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Subordination chains and univalence criteria

Nicolae N. Pascu, Dorina Riducanu and Shigeyoshi Owa

Abstract

The object of the present paper is to give an univalence condition
for analytic functions in the open unit disk U by using the properties
for subordination chain. '

1 Introduction

Let U be the open unit disk in the complex plane C,i.e. U= {2 € C: 2| < 1}.
We denote by A the class of functions f(z) which are analytic in U with
f(0) =0, f/(0) = 1 and by S the subclass of the class A consisting of

univalent functions.
If f(2) € Aand g(2) € S, then f(z) is said to be subordinate to g(z)(written

by f(z) < g(2))in U if f(U) C g (V).
A function L : U x [0,00) — C is said to be a subordination chain if
L (-, t) is analytic and univalent in U, for all ¢ € [0,00) and L (z,s) < L(z,t),

whenever 0 < s < t < 00.
The following result concerning subordination chains is due to Ch. Pom-

merenke [3].

Theorem 1 Let L(z,t) = a; (t) 2+ ....be a function from U x [0, 00) into C,
such that:
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(¢) L (-,t) s andlytic in U, for all t € [0,00).

(i3) L (z,t) is a locally absolutely continuous function of t,
locally uniformly with respect to z € U.

(iii) ay (t) # 0, for all t € [0,00) and lim; o |a; (£)] = co.

(iv) the family of function {%ﬁ"’(-’tt))- forms a normal family
' >0
n U. B

Let p: U x [0,00) = C be an analytic function in U with Rep(z,t) > 0 for
all (z,t) € U x [0, 00) and such that:

L) _ op o,y 22D, 1)

a.e. t€[0,00), forallzeU.
Then the function L (z,t) is a subordination chain in U.

2 Sufficient conditions for univalence

By using Theorem 1 we obtain an univalence condition which generalize some
known univalence criteria for analytic functions in the open unit disk U.

Let a (t) be a complex valued function on [0, co) satisfying:

ea € C10,00), a(0) = 1, a(t) # 0 @)

and

a(t)+d (t) #0,t€[0,00),
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ethe modulus of a (t) isincreasing to oo. (3)
Definition 1 Let F' = F (u,v) be a functionfrom U x C into C and let

L(z,t) = F(e7*z,a(t) 2), for all (z,t) € Ux[0,00). We say that the function
F satisfies (PA) conditions if:

(¢) L (-, t) is analytic in U, for all t € [0, 00).

(i7) L(z,t) is a locally absolutely continuous function of t,
locally uniformly with respect to z € U.

(i31) the function aLg ) /z 6L(,§: ) is analytic in U, for allt > 0
and s analytic in U for t = 0.

(iv) 2580 £ 0 and 2EL0 9500 ¢ (00, —1].

(v) the family of functions

{Fletz009) [0 a2 }tZO

s a normal family in U.



114

Theorem 2 Let a : [0,00) = C be a function satisfying (2) and (3). Fur-
ther, suppose F : U x C is a function which satisfies (PA) conditions. If

'G (2,2) + 2 (t;a‘(:)' (t)' g (?I:(;‘)Il(t)', 2eU, t20  (4)
and
v z a(t)—d (t)
g |6 (=100 ) + 200 | ®)
la(t) +d' (t)]
2l 0 - MY

where

G (u,0) = : 8Fé()z v)/BF(gz,v), (6)

then F (z,z) is an univalent function in U.

Proof. We wish to show that the function L(z,t) = F (e *z,a(t)z)
satisfies the conditions of Theorem 1 and hence L (-, t) is univalent in U, for
all t € [0, 00).

If Fez,a(t)z) =ay(t)z+ ..., then

ar (t) = 27 (0,0) ;;2’ 0 a (t) oF 52 0).

By using the conditions (iv) and (v) of the Definition 1 we have a, (t) # 0
for all ¢t > 0, limy_,o, |a; (¢)| = oo and the family of functions {——gf(—t%l} is a
£0

normal family in U. Let
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pQJFfmgﬁﬁﬁ%jQ (,8) € U x [0, 00). 7)

Then the condition (1) of Theorem 1 is satisfied for all z € U and t €

[0,00). It remains to prove that the function p (2,t) has a positive real part
in U, for all t € [0,00). If

-__ 1—-p(z1)

=TT (2,t) € U x [0,00), (8)

then Rep (z,t) > 0if and only if |w (z,%)| < 1. According with (6),(7), (8)

we have

w(z,t) = 2 (1)

= MG (e7z,a (t) 2) 9)

RICETA0
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By using the inequality (4) we obtain |w(2,0)| < 1, for all z € U. For
t > 0 the function p(z,t) is analytic in U and it follows

| ] 2a® a(t) = ()
lw (Zat)l < ll?li)lclw (g, t)l - a (t) +a' (t) )

e m e (75, a(t)s) +

If we let z = e™*¢ with || = 1, then |z] = e~ and by using (5) we have
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|w (z,t)] < max

jel=e=*

_2e) )G(z,a(t) : ) ool '“'(t)l <1

a(t)+a (t l2]) " a(t) +a ()

Since L (z,t) satisfies all the conditions of Theorem 1, it follows that
L (z,t) is a subordination chain in U and F (z,2) = L(z,0) is an univalent

function in U.

Remark 1
1. If a (t) = ¢' we obtain the univalence condition due to N.N. Pascu [1].
2. 1f

where u = e~'z,v = a(t) z and R(z),Q (z)are analytic functions in
U, we obtain the results concerning univalence criteria due to J.A.
Pfaltzgraff [2].
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