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Abstract: A proof of Fermat theorem is presented and a generalization to Beal conjecture is proposed. For this, we begin with Fermat

and Fermat-Catalan equations and solve them.
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1. The Fermat Equation

Fermat equationis y" = X" +2z" = x" +az"

Let X" 2y? —y"?x* = Aa

If A=0= X" =y"*but GCD(X, y) =1=>n=4 impossible, there is no solution and
n

IfFA?=2""n>3=x"y—y"? =

€ Z impossible = n =2

We have

(X"?y? —y"?x%)z" = Aaz" = Ay" Py — AX"PXC
= (X"2z" - Ay"?)y? = (y" 2" - AX")X®

(22" + AXP)X"2 = (X*2" + Ay?)y"?

But GCD(x,y)=1

We have then four cases:

X2 =u(=x"?z"+ Ay" )y =u(-y" 2" + AX )
X"? =v(x°z" + Ay?); Yy = v(yz" + AXP)

or

2

ux® =—x"7?z"+ Ay" ;uy? =—y" 2" + AX"

VXn—Z — XZZn + Ayz;vyn—z — yZZn + AXZ

or

X2 — u(_anzzn + Ayn72); y2 — u(_yn72zn + Aanz)
VX" =x22" + AyZ vy = yPz + AXC

or

2 _ _yn2,n +Ay“*2;uy2 :_yn—Zzn 4 AX"2

ux
X" =v(X2Z" + Ay?) y" = v(y?z" + AX?)
withu,veZ

First case

X2 — u(_xn—Zzn + Ayn—Z); y2 — u(_yn—ZZn + AXn—Z)
X" =v(X*2" + Ay?); YT =v(y?z" + AXP)
We have

Y =uv(=y"z2?" + AX" — A2 (XPY" - yPX"?)) = uv(—y "z + APX" + A%az") = uv(A® - z°")y"

uv(A> —z*") =1
Impossible because A, u, v are integers
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Second case
or

ux® = —x"?z" + Ay" % uy’ = —y"?z" + AX"?

VX" = x22" + AyZ vy = vz + AXP

We have

uvy" = —y"z?" + A’X" — AZ" (X°y"? — yPX" ) = —y" 2P + APX" + Alaz” = (A -z27")y"
uv=A>-z*

But

WYX =Xy ) =awA=v(-y"* +x* ) A=u(y* —x)A
=al=-y""+x"av=y' —x'

X<y

a(A-2")=(y" +X°)(X* —y"?) <0

aA(A+Z") =YX XYy X = (Y X)X +Y ) >0

w=~-7"<0

a>0

A=a(y’x"*-xy"?) <0

v=a(y’ —x*)>0

O<awA=v(xX""*-y"*)<0 and if
X>y

a(A-z")=(y* +x3)(x"*=y"?)>0

a(A+Z ) yZ n-2 Zyn 2 _Xn :(yZ_XZ)(Xn—Z +yn—2)<0
uv=A*>-7""<0

a<o0

A a(yZ n-2 X2yn—2)<0

v=a(y'-x")>0

O<auvA=v(x*"* -y*"*) <0

It is impossible because = n =2

Third case

or

X2 :u(_xn72zn +Ayn72); y2 :u(_yn72zn +AXn72)

v =x2"+ AyZ vyt = v 4 AXC

We have

vy =u(-y"z?" + A" = AZN (XY - yPXTR)) = u(—y 2+ AP + A%az") = u(AT - 27T y"
v=Uu(A>-z"")

And

V(Y X" 2 =x2y" ) =vA=uv(-y" XA = (Y - xP)A
Su(-y"t +x" ) =1 u=0;n=2

Impossible because u, A are integers
Fourth case
2 n 2 n

ux* = 2"+ AYy"Zuy? = -yl + AXT
X" =v(X°z" + Ay?): y" P = v(y’z" + AX?)
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We have

uy" =v(=y"z?" + APX" = AZ"(X°y" 7 = yAX"E)) = v(=y "z + APX" + A%az") = (A’ - Z2")y"
u=Vv(A*-z*")

And

u(yz n-2 X2yn—2):uA:(_yZn—4+X2n—4)A:uv(y4_X4)A
=v(xX —yH)=1l=v=Lx'=y* +1

Impossible! Because v, A are integers !
The only solution is A=1 and n=2

2. The Fermat-Catalan equation

The equation now is Y =x+z° =x" +az*
Let X"y? —yP?x" = aA

If

A=0= x"" = yP™
GCD(x,y)=1=p=4

It means that p=2 is the prime solution!

And

c

A =7 p=23=x""y - y“W:i—ZeZ
Impossible because GCD(y,z)=1, thus p=2 g

We have

(x3My? —yP?x")z° =aAz® = AyPPy® — AxI XY
= (X2 - AyP )y = (yP T - AXT)X!
(y?z° + AX")X¥™ = (x"z° + Ay?)yP?

GCD(x,y) =1

We have then four cases:
First case

XY =u(=x""z° + AyP?); y? =u(-yP Pz + AxY)
XY =v(x"z° + AY?); Y2 = v(y®z® + AX")
We have
yP =uv(=yPz* + A% — Az (X"yP? — yPxIY)) =uv(=yPz* + A’ + A%az®) = uv(A® —z%)y°P
uv(A*-z*)=1

Impossible because A,u,v are integers
Second case

UXW =_Xq—wzc +Ayp—2.uy2 —_ yp 2,C AXq w

w4 = x"z28 + AyZ vy Pt = yPz® + AxY

We have

uvy? =—yPz? + A’x% — AZ°(X"y" 2 — y?xI") = —yPz* + Ax? + A%az®) = (A* - 2%)yP
uv = A? - 7%
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And if a>0 and the proof is the same for a<0, we have

A_ 2,a-w W,,p-2 _ a c Xa_W XW
=YX Xy = (0 2N )
Xa—w XW
A<0=> yp72 —7<O
Xa—w<yb—z;xw>y2:>Xa—wy2<yb:Xa+zc<xwyb—2
XWXa—W — Xa — yb _ Zc > yZXa—W

O< yz(yb—z _Xa—W)< Xa+zc _Xa — Zc — yb _Xa
=Sy S = X <yt <x”
It is impossible !
And if
X' <y X<y o Y <y =X 428 = 1< YR X < X
Thus if X* > z®itis impossible ! And if
XSy x>y o XY >y =X+ = 0> Y- XY > 2% >0
It is impossible ! Let us suppose now
a-w XW
———>0
y y

A>0=

If
Xa—w > yb—z; Xw < y2 — yb—2y2 — yb — Xa + Zc > wab—z

w,,a-w 2,a-w

XX = x* = y* — 7% < y?x

0> yZ(yb—Z_Xa—W)> yb_xa — Zc >0
Impossible ! And if

X'>y = x> Y o My >y =X+ 25 = 0> yE XY > 25X >0
Impossible ! And if

X<y X <y XY <y =X+ 1<y XY <2

cyW-a

X

And if X* > z%it is impossible ! Another proof :
uv(y2 x4 —x"yP ) =auvA = v(=y*" + X2 A =u(y’ - x*) A

= au=-y>** 4+ x> av =y — x>
4P
1< %<y—
X X

a(A-z°) = (y* +x")(x*™ - y"?) <0

a(A+2%) = yoxT = x"yP P pyP —xI = (Y = X" (XM +yP?) >0
uv=A>-z*<0

yP>x'=a>0

A=a(y’x"™ -x"y"?)<0

v=a(y'-x*")>0

0<auvA=v(x*? —y***) <0
And if
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4 p
1>%>y—

X x4
a(A-z%) = (Y +xX") (X" —=y*?) >0
a(A+2%) = y2xT = x"yP P 4 yP X = (Y =X (X +yP?) <0
uv=A*>-z*<0
yP<x=a<0
A=a(y’x"™ -x"y"?)<0
v=a(y*-x*)>0
0<auvA=v(x**? —y***) <0

Impossible because : = p =2
Third case

X" =u(=x""Z° + AyP )y =u(-yP %zt + AXTY)

vX3Y = x"Z% + Ay vy Pt = y2z° + AXY

We have

WP =u(=yPz% + AXT — AZ°(X"yP 2 —y*xIY)) =u(=yPz* + APX® + A’az®) = u(A* —z*°)y®
v=Uu(A’-z%)

And

V(yZXq—W _ wap—Z) — VA= uv(_yZp—4 + XZq—ZW)A: (y4 _ XZW)A

S u(-yP x4 =1= p=2

Impossible because u, A are integers
Fourth case

UX" = —x"2° + Ay uy’ = -y P+ AX
X =v(X"Z° + Ay?); vy 2 = v(y?zt + AxY)

We have

uy? =v(=yPz% + Ax3 — Az°(X"y" 2 —y*xT)) = v(=yPz* + A% + A%az®) = v(A* —2*°)yP
u=v(A>-z*)

And

u(yZXq—W _ wap—Z) — UA — _yZp—4 + X2q—2WA — UV(y4 _ XZW)A
=v(y'-x")=1
Impossible, because v,A are integers ! In the Fermat-Catalan equation, one of the exponents must be equal to 2 ! The Beal

conjecture has been proved ! In fact, in the three precedent equations studied here, one of the exponent greater or equal to 2
must be minimum, which means that it must be 2 !

3. Conclusion

We have solved all three equations by the same method and proved two theorems and one conjecture.
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