann. of Math. (2) 58

(1953), 175-181.

[3] Duong Minh Due, "Different ial calculus in Frechet spaces", Bull.

Austral. Math. Soc. 24 (1981), 93-122.

[4] Duong Minh Due, "Measure of noncorapactness and spec t ra l theory",

Math. Naohr. ( to appear).

[5] M.A. KpaCHOCeJIbCmM, P .P . 3adp^KO [M.A. Krasnosel 'skiT, P.P.

ZabreTko], PeOMempuuecKue Memoda nemmeuHozo aHajxu3a [Geometric

methods of nonlinear analysis] ( i zda t . "Nauka", Moscow, 1975).

[6] B.N. Sadovskii, "Limit-compact and condensing opera tors" , Russian

Math. Surveys 27 (1972), no. 1 , 85-155.

[7] Arthur Sard , "The measure of the c r i t i c a l values of d i f f e r e n t i a t e

maps", Bull. Amer. Math. Soc. 48 (191*2), 883-890.

[ I ] J. Schwartz, "Compact ana ly t ica l mappings of B-spaces and a theorem

of Jane Cronin", Comm. Pure Appl. Math. 16 (1963), 253-260.

[9] S. Smale, "An i n f i n i t e dimensional version of Sard 's theorem", Amer.

J. Math. 87 (1965), 861-866.

[JO] C.A. Stuart and J .F . Toland, "The fixed point index of a l inea r

fe-set contract ion", J. London Math. Soc. (2) 6 (1972/3),

317-320.

Faculty of Mathematics,

University of Hochiminh City,

Box 923,

Hochiminh City,

S.R. Vietnam.

https://doi.org/10.1017/S000497270002565X Published online by Cambridge University Press

https://doi.org/10.1017/S000497270002565X

