Ann Inst Stat Math (2016) 68:1025-1053 @ CrossMark
DOI 10.1007/510463-015-0524-y

Antithetic sampling for sequential Monte Carlo
methods with application to state-space models

Svetlana Bizjajeva! - Jimmy Olsson”

Received: 1 October 2013 / Revised: 1 July 2014 / Published online: 14 July 2015
© The Institute of Statistical Mathematics, Tokyo 2015

Abstract In this paper, we cast the idea of antithetic sampling, widely used in stan-
dard Monte Carlo simulation, into the framework of sequential Monte Carlo methods.
We propose a version of the standard auxiliary particle filter where the particles are
mutated blockwise in such a way that all particles within each block are, first, off-
spring of a common ancestor and, second, negatively correlated conditionally on this
ancestor. By deriving and examining the weak limit of a central limit theorem describ-
ing the convergence of the algorithm, we conclude that the asymptotic variance of
the produced Monte Carlo estimates can be straightforwardly decreased by means of
antithetic techniques when the particle filter is close to fully adapted, which involves
approximation of the so-called optimal proposal kernel. As an illustration, we apply
the method to optimal filtering in state-space models.
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1 Introduction

Sequential Monte Carlo (SMC) methods—alternatively termed particle filters—refer
to a collection of algorithms which approximate recursively a sequence of target mea-
sures (referred typically to as the Feynman—Kac flow) by a sequence of empirical
distributions associated with properly weighted samples of particles. These methods
have received a lot of attention during the last decades and are at present applied within
a wide range of scientific disciplines; see Kiinch (2013), Fearnhead (1998), and Doucet
et al. (2001) for introductions. Doucet and Johansen (2011) provide a survey of recent
developments of the SMC methodology and comprehensive treatments of theoretical
aspects of SMC algorithms are given by Del Moral (2004) and Cappé et al. (2005).

In standard SMC methods, two main operations are alternated: in the mutation
step, the particles are propagated according to a Markovian kernel and associated
with importance sampling weights proportional to the Radon—Nikodym derivative of
the target measure with respect to the instrumental distribution of the particles. In
the subsequent selection step, the particle sample is transformed by selecting new
particles from the current (mutated) ones using the normalised importance weights
as probabilities of selection. This step serves to eliminate or duplicate particles with
small or large weights, respectively.

In this paper, we propose a modification of the auxiliary particle filter (APF) (intro-
duced originally by Pitt and Shephard 1999) that relies on the classical idea of antithetic
sampling used in standard Monte Carlo estimation. When estimating some expectation

I(f)é/Rf(X)p(X)dx,

where p is a probability density function and f is some given real-valued target
function, the unbiased estimator

N

rN A L . /
Ny & oo 2 L@+ 1@E]

i=1

of 1(f), where both {Si}lNz | and {Si/ }lN: | are samples from p, is more efficient (has
lower variance) than the standard Monte Carlo estimator based on a sample of 2N
independent and identically distributed draws if each pair of variables f (&;) and f (&/)
are negatively correlated for all i € {1,..., N}. In this setting, the variables f(&;)
and f (&) are referred to as antithetic variables. Antithetically coupled variables can
be generated in different ways, and in Sect. 2, we discuss how this can be achieved
by means of the well-known permuted displacement method (Arvidsen and Johnsson
1982). To allow for antithetic acceleration within the SMC framework, we introduce
(in Sect. 2) a version of the standard APF where the particles are mutated blockwise
in such a way that all particles within each block are, first, offspring of a common
ancestor and, second, statistically dependent conditionally on this ancestor. Moreover,
in Sect. 3, we establish convergence results for our proposed method in the sense of
convergence in probability and weak convergence. By examining the weak limit of the
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obtained central limit theorem (CLT) in Corollary 2, we conclude that the asymptotic
variance of the produced Monte Carlo estimates is decreased when the particle filter is
close to fully adapted (in which case close to uniform importance weights are obtained
by means of approximation of the so-called optimal kernel; see Pitt and Shephard
1999) and the inherent correlation structure of each block is negative. Finally, in the
implementation part, Sect. 4, we apply our algorithm to optimal filtering in state-
space models and benchmark its performance on a nosily observed ARCH model
as well as a univariate growth model. The outcome of the simulations indicates that
introducing antithetically coupled particles provides, for these models and compared
to the standard APF, a significant gain of accuracy at a lowered computational cost.

1.1 Notation and definitions

To state precisely our results and keep the presentation streamlined, we preface the
description of the algorithm with some measure-theoretic notation. In the follow-
ing, we assume that all random variables are defined on a common probability space
(2, F,P). A state space E is called general if it is equipped with a countably gen-
erated o-field B(E), and we denote by M(Z) and F(E) the sets of measures on
(Z, B(E)) and real-valued B(E)-measurable functions, respectively. For any mea-
sure u € M(E) and function f € F(E) satisfying fs | f (&) n(dé) < oo, we denote
w(f) & fE f (&) u(d§). A transition kernel K from (Z, B(E)) to some other state
space (£, B(E)) is called finite if K (&, ) < oo for all & € E and Markovian if,
in addition, K (&, é) = 1 for all £ € E. A finite transition kernel K induces two
operators, the first transforming a B(E) ® B(E)-measurable function f satisfying
Jz1f &, £)| K (¢, d€) < oo into the function

KG f):E3&m | fEE)KE, E) (1

=

in F(E) (here B(E) ® B (é) denotes the product o -field); the other transforms any
measure v € M(Z) into the measure

vK(-):B(é)5A+—>/_K(§,A)v(d§) 2)

in M(Z). Finally, to describe lucidly joint distributions associated with Markovian
transitions, we define the outer product, denoted by K ® T, of a kernel K from
(2, B(E)) to (£, B(£)) and a kernel 7 from (£ x £, B(E) ® B(E)) to some other
state space (E, B(E)) as the kernel

=X

koTem 2 [[  1EHKE B TEE ),
EcE,AcB(E)QB(E), 3)

from (E, B(E)) to the product space (E x B, B(E) ® B(E)).
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1.2 List of notation

Notation Definition

o Block size

AN Asymptotically normal
APF Auxiliary particle filter
Conyn (14)

EA Extreme antithesis
FN.t @)

F(E) The space of measurable functions on =2
Dk C)]

n (26)

8n (25)

284! (20)

4 (16)

K. ) (1)

L (5)

L (11)

Mo, (13)

2 (5)

vK 2)

® (3)

TTn (37)

PNA Pairwise negatively associated
YN Adjustment multiplier (see Algorithm 2)
0 (25)

Ry (6

Ron.k (10)

QN )

ONa(-1)+k (B

&2 v] (19)

52 (17)

(E,B(E)) General state space

2 Aucxiliary particle filter with blockwise correlated mutation

In the following, we say that a collection of random variables (particles) {&y ;}

My
i=1

taking values in some state space Z, and associated nonnegative weights {wN,,-}iAi’*i
targets a probability measure v € M(E) if

My
Q' D on i fEnD) 2 v(f),

with
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for all functions f in some specified subset of 7(&). Here {My}3%_,, is an increasing
sequence of integers. The set {({n, wN,,-)}iAiA{ is referred to as a weighted sam-

ple on E. In this paper, we study the problem of transforming a weighted sample
{(En.is wN,i)}iAi]\{ targeting v € M(E) into a weighted sample {(Ey.;, c”oN,,-)}?zA/llN,
a € N*, targeting the probability measure

L(A -
wmy = 2B e g, )
VL(E)

'~
[=1

where L is some (possibly unnormalised) finite transition kernel from (E, B(E)) to
(2, B(E)). Feynman—Kac transitions of type (5) occur within a variety of fields (see
Del Moral 2004, for examples in, e.g. quantum physics and biology) and in Sect. 4 we
show in detail how the flow of posterior distributions of the noisily observed Markov
chain (state signal) of a state-space model can be generated according to (5). The
transformation is carried out by, first, drawing particle positions {€ N.i }?ﬁN according

to, for j € {1,..., My}, ke {l,...,a},and A € B(E),

P <§N,a(/—1)+k eA| -7:N,a(j—1)+k—l)

= Ry (EN,j» EN a(j—1)+1s ~--a§N,a(j71)+k71»A)’ (6)
where we have defined the o-fields

Fue 2o (IEna on VD Evlin), €e 0 oMy}, (D)

and each Ry is a Markovian kernel from ( E x ék_l, B(E)QB(E)®*k—Dyto(Z, B(E))
such that L(§,-) < Ri(&,-) for all £ € E. Hence, using the kernel outer product
notation ® defined in (3), the joint distribution, conditional on Fy (j—1), of each
block {gN,Dt(j—l)-‘rk}zz] can be expressed as ®7_; Rx(&n,;, -). Second, these particles
are associated with the weights

ONa(j—1)+k = oN,j PrEn,j, §N,a(j—1)+k) (8)
with
oe.fye L) 5 hezxE ©)
dRok (€, -)

and, for integers 0 <m < kand A € B(é),

k—m—1

Ron k€, E1ms A) £ &1 Ri(E, Erom, B x A)
= [ [ R B A ] R dmrdéo. a0
= = =m+1
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Algorithm 1 Blockwise correlated mutation
My

Require: {(5n,;, oy i)}, targets v.

1: for j < li...,MN do

20 draw (&N o -1k fo) ~ Q=1 ReEn . )
3: set, fork € {1,...a},

DN a(j—1)+k < ON,jPREN ;2 EN a(j—1)+k)-
4: end for "
5:let{(én is d)N,i)}?:lN approximate /.

Algorithm 2 APF with blockwise correlated mutation

Require: {(EN,,-,wN,i)}iAiAl’ targets v.

M - M M

1: draw {IN._/‘}ijl ~ MUltMy, {on i¥n,i/ 20 N eVN.el)s
2: for j < ll...,MN do

30 draw {En o (-1 +ri=) ~ Ok RiGny o)

4. set, fork € {1,...a},

- —1 z
ON,a(j—1)+k < WNJNJ‘DI((SN,INW EN.a(j—1)+k)>

5: end for -
6: let {(éN,,-, d)N,i)}?:}V{N approximate /.

where we have introduced vector notation a,,., = (dp, am+1, - - -, ap) With the conven-
tion a4y, = G if m > n. Thus Ry x (En, ;s §N,a(j_1)+1:a(j—1)+m, -) is the distribution
of SN,a(j_l)Jrk conditionally on Fy ¢(j—1)+m- Finally, we take {(éN,i, d)N’,-)}?i/{N as
an approximation of u. This blockwise mutation operation, which extends, since it
allows for statistically dependent particles within each block, the blockwise mutation
operation suggested by Douc and Moulines (2008), is summarised in Algorithm 1.

2.1 Blockwise correlated mutation with resampling

In the sequential context, where the problem consists in estimating a sequence of
measures generated recursively according to mappings of form (5) (see Sect. 4), it
is, in order to avoid weight degeneracy (see, e.g. Cappé et al. 2005, Section 7.3.1,
for a discussion), essential to combine the correlated blockwise mutation operation
described in Algorithm 1 with a prefatory resampling operation where particles having
small weights are eliminated and those having large ones are duplicated. As observed
by Pitt and Shephard (1999) (see also Douc et al. 2008 for a theoretical study), the
variance of the produced SMC estimates can be reduced efficiently by introducing, as
inthe APF aset {{/y ;i },Ai/\{ of adjustment multiplier weights and selecting the particles

with probabilities proportional to {wy ; ¥y, i}iﬂi]‘{. This gives us the scheme described
in Algorithm 2, where Mult denotes the multinomial distribution.
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2.2 Antithetic blockwise mutation with resampling

The main motivation of Pitt and Shephard (1999) for introducing the adjustment multi-
plier weights was the possibility of designing these in such a manner that the resulting
(second stage) particle weights {@y i}?:A/IIN become close to uniform; in this case, in
which the APF is referred to as fully adapted, the instrumental and target distributions
of the APF coincide. Adapting fully the APF involves typically some approximation
of the so-called optimal proposal kernel L (&, -)/L(&, Z). Indeed, let £ be a kernel
from (&, B(E)) to (£, B(Z)) such that

LE A ~LEA), (¢ A) € ExBE); (1)

then Algorithm 2 with ¥y ; = L(€x.;, E) and Rox(&,-) = L(, -)/L(E, E) for all
ief{l,...,My}and k € {1, ..., o} returns a close to uniformly weighted particle
sample, since with this parametrisation,

dL(SN,IN,j» )
dRO,k(gN,IN_]‘ 5 )

]

) EN.a(j—1)+k)

- —1
ON.a(j—1)+k = L7 EN.1y;»

_ dL(SN,IN‘/‘a )
N d‘C(gN,IN,_,'a )

~ 1.

EN.a(-1)+k)

Considering optimal filtering in state-space models, full adaptation can be achieved
in the case where the observation equation is linear/Gaussian and the state equation is
possibly nonlinear with additive Gaussian noise (see Cappé et al. 2005, Section 7.2.2.2,
for details). Moreover, as shown in Sect. 4, full adaptation is straightforward for particle
approximation of the so-called predictor distributions in state-space models, as the
fully adapted algorithm corresponds to the standard bootstrap particle filter in this
case. In the general case, methods for approximating the optimal kernel have been
proposed by several authors; see e.g. Pitt and Shephard (1999) and Doucet et al.
(2000), and Cornebise et al. (2014).

For our purposes, putting the APF in a close to fully adapted mode is attractive
from another point of view: the close to uniform weights render efficient antithetic
acceleration of the standard APF possible, which might reduce significantly the vari-
ance of the produced SMC estimates. Hence, the aim of this paper is to justify, in
theory as well as in simulations, Algorithm 3, describing a particular parametrisation
of Algorithm 2 in which £ and f denote a given approximation of L and some given
objective function, respectively.

Step (7) in Algorithm 3 can be carried out in several different ways, and we refer to
Sect. 4 for practical implementations. The simplest way to introduce negative corre-
lation between two real-valued random variables is to use a pair (U, U’) of uniforms,
where U = r, U’ = 1 —r, and r ~ U(0, 1) is uniformly distributed (on (0, 1)).
Such a coupling has the extreme antithesis (EA) property: if F is an arbitrary distri-
bution function on R, then the correlation between &€ = F*< (U) and &' = F< (U’),
F < denoting the inverse of F, achieves the minimal possible value subject to the
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1032 S. Bizjajeva, J. Olsson

Algorithm 3 APF with antithetic blockwise mutation

My
| targets v.

Require: {(¢n,;, on i)}
l:fori < 1,..., My do
2: compute an approximation £($N!,‘, ) of L(§y ;. -) satisfying L&y ;, ) < ﬁ(gN,iv -,
3: set 1//N,i <—E(§N,i,5),
4: end for .

M ~ M, M
5: draw {IN,j}j:N] ~MUlt(My, {on i Vn,i/ 2oy on e¥n,ehi ),
6: for j < 1,..., My do
7: simulate, using an appropriate family of kernels { Ry }‘,Z‘:] s

EN.a-1+ki=t ~ Of =1 RiEn 1y ;)

in such a manner that Ro x(§n, 1y I ) = LEN, 1y i V/LEN 1y i Z) and the real-valued

variables {f(‘gN,a(jfl)ij)}%:] are, conditionally on &y 1), T mutually negatively correlated,
8: fork < 1,...,ado

. dLEn, 1y 5 ) p: y
[0) i DA i £V A .
N,a(j—1)+k dﬁ(EN,[NVj, ) N,a(j—1D)+k

9: end for
10: end for

11: let {(§N',-, @N,i)}fglv approximate (.

constraint that both & and &’ are distributed according to F. Since (U, U’) achieves
EA simultaneously for all F, this implies immediately that the strategy achieves EA
also for variates g(&) and g(¢'), where g : R — R is any monotone function such
that f g2(€) F(d&) < oo. This remarkable observation is related to the fact that the
construction (U, U’) satisfies the stronger property of negative association, which
requires that the negative correlation is preserved by monotone transformations. The
following definition, adopted form Craiu and Meng (2005), extends this property to
an arbitrary number of variates.

Definition 1 (pairwise negative association) The random variables {&;}?_, are said to
be pairwise negatively associated (PNA) if, for any nondecreasing (or non-increasing)

functions f1, f> and (i, j) € {1, . ..,n}2 such thati # j,

Cov[f1(&). f2())1 =0

whenever this covariance is well defined.

In the light of the previous it is appealing to mutate, in Step (7) in Algorithm 3, the
particles in such a way that the « offspring particles of a certain block are conditionally
EA given the common ancestor. A rather generic way to achieve this goes via the
permuted displacement method (developed by Arvidsen and Johnsson 1982) presented
below, where S, denotes the set of all possible permutations of the numbers {1, . .., a}.

In this setting, Craiu and Meng (2005, Theorem 3) showed that the uniformly
distributed variates {U; };?‘:1 produced in Algorithm 4 are PNA for o < 3. For a > 4,
one has not at present been able to neither prove nor refute a similar result. Thus, Step
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Algorithm 4 Permuted displacement method

1: draw r; ~U(0, 1),

2: fork < 2,..., o —1do

3: setrg < (2K72r 4+ 1/2),
4: end for

50 setrg < 1 — (227 2p),

6: pick arandom o € S,
T:fork < 1,..., o do

8: set Uy =To(k)

9: end for

(7) in Algorithm 3 can be carried out by producing, using Algorithm 4, PNA uniforms
{Ur};_, and letting, for k € {1,...,a}and j € {1, ..., My},

fENaG-+0 = Fgyy LW,

where Fg[ f](x) L L, {f(%) < x})/L(, g), withx € R and £ € E, denotes the
conditional distribution function of the f (§N,a( j—1)+k)s given £y ; = &. Since each
function Féf_[ f1 is monotone, it follows that { f (é‘N,a( j*1)+k)}g=1 are conditionally

EA. In the case £ C R, a less target function-specific formulation of Algorithm 3 is
possible: generating, using the permuted displacement method, PNA uniforms {Uy }7_,

and letting &y o(j—1)4k = Fg‘;i[idé](Uk) forall k € {1,..., o}, with idz denoting

the identity function on E, yields conditionally EA variates { f (éNya( j—D+) g, for
the whole class of monotone functions f; this will be illustrated in Sect. 4. The case
where £ C R? and the target functions depend only on a single component of & can be
treated analogously. Of course, the method described above is applicable only when
Fe[ f]is easy to invert; this is however not always the case and in Sect. 4 we present
some alternative techniques for introducing negative correlation between the offspring
particles.

3 Theoretical results

In this section, we justify theoretically Algorithm 3 using results on triangular arrays
obtained by Douc and Moulines (2008). The arguments rely on results describing the
weak convergence of Algorithm 1 and Algorithm 2 in a rather general setting.

3.1 Some notation and definitions

From now on the quality of a weighted sample will be described in terms of the
following asymptotic properties, adopted from Douc and Moulines (2008), where a
set C of real-valued functions on Z is said to be proper if the following conditions
hold: (i) C is a linear space; (ii) if g € C and f is measurable with | f| < |g|, then

| f1 € C; (iii) for all ¢ € R, the constant function f = ¢ belongs to C.
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Definition 2 (consistency) A weighted sample {(§y.;, on l)}t | on E is said to be
consistent for the probability measure 1 and the proper set C if, for any f € C, as
N — o0,

My
Q' > on i fEn) —> n(h).

i=1

_ P
SZNl max oy, — 0.
1<i<My

—

Definition 3 (asymptotic normality) A weighted sample {(§y ;, a)N’i)}iAg on E is
called asymptotically normal (AN) for (u, A, W, o, y, {an}37_,) if Aand W are proper
and, as N — oo,

My

a3 > onilf En.) — n()] —> N[0, 0>(f)] forany f € A,
i=1

My
ag Q! Z(wN,i)zf(EN,i) LN y(f) forany f e W,
i=1

_ P
aNQNl max wy; —> 0.
1<i<My

(Here N(u, 0'2) denotes the normal distribution with mean p and variance o2).

We impose the following assumptions.

(A1) The initial sample {({y.;, on ,)}Ml is consistent for (v, C).
(A2) The initial sample {(§y ;, @, ,)} | is AN for (v, A, W, 0, y, {an}3_))-

Under (A1) and (A2), we define
C ={fel'(E w:L(IfHeC)
A 2{f LG IfD) € A Rox(L @EfD eWske{l,...,al}
{f:Ro,k(', <I>,%|f|)eW;ke{1,...,a}}. (12)

Moreover, let, for f € A and £ € E, assuming that m < n,

Myn (&, f) = / / Ronn € Erans Pu(E. ) ) O (&, En) £ )

®F Re(§, dé1 x -+ x déy). (13)
Straightforwardly, by definition, M, ,(§, f) is the conditional expectation of

Dy (EN] SN a(j— ])+m)q> (EN] SN a(j— l)+n)f($N a(j— l)+m)f(§N a(j— ])+n) glven
én,j = &, and we introduce the conditional covariances
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Cm.n (&, f) = Cov [Cbm(EN,j, EN a—1y4m) f EN a(j—1)4m)s

X Ou(EN, iy ENa(—1)4n) f ENa(—1)4n) | EN,j = «5]
=M )= L2E, f), (f,.&) e AxE. (14)

3.2 Theoretical properties of Algorithm 1 and Algorithm 2

Under the assumptions above, we have the following convergence results, whose
proofs are found in Appendix 1.

Theorem 1 Assume (A1) and suppose that L(-, ) € C. Then the set C defined in
(12) is proper and the weighted sample {(§N,i, cBN,,-)}?ZA/{N produced by Algorithm 1
is consistent for (1L, C).

Theorem 2 Let the assumptions of Theorem 1 hold. In addition, assume (A2) and
suppose that all functions Ro (., CD,%), k € {1,...,a}, belong to W. Moreover,
assume that L(-, E) belongs to A. Then the sets A and W defined in (12) are

proper and the weighted sample {("g‘N is ON, ,)}l 1" produced by Algorithm 1 is AN for
(n, AW, 5, V. lan}y_,), where, for f € A,

() 2L —w(HY/WLEP+ D yCunlf —(H)/IavL(E)P,

- (15)
and, for f € W,

P2 Y yRos (031) flavL (P 16)

k=1

Remark 1 In the case where Ry (&, &x—1,+) = R(£,-) and &) = & = dL/dR, that
is, the particles within a block are mutated independently of each other, we have that
Cp.n = 0 for all m # n. This yields an asymptotic variance (15) of form

&2(f) = oHLLf — n(HY/WLE + D yCoumlf — n(H)/levL(E))

m=1
= o} {LLf — u(HY/ILE) + o H{y R@f — n(H1P)
—yL*[f — n(HN/IVL(E)P?, (17)

which is exactly the expression obtained by Douc and Moulines (2008, Theorem 2).

We move on to the convergence of Algorithm 2. Throughout the rest of this paper
assume, entirely in line with Algorithm 3, that the adjustment multiplier weights satisfy
the following assumption.

(A3) There exists a function ¥ : & — RT such that Yni = W(Ey,;i) and ¥ €
CnL(E,v).
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1036 S. Bizjajeva, J. Olsson

Define

2{fel'(w.B):LC.IfheCnLl v, E)},

{2 D eCNL 0, B), LG, If) € A L*C. |f]) € W,
IRk @EfH eCNL (v, Bk e(l, ... a}},

W 2 [ 'Ry k(, @71 f) e CNL (v, B)sk e {1, ..., a}}. (18)

> O

Now, by combining Theorem 2 with results obtained by Douc et al. (2008) we establish
the convergence of Algorithm 2. This is the contents of the following corollaries whose
proofs, which are obtained along the lines of Douc et al. (2008, Theorem 3.1), are
omitted for brevity.

Corollary 1 Let the assumptions of Theorem 1 hold and assume (A3). Then the set
C defined in (18) is proper and the weighted sample {(SN,i, c?)N,i)}?ZA/:N obtained in
Algorithm 2 is consistent for (i, C).

Corollary 2 Let the assumptions of Theorem 1 hold and assume (A2) with a2N /My —
B, B € [0, o0). In addition, suppose that ¥ € A, W2 ¢ W and that all Sfunctions
VIR0 (s dDI%), k € {1,...,a}, belong to C N LY(v, E). Moreover, assume that
UL, E) e CNLY (v, B), L(~, E) € A and L*(-, E) € W. Then the sets A and
W defined in (18) are proper and the weighted sample {(éN,,», @N,,-_)}?glv obtained by
Algorithm 2 with My /My — ¢, £ € [0, 0], is AN for (u, A, W, o, v, {an}¥_))
where, for f € A,

FAWIf) £ o (LL f = w(HD/IVLE)]P
+RC VW) D> vyl YL — u(HID/Tev L) (19)

(m,n)ef{l,...,a)?

and, for f € W,
PIVICH £ e v () D W Rok(, D)1/ [ev L(E)]. (20)
k=1

Remark 2 Note that as Algorithm 3 is only a special parametrisation of Algorithm
2, Corollary 1 and Corollary 2 imply also the consistency and AN of Algorithm 3,
respectively.

Remark 3 The resampling operation in Step (5) in Algorithm 2 can, of course, be based
on resampling techniques different from multinomial resampling, such as residual
resampling or Bernoulli branching. The convergence results stated in Corollary 1 and
Corollary 2 as well as the methodology developed above can be extended straightfor-
wardly to these selection schemes, since their asymptotic behaviour is well investigated
(see Chopin 2004; Douc and Moulines 2008).
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3.3 Theoretical justification of Algorithm 3

To justify Algorithm 3, we examine the asymptotic variance (19), and check that
successful antithetic coupling of the offspring particles of each block yields, in cases
where the particle algorithm is close to fully adapted, indeed a reduction of asymptotic
variance.

Antithetic mutation vs. independent mutation

We first study how the covariance structure within each block influences the asymptotic
variance. Since the first term of (19) is not at all effected by the way the particles are
mutated, we may focus entirely on the second term and write, using (14),

BEvw) DT (WMl WL — n(NID/ v L(E) P

(m,n)e{l,...,a}?
= B VWL WL — (H/VLE)P
LR S WGl OIS — p(DIN/evLEE, D)

(m,n)e{l,...,a)?

where the first term on the RHS is again independent of the correlation structure of
the mutation step. Compared to the case where the particles within each block are
mutated conditionally independently (which implies that C,, , = 0 for all m # n),
the variance will be smaller if the covariances C,, ,, {-, ¥ -1 f—nu(f)]} are negative for
all m # n; however, when the algorithm is close to fully adapted, the product ¥ ~! & is
close to unity, which implies that C,, , {5, W™ "Lf — w(f)1} is close to the conditional
covariance of f (EN a(j—1)+m) and f (SN a(j—1)+n) given &y ; = &. Consequently, in
the close to fully adapted case, we may expect that introducing, as in Algorithm 3,

negative dependence between the { f (§ N.a(j—D+k) i, conditionally on &y ; leads to
a significant decrease of variance compared to when the particles of each block are
mutated independently.

Algorithm 3 vs. the standard APF

More interesting and relevant is to relate the performance of the antithetic SMC scheme
in Algorithm 3 (with @ > 1) to that of the standard APF (for which o« = 1). More
specifically, we wish to compare the following two updating procedures:

N sel N mut. (e=1)

(1) {Enir on DOP™ 2 (En gy, DI (Gnin o)),
®) {@N,,wN,)}MN > (e, IN,,1>}W”/°” @D En )},

where Procedure (1) corresponds to a full update of a close to fully adapted standard
APF and Procedure (2) corresponds to an update of Algorithm 3. Note that Proce-
dure (2) is expected to be computationally more efficient than (1), as (2) resamples
only a fraction My = [My /o of the original particle sample of size My at the
selection step (in order to output a particle sample of the same size My as the input
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sample). The asymptotic variance of the standard APF (1) is provided by Corollary 2
withae = land £ = I:

oty () =G WI)|_ =M LE, f = w(HI/IVLE)F

+ vV (WM {-, UL — w(HID/IVL(E) (22)

We repeat again that Algorithm 3 is, as emphasised in Remark 2, a special parametrisa-
tion of Algorithm 2; thus, the asymptotic variance of Procedure (2), which we denote
by 0(22), is provided by Corollary 2 with £ = 1/a:

oty (f) = 62[\1/](f)(£:1/a =o{L[, f — n(HN/IVL(E)T
+Bav (W) D> (WMl WS = w(HIN/levL (B (23)

(m,n)efl,...,a)?

Using these expressions, we aim at establishing some criterion (depending on the
model as well as the objective function f under consideration) guaranteeing that
Procedure (2) yields indeed a more accurate (in terms of asymptotic variance) estimator
than the standard APF (1). However, comparing directly 0(21 )( f) and 0(22)( f) under
the assumption that the inherent covariance structure of each block is uniform yields
the following criterion.

Corollary 3 Assume that Ml, , = M* for all (m,n) € {1, ..., Ol}2 such that m # n.
Then

oy (f) < i (f)
=4
VOWCH, W — (O < =LA W F — w(HID), (24)

where 0(21) and 0(22), definedin (22) and (23), respectively, are the asymptotic variances
associated with the Procedures (1) and (2) above, respectively.

The message provided by the criterion (24) is clear: by reducing the number of
selected particles to the benefit of an increased number of antithetically coupled
mutated offspring, Algorithm 3 can improve over a standard APF in a close to fully
adaptive setting only when the conditional correlation between the mutated particles of
each block is, on average under the W-modulated measure v(¥) : A — v(W1p)/v(¥)
(which can be shown to be the target distribution of the selection operation; see Douc
et al. 2008 for details), lower than the second moment of L{-, vl f —wu(f)]} under
v(W) with negative sign.

Remark 4 From the criterion (24), it is evident that imposing a nonnegative corre-
lation structure among the particles in each block (that is, letting C* > 0) will, not
surprisingly, increase the asymptotic variance vis-a-vis the standard APF. Moreover,
since the correlation tends to zero with «, we conclude that there is a critical block
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size above which (24) will not hold even if the offspring particles of a block have the
EA property conditionally on their ancestor.

4 Application to state-space models

In state-space models, a time series ¥ £ {Yu}52 - taking values in some state space
(Y, B(Y)), is modelled as noisy observation of an unobservable (possibly time-
inhomogenous) Markov chain X £ {Xn};’lozo. The Markov chain, also referred to
as the state sequence, is assumed to take values in some state space (X, B(X)). In the
examples discussed below, we will exclusively let X = R. The observed values are
assumed to be conditionally independent given the latent process X in such a way that
the distribution of each observation Y,, depends on the corresponding state X, only.
For a model of this type, any inference concerning the hidden states has to be carried
through on the basis of the observations only.

Denote by {0,152, and vy the Markov transition kernel and initial distribution of
the hidden chain, respectively. In addition, suppose that the conditional distribution of
Y, given X, admits a density g, on Y with respect to some reference measure 1, that
is,

P, € A | Xp) = /Agn(Xm y)n(dy), A e B(Y).

This gives us a the following complete description of a state-space model:

Xo ~ vo,
Xp1 | X ~ Qu(Xp, -),
Yo | Xpn ~ gn(Xp, -). (25)

4.1 Optimal filtering

In the setting of (25), the optimal filtering problem consists in computing, recursively
in time as new observations become available, the filter posterior distributions

$n(A) £ P(X, € A Yo), AeB(X), n>0. (26)
One may establish (see, e.g. Cappé et al. 2005, Proposition 3.2.5) the recursion

Ja go(x, Yo) vo(dx)
Jx go(x, Yo) vo(dx)”
Ixc Ja gnr1 (X Yay1) Qu(x, dx’) ¢y (dx)
Jlxz gn1(x", Yoi1) Qn(x, dx’) ¢ (dx)

do(A) = A € B(X),

¢n+1(A) =

A e B(X), 27

referred to as the filtering recursion. Since closed-form solutions to the filtering recur-
sion are obtainable only in the case of a linear/Gaussian model or when the state space
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Xis finite, we follow Gordon et al. (1993) and apply the SMC methodology described
in the previous; indeed, having defined, for A € B(X) and x € X, the unnormalised
transition kernels

Lu(x, A) = /A nr 1 Yus1) Onx, d'), (28)

yielding the equivalent Feynman—Kac representation

$nLn(A)

L) B

Pn1(A) =

of (38), we conclude that the optimal filtering problem can be perfectly cast into the
framework of Sect. 2with E = E =X, v =¢,, L = L, and & = ¢ 41.

Example 1 (ARCH model) As a first example, we consider the classical Gaussian
autoregressive conditional heteroscedasticity (ARCH) model observed in noise
(Bollerslev et al. 1994) given by

Xn+1 = Wair1y/Bo + P1 X2,

Yo, =Xy+oVy,

where {W,}°° | and {V},}7; are mutually independent sequences of standard normally

distributed variables such that W, is independent of {(Xk, Y, k)}zzo and V,, is indepen-
dent of {(Xy, Yk)}z;é and X,. In this case, the optimal kernel L, (x, -)/L,(x, X),
x € R, which in the state-space model setting is the conditional distribution of the
state X,,+1 given X, = x and the observation Y, 1, is Gaussian with mean m, (x) and
variance 6,% (x), where

ﬂ0+/31)€2 2

m,(x) = — "
n() Bo + B1x2 + o2

IBO"‘,BIXZ )
ot Bl 1o mh Gt =

Thus, the optimal adjustment multiplier weight function W, (x) = L,(x, X) can be
expressed in a closed form as

W, (x) = N(Yup1: 0, o + B1x* + 02), 29)

where N(x; w, o) & exp[—(x — u)z/(202)]/\/ 202 denotes (with a slight abuse of
notation) the univariate Gaussian density function, yielding exactly uniform impor-
tance weights oy ; = 1,7 € {1, ..., aMy}.

In this setting, we used SMC to estimate posterior filter means {¢;, (idy) },310:0, where
idy denotes the identity mapping idx (x) = x on X. Initially, to form an idea of the effect
of the antithetic coupling we compared the auxiliary particle filter in Algorithm 2, using
a € {2, 3} conditionally independent offspring of each particle £y ;,i € {1, ..., My},
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in the mutation step, to the filter in Algorithm 3 using equally many antithetically
coupled offspring. In the case @ = 2, we used the standard coupling

+1
SI(\;I(X(I) D41 — mn(é(n)) + n(g(n))e(n)7

Z(n+1) . (n) Z(n+1)
EN,oz(i—l)-'rZ =2mn(§y ;) — EN,oz(i—l)-H’ (30)

where {6(") }fw’\{ is a sequence of mutually independent standard Gaussian random vari-

ables being independent of everything else. This coupling yields largest possible nega-

tive correlation (thatis, is EA) conditionally on & ) ,i.e.Corr(& 1(\/ zgl) D1 & 1(\;1 Z(ll) 1 Y
En (")) = —1, and in the kernel language of Sect. 2 it holds that R{(&,A) =

JANGE: ma (), 67(5)) d& and Ra(§, &1, A) = 8,,, () _z, (A) for any Borel set A C R,
A similar coupling was used in the case where o = 3; here we set

+1
%1(\70((1) D41 = mn(gl(\;l)t) + n(S(”))elOzl)’

£(n+1) (n) £(n+1) (n) (n)
%-N ai—D+2 = (31’)1,1(5 )_éN al—1)+1 +\/_C7n($ ),

g(n+1) (n) g(n+1) g(n+1)
Enaii—1+3 = IMn(En D) = En yi—1y41 — ENali—1)+20 3D

where the independent sequences {el("l) }M N

. = s 1
(31) yields Corr(Ey' ¢, +m,s](v’f§(i)_l) o | END = =172, for (m,m") € {1,2,3)

and {e (n)}lM]‘{ are as above. The coupling

and m # m’.

The comparison was done for two different data sets obtained by simulation
of ARCH models parametrised by (8o, 81,0) = (0.9,0.6, 1) and (Bo, B1,0) =
(0.9, 0.6, 10), corresponding to informative and non-informative observations, respec-
tively. The mean squared errors (MSEs) for 400 runs of each filter with My = 6000/«
are, for the different values of «, displayed in Fig. 1a (the informative case) and Fig. 1b
(the non-informative case). The MSEs are based on reference posterior filter mean val-
ues obtained by means of the standard APF (for which « = £ = 1) using as many as
500,000 particles. From both figures, it is evident that letting the particles of a block
be antithetically coupled instead of conditionally independent decreases significantly
the variance. Moreover, the improvement is especially noticeable in the informative
case.

More relevant is to compare the performance of Algorithm 3, again with « € {2, 3}
and My = 6000/«, to that of the standard fully adapted APF using 6000 particles
without any block structure. In this setting, both antithetic filters are clearly more
computationally efficient since, first, only a half and a third of the particles are selected
at each resampling operation, and, second, a half and a third of the random moves at
each mutation step are replaced by simple assignments (matrix manipulations) in the
two cases @ = 2 and @ = 3, respectively. The outcome is displayed in Fig. 2 from
which it is clear that performances of the antithetic filters are, despite being less costly,
superior, especially in the case of informative observations (see Fig. 2a); indeed, the
improvement is over 20 decibel at some time steps. Moreover, it is evident that the
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(b) 25

10 Iogm(MSE)
10 Iogm(MSE)

5 10 15 20 25 30 0 5 10 15 20 25 30
Time index Time index

Fig.1 Plot of MSE:s (in decibel) of filters being implementations of Algorithm 3 with o = 2 antithetically
coupled (open square) and conditionally independent (open circle) offspring for the ARCH model with
informative (a) and non-informative (b) observations. The MSE values are based on 400 runs of each
algorithm with My = 3000

*
*K gk *x kel
Sy Fl%xwy” 4 ¥

—40‘ L W * ¥ pwk

5 10 15 20 25 30
Time index Time index

Fig. 2 Plot of MSEs (in decibel) of the standard optimal APF (asterisk) with 6000 particles and antithetic
filters with & = 2 (open square) and o = 3 (open triangle) for the ARCH model with informative (a) and
non-informative (b) observations. « My = 6000 for both antithetic filters and the MSE values are based on
400 runs of each algorithm

computational gain of using « = 3 instead of « = 2 offspring in each block is at the
expense of a slight decrease of precision.

Remark 5 The noisily observed ARCH model discussed above belongs to the larger
class of nonlinear/Gaussian state-space models of form

Xnp1 = ap(Xp) + bn(Xn)Wn—i-ls
Y, =bX, +sV,,

where {W,}>°, and {V,}°°, are as in Example 1 and {a,},>0, {Pn}n=0 and b, s
are sequences of matrix-valued functions and matrices, respectively, of appropriate
dimensions. As mentioned above, the optimal kernel and adjustment multiplier weights
can be evaluated on closed form for models of this sort, and we refer again to Cappé
et al. (2005, Section 7.2.2.2) for details.
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Example 2 (Growth model) The univariate growth model given by, for n > 0,

Xny1 = an(Xy) + 0w Wi,
Yy = bX2 4+ 0, Vy, (32)

where

a,(x) = apx + o + apcos(1.2n), x € R,

1+ x2

and the sequences {W,,}°° | and {V,}7° , are as in the previous example, was discussed
by Kitagawa (1987) and has served as a benchmark for state-space filtering techniques
during the last decades. We will follow the lines of Cappé et al. (2005) and consider
the parameter vector («g, o1, @2, b, 03) = (0.5,25,8,0.05,1) and ol% e {1, 10},
the values of the latter parameter corresponding to non-informative and informative
observations, respectively. The initial state is set deterministically to Xo = 0.1. For a
given observation Y, in R, the local likelihood for the state at time n is given by the
function

R 3 x> g(x,Y,) = N(,; bx?, 02), (33)

which is symmetric around zero for any observation Y. Interestingly, functions (33)
associated with negative observations Y,, < 0 are unimodal, while those associated
with positive observations Y, > 0 are bimodal with modes located at £./Y,,/b. This
bimodality is challenging from a filtering point of view and puts heavy demands on
the applied SMC method.

Unlike the ARCH model in the previous section, direct simulation from the optimal
kernel is infeasible in this case since the measurement Eq. (32) is nonlinear in the state.
Thus, in order to mimic efficiently the optimal kernel and adjustment multiplier weights
we take a novel approach and approximate the local likelihood (33) by a mixture

GOx, Yn) £ N(x: 1 (V). 6*(Y))/2 4+ N(x: pa(Ya). 6*(Ya)) /2, x €R,
of two Gaussian densities, where

(0,0, =0, /(2bY,)) for Y, <0,

2 A
(1Y), 2 (Yn), 6= (Yp)) = (—TaTB, VTiTB, 02 (4bY,)) for Yy > 0.

Consequently, we let the means and standard deviations of the two strata be the loca-
tions (which coincide when ¥, < 0) and (common) inverted log curvature (with
negative sign) of the modes of the local likelihood, respectively; more specifically,
¢ (Y,) = —1/(d*log g(x, ¥,)/dx?) | x=pu, (v,)- From now on, we omit for brevity the
dependence on the observation from the notation of the quantities above and write
(1, 42, gz) instead of (w1 (Yy), u2(Yy), gz(Yn)). Plugging the approximation G into
the expression (28) of the unnormalised optimal kernel yields straightforwardly the

@ Springer



1044 S. Bizjajeva, J. Olsson

mixture
En(xy A) = /Ag(x/a Yn+1) Qn(xs dx/)
= PGV (x, A) + BP)GP(x,A), xeX, AeBX),

where each Gaussian stratum
GD(x, A) 2 / N (x/; @ (), ng) A/, dell,2),
A

with means and variance (recall that iy, d € {1, 2}, and ¢? depend on Y,,41)

02 ka + §2an(x)

(d) A
T, (-x) - O'l% + §2 5
n? 2 o5
n 01% +g2’

is weighted by
B () £ N(uas an(x), 0 + 67, d € {1,2).
By normalising, we obtain the approximation

La(x, A/ Ly (x, X) = Bu()G (0, A+(1= ()G (x, A), x € X, A e BX),
(34)
of the optimal kernel, where we have defined the normalised weight

B (x)

_— e X.
B0+ 8000

Bn(x) &

Moreover, in this setting, the approximate optimal adjustment multiplier weights are
given by

W, (x) = L, (x, X) = BV (x0) + BP(x), xeX

Using (34) as proposal, the experiment of the previous example (in which we
estimated filter posterior means {¢, (idx)}gozo) was repeated with focus set on the case
a = 2. To impose a conditionally negative correlation structure, we let each pair of
offspring particles evolve according to

ZotD) (e @ (£ )
EN -1 = T EN DL yo g @y T 5" En D Liyo, g e €

(1) (e @) £ o
Enai-+2 =T Gl _yo g emy T 0 Gl yosg,ew) ~Ms

(35)
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@ o (b) —10

10 Iogw(MSE)

Time index Time index

Fig.3 Plot of MSEs (in decibel) of the plain bootstrap filter (open circle) using 5000 particles, the standard
optimal APF (asterisk) using 5000 particles, and the antithetic filter (open square) witha = 2 and e My =
5000 for the growth model with informative (a) and non-informative (b) observations. The MSE values are
based on 400 runs of each algorithm

where {Ui(")}?i"{ and {el.(”)}iﬂi’\l’ are independent sequences of mutually independent
uniformly distributed (on [0, 1]) and standard Gaussian random variables, respectively,
such that each pair (Ul.(">, el.(")) is independent of all other random variables. It is

established easily that each of the offspring particles & 1(\;' Z(li)_l) 4 and £ 1(\7 j;(ll.)_l) 4o Of

the copuling (35) is distributed marginally according to the approximate optimal kernel
(34). In addition, one can show that (see Sect. 1 for details) the correlation between
the offspring of a block is given by, for & € X,

z(n+1) z(n+1) (n) _
Corr [SN,a(i—l)—H’ EN.aii-n+2 16N = 5]

(o © — V@) [BOUBE) = 1/2)+ BHE) — V*L(B®) > 1/2)| + 3
(o) = 5 2B ©) (1 = u©) + 0}

)

(36)

which is always negative and simplifies to —1 in the unimodal case (as r,ﬁ“(g ) =
1,52) (&) for all £ € X when Y, 11 < 0). Figure 3 displays MSE (in decibel) compar-
isons between the antithetic APF witho = 2andae My = 5000, a close to fully adapted
APF, based on the proposal kernel (34) and 5000 particles, and the plain bootstrap
filter using 5000 particles. Like in the ARCH example, we let the filters approximate
filter posterior means ¢, (idy) for observation records of length 30, and since the initial
value is known deterministically the log MSE is null at time zero. The comparison was
made for informative (ouz) = 10, Fig. 3a) as well as non-informative (auz) = 1, Fig. 3b)
observations and the MSEs, measured with respect to reference values obtained with
the close to fully adapted APF using 500,000 particles, were based on 400 runs of each
algorithm. Also for this demanding model the variance reduction introduced by the
antithetic coupling is significant; indeed, despite being clearly less computationally
costly (see the discussion in the previous example), the antithetic filter improves the
MSE performances of the APF and the bootstrap filter by more than 10 decibels at
several time points for both observation records. Moreover, from the figures, it is evi-
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dent that proposing particles according to the approximate optimal kernel (34) instead
of the prior kernel yields, as expected, generally more precise posterior filter mean
estimates, since the APF outperforms the bootstrap particle filter at most time steps.

4.2 Approximation of the predictor distribution flow
In many applications, the objects of interest are the predictor distributions
Tn(A) £ P(X, € A You-1), AeB(X), n>0, (37

rather than the filter distributions. This is, e.g. the case when approximating the log-
likelihood function

€,(Yo) = D log mx(gx)
k=0

(with the convention 7y = vg) of the observed data Yy.,,. As for the filter distributions,
one may derive a recursion

o = Vo,
fx gn(x, Yn) Qn(x, A) m,(dx)
f)( gn(x, Yp) my (dx)

Tny1(A) = . A e B(X), (38)

for these measures, which can, just like in the filtering case, can be cast into our general
framework (5) by defining

Lo(x,A) = g, (x, Y,) 0n(x, A), (x,A) € X x B(X),

04 I

and letting E = E = X, v =m,, L = Zn, and u = m,41. In this case, perfectly
full adaptation is straightforward as La(x,X) = gu(x,Y,) and L, (x, -) / Ly(x,X) =
On(x, ), x € X, and the antithetic strategy proposed by us can be implemented easily
for many models of interest. In fact, when considering a recursion for the predictor
distributions, the fully adapted algorithm in the setting of Sect. 2.2 corresponds to the
standard bootstrap particle filter, which mutates the particles according to the prior
dynamics of the state sequence and weighs the same using the local likelihood.

5 Conclusion

The present paper casts antithetic acceleration into the framework of SMC methods
by introducing, in the mutation operation of the SMC algorithm, negative dependence
between blocks of particles. In a scenario of full adaptation, i.e. when the so-called
optimal kernel L(&, -)/L(§, £) and the optimal adjustment weight function L (&, 2)
can, at least approximately and pointwise for all £ € E, be sampled from and com-
puted, respectively, we have shown theoretically that introducing sufficiently strong
correlation between the particles of each block lowers indeed the asymptotic variance
added at each step of the SMC algorithm. These theoretical results were confirmed
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by a simulation study within the framework of optimal filtering in state-space models,
which reported improvements of up to an order of magnitude for some models under
consideration.

The fact that our approach requires the optimal kernel and adjustment multiplier
weights to be known on closed form or to be well approximated may be viewed as
drawback. Nevertheless, such approximation is in fact possible for a wide range of
models, e.g. the nonlinear/Gaussian models of the type described in Remark 5 or
the important case of approximation of the predictor distribution flow in state-space
models.

A natural future research project aims at accelerate further the algorithm by extend-
ing the antithetic coupling to the selection operation.

A Proofs
A.1 Proof of Theorem 1

The result follows straightforwardly from Slutsky’s theorem and results obtained by
Douc and Moulines (2008) in the case of independently mutated particles. Indeed,
by Douc and Moulines (2008, Equation (36)) we have, for any k € {1,...,«a}, as
N — oo,

My

_ . - P
QN] ZwN,a(j—1)+kf($1v,a(j—1>+k) — vL(f),
j=1

yielding immediately

(XMN

@) D" o fEna)

i=1

% My
_ _ . . P
=a! E QN1 E ON a(-1)+k S ENa(i—1)+k) —> VL(f). (39
k=1 j=1

By applying (39) for this limit for f = 1 (recall that L(., £) e C by assumption,
implying that the constant function belongs to C) we obtain, using again Slutsky’s
theorem,

aMy

'S awi fEni) = VL(P/VL(E) = u(f).

i=1
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To prove the second property in Definition 2, write

o
@Qy)~' max @N,iga—lzg;l Max  ON.(j—1)+k; (40)
I<i<aMy = I<j<My

however, by inspecting the proof of Douc and Moulines (2008, Theorem 1) we
conclude that each term on the RHS of (40) tends to zero in probability, which in
combination with (39) implies that

Q' max  ayg = @Qy/Q0)@Qy)”" max ay; — 0.
I<i<aMy I<i<aMy
This completes the proof. O
A.2 Proof of Theorem 2

Let f € A and assume without loss of generality that u( f) = 0. Then write, following
the lines of the proof of Douc and Moulines (2008, Theorem 2)

C{MN

anQy' D onifEni) = aQyQy (An + By).
i=1

where
My My
Ay = Z]E [Un.j | FNai-n]. By = Z {Un.j —E[Un.j | Fna-n]}-
j=1 j=1

and Uy,; 2 an(@Qn) "' 29, &N a(j—1)+k f EN.a(i—1)+k)- Since, by (39), Qn/

(@2n) i) vL(E),as N — o0, it is enough to prove that

Ay + By = N{O, 02 [L(-, )]+ 12(f)). @1
where

() Ea D yCualh)

(m.n)ell,...a)?

For Ay it holds, since the weighted sample {(§w.;, a)N,,-)}?i"{ is AN for (u, A, W,
0,y,{an}3—,) by assumption and L(-, f) € A, that

My «
Ay = ay(@Qy) ™! ZZE [@N,a(j—1)+kf(§N,a(j—1)+k) | fN,a(j—l)]

j=1k=1
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My

= an Q' > on i LéEnj. ) > N0, 0>[L(, f)]).
j=1

We now consider By and establish that, for any u € R,

E [exp(iuBy)| Fy.o] — exp(—u?i2(f)/2), (42)

from which the result of the theorem follows. The proof of (42) consists in showing
that the two conditions of Theorem 13 in Douc and Moulines (2008) are satisfied for
the triangular array {(Uy;, fN,aj)}yle.

For establishing condition (i) of the theorem in question, write

My

ZE I:U}%/,j | fN,a(j—l)]
Jj=1

My
=ay@Qy) Y, > E [@N,a<j—1)+kf(§1v,a<j—1)+k)
J=1(k,m)e{l,...,a)?

X DN a(j—1m f ENa(j—1)4m) |-7:N,a(j71)i|

My
=a Z alzvgﬁz Z wlzv,ij,m(éN,j, . (43)
(k,m)efl,....a}? j=1

However, forall (k,m) € {1, ..., @} , Min(-, f) < Rox (. @7 fD+Rom (-, @2, 1)
€ W; since W is proper, this implies (under (A2)) the limit

My
_ _ P _
o« Dy Doy Mumng ) — o DT yMen().
(k,m)e(l,....a)? j=1 (k,m)e{l,...,a}? “
(44)
Now consider

My
D B [Unj | FNag-1)
j=1

MN o
= 6112\; (@) 2 Z w%V,j]Ez |:Z DrEN, j EN a(—1) k) S EN.a(=1)+k) [ FN.a(—1) :|
j=1 k=1

My
=ayQy’ Doy LGN 1) (45)
j=1
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1050 S. Bizjajeva, J. Olsson

here, for any k € {1,...,a}, L*(;, f) = R§ (-, Pk f) < Rok(-, Pz f*) € W, and

reusing the asymptotic normality of {(§x;, a)N,i)}iAi A{ yields

My
G Wy LG ) — vLA(). (46)
j=1

Finally, by combining Eqs. (43)—(46) we conclude that

=

N

{]E I:U]%]’j | .7:1\/,05(‘/_1)] — E? [UN,j | fN,a(j—l)]}

-
Il
—_

Eoe? S M) —vIA) = P,

(k,m)efl,...,a)?

which establishes condition (i).
It remains to check condition (ii), that is, for any ¢ > 0,

My

P
Cy 2 D E[Un, Ly, 1ze) | FNua(i-1)] — 0.
=1

Thus, argue along the lines of the proof of Douc and Moulines (2008, Theorem 2) and
write, for any C > 0,

My
Cy < ay@Qy)™? szzvj z M, m (éfN,j, flyse <I>kf\zC})
j=1 (k,m)ell,...,a)?
My
2
+ l{aN(aQN)—l max; wy ;>eC~1} ZE [UN,j |fN,04(j—1) ] (47)
j=1

Under (A2) the indicator function of the second term on the RHS of (47) tends to zero
in probability and since, for all (k,m) € {1, ..., a}%, My (-, Flise o fi=cp) <
Ro.x (s (D,%fz) + Rom (-, ®2 f%) € W we obtain

My
@R 0k, D, M (5N>J’fﬂ{|2%:1 <I>kf|zC})
Jj=1 (k,mye(l,...,a)?
P _
—a’ Z YMewm (FLyse, o pi=c))- (48)

(km)ell,...,a)2

By dominated convergence, the RHS of (48) can be made arbitrarily small by taking C
sufficiently large. Therefore, also condition (ii) is satisfied, implying the convergence
(42). This establishes (41).

@ Springer



Antithetic sampling for sequential Monte Carlo methods 1051

We turn to the second property of Definition 3 and show that, for any f € W,

(IMN

G S i fEn — ). 49)
i=1

However, since Rk (-, @2 f) < L. r(y1=1)Rok (- @7 fD+1( (o<1 Rok (-, P2) €
W, a direct application of Douc and Moulines (2008, Equation (39)) yields that, for
any k € {1, ..., a},

My

) ~ = P
Ay D On w1k ENa(i—1)1k) —> YRk (PLL).
=1

Combining (49) with the limit Qn /(a2N) i) vL(E) [see (39)] we obtain, using
Slutsky’s theorem,
_ aMy . _ a My _
any Q@ D0 @y fEn) = @ /@) a2 D ay QN D oy -k f ENati-1)k)

i=1 k=1 j=1

L a2 yRox (@ N/ILEP = 7(f).
k=1

Finally, we establish the last property of Definition 3, that is,

~_ - P
an 2 ' max oy — 0. (50)
I<i<aMy

However, since, as shown by Douc and Moulines (2008, p. 30), forany k € {1, ..., o},

2 -2 ~2 P

ay (a2 ax @ : — 0,

v (@Q2n) 1<j<My N,a(j—1)+k
we immediately obtain

- P

282 ~2 & N2 2 -2 ~2
ay 2 max oy < (@Qy/QnN) E ay (a2y) max @ o — 0,
N®“N l<i<aMy N,i / P N 1<j<My N,a(j—1)+k

from which (50) follows. ~ ~ y
It remains to show that the sets A and W are proper. Since, by assumption, L(-, E) €
A and Ro (-, CD%) e W,k e {1,...,a}, we conclude immediately that all constant

functions f = c¢ belong to A. Now, let |fl < |g|, where g belongs to A. Then
LG 1fD = LG 18D € Aand Ro(, D7 f?) < Rox(, Ppg?) e Wk e {1, ),
implying, by property (ii) in the definition of a proper set, that f € A. Finally, let f and
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g be any two functions in A. Then, for any constants (a, b) € R2, L(-, |laf +bg|) <
lalL(, | f]) + |bIL(, |g]) € A; moreover, forall k € {1, ..., o},

Rok(, Dilaf +bgl?) < (@ + lahRox(, D7 f3) + B + [b)Rox(-, Prg®) € W

implying that af + bg € A. The properness of W is established in a similar manner.
This completes the proof. U

A.3 Demonstration of (36)
Since Ul.(") and 61‘(”) are independent, it holds that
£(n+1) g(n+1) (’1)
Cov [51\7,0((1'—1>+1’ 51\7,a(i—1)+2 | € 5]
T2 @) re112 (n)
=[a@? + @Pe ]COV[ 0O <Aor Li-u® < | 500 =]
(e8] (2) (”) _
+27,7 (&)1, (E)COV[ WP <Bue))’ L UM 2B, ©) | &y 5] nz. (51)

In addition, as Ui(") is independent of S(") we obtain

®
Cov [l U™ <gue Lou® <gen 15N 5]

(—m@<UW<&@H€”=Q—£@>
= H{B’l(§)>1/2}(2/§n(§) - 1) - Br%(g) (52)

and, analogously,
(n)
Cov [H{U,F"kﬁn(s»’ (-0 @) | 5N 5]
=P (U = min(Bu(®). 1 = Fu®) | 61} = &) = Fu®)(1 = Bu(€)

= 150 21/2B0©) + L0121 = BaE) = Bu® 1 = fo€). (53)
Now, assume that 8, (£) > 1/2; then, using (51)—(53),
Cov [éjﬂ,’f;'(li)_l)+l, EN i | 6Ny =6 ]
(@@ + @2 ©1] (1 - f @) + 25 @D @ (1 - ful©))? — 12
= (5"®© - 12©) (1 - B
Moreover, assuming that £, (£) < 1/2 yields similarly

2 _
Cov [51(\?:3;) D417 51(\7:(11) 42 | “3(’1) 5] == (Trfl)(f) - 7,52)(5)) BE(E) — n2.
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Antithetic sampling for sequential Monte Carlo methods 1053

Finally, since & 1(\," ;r(]i)—1)+1

ginal distributions, and

and 51(\,";:(] i)_l) 1 have, conditionally on & 1(\7 2., the same mar-

z(n n 2 n
Var [B 541 1640 = €] = (5@ = o2©) Var 105 o 160 = | 402
2 _ _
= (@ ® - P ©) A© - ) + 2,
the identity (36) follows. U
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